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NUMERICAL ALGORITHMS FOR THE LARGEST
STRUCTURED SINGULAR VALUE OF A
u—SYNTHESIS CONTROL SYSTEM

Kun-Chu Chen, Chern-Shuh Wang* and Ching-Chang Yen

Abstract. Numerical algorithms for the computation of an upper bound of the
largest structured singular value arising from the p-synthesis control problem
are developed. Since the computation for the largest structured singular value
has been shown to be an NP-hard problem in literatures, we concentrate the
study on the computation for an upper bound of the largest structured singular
value. A Newton’s type method is proposed. Some theoretical results related
to the method are investigated. Numerical implementation shows the efficiency
of the method.

1. INTRODUCTION

In this paper, we study the numerical algorithms for the computation of an upper
bound of the largest structured singular value corresponding to a rational matrix,
say M (s). Consider an internally stable feedback system as given in Fig. 1, where
M(s) = C(sl — A)™1B € C™ ™ is a transfer function matrix and A(s) is an
m x m matrix function modelling uncertainty. An intuitive question is how large
/A\(s) may go before it causes instability of the closed feedback system in Fig. 1. It
means that we are interested in the margin || A || S0 that the closed loop system
has poles in the closed right complex plane.

Since the poles of the closed loop system are determined by the roots of det (7 —
M(s) A (s)) = 0, for an internally stable M (s), the closed loop system is stable
provided that || A ||~ is sufficiently small. The small gain theorem [30] shows that
the margin of stability can be determined by ﬁ whenever A(s) € C™*™ is

o
unstructured. Here | M|« is defined by

| Mllso = sup 7(M(s)) = supa(M(i )
seCy weR

Received November 30, 2008, accepted January 12, 2009.

2000 Mathematics Subject Classification: 65F15, 65F35, 65K15.

Key words and phrases: Largest structured singular value, u-synthesis, Newton’s method, Eigenvalue.
*This work was partially supported by the National Center for Theoretical Sciences in Taiwan.

973



974 Kun-Chu Chen, Chern-Shuh Wang and Ching-Chang Yen

S

Fig. 1. The block diagram.

which is usually named the H.-norm of M (s), wherei = /—1. Note that for any
fixed s € C, the largest singular value of M), denoted by (M (s)), is equivalent
to

1

AggiPX"L{E(A) | det(l — M(s)A) = 0}.

(L1) o(M(s)) =

In other words, (M (s)) gives a measure of the smallest unstructured uncertainty
A € C™*™ that causes instability of the closed loop system.

The results of (1.1) can be adopted whenever the uncertainty A is structured.
It hence gives the definition of the largest structured singular value of M (s) with
respect to a structured A. Consider the set of the structured uncertainty A as below.

(1.2) A= {diag(dllrl, RN Y=Y SRRVA TR AF) ‘ 0; € C, Aj S (ijxmj},

S

where
s F
ZTZ‘ + ij =m.
i=1 j=1

The largest structured singular value for the matrix M € C™*™ with respect to
the set of structured uncertainties, A, can be defined as the same as in [30],

1

13 (M) ineig{E(A) | det(I — MA) =0}
. A =

0, if det(I — MA) #0 for all A € A.

Note that since the triangle inequality is not always true for pa (-), the function
pua : C™*™m — R, U{0} cannot be a norm. However, the computation of ua (M),
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usually plays a key role to the robust stability analysis for a control system having
structured uncertainties. Unfortunately, the computation of pua (M) has shown to
be an NP-hard problem [5, 28]. Therefore, the study of the computation of upper
and lower bounds of 1A (M) are ubiquitously blooming in literatures. Some native
polynomial-time algorithms for computing upper and lower bounds of ua (M) are
assembled already in [2]. Some algorithms for the computation of upper bounds
which convert the problems to linear matrix inequalities (LMIs) are available in
[10, 16, 18, 26]. On the study of the lower bounds, some literatures are proposed
[9, 17, 24, 30]. Using the power iteration, [25, 29] focus on the estimation of the
lower bounds. Using these bounds, [18] shows how to estimate the p-norm for a
u-synthesis system, combining with an elegant algorithm given in [3].

The paper is organized as follows. In Section 2, we summary some preliminaries
related to the bounds of na (M) which have already been proposed in literatures. We
also describe the problem to be investigated which is an optimization problem with
linear matrix inequality constraints. Section 3 lists a basic algorithm for solving the
problem prescribed in Section 2. Some theoretical results related to the development
of a Newton’s type method are included in Section 4. An appropriate Newton’s type
algorithm is hence developed in Section 5. The numerical implementation of the
developed algorithms is in Section 6, together with some numerical results. Finally,
we give some conclusions of this paper in Section 7.

2. PrRELIMINARIES AND PROBLEM DESCRIPTION

When a particular set of uncertainties A = {d§I,, | 6 € C}, a set with least

degree of freedom, pa (M) = p(M) = Anf(%) |A|, where A\(M) denotes the set of
S

eigenvalues of M. From the definition in (1.1), we have ua (M) satisfying
p(M) < ua(M) <5(M).

To derive more general bounds for ua (M), some sets of uncertainties with higher
degree of freedom shall be investigated. Let

U={UecA|UU"=1,},
D = {diag(Dy, ..., Ds,d1Im,,...,dply,) | D;€C"*" D;=D;>0,d; eR"}.
Then, some associated bounds are listed in [30]:
< < < info -1 <F(M).
p(M) < maxp(UM) < ua(M) < inf 5(DMD™) <7(M)

In this paper, we are interested in the computation of the bound [i)nfD G(DMD™Y),
S
instead of pua (M) which leads to an NP-hard problem [10]. However, in general,
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[i)ng) (DM D™!) is hard to compute unless a restricted subset of D, denoted by D,
S

is adopted, where
Dy = {dlag(Dl, ..., Dg, dllmp Ceey dFImF) ‘
D; € C"*" D; = DY is diagonal and positive definite,d; € R*}
Clearly,

: < inf & < inf 5 -h.
(2.1) MA(M)_II)%%U(DMD )_Dlgﬂgda(DMD )

Straightforward calculations lead to

inf ¢(DMD™') = inf {y|(DMD1)*(DMD™') <~21}
DEDd DeDd
= inf {y|M*D*DM < ~*D*D
nf 1] <7°D"D}

= inf {y|M*PM < ~?P}
PER(Dg)

where R (Dy) is a subset of D, with all diagonal elements being positive real
numbers [18].

Define the following matrix functions of vector variable = = [21, - - -, z,,]T €
R,
m
(22) A((L‘) = Z(L‘ZAZ, where Az = M*eieZTM,
i=1
m
(2.3) B(z) = inBi, where B; = e;el
i=1
and

e; s the i-th column of the m-th indentity I,,,,
RT ={z=[z1, - am] €R™, z; >0}

Therefore, finding mf a(DMD 1) is equivalent to solving a linear matrix

inequality (LM, in short) referred to as the generalized eigenvalue problem (GEVP)
in [4] as below.
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Problem 1.
min Apax(A(x), B(z)), where A\pax(A(z), B(x)) is the maximal
eigenvalue of A(x) — AB(x), subject to x = (x1,...,2,) € RT.

Consequently, the upper bound for the largest structured singular value pa (M)
in (2.1) can be computed by the fact of

. _ -1y _ . 1/2
gnf o(DMD™) [mrgﬂlg%LAmam(A(w)jB(w))] ,

whenever Problem 1 is solvable.

3. A Basic ALGORITHM FOR PROBLEM 1

There have already been a lot of numerical methods for solving Problem 1; see
[4]. We now give a brief description of a basic method, known as the ellipsoid
algorithm, which can be considered a higher dimensional bisection method.

The key step of the ellipsoid algorithm is to find the cutting plane” of an
associated ellipsoid containing the feasible cone. The cutting plane of a feasible
ellipsoid centered at x is usually determined by the norm vector g such that an
optimal point of Problem 1 lies in the half-space {z | ¢*(z — ) < 0}. The
following arguments are mainly from [4].

Without any ambiguity we denote Apax(z) = Amax(A(z), B(x)). Pick u # 0
to be the eigenvector satisfying

(3.1) A(z)u = Apax(2) B(x)u.
Define g = [g1, - - -, gm) T by
(3.2) gi = —u* (Amax(2)B; — Aj)u, i=1,---,m.

From the definitions in (2.2) and (2.3), we know that A(z), B(z) are both Hermitian
and B(x) is positive definite, S0 Ayax(x) has to be a real number. Using (2.2),
(2.3) and (3.1), we conclude that

g*x:ig;‘xi = [iu* max (%) Bj — A)uwZ]
i=1

=1

= [ maxzsz sz %

— mawau—A( y ]_0.
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Similar, for any vector z,

m
g(z—2)=g2=) giu
=1

= — Zu*()\max(x)Bi — Ajuz;
i=1
= —u" (Amax() Z 2 B; — Z ziAij)u
i=1 i=1

= —u* Amax(2) B(2) — A(2)]u.
Hence, if g*(z — x) > 0, then
" (Amax(2) B(2) — A(2))u < 0.
This implies
Amax () = Amax(A(2), B(7)) < Amax(A(2), B(2)) = Amax(2),

whenever g*(z — x) > 0. Therefore, the vector g in (3.2) gives a normal vec-
tor of the cutting plane, and indicates that the optimal point lies in the half-space
{zeC™| g*(z —z) < 0}.

We now give a brief summary of the ellipsoid algorithm, which is also named
the bisection algorithm hereafter for solving Problem 1.

Ellipsoid Algorithm (A Higher Dimensional Bisection Algorithm) [4]

Input: M, 2 = [z, ... 2|7 e R, BED = diag(22L, - - -, 225),
L = a sufficient large number, ¢ = a small tolerance, k& = 1.
Output: a minimizer xz, for Problem 1.
Repeat until convergence.
step 1: Evaluate A(x(®), B(z(®) by using definitions in (2.2) and (2.3).
step 2: Compute the maximal eigenpair (Aﬂfﬁx, u®)) such that
AE) B(z*)) — A(z®))u® = 0.

max

step 3: Compute g® = [g{F) g7 py

g ®) = B (A®)

max

B, — A)u®, for i=1,2,...,m.
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step 4: Set g = g®)// g E®) g(R),

Update
PO D BN (5 N S - (0P
m+1 ’
2 2
g+ — " Rk _ 2 gk sarpk) )
m2—1 my1- 9

step 5: The stopping criteria:
If ||z — 20| < ¢, accept z, = 21, stop.
If 2L~ < ¢, accept a, = z**1), stop.

step 6: kK =k + 1, return to Repeat.

1

Note that the volume of k-th ellipsoid is always less than ™.~ % .

Remark. The bisection algorithm is definitely reliable because the method is
always convergent. However, a more effective algorithm is still being sought for
solving Problem 1. A well-known class of algorithms, the interior point methods, has
been developed for solving nonlinear optimization problems [11, 18]. A suitable
interior point method for Problem 1 can be found in the MatLab LMI toolbox,
with an executable MatLab command “gevp” [21]. Since the theory of interior
point methods has been well studied, we omit the discussion of this method here.
Furthermore, in practice (see Section 6), the efficiency of gevp in MatLab is not
satisfactory, and other more efficient numerical methods have to be developed.

4. SoME THEORETICAL RESuLTs RELATED TO NEWTON’S METHOD

Let u(x) be the eigenvector corresponding to A\ax(z). The Rayleigh-quotient
formula shows that

(4.1) Amax (@) = w () B@)u(z)’

Problem 1 can be possibly solved by finding critical points of A\, (z) in the feasible
set. That is, it suffices to find a solution of

(4.2) VAmax(z) =0

in the feasible set R = {z = [z, - -, 2)T € R™,z; > 0, i = 1,---,m}.
Instead of Problem 1, we now investigate the Newton-type methods for solving the
nonlinear problem (4.2).
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Remark. Equation (4.2) yields the critical points of Ay.x(z), and we need
to calculate all the partial derivatives of Ap.x(x) and w(z) with respect to each
component xq, - - -, x,,,. Without loss of the generality, we assume that A\pax () is
a simple eigenvalue. Then .« (z) gives an analytic function in a neighborhood
of z [1]. This guarantees the existence of partial derivatives of Ay.x(x) and u(z).
When Ap.x is not a simple eigenvalue of A(x) — AB(x), the symmetry of A(zx)
and B(x) implies that A, has to be semi-simple. For that case, the existence of
those derivatives is an straightforward extension. For more details related to the
semi-simple eigenvalue, refer to [1].

The following lemma expresses V Apmax(x) in terms of Apax, w and the coeffi-
cient matrices A;, B;, i =1,---,m.

Lemma 1. If A(z)u(z) = ApaxB(z)u(x), and v*(x) B(xz)u(z) = 1, then for
1=1,...,m,

(4.3) a)\%;z(x) = u*(z)Au(z) — Amaxu” (z) Biu(z).

Proof. If w*(x)B(z)u(z) = 1, we have z2-(u*(z)B(z)u(z)) = 0. This
implies
uy, Bu + u* Biu + u* Bug, = 0.

Since (uy, Bu)* = u*Bu,,, we have
(4.4) 2Re(uy, Bu) + u*Byu = 0,

Here Re(uy Bu) stands for the real part of u}; Bu. From (4.4) and A(x)u(z) =
AmaxB(z)u(x), we have

A1’[1 X %
Re(uy, Au) = — ; u* B;u.
Therefore,

OAmax () o, .
oz, 8%(“ (z)A(z)u(z))

= uy, Au + u* Aju 4 u” Auyg,
= 2Re(uy, Au) + u* Aju

= u*A;u — A\paxt” B;u. ]



Algorithms for Largest Structured Singular Value 981

Lemma 2. If A(z)u(x) = AmaxB(x)u(z), and v*(z) B(x)u(z) = 1, then for

i=1,---,mj=1--,m
02 Mnax ()
— =2 () Ay,
(w3 Brjoms e () Az, (2)
' _a)\max(x)

oz, u*(z) Biu(z) — 2AmaxRe(u” (x) Biug, ().

Proof. Lemma 1 gives ‘9’\'372;(95) = u*(x)Aju(z) — Amaxt™*(z)Biu(z). This
implies

82)\max(x) o i a)\max(x)
8xj8xz~ N 8xj 8xz

9 (u*(x) Aju(x) — Amax (@) (z) Biu(x))

8xj
a)\m X * * *
= ul Aju+uAu, — ﬁu Biu — Apaxts Bitt — Apaxt* Bitg. .
$] J axj $] J
Since (u§inu)* = u* Ajuy, (u§jBiu)* = u*Bjug; and Apmax € R, we have
82)‘111 X(x) * a)‘m X(x) * *
Tgxi = 2Re(u* Ajug;) — %xju Biu — 2 AmaxRe(u” Biug,) ]
Lemma 3. Let A(z)u(z) = ApaxB(z)u(x), and v*(z) B(x)u(z) = 1. Then
m 1 .

(4.6) Z; t (2)3; = (=5 + bi)u(x) for some b € R
where ¢ = /—1.

Proof. Differentiating both sides of A(z)u(x) = ApaxB(z)u(x) yields

AII] X
Aju + Auy, = 3 X Bu + AmaxBiu + Amax Bz, .
z;
This implies
aAII]ELX
(A — )\maxB)ua:i = Bu — Aju 4+ ApaxBiu.
8xz~

Thus,

(A — AnaxB) Z Uy, T
i=1

(@.7) n o N .
max
= Bu < oz, $Z> — <ZZ; Azxz> U + Amax <ZZ; Bzxz> Uu.

=1
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m
From Lemma 1, and definitions of A(x Z Az, B(x) = ZBzwz we have

i=1
aAI’IIEI,X

4.8 z; =

(4.8) Z P,

and hence (4.7) becomes

(4.9) AmaxB Z Ui = 0.

Since Apax IS simple, (4.9) implies that Z ug,z; is parallel to w. We hence conclude
i=1

that

(4.10) Zumz (z)x; = cu(zx), for some c € C.

Differentiating both sides of w*(z)B(z)u(x) = 1 and using the similar arguments
of the proof of Lemma 1, we derive

Re[u* (z) B(x)ug, (z)] = — %u* (z) Biu(x).

This implies
Re u*(x)B(x)(Zuml(x)xz)]
(4.11) ' L, ) '
= ——u"(z) <Z xiBZ) u(z) = ——u*(z)B(x)u(z) = —=
=1
Hence Re(c) = —3 and (4.10) concludes

1 n
> g, (@) = (5 +bi)u(x) for some b € R. =

Theorem 2. Let {z(*t1)},._, be a sequence of the Newton’s iteration by
x(k—f—l) _ x(k) _ [D2)\max(x(k))]_IV)\max(x(k))7

where D2\ pax(z®)) = [Ml

Ba; 0, . Then

i| mxXm

x(k+1) — Qx(k)7 for k = 17 27 e
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Proof. Using Lemma 2, the i-th component of D2\, (2*))z(*) becomes

ﬁxzﬁxl ! axzaxm
OAmax ()

= Z 2§Re (u*Ajug,) — Tju*Biu — Q%e(AmaXu*Bium].)]xj
7=1

= 2§Re<u*Ai<§:um].xj>> — (f: a)\%xxj(x)x»u*&u

j=1 j=1
_2§Re< max (Zum]xJ)
By (4.8), we have Z a)‘iax . =0, hence
j
a max
(4.12) Z 838?8; = 2§Re[ — AmaxB Zum]xj}

By applying Lemma 3 to (4.12), we have
Z a2)\max
ﬁxjﬁxz

1 N
- 2§Re (u (Ai = AmaxBi) (5 + bi)u)

(4.13)
= 23e (u* (4, - AmaXBi)(—%u)) - 9Re (u* (A — Ama By )ubi)

Since A\max € R and A;, B; are Hermitian, u*(A; — ApaxBi)u € R. Thus (u*(A; —
Amax Bi)ubi) has to be a pure imaginary number. Using Lemma 1 again, (4.13)
becomes

" 52 )\max 1 O0Amax
=2 A — Am, XBi . = -5 -
= ﬁxjﬁxz ' AmaxBi)( 2u) ox;
Thus we can conclude that
DA (2N)2F) = 9\ (),

or equivalently
[D2)\max((p(k))] - v)‘max(x(k)) = _x(k) )
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provided that [ D2\ .. (2(#))]~1 exists. Therefore,

2* D = 20 _[D2X s ()] TV A (2)

= 22(F), |

Remark. Since A(x) = iAixi and B(z) = iBixi are both linear of z,
A(arx) = aA(z) and B(ax) 51043(1') for any nonzé?é scalar a # 0. This implies
det(A(az) — AB(ax)) = o™ det(A(z) — AB(x)).

Thus
Amax(a2) = Amax (A(ox), B(ax)) = Amax(A(z), B(2)) = Amax(z),

for o # 0. This means that \,.x(z) is a degree-1 homogeneous function of .
Using the homogeneity of Ayax(z), Theorem 2 shows that

)‘max(x(k+1)) - )‘max(2$(k)) = )\max(%(k))v

where {z(®)}2°  is generated by the Newton’s iteration. Hence, the Newton’s
method cannot be applied to solve the problem v A,.x(z) = 0 unless the constraint
of homogeneity of A\yax() is considered. Therefore, from now on, we study on the
nonlinear problem having homogeneity constraint as below.

Problem 2.

{ VAmax(z) =0,

subjectto z = (21, ,z,)T €RT  and  z, = 1.

5. NEWTON-TYPE ALGORITHM FOR PROBLEM 2

To develop a Newton-type method for solving Problem 2, we need to know the
2 .

second derivatives, %gxqff), 1 <1i,5 <m,interms of A4, (), u(z), 4;, and B;,

(1 <i<m). As aresult of Lemma 2, we firstly express u,, (z) fori =1,--- m.

For the case of M € C™*™ we have A(z) and B(xz) € C™*™. Without loss
of the generality, we assume that A\p.x(x) is a simple eigenvalue of A(x) — AB(x)
and wu(x) is its associated eigenvector satisfying u*(z) B(z)u(z) = 1.
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Differentiating both sides of A(z)u(x) = ApaxB(z)u(x) yields

OAm
Aju + Auy, = axé Bu + AnaxBiu + Amax Bug, .
This implies
aAl'I'lEl,X
(5.1) (A — )\maxB)ua:i = Bu P — Aju 4+ ApaxBiu.
T

Since u*(z)B(z)u(x) = 1, we have %(u*(w‘)B(w‘)u(w‘)) = 0. This derives
uy, Bu +u* Biu + u* Bug, =0,
and thus
* 1 *
(5.2) Re(u*Bug,) = —5u Bju.

Define ® = [A — AnaxB  u], then (5.1) implies

(5.3) i) [um’] = Bua)\maX — AU+ ApaxBit + u.
1 8xz

Since Amax IS assumed to be a simple eigenvalue of the Hermitian matrix pencil

A(z) — AB(z), ® must have full row rank. This implies that system (5.3) is

solvable. A particular solution of (5.3) using the pseudo-inverse @+ = &*(®d*)~!

is as follows

aAI’IIEI,X

T

(5.4) [“1] = ¢*(93*)"(Bu — At + Amax Bitt + ).

So a general solution satisfying (5.3) can be given as

(5.5) U,

7

= Uy, + Pu, for an arbitrary scalar (.

H H 82>\m X . 8>\m X .
It is remarkable the way u,,, appears in o = Q%e(u*Ajumi)—W;u*Bju—

2AmaxRe(u* Bjug,) from (4.5) in Lemma 2. This implies that only the real part of
the scalar 3 in (5.5) has a contribution to %. We hence study the case with
G € R only. ’

Since Amax IS simple, it remains to compute 5 € R for identifying u,,. Sub-
stituting (5.5) into (5.2) and using u*(x)B(z)u(z) = 1, yields Re(u*Biy,,) + 5 =
—1u*Bju. This implies

1
(5.6) B = —Re(u*Biyg,) — §u*BZ~u.
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Consequently, we briefly describe the Newton’s method for solving Problem 2.

Algorithm (Newton’s Method)

Input: M € C™*m, 2(0) =] x(lo), . -,xﬁs) |7 eRT, with 291, ¢ = a small
tolerance, k = 1.

Output: z, gives the solution of Problem 2. Hence, x, € R’ is the minimizer for
Problem 1 or (GEVP).
Repeat until convergence.

step 1: Evaluate A(z(®), B(z(®) by using (2.2), (2.3).
step 2: Compute /\g;)m u®) such that

AE) B(z*)) — A(z®))u® = 0.

max

step 3: Compute VA max(2) = Y Amax(2®)(1 : m — 1) by applying Lemma 1.
step 4: Computeu,, for i=1,---,m—1, by solving (5.3) and applying (5.5), (5.6).
step 5: Compute %(m“ﬁ)), 1<i,j<m—1, by applying Lemma 2.

step 6: Let £(*) = 2(¥) (1 :m — 1). Update

1) i'(k)_[Dzn_l)\max(x(k))]_lv/)\-\rrla,x(x(k))7

5 (k+1)
2D [361 ]7

where D2, Apax(z®)) is the (m — 1)-st principal submatrix of D2\ (z*)).

step 7: Stopping criteria:
If |25+ — 20| < € or [V Amax(z®)|| < € accept z, = =+, stop.
step 8: kK =k + 1, go to Repeat.

Remark. Formula (5.4) gives a theoretical formula of a particular solution to
the equation (5.3). However, in view of the computation, there is no cheap way
to accomplish formula (5.4) accurately. Fortunately, there are several reliable and
efficient numerical methods for solving (5.3), for instance, the SVD method or QR
factorization method [15].

For the case of M € R™*™: we have A(x), B(z) € R™*™. Let (Amax, u(z))
be the eigenpair of the pencil A(z)—AB(x) corresponding to the maximal eigenvalue
Amax. Assume that Ay is simple and «” () B(z)u(z) = 1. Since M € R™x™,
clearly u(x) € R™*1,

We now express u, (z) whenever (Amax, u(x)) is computed. From
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A(z)u(z) = MmaxB(z)u(z) and v (2)B(z)u(z) = 1,

differentiating both equations with respect to x;, yields

a)\m X
(5.7) Aju+ Aug, = 8xé Bu + AmaxBitt + Amax B,
(]
and
(5.8) 2uTBumi +ul Bju = 0.

Reordering (5.7) derives

a)\m X
(5.9) (A — AmaxB)ug, — Bu 8xé = —Aju + Amax Biu.

Grouping (5.8) and (5.9) in a matrix-vector form, we have

(510) A émaxB B’u, a o _ 1 1 - 7
u' B 0 ——u" Bju
8xz~ 2

To verify the system (5.10) is solvable so that w,, and %’;ﬁx are computable,
- )\maxB
u'B

that there is a nonzero vector [2” fy]T such that

A— ApaxB —Bul |z _0
u'B 0 vl

it suffices to show that the matrix [A —é?u] is nonsingular. Suppose

Than
(A= MpaxB)z —yBu=0, and «'Bz=0.

If v # 0, then
Az = Apax Bz + vBu.

This implies A(x) — AB(x) has a Jordan block corresponding t0 Ap.x. This is
a contradiction, because both A(x) and B(z) are symmetric and B(x) is positive
definite.

If v =0, then Apax(z) must be a multiple eigenvalue of A(x) — AB(z). This
contradicts to the assumption that A,,,. is a simple eigenvalue of A(z) — AB(x).
However, the assumption is always true in the generic sense. Therefore, for the case
of M € R"™*™, system (5.10) is solvable and u,,, %’;ﬁx are hence computable.

We now give the real-valued Newton’s method for solving Problem 2.
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Algorithm (Newton’s Method for Real-Valued Case)
Input: M e R™*™, z(0) =] x(lo), oo -,xﬁs) T eRT with 29—=1, ¢ = asmall

tolerance, k = 1.

Output: z, gives the solution of Problem 2. Hence, =, € R’ solves Problem 1,

i.e., (GEVP).

Repeat until convergence.

step 1: Compute A(z(®), B(z*)), by using (2.2), (2.3).

step 2: Compute /\gfglx, u®) such that

AE) B(z*)) — A(z®))u® = 0.

max

step 3: Compute Vmax(zH) = VAmax(2®)(1: m — 1) by applying Lemma 1.
stepd: For{=1,---,m—1,

A— AnaxB —Bu U —Apu + AmaxBeu
I max Ty _ 4 max
sove [ 7150 0 ek ) - [
End for
step 5: Compute %(m“ﬁ)), 1<i,j<m—1, by applying Lemma 2.

step 6: Let #(F) = 2(F) (1 : m — 1). Update

kD) _ a(k) _ [Dzn_l)\max(x(k))]_lv/)\-rn\a)((x(k))7

5 (k+1)
2D [UC . ]7

where D2, Aoy (2(9) s the (m — 1)-st principal submatrix of D2\, (z(%).

step 7: Stopping criteria:

If [|20+D — 28| < € or ||V Amax(2®)|| < €, accept z, = 25+, stop.
step 8: k =k + 1, go to Repeat.

Remark. Step 4 of the algorithm which solves an m—+1 linear system constitutes
the main cost of computation for each iteration of Newton’s method (for real-valued
cases). To save the computation cost, we usually adopt the LU-decomposition

A—noxB —B . . . .
of uéBa 0 “1 for solving the corresponding linear system. The cost is
hence about 3m?> operations [7].

6. NUMERICAL IMPLEMENTATION

The numerical implementation is accomplished by MatLab codes on a Intel(R)
Pentium 4, CPU 2.00GHz machine with 256 MB of RAM.



Algorithms for Largest Structured Singular Value

Example 1. Let

M:[g })]

989

For this case, whenever a normalized condition is imposed by zo = 1, the exact

solution of Problem 1 is

v = H |

Let c = 2 and b = 3. Fig. 2, shows the curve of A\, .x versus x1. The perfect

convexity of the curve shows that A\« has the minimum at z; = 2.

Exznsmgiia 1

Fig. 2. Amax Versus xj.

Figs. 3, 4 illustrate the numerical results for Example 1 by applying the bisection

and Newton’s methods, respectively, with the initial guess [1 1

. The quadratic

convergence of Newton’s method is realistic in Fig. 4. Fig. 5 gives the comparison
of efficiency of the bisection method, Newton’s method and the method associated
with “gevp” in MatLab LMI Toolbox [21]. Numerical results here indicate that the
Newton’s is the most efficient one among proposed three methods. The stopping
criteria in the numerical experiment for Example 1 are ||z(**1) —z(%)|| < 10~ and
Hv/)\m\ax(x(’“))u < 1078, respectively. Note that in all figures of this section, we
denote x, to be the exact solution and xzj to be the k-th iterative vector generated

by the corresponding method.

Example 2. The example is from [19]. Consider

The exact solution is

M= [4—1—1 41]'

-1 1

_Jo.25
T« = 11.00]"
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Figs. 6, 7 illustrate the numerical results for Example 2 by applying the bisection and
Newton’s method, respectively, with initial guess [1 1]T. The comparison of nu-
merical results of proposed algorithms are illustrated in Fig. 8. The stopping criteria
for test numerical methods are || 2-+D —£®) || < 1078 and ||V Aax (z(9)) || < 1078,
Once again, Fig. 7 highlights the quadratic convergence of Newton’s method. Fig. 8
shows that Newton’s method is most efficient among the proposed three methods.
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) | w -l -l
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' - .
g " -'. .
= LW
vt = :_'n- R * +"-|r" "
y Teg W o8
v og¥ =" "
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d == B W et
=N
0 [ I =] 1
] 1” &
Ui a
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n - n [ 1] w1 ] 3N
Harbion numbar

Fig. 3. Numerical results for Example 1 by using the bisection method.
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Fig. 4. Numerical results for Example 1 by using Newton’s method.
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Murnaical Compari=sans far Example 1
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Fig. 5. Comparisons of the efficiency of numerical methods.
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Fig. 6. Numerical results for Example 2 by using the bisection method.
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Fig. 7. Numerical results for Example 2 by using Newton’s method
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Fig. 8. Comparisons of the efficiency of numerical methods.
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Example 3. The example is from[30]. Consider

1472 10—-2¢ —20¢
M= 5 34+1 =143
-2 1 4—1

Since there is no exact solution to Example 3, we exploit the computation results
by using the bisection method to obtain an acceptable solution,

0.1565412174129063
T = [0.4692003612185643
1.0000000000000000

Since Newton’s method is locally convergent, obtaining an appropriate initial
guess is a crucial step for Newton’s method. In this example, we adopt the iterative
vector z(*) generated by the bisection method so that || z(*+1) — Z(¥)|| < 0.05 or
17 Amax(z)]| < 0.05, to be an initial vector for Newton’s method.

Figs. 9, 10, illustrate the numerical results for Example 3 by applying the bisec-
tion and “bisection + Newton’s” method, respectively, with initial guess [1 1 1]T.
Here “bisection + Newton’s” method means that we use the bisection method first
to obtain a reliable initial vector and then apply the Newton’s method to compute
the solution of the problem. Fig. 11 illustrate the numerical results for Example 3
by applying Newton’s method with a good initial guess [0.1 0.4 1.0]T which is
closer to the target vector . The results in Fig. 11 show the quadratic convergent
behavior of Newton’s method. Finally, we show the comparison of numerical re-
sults of proposed algorithms in Fig. 12. The results of comparison conclude that
the method associated with gevp in MatLab LMI Toolbox which realize the in-
terior point method for Problem 1 is very competitive with the bisection method.
However, Newton’s method is the most efficient algorithm for Example 3.

7. CONCLUSION

In this paper, we investigate the computation for the largest structured singular
value, ua (M), under a diagonal uncertainty which can be seen to be an upper bound
of ua (M) for the case of a general structured uncertainty. We develop a Newton’s
type method for computing the upper bound of ua(M). The related theoretical
results are studied as well. Numerical implementation shows the efficiency for
the developed Newton’s method. In addition, the numerical results illustrate that
the Newton’s method converges local quadratically. Recently, the computation of
the largest structured singular value pa (M) with various structured uncertainties,
becomes an important problem [18, 19, 20, 23] because that the computation is the
kernel issue for the optimal u-synthesis controller designment which is more close
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to the real-world application than Hy or H, control. However, a fast algorithm
for the computation of the largest structured singular value with various structured
uncertainty is under investigated.
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Fig. 9. Numerical results for Example 3 by using the bisection method.

Exampha 3 | lion + Reswion mhsd)

1w’
- = — [l
& R, N
W . -, Il
ol ey o
=,
i’ - ik o J
- - "" B ., - -‘.\- -.-. -‘-
- " -
“]-ﬂ‘ L} A
~ =}
g <
Y
1w WA
LA |
T,
i 14
4
I]-l i
! i
Iu-l!
Q ] 4 [ " 0 132 14 15
Hesmdon ramiber

Fig. 10. Numerical results for Example 3 by using bisection + Newton’s method.
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