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MULTIPLE SOLUTIONS FOR QUASILINEAR ELLIPTIC EQUATIONS
IN UNBOUNDED CYLINDER DOMAINS

Tsing-San Hsu* and Huei-Li Lin

Abstract. In this paper, we show that if Q(z) satisfies some suitable con-
ditions, then the quasilinear elliptic Dirichlet problem —A ,u + |u[P~?u =
Q()|u|?2u in an unbounded cylinder domain © has at least two solutions in
which one is a positive ground state solution and the other is a nodal solution.

1. INTRODUCTION AND MAIN RESULTS

Throughout this article, let 2 = (y, z) be the generic point of RY with y € R™,
zeER" N=m+n>3, m>0n>1,2<p<Nand2<p<qg<p'=
Np/(N — p). In this paper, we concerned with the existence of solutions of the

quasilinear elliptic equation:

(1.1) —Apu+ [ufP~2u = Q() [u] Pu inQ,

1.1
ue WyP(Q), u#0,

where w C R™ is a bounded smooth domain, 0 € Q = w x R* C RY is an
unbounded cylinder domain, A,u is the p-Laplacian operator, that is,

9 ou
— s p—227
Apu ;1 8xz~(wu‘ 8xz~)’
and Q(z) is a positive, bounded and continuous function in Q. Moreover, Q(x)

satisfies assumption (A1) below.

(A1) Q(z) > Qs > 01inQ, Q(z) # Qo and

lim Q(z) = Qo uniformly for y € @.

2| —o0
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For p = 2, It is well-known that Equation (1.1) has infinitely many solutions if
Q is bounded (see [19], and the references therein). Here, we only interest in
unbounded domains. If Q = RY, the existence of solutions of Equation (1.1)
has been investigated, among others, in [3, 4, 6, 7, 15-17, 25] (where general
nonlinearities are considered). In [25], Zhu proved the multiplicity of the solutions of
Equation (1.1) as follows. Assume N > 5 and Q(x) satisfies the assumption (A1),
Equation (1.1) has a positive ground state solution. Moreover, if Q(x) satisfies
Q(z) > Qo + Clz|™7 as |z| — oo, where C,~v > 0 are some constants, then
Equation (1.1) has a nodal solution. Let us recall that, by a nodal solution we mean
the solution of Equation (1.1) with change of sign.

More recently, Hsu [10] extended the results of Zhu [25] with © = RY to
Q = w x R™ In the present paper, motivated by [10] we extend the results of
Hsu [10] with p =210 2 < p < N. When Q(z) = Q for all z € RY, Li-Yan
[14, Theorem 3.1] and Serrin-Tang [21, p.899] showed the existence of a positive
ground state solution w € W1P(RY). In addition, w has the asymptotic behavior
(see Lemma 3.5). In our article, we deal with Equation (1.1) in an unbounded
cylinder domain for 2 < p < N. First, we use the Global Compactness Lemma
by Benci-Cerami [5] (or Alves-Carriao-Medeiros [1]) to obtain a positive “ground
state solution”. In order to prove that Equation (1.1) has an another solution which
is nodal, we need to estimate the asymptotic behavior of solutions. For p = 2,
any positive solution of Equation (1.1) has the exponential decay at infinity by the
standard elliptic regularity theorem and the maximum principle. For p > 2, it is
more difficulties to deal with that any positive solution of Equation (1.1) also has
the asymptotic behavior in an unbounded cylinder domain (see section 3). We will
apply the arguments in [9, 18, 20, 22, 24] to establish the asymptotic behavior of any
positive solution of Equation (1.1) (see Lemma 3.3). To the best of our knowledge,
the results of this paper are new for the case 2 < p < N and 2 = w x R™.

We now state the main results of this paper.

Theorem 1.1. Suppose N > 3, 2 < p < N and Q(z) satisfies assumption
(A1), then Equation (1.1) possesses a positive ground state solution in unbounded
cylinder domains.

Theorem 1.2. Suppose N > 3, 2 < p < N, Q(x) satisfies assumption (A1)
1

and there exist positive constants § < ( ;_’\11 1/ Cy and Ry such that

Q(z) > Qoo + Coexp(—0 |z]) for |z| > Ry, uniformly for y € @,

where \; is the first eigenvalue of the Dirichlet problem —A ,, in w. Then Equation
(1.1) possesses a nodal solution in unbounded cylinder domains in addition to a
positive solution.
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Theorem 1.3. Suppose 2 = RN, N > 3, 2 < p < N and Q(x) satisfies
assumption (A1), then Equation (1.1) possesses a positive ground state solution in
RY,

Theorem 1.4. Suppose Q2 = RV, N > 3,2 < p < N, Q(r) satisfies assumption

(A1) and there exist positive constants 6§ < (ﬁ)l/l’, Cp and Ry such that

Q(z) > Qoo + Coexp(—6 |z|) for |z| > Ry.

Then Equation (1.1) possesses a nodal solution in RV in addition to a positive
solution.

This paper is organized as follows. In section 2, we give preliminary results and
a Global Compactness Lemma. In section 3, we establish some regularity lemmas
and asymptotic behavior of the solution of Equation (1.1). In section 4, we prove
the existence of a positive ground state solution. In section 5, we show the existence
of another solution which is nodal.

2. PRELIMINARIES

In this paper, we always assume that € is an unbounded cylinders or R
(N > 3)and C, Cy, C1, Cs, ... denote (possibly different) positive constants un-
less otherwise specified. Now we begin our discussion by giving some definitions
and some known results. First we recall the definition of W 1P((Q2),

WLP(Q) = {u € LP(Q)|du € IP(Q),i = 1,2,..., N},
ullwre) = [lullr) + [IVullLey,

where || - || L»(q) denotes the norm in LP(£2). The space Wol’p(Q) is the completion
of the space D(2) of C>°-functions with compact support with respect to the norm
| -l (- Associated with Equation (1.1), we consider the energy functionals a,

b and J, for u € W, ()
a(u) = / (Vul” + wP) de,
Q
bw) = [ Q@) ful d

Define
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where M (Q2) = {u e Wy ()\ {0} | a(u) = b(u)}. By Huang-Li [12, Theorem
2, 4], there is a positive ground state solution w of Equation (2.1)

—Apu+ [ulP2u = Qoo |u|?%u in Q,
2 { ueWeP(Q).
We also define

(1) = / (Vul? + ) da,

/QOO |u|? dz,

J>(u) —p *(u )—ab“’( u),

a® = inf J%(u),
ueM>(Q)
where M (2) = {u € Wy” () \ {0} | a™(u) = bOO(u)}
We need the following definition and lemmas to prove the main theorems.

Definition 2.1. For 3 € R, a sequence {uy} is a (PS)z—sequence in W, ()
for J if J (u) = B+ 0x(1) and J' (uz) = ox (1) strongly in W17 (Q) as k — oo
where W17 (Q) is the dual space of W, (Q2) and 1/p+ 1/p' = 1.

Lemma 2.2. Let 3 € R and let {u;} be a (PS)g—sequence in Wol’p(Q) for J,
then {u;} is a bounded sequence in Wol’p(Q). Moreover,

a(ug) = b (up) + op(1) = %ﬁ tor(l) ask — oo
and 8 > 0.
Proof. By p > 2, we have that
Yalur) <1if a(ug) < 1and Yalur) < Valug) if a(ug) > 1.

For sufficiently large %, we have

1Bl +2+ Va(ue) 2 [6l+1+ {/a(ur)

> 7 (ug) §<J’ (k) » )

(22

It follows that {uy} is bounded in Wol’p(Q). Since {uy} is a bounded sequence in
Wo™ (), then (' (ur) , uk) = ox(1) as k — oo. Ths,
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s+a) =)= (2= Datw +am = (2= 1) s +a,

that is, a (ux) = b (ux) + ox(1) = 55+ ox(1) @s k — oo and 5 > 0. [

Lemma 2.3. (i) For each u € Wol’p (©)\ {0}, there exists a number s,, > 0
such that s, u € M(2).
(77) Let {uy} be a (PS)g—sequence in Wol’p(Q) for J with 5 > 0. Then there is a
sequence {si} in R™ such that {spur} C M(Q), s = 1+ ox(1) and J(spuy) =
B+ or(1) as k — oo. In particular, the statement holds for .J *°.

Proof. (i) For s > 0 and u € W, 7 (Q)\ {0}, let

hu(s) = J(su) = %a(u)sp — 3b(u)sq.

Then Al,(s) = a(u)s”~! — b(w)si~L. Let s, = (§4)/(@P), then s, > 0 and
hl,(sy) = 0, that is, s, u € M().

(7) By Lemma 2.2 and 8 > 0, we may assume {u;} is in Wol’p (Q)\ {0} for all k.
Thus, by (i) there exists a sequence {sx} in R™ such that {sxux} € M(Q), that is,
spa(uy) = sib(uy) for each k. Since a(uy) = b(ug)+ox(1) and J(uy) = S+ok(1)
as k — oo, we have that s, = 1 + ox(1) as k — oo. Hence, J(sgug) = 3+ ox(1)

as k — oo. ]
Lemma 2.4. There exists a constant ¢ > 0 such that ||u] Wi (@) > ¢ > 0 for
each u € M(2), where ¢ is independent of w.
Proof.  For each u € M(2), by the Sobolev inequality, we get
410y = . Q@' < C -
This implies that HuHW(},p(Q) > ¢, = ¢ > 0 for each u € M(Q). =

Remark 2.5. From the above lemma, we can easily deduce that there exists a
constant ;> 0, independent of u, such that

/ |u|9dz > pq for each u € M(9Q).
Q

Lemma 2.6. Let u € M(Q) satisfy J (u) = rﬁ?g)‘](v) = «a. Then u is a
ve

nonzero solution of Equation (1.1) in €.
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Proof. We define g (v) = a(v) — b(v) for v € WyP(Q)\ {0}. Note that
(¢'(u),u) = (p—q)a(u) # 0. Since the minimum of .J is achieved at u and is
constrained on M(€2), by the Lagrange multiplier theorem, there exists a number
A € R such that J' (u) = Ag’ (u) in W17 (Q). Then we have

0=(J (u),u)y =X{g" (u),u).

Thus, A = 0 and J' (u) = 0 in W27 (Q). Therefore, u is a nonzero solution of
Equation (1.1) in © such that J (u) = . |

Lemma 2.7. Let u be a sign-changing solution of Equation (1.1). Then J(u) >
2a. In particular, the result holds for J .

Proof. Define u™ = max{u,0} and v~ = max {—u,0}. Since u is a sign-
changing solution of Equation (1.1), then »~ is nonnegative and nonzero. Multiply
Equation (1.1) by w~— and integrate it to obtain

/(\Vu\p_QVuVu_ + |ulP2uu”)de = / Q(x) |u|* % uudu,
Q Q

that is, u= € M(Q) and J(u~) > «. Similarly, J(u™) > «. Hence,
J(u) = J(u")+J(u") > 2a. ]

Lemma 2.8. (Global Compactness Lemma) Let {u;} be a (PS)z—sequence in
W,P (Q) for J and ug € W, ? (Q) such that, uy — ug weakly in W, ” (Q). Then
either
(i) ug — ug strongly in W, 7 (Q) or
(i) there are a subsequence {uy}, an integer [ > 0, sequences {952}20:1 C RY of
the form (0, z%) € Q with |2%| — oo as k — oo, functions and w; # 0 in W, 7 ()
for 1 <+ <[ such that

—Apug + |uo|P2ug = Q(x) |uo| " up in WL (Q),

—pri + "wz“p_Q’u)i = Qoo \wi\q_Q w; in W_l’p/(ﬂ),

U = ug + Z — xk + og(1) strongly in Wol’p (Q),
J(uk = ’LLQ +ZJ wz +Ok 1).
Proof. The proof can be obtained by using the arguments in Alves [2],

Benci-Cerami [5] or see Alves-Carriao-Medeiros [1, Lemma 3.3]. ]
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3. AsympTOTIC BEHAVIOR

In this section, we will prove the CllO’j‘ regularity as well as the asymptotic
behavior of the weak solutions of Equation (1.1).

Lemma3.l. Letl <p< N,2<g<p*andu € Wol’p(Q) be a weak solution
of Equation (1.1). Then u € L*(Q2) for s € [p, +00). Moreover, u € L*°(Q2) and
decays uniformly to zero, as |z| — oc.

Proof.  The proof is based on the classical Moser’s iteration scheme as it was
adapted by Otani for the bounded domain case in [18, Theorem II]. Let S denote
the Sobolev embedding constant defined by

(3.1) V]l o () < SV Loy for all v € Wy P(Q).
Let k € Nand L = ||Q| p~(q)S- Then we introduce the sequences
2 Q1 =GP /P Gr=a—q+Dp, @ =p",

Liyr = L% (g — q + 1) (g /)R LE ™, Ly = |lull e oy,
We claim that, for every k£ € N, the following estimate is true:

(3.3) ull ax (@) < Lk

For k = 1, (3.3) is obvious. We suppose that (3.3) holds for some k. We define,
for n € N, the C! real function 1,,, as

t, lt| <n,

3.4 (1) = <l (t) < 1.
(3.4) Un(t) {n+1, 3042 0<1p(t) <1

Setting u,, = v, (u) we obtain that |u,|'~2u, belongs to Wol’p(Q) NL>(Q), for all

[ € [2,+00). Multiplying Equation (1.1) by |u,|?%~%u,, and integrating over §2, we
derive

(ge —q+1) / IV ulP, () g 50 + / |0 P
(3.5) “ “
_ /Q(x)\un\%—qﬂ\u\q—ldx.
Q

The definition of u,, implies that

(3.6) /Q Q) |4 ] i < /Q 1Q@)l[ul*dz < [[Qll ooy ul e -
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On the other hand, from (3.1) and (3.4) it follows that:
(0= a+ 1) [ [TuPu (]| s
Q

> (@ = +1) [ Vol 0do
(3.7) o

)‘p‘un‘Qk—Qd(E

> (g — g+ 1)p/a)) / 19 (fun

> S —q+ 1) (/i)

L "

Hence from (3.5) — (3.7) we deduce

i sy = Ml ) S Qo) S (ar —a + 1) gk /p)" LY,

which implies that
q*
HunHquk-H(Q) S Lk+1-

Let n — +oo and by induction, we prove that (3.3) holds for any k£ € N.
Setting

¢ =p"log L(p* — min{p*(¢ — p)/(p* — p),0}).
We get the following estimate:
Ly < (p*/p)* 'Ly + {¢((p7/p) — 1)
+p*log(p*/p)}((p*/p)" ' = 1)/((p*/p) — 1)%.

Then the solution of Equation (1.1) satisfies the following L°° estimate:

(3.8) [ull Lo (o) < Jm [l ax ) < €%,

where d = [L1 +{¢((p"/p) —1)+p" log(p*/p) }/((p*/p)—1)]/(p" — (p*/p)). Since
u € LP(Q2) N L*°(Q), using the interpolation inequality, we prove that v € L*(1)
for all s € [p, oc]. By a similar argument used to prove Theorem 1 of Serrin [20]
(see also Gilbarg-Trudinger [9, Theorem 8.17]), for any open ball By, (z) C Q of
radius 2r centered at x € 2 and some constant C'(NN, ¢ ), the function u € Wol’p(Q)

such that
—Ayu < h(z)

in the weak sense, satisfies the estimate

ull oo (B, (2)) < CLIull Lo (Byr(2)) + 1Pl L92(Byy (2)) }-
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Thus, for any solution of Equation (1.1) we have

[l oo (B, (2)) < CLINwll 2o (Bon(z)) + 107 | Loz (Ba () }-

By the preceding results we know that w9—! € L%(f2). Hence, the decay of u
follows. u

For r > 0, we denote
B, ={(y,2) € Q|[z] < r}.

Then we have the following regularity lemma.

Lemma 3.2. If u € W, () be a weak solution of Equation (1.1), then u €

Ch*(€1n B,), where > 0 and o = a(r) € (0,1).

loc

Proof.  The proof is a direct consequence of Lemma 3.1 and the results of
Tolksdorf [22]. ]
Finally, we are going to prove the exponential decay.

Lemma 3.3. Let u be a positive solution of Equation (1.1) in an unbounded
cylinder @ = w x R® C R™™ m > 2, n > 1 and ¢ be the first positive
eigenfunction of the Dirichlet problem —A ,¢ = A1¢?~! in w, then for any € > 0,
there exist constants C.., C. > 0 such that for all (y, z) € Q,

_ 14 A
Czo(y) exp(—(%

Proof. We divide the proof into the following steps:

17151 ) < ) < Cuot)exp( ~(“ERZE) ).

Step 1. First, we claim that for any ¢ > 0 with 0 < e < 1 + Ay, there exists a
constant C. > 0 such that

14X —¢

) < Cootg)exp( ~(EXZEWR L) forall (5.2) €

Without loss of generality, we may assume ¢ < 1, and let 5. = (H;fll‘f)l/l’. Now
given £ > 0, by Lemma 3.1, we may choose p large enough such that
Q(z)utYz) < ewP Y (x), for |z| > p.
Consequently,
~Apu+ (1 —e)uP™t < Q(z)ud™t — ew?™ <0, forall |z| > p.

Let ¢ = (gy,q.) € 09, and B be a small ball in © such that ¢ € 9B. Since
é(y) > 0 for z = (y,2) € B, ¢(qy) =0, u(x) > 0 for x € B, u(q) = 0, by the
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Hopf lemma (see [24, Theorem 5]), we have that g—i(qy) <0, %(q) < 0, where v
is the outward unit normal vector at (g, ¢.). Thus

0
lim ’U,(y,Z) — 85(%/7%2) > 07

(W) —(ay.a:) DY) 52 (qy)

where (y, 2) € Q and (y, 2) — (gy, g-) normally. Note that u(y, z)¢~1(y) > 0 for
(y,z) € Q, thus B
u(y, 2)¢ " (y) > 0 for (y,2) € Q.

Since ¢(y)e Pl and u(z) are C* (Q), if set

C.=  swp (uly, 207 ) ),
(1,2)€Q,|2/<p
then C. > 0 and
Ceop(y)e P > u(y, 2) for (y,2) € Q, |2] <p.

Let ®(y, z) = C.p(y)e PI7l, for (y,2) € Q. Then, for (y,2) € Q, |z| > p, we

have
—Ap®(y, 2) + (1 — )P (y, 2)
= (L+M—e—(p— 1B+ 570 H)er(y, 2)
0.
Since p > 1, we have that the function ¢ : RY — R, ¢(x) = |z|P is convex, thus

Y

(‘1‘1‘17_21‘1 — ‘1‘2‘17_21‘2)(1‘1 — 1‘2) >0 for all X1, € RN.

We now take as a test function = max{u — ®,0} € W!?(Q,), where Q, =
{(y, z) € Q]|z| > p}. Hence, combining these estimates, we get

0o > / ((\Vu\p_QVu — |VOP2VD)p + (1 — &) (uP™! — @P—l)n> da
Q
>(1—¢) / (uP~t — P (u — ®)dx > 0 for all 2 € Q.
{z€Qu>d}

Therefore, the set {x = (y, 2) € Q||z| > p and u(xz) > ®(z)} is empty. From this
we can easily get this claim.

Step 2. Given & > 0, let . = (H£245)1/7 and
9(2) = (n =12 27! —e.
We can choose py > 0 such that g(z) < 0 for |z| > po. As in step 1, if we set

Co= it (uly,2)e7 w)eH),

(¥,2)€Q,|2|<po



Multiple Solutions for Quasilinear Elliptic Equations in Unbounded Cylinder Domains 419

then 5; > 0 and
Cep(y)e "l < uy, 2) for (y,2) € Q, |2] < po.

Now, let U(y, 2) = C-¢(y)e Il for (y,2) € Q. If = (y,2) € Q, |2| > po, We
have
—Apu(r) +uP~Hx) = Q(x)u?!(x) > 0, and

~A,U(x) + TP (2) = g(2) TP (z) < 0.
Repeating the same arguments as in setp 1, we also obtain that

) = Cootg) exp(~(E2EER ) for (5,2) €

This completes the proof. ]

Remark 3.4. In the case Q(z) = Q~ > 0, we have that every positive solution
of Equation (2.1) has the same asymptotic behavior as in Lemma 3.3.

By adopting the similar argument as in the above lemmas and Li-Yan [14,
Theorem 3.1], we obtain the following asymptotic behavior result of the solutions
of Equation (1.1) in RY at infinity.

Lemma 3.5. Any positive solution w € W LP(RY) of Equation (1.1) with
2 < p < N has the following asymptotic behavior.
(i) w € L¥(RY)nCH*(RY) for some 0 < a < 1 and lim w(x) =0,

|| —o0

(éi) for any € > 0, there exist constants C';, Cs > 0 such that

1 + e 1/]7 1
_ < < _
4 exp( (p — 1) \x\) <w(z) < Cy exp( (p

—€
-1

)1/p\x\> for all z € RY.

Remark 3.6. Using the same arguments as in the above lemma, we can get that
any positive weak solution of Equation (2.1) in R also has the same asymptotic
behavior at infinity in Lemma 3.5.

4. ExISTENCE OF THE GROUND STATE SOLUTION

Lemma 4.1. If a < o, then « attains a minimizer uq, that is, there exists a
positive ground state solution u of Equation (1.1).

Proof. By Ekeland’s vaiational principle [8] and the definition of «, there
exists a minimizing sequence {uy} C M(2) such that

J(ug) — aand J' |y (ur) — 0in WH7(Q) as k — oo
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where 1/p+1/p' =1.
Let us define g(u) = a(u) — b(u) for all u € Wy P(Q) \ {0}. Then we have

M(Q) = {u € Wy (@)\{0} | g(u) = 0}.
Thus there exists a sequence {6} C R such that
J' (ug) = 09’ (ur) + or(1) as k — oo.
Since uy € M(Q2) we have

(J'(ur), ur) = Ok (g’ (ur), ug) + (or(1), ug) =0,
and
(g'(ug),ux) = (p— q)a(ug) # 0 for all k € N.

Hence, 6, — 0 as k — oo. This implies J'(uz) — 0 in W1 (Q) as k — .
Thus {ux} isa (PS), sequence for J. By Lemma 2.8 and o < o, we can obtain
(by choosing a subsequence if necessary)

up, — ug strongly in W, 7(2) as k — oc.

Thus J(uo) = o and by Lemma 2.6 we have that v is a nonzero solution of Equa-
tion (1.1). By Lemma 2.7, up has constant sign in €. Without loss of generality,
we may assume that u, = 0. Thus uy > 0 in Q. By Lemmas 3.1, 3.2 and the
Harnack’s inequality [23, Theorem 1.1], we can show that vy € L*°(Q2) ﬂC}Of‘(Q)
for some 0 < o < 1 and up > 0 in Q. This completes the proof. |

Lemma 4.2. If w is a positive ground state solution of Equation (2.1) and @
satisfies assumption (A1), then we have

supJ (sw) < a™.
s>0

Proof. Let B; = {(y, z) € Q||z| < 1}, then we have

p q
J (sw) < 8—/(\Vw\p + wP)dzx — cZ | wida.
P Ja q JB,

Therefore, there exists a number s; > 0 such that
J (sw) < 0 for s > s;.
Since .J is continuous in W, (2), then there exists a number s > 0 such that

J (sw) < ™ for 0 < s < sp.
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Then we only need to prove

sup J (sw) < a™.
s0<s<s1

For sp < s < s, since @ satisfies assumption (A1) and sup (/> (sw) =
J® (w) = a®, then

sP

J (sw) = 5 /Q(\Vw\p—i—\w\p)dx— %/QQ(x)wqu
o — ﬁ T) — wldx
<7 (sw) =2 [ (Qa) - Quojutd

<«

Hence, we have

o0

supJ (sw) < a™. [
s>0

Theorem 4.3. Assume that () satisfies the condition (A1), then Equation (1.1)
has a positive ground state solution v 1.

Proof. By Lemma 2.3 (i), there exists a number s,, > 0 such that s, w €
M(€2). From the definition of «, we get that o < J (s, w) . Applying Lemma 4.2,
we have o < . Thus, by Lemma 4.1 there exists a positive ground state solution
vy of Equation (1.1). |

5. ExisTeNcE oF NoDAL SOLUTION

In this section, @ satisfies assumption (A1), and the following assumption (A2)
below.

(A2) there exist positive constants § < (%)1/1’, Cy and Ry such that
Q(x) > Qoo + Coexp(—6 |z|) for |z| > Ry, uniformly for y € @.
Recall that uq is the same positive constant as in Remark 2.5 and
M(Q) = {u € Wy () \ {0} | a(u) = b(u)}.
We define
M, = {u e WHP(Q) | ut € M(Q)},

X = {ueWirQ)| / wE[9dz > p} and A = M(Q) Ny,
Q

where ut = max {u, 0}, v~ = max {—u,0} and 1 € (0, &).
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Lemma 5.1. (i) If u € W,”(€2) changes sign, then there are positive numbers
5% (u) = 5T such that sTu™ £ s7u™ € M(Q),

(7i) There exists a constant ¢ > 0 such that ||u > ¢ > 0foreachu e V.

+
lwo @)

Proof. (i) Since u™ and u~ are nonzero, by Lemma 2.3 (i), it is easy to
obtain the result.
(71) For each u € N' = M(Q) Ny, by the definition of x and the Sobolev inequality
we have

i< /Q\ui\qu < Ol

Wy ()
This implies that HuiHWOl,p(Q) > (&)1 =¢ >0 foreach u e NV. n
Define
v = inf J(u).
ueN

Lemma 5.2. There exists a sequence {u;} C N such that J(ug) = v + ox(1)
and J'(uz,) = o (1) strongly in W17 (Q) as k — oo.

Proof. See Alves-Carriao-Medeiros [1, Lemma 5.1]. |

Lemma 5.3. Let f and g be real-valued functions in Q2. If g(z) > 0 in €, then
one has the following inequalities.

@) (f+9)" = 1 (i0) (f+9)” < [ (i) (f—9)" <[5, () (f—9)” 2
.
Lemma 5.4. Let {ux} C N be a (PS),—sequence in Wol’p (Q) for J satisfying
a<y<a+a™(<2a%).

Then there exists vy € My such that u, converges to vy strongly in Wol’p (Q).
Moreover, v, is a higher energy solution of Equation (1.1) such that J(v ) = ~.

Proof. By the definition of the (PS).,,—sequence in Wol’p(Q) for J, it is easy
to see that {uy} is a bounded sequence in Wol’p(Q) and satisfies

/Q(Wuﬂp + |uf|p)dx = /QQ(x) |uf|qu + or(1).
By Lemma 5.1 (i7), there exists a C' > 0 such that
d < /Q(Wuﬂp + |uf|p)dx = /QQ(x) |uf|qu + o (1).

Let vo be the weak limit of {us} in Wol’p(Q). By the Compactness Global Lemma
2.8, we have either u;, — vy strongly in W, ?(Q) or v = J(ug) + S, J* (w;),
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where v is a solution of Equation (1.1) in € and w; is a solution of Equation (2.1)
in Q. Since J* (w;) > > for each i € N and o < o, we have [ < 1. Now we
want to show that / = 0. On the contrary, suppose that [ = 1.

(¢) wy is a sign-changing solution of Equation (2.1): by Lemma 2.7, we have
~ > 2a°, which is a contradiction.

(4i) wy is a constant sign solution of Equation (2.1): we may assume w; > 0. By
the Compactness Global Lemma 2.8, there exists a sequence {z}} in Q such that
|x,1§| — 00, and

Huk — vy — w1 ( — x,lﬁ) HW(}"’(Q) = o0x(1) as k — oo.
By the Sobolev continuous embedding inequality, we obtain
Huk — vy —wy (- — ap) HLQ(Q) =ox(1) as k — 0.
Since wy > 0, by Lemma 5.3, then
| (ur — ’Ug)_HLq(Q) = o0x(1) as k — oo.

Suppose v, = 0, we obtain Hu,;HLq(Q) = op(1) as k — oco. Then

0<cd < /QQ(x) lug |* da = 0r (1),

which is a contradiction. Hence, vy # 0. We have v = J(vy) + J*(w1) > a+a™,
which is a contradiction.

By (i) and (iz), then I = 0. Thus, ||ug —’UQHWOI,p(Q) = ox(1) as k — oo and
J(vg) = . Similarly, by Lemma 5.3, we obtain that v is a sign-changing solution
of Equation (1.1) in Q. By Lemma 2.7, 2a < 7. [ ]

Recall that w is the positive ground state solution of Equation (2.1) in Q. Let
wi(r) = w(x+er), where e, = (0,0, ...0, k) € RV and denote €, = (0,0,...0,k) €
R™and Br = {(y, 2) € Q||z| < R} for R > 0. Then we have the following results.

Lemma 5.5. There are ko € N, real numbers ¢ and ¢4 such that for £ > kg
tivy — tywg, € Mg and v < J(tjv; — tywg),
where & < 7,15 < p.
Proof. See Alves-Carriao-Medeiros [1, Proposition 5.1]. |
Lemma 5.6. For all v, w € RY with N > 1 and p > 2, we have

([o["~%0 = Jw[Pw) (v — w) > [v - w|?.
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Proof.  See Jianfu [13, Lemma 4.2]. [ ]
Lemma 5.7. Let © be a domain in R™. If f: ©® — R satisfies
/ |f (x)exp (o |z|)| dz < oo for some o > 0,
)
then

(/@ f(z)exp (=0 |z + €|) dx) exp (ok)

= [ f(z)exp(—ox,)dx + or(1) as k — oo,
©
or

</® f(x)exp(—o|x — €x) dx) exp (ok)
= /@f () exp (ox,) dz + o (1) as k — oc.

Proof. We know o |é| < o |z| 4+ o |z + €], then

|f(z) exp (=0 | + €x[) exp (o [€x])| < [f(z) exp (o |z[)] .

Since —o |z + €x| + o |éx| = —J<T’Nek> +ok(1) = —oxy, + 0r(1) as k — oo, the
€k
lemma follows from the Lebesgue dominated convergence theorem. |

Lemma 5.8. There exists a k; € N such that for & > k§ > ko

v < sup  J(tivg —tawg) < o+ o™,
%Sthtzﬁp

where v; is a ground state solution of Equation (1.1) in .
Proof. Since
1 1
J(tl’l)l — tg’wk) = 1—90,(751’[)1 + tg’wk) — ab(tlvl — tg’wk).

holds and by Lemma 5.6 and using the inequality
(s =) > st +t9— Ci(sT "t +st77"),
for any s, ¢ > 0 and some positive constant Cy, then we get

J(tivr — towg) < I1 + Iy — I,
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where
I = 1/ (IV(t101) P2V (tr01) = |V (t2wy,) P2V (tawp) ) (V (t101) =V (bawy,) ) der,
2 X9)

1
I, = 1—9/ ([t1v1]P~2t101 — (taw)P~2(tawy) ) (o1 — towy)d,
Q
and
1 1
I3 = gb(hvl) + gb(tzwk) - / ((t101) T H(towy) + trvr (towy)? ) de.
Q

Since vy is a positive solution of Equation (1.1) in € and wy is related with a
positive ground state of Equation (2.1), we have

sup J(t1v; — towy) < supJ(t1v1) + sup J (taw)
%Sthtzﬁp 1120 220
1

" g o (Q(z) — Qoo) wyda

+ Cy </v1 wk—l—wk v1>dx
Q

(4) First, by the Holder inequality and applying Lemma 3.3,

g—1

q q
/ 0! wpdz < </ vfdx) </ widw)
Br, Br, Br,
1
1 q
< ¢ // #(y exp( g(ArM—e )l/p\z—i—ek\)dydz
{#ll2<Ro} p—1

1 _
< Oy exp((%)l/lvk)

Applying Lemma 5.7, there exists a k; > ko such that for & > &y

/ 0! wyda
Q\Ro

14+ XM —¢
<cy exp (= (g = 1) (L2 )
{zllz|=Ro} pP—

14+ XM —
exp <—(%)l/p‘z+e~k‘> dz

1+X —¢

§C6 exp(—( p— 1

)!/7E).
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Similarly, we also obtain

14+X —¢

1/p
—)1/v),

/ wz_lvldx < Crexp(—(q—1)(
B,

1+X —¢

1/p

/B ‘Q(x) - Qoo‘ wzd$ < Cg exp(_q(

and there exists a ko > k7 such that for &k > ko

14+X —¢

1/p

/ wi™ vyde < Co exp(—(
O\Ro

(#4) Since @ satisfies assumption (A2) and 0 < § < (%)1/1’, by Lemma 5.7,
there exists a k3 > ko such that for k > ks

/Q SRCORES w! > Cio exp(—5k).

By (¢), (1) and 2 < p < ¢ < p*, choosing € > 0, such that (1‘;);711_5)1/17 > §, we
can find a k§ > ks > ko such that for £ > kj

1
q—1 q—1 _ _ q
CQ/Q <v wy + wy v1> dx ig | (Q(7) — Qo) widz < 0.

Since J(v1) = supJ(tvy) and J*°(w) = supJ>°(tw), we have for k > k;
>0 >0

sup J(t1v; — towy) < J(v1) + JC(w) = a + ™. [
%Sthtzﬁp

Now, we begin to show the proof of our main results

First, we consider that €2 is an unbounded cylinder domain. Theorem 1.1 follows
from Theorem 4.3. Theorem 1.2 follows immediately from Lemmas 5.2, 5.4, 5.5,
5.8, and Theorem 1.1. With the same argument, we also have that Theorem 1.3 and
Theorem 1.4 hold for Q = RV,
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