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A NEW EIGENVALUE EMBEDDING APPROACH
FOR FINITE ELEMENT MODEL UPDATING

Yunfeng Cai and Shufang Xu

Abstract. This paper concerns the eigenvalue embedding problem (EEP) of
updating a symmetric finite-element model so that a few troublesome eigen-
values are replaced by some chosen ones, while the remaining large number
of eigenvalues and eigenvectors of the original model do not change. Based
on the theory established in [2], by sufficiently utilizing the inherent freedom
of the EEP, an expression of the parameterized solution to the EEP is derived.
This expression is then used to develop a novel numerical method for solv-
ing the EEP, in which the parameters in the solutions are optimized in some
sense. This method not only utilizes the freedom of the EEP but also removes
the limitation of the method proposed in [6]. The results of our numerical
experiments show that the present algorithm is feasible and efficient, and can
outperform the iterative method in [3] and the method in [6].

1. INTRODUCTION
Consider the system of matrix second-order differential equations of the form
(1.2) Mx+Cx+ Kx =0,

where M, C, and K are all real symmetric matrices of n by n and are called,
respectively, the mass matrix, the damping matrix, and the stiffness matrix. Model
(1.1), which is often referred to as a real symmetric finite element model, can
be obtained from the modeling of vibrating systems, such as bridges, buildings,
highways and automobiles using finite-element methods. In many applications,
the coefficient matrices enjoy very special properties, such as positive definiteness,
sparsity, and so on. If a fundamental solution to (1.1) is represented by

(1.2) x(t) = xe™,
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then the scalar A\ and the vector x must solve the quadratic eigenvalue problem

(QEP)

(1.3) Q(A)x =0,
where
(1.4) O\ = MN +CA+ K

is referred to as the quadratic matrix polynomial. The scalars A and the correspond-
ing nonzero vectors x are called, respectively, the eigenvalues and the eigenvectors
of the quadratic matrix polynomial Q(\). Together, (A, x) is called an eigenpair of
Q(M). Itis known that Q(\) has 2n eigenvalues over the complex field, which are
the roots of the equation

(L.5) det(Q(\)) = 0,

provided that the leading coefficient matrix A is nonsingular.

It is well-known that the dynamical behavior of a vibrating system modeled by
(1.1) is determined by its natural frequencies and mode shapes, that is, the eigen-
values and eigenvectors of Q(\). The undesired phenomena such as instability
and resonance are caused by some “troublesome” eigenvalues and the correspond-
ing eigenvectors of Q(\). Therefore, in order to combat or avoid the undesired
phenomena, one way is to update the quadratic model Q()) so that these “trouble-
some” or unfavorable eigenvalues and eigenvectors are replaced by some suitable
ones, which are usually chosen by engineers and designers. Among current de-
velopments for finite element model updating, one challenge that is of practical
importance is to update the model while retaining the remaining eigenvalues and
eigenvectors. Such updating, if possible, is known as updating with no spill-over.
In this paper, we consider the special model updating with no spill-over, which is
known as the eigenvalue embedding problem (EEP), stated as follows [3]:

EEP  Given a real symmetric quadratic matrix polynomial Q(\) = M A2 +
CA+K with M nonsingular and a few of its associated eigenpairs {\ ;, x;}*_; with
k < n, assume that the new eigenvalues {\;}*_, have been measured or chosen.
Update the quadratic matrix polynomial Q(\) to Q(A\) = M2 + CA + K, with
]\7, C, K real symmetric and M nonsingular, so that the subset {\;}¥_, is replaced
by {\i}F, as k eigenvalues of Q(A) while the remaining 2n — k eigenpairs of
Q(A), which are usually unknown, are kept the same as those of the original Q(X).
Furthermore, characterize the eigenvectors of Q(\) corresponding to {A\;}X_;.

Such a problem in control theory is known as the partial pole assignment prob-
lem and is solved by feedback contol. Unfortunately, the use of the feedback control
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destroys the symmetry in (1.1); see [7, 8, 10, 14, 15]. Recently, a symmetry preserv-
ing iterative scheme that reassigns one real eigenvalue or one complex conjugate
pair of eigenvalues at a time was proposed in [3] as a possible numerical method for
solving the EEP. But that algorithm suffers from the shortcomings that the iteration
may break down before all desired eigenvalues are updated. Based on the spectral
decomposition theory, Chu and Xu [6] offered a nice approach for solving the EEP
which completely circumvents all inherent troubles of the algorithm suggested in
[3]. However, the inherent freedom of the EEP is not sufficiently utilized in this
method, since it only simply taken the given eigenvectors {xj}é?:l as the eigen-

vectors corresponding to the new eigenvalues {\;}_,, and moreover, it requires
that the real eigenvalues are replaced by real ones and the complex eigenvalues are
replaced by complex ones.

In this paper, based on the theory established in [2] we sufficiently utilize the
inherent freedom of the EEP to derive an expression of the parameterized solution
to the EEP. We then use the expression to develop a novel numerical method for
solving the EEP, in which the parameters in the solutions are optimized in some
sense. This method not only utilizes the freedom of the EEP, but also removes the
limitation of the method proposed in [6]. The results of our humerical experiments
show that the present algorithm is feasible and efficient, and can outperform the
iterative method in [3] and the method in [6].

This paper is organized as follows. In Section 2, we present some notations,
definitions, and basic theory, which will be used throughout this paper. In Section 3,
the parameterized solution to the EEP is derived, and some necessary and sufficient
conditions for the existence of solutions with a positive definite mass matrix are
discussed. The numerical approaches and numerical results are presented in Sections
4 and 5, respectively. Finally, we give some conclusion remarks in Section 6.

2. PRELIMINARIES

Throughout this paper we adopt the following notations and definitions. The
symbol || - || denotes the Euclidean norm of a vector or the spectral norm of a
matrix and || - ||z denotes the Frobenius norm of a matrix. For any given square
matrix A of size n x n, the spectrum of A is denoted by A\(A4), and A > 0 denotes
a symmetric positive definite matrix. For any given m x n real matrix B, we use
BT to denote the transpose of B, and use N(B) to denote the null space of B, i.e.,

(2.1) N(B) = {x € R" | Bx = 0}.

dim X denotes the dimension of a subspace X', and sign(¢) is employed to denote
the sign of & for any real number £. For any given real symmetric matrix A, the
ordered triple

i(A) = (i+(A),i-(A),i0(A))
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denotes the inertia of A, where i1 (A) is the number of positive eigenvalues of A,
i—(A) is the number of negative eigenvalues of A, and iy(A) is the number of zero
eigenvalues of A, all counting multiplicity.

Assume the k eigenpairs { ), xj}é?:l given in the EEP are in the following form

)\gj_1:5\2j:ocj+iﬁj, OéjER, ﬂj>0, i=12,...,¢,

X251 :)_(Qj:XjR+’in], XjR,XjIERn, j:1,2,...,€,
and
NER, x;€R", j=20+1,... k.
Define
(22) Xl = [X1R7 X1Iy -y XR, XI5, X20415 - - - Xk‘]v
. a; B ap B
2.3 Aq = dia Yo ;A ey Ak,
(2.3) 1 g( [—51 061] [—ﬂg az] 20+1 k)

which are referred to as the real representations of {xj}é?:l and {)\j}é?zl, respec-
tively. 3

Similarly, let the real representation of the new measured eigenvalues {\;}%_,
be

(2.4) A :diag< [ a ﬁl] [af ﬁz] ,XQZH,...,Xk),

-5 —B; o

which means that the new measured eigenvalues just contain 0 complex conjugate
pairs. It is worthwhile to point out that here ¢ is not necessary equal to ¢, while
¢ = ¢ is required in [6].

Also, let the remaining 2n — & eigenpairs of Q(\) be denoted by {);, xj}?gkﬂ,
and let the real representations of {\;}3", ., and {x;}3", | be A, and X>, respec-
tively.

Using the notations above, the EEP starts from the known matrix equality

A2 0
0 A3

A O

(2.5) M[Xy, X)) [ 0 Ay

] + (X1, X [ ] + K[X1, X5) =0,

and we want to find a real symmetric matrix triplet (A7, C, K) with A nonsingular
such that

AL O
0 Ao

26 %, X [AO? f%]+5[)?1,x2][ ]+I?[)?1,X2]:o
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for some n x k real matrix X;, which serves as the real representation of the
eigenvectors corresponding to the new measured eigenvalues.
Let A be any m x m real matrix. Define

2.7) Dy = {D eR™™| D =D, DA = (DA)T} .

The main theorem and algorithm of this paper are derived based on the following
theorem, which has been proved in [2].

Theorem 2.1. Let (A, X) € RZ%27 x R™<27 with

2.8) U(A, X) = [?A]

being nonsingular. Then there exists a real symmetric matrix triplet (1M, C, K) with
M nonsingular such that

(2.9) MXA?+CXA+KX =0

if and only if there exists a nonsingular D € Dy such that

(2.10) XD 'xT =0,

where D, defined by (2.7). In this case, the triplet (M, C, K) is given by
M= (XAD7'XT)™",

(2.11) C=-M(XA’D1XT)M,
K=-M(XAD'XT)M +CM~'C.

Remark 2.1. Notice that when a triplet (M, C, K) is represented in the form
of (2.11), then it is easy to verify that

(212) b= [)?(A]T [z\(} Aﬂ [)?(A]

In addition, it has been proved that the following two statements are equivalent:

e U(A, X) defined by (2.8) is nonsingular and there exists a nonsingular D €
D, such that (2.10) holds;

e There exists a nonsingular D € D, such that (2.10) holds and XAD~1X T
is nonsingular.
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See [2] for more details.

As the end of this section, we make the following hypotheses, which we will
not repeated in the rest of this paper.

e A; and A; have only simple eigenvalues, i.e., \; # \; and \; # A; for i # j,
ij=1,, k.

o A(A1) N A(A2) = 0 and A(A1) N A(Ag) = 0.

e X, defined in (2.2) is of full column rank.

3. SoLuTions oF THE EEP

In this section, based on Theorem 2.1 we will derive an expression of the
parameterized solution to the EEP under some proper assumptions.
Let

(3.1) A = diag(Aq, Ay).

By Theorem 2.1, from (2.6) we easily see that once we find a nonsingular matrix
D € Dy such that

(3.2) (X1, Xo] D[ X1, Xo] T =0,
for some n x k real matrix X;, with

X, Xo

3.3 Jols
( ) X1A1 X2A2

being nonsmgular then one solution (M C, K) to the EEP can be given by (2.11)
in terms of D Xl, Al, Xo, and A. Noting )\(Al) ﬂ)\(Ag) @, we can easily derive
that D € Dy if and only if D= dlag(Dl, D2) where Dq € D/L and Dy € Dy,.
Thus, (3.2) can be rewritten as

(3.4) X, DX + XoDy Xy = 0.

Define

x. 17 c M X x, 17 C M X
oo =[] [G M[E ] e[ ]S ¥ [

Then, by Theorem 2.1, this, together with (2.5), gives rise to

(3.6) XDy X] + XoDy Xy = 0.
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Here we take
(3.7) Dy = Ds.

The reasons for doing this are threefold. First, we do not want the expression of
the solutions to the EEP to involve X5 and Ao, since they are not given or hard
to get. Second, according to the spectral decomposition theorem in [6], Dy can be
interpreted as the normalization matrix of the eigenvector matrix Xs. Equality (3.7)
means that the updating maintains the same normalization matrix for X5. Third,
it makes the problem much easier to handle, and both methods in [3] and [6] are
carried out under this assumption.
Combining (3.4), (3.6), and (3.7), we get

(3.8) X, D7'X| = x,Dyt x|
Noticing that for any z € A'(X]), we have
X\D7'X'z= X, D' X[z =0,

which implies that
X,z =0,

since X7 is of full column rank and D, is nonsingular. This shows that N(X'IT) -
N(X]). Noting that

dimN(X,) >n—k = dimN(X]),
we obtain A/(X]) = M(X]), and so, there exists a matrix Z € R¥** such that
(3.9) X, = X\ Z.

Substituting (3.9) into (3.8) and using the fact that X; is of full column rank, we
have

(3.10) ZD7'z" = DiY,

which implies that Z is nonsingular. This shows that if (3.7) holds, then there exist
matrices X; and D such that (3.2) holds is equivalent to there exist matrices Z
and D; such that (3.10) holds.

Without loss of generosity, we may assume that D; is in the following form

. 1 0 1 0
(3.11) Dlzdlag<[0 _1],...,[0 _1],52g+1,...,5k>,

14
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wheree; = 1or —1, j = 20+1,..., k. Infact, since A; has only simple eigenvalues,
we can always normalize the given eigenvectors {xj}é?:l so that (3.11) holds. See
Algorithm 4.1 in the next section for more details.

On the other hand, since A; has only simple eigenvalues, it follows immediately
that 151 € DT\1 if and only if the matrix 151 has the form

= : & & | = =
3.12 D;=d ~ |2 L = ... .
( ) 1 l1ag < [171 _51] ) ) [ﬁz —f’[] ) £2g+17 ) fk)

Furthermore, the equality (3.10) means that the matrix D, is congruent to the matrix
D;. By Sylvester’s law of inertia, this, together with (3.12), implies that D; must
have the following form

3.13 D, =T"P'D,PT,
1

where
(3.14)

I—di cosf; sinb; | cosb; sind; -
T ars|m —sinf; cost AN —sinf; cos 6 »Tagyr o Tk

with 6; € R and ~; > 0, and P, is a k x k permutation matrix with the property

. 1 0 1 0] - -
(3.15) Pl—rDlPl:dlag<[0 _1],...,[0 _1],52@1,...,51{).

14

Observe that (3.15) implies that ¢ < min{i,(D;),i_(D;)}. This gives us a
necessary condition for the existence of solutions to the EEP.

Theorem 3.1. If the EEP has a solution, then the number of complex conjugate
pairs contained in the new measured eigenvalues {)\j}é?:l cannot exceed the mini-
mum of both the number of positive eigenvalues of D; and the number of negative
eigenvalues of Dy, where D, is defined by (3.5) and uniquely determined by the
given eigenpairs {\;, x;}%_;.

As D! is in the form of (3.11), we are able to construct a k& x k permutation
matrix P, such that

(3.16) D' =D, =PRJP/,

where

(3.17) = [{) _OI] ri=i (D1), s:i=i_(Dy).
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Substituting (3.16) and (3.13) into (3.10) and setting

(3.18) W =P, ZT 1P P,,
we get
(3.19) WJWT = .

This matrix equation is always solvable and an expression of its general solution
can be given, which are summarized below.

Lemma 3.1. The general solution of equation (3.19) is given by

L+YYT)2Q] Y
(3.20) wo | )2Qy 1
QYR QI +YTY):
where Q, € R™*", Q, € R**5 are arbitrary orthogonal matrices, and Y € R"** is
arbitrary.

Proof. For any matrix A € R™>™ it is easy to verify that the matrix equality
(3.21) (Im + AAT)2 A = A(I, + AT A)3

always holds. Using this equality, we can easily check that ¥ in the form of (3.20)

is a solution of (3.19) for any given Q,, Qs, and Y. Therefore, it suffices, if we

can prove that any solution W of equation (3.19) must have the form of (3.20).
Partition W as

W- W-
(3.22) w=| "R
War Waa

where Wy; € R™" and Wy € R**9, then it follows immediately from (3.19) that
Wi Wy — WiaWih, = I,

(3.23) Wor Wy, — Waa W, = —I,
Wi Wy, — Wia W), = 0.

Using the pole decomposition of matrices, it is easy to derive from the first two
equations of (3.23) that there exist two orthogonal matrices @, € R™*" and @, €
R#*¢ such that

(3.24) Wi = (I + W12W1—;)%Q:7

(3.25) Was = (I + Wor W5)2 Q.
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Then substituting (3.24) and (3.25) into the last equation of (3.23), we get
(I + W12W1T2)%Q:W2T1 = W2Q! (I, + Wi Wy,)7,

or

(3.26) Qr(Ir + WiaWih) 2 Wi = Wl (I + War Wa) "2 Q.

Let the SVD decompositions of 11, and T, be

B b | T ~[2 0] 5T
ng_U[O O]V and W21_U[0 O]V ,
respectively, where U,(7 e R™" and V, V € RS are orthogonal matrices, ¥ =
diag(oy, - -, 0¢) Witht = rank(Wyp) and oy > - -+ > 0y > 0, ¥ = diag(d1, - - , 63)
with ¢ = rank(Wsq) and 61 > --- > 6; > 0. Substituting them into (3.26) yields
2\—2 ~ [S(7. L $2)-1 ~
B21) QU [E(It +OE )2 8] vT =0 [E(It +OE )2 8] vTQs,

which implies t = £ and
S(I + 2273 = S(I, + £2) 73,

and so X = . Then, by the properties of SVD decompositions, we know that
U,V,U,V can be chosen so that Q,U = U and VT = VT Q,. Thus we have

2 0], ~[2 0]t
which leads to
(3.28) War = QI WhQs.

Then substituting it into (3.25), we get Wy = QS(IS+W1T2W12)%, which completes
the proof of the lemma. [ |

In summary, the arguments lead to the parameterized expressions of the required
matrices D; and X7 in (3.4) as follows:

3.29 D, =T"P'D,PT, X,=X.Z=XPWP) P,
1 2

where the matrices I, T/, and P; can be chosen, while the matrices X, D4, and
P, are determined by given data.

Thus, applying Theorem 2.1, we can now state our main theorem concerning
the solutions to the EEP below.
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Theorem 3.2. Let the notations be defined as the above, assume that D, defined
by (3.5) has the form as in (3.11) and ¢ < min{iy(D1),i—(D1)}. For any given
W in the form of (3.20) and P, with the property (3.15), if the matrix M~ +
X1 (W JWT — Q. J)X] is nonsingular, where X; = X 1Py, Q1 = PJ APy,
Q, = PJ PIA, P] P,, then one solution to the EEP is given by

r 1

M= [M7+ X, (W W — )X,

.30 C=MM'CM™ - X,(WQ3gwT — Q21X M,

K=MMYK-CM'C)M™}
— X (WEIWT — Q3N XM + CM'C.

Proof. Using (3.29) and (3.16) and noting that LA T~ = Ay, we have
XA DTIXT
= (X, RLWP, PT)Ay(T'P DT (TP PW ' P X])
(3.31) = X1P,WP, PLA, P DiP,W ' P} X]|)
= X\ WP, PLA P PW P} X[
= X\ W Jw X[
Applying Theorem 2.1, we have
(3.32) M~ = X1 DX + XoAe DM X
(333) M_l = X’ﬂlf);l)?f + X2A2D2_1X;—7
provided that the matrix
(3.34) X1 A DTEXT + XA DYEX,

is nonsingular. Combining (3.33), (3.32), and (3.31) yields
(3 35) ]/\Z_l - M1 :Xlxlﬁfljﬁtl—r—XlAlDlel—r
' = X (W JWwT — Q)X

from which the first equality of (3.30) follows, and moreover, we can easily see that
the assumption implies that the matrix defined by (3.34) is nonsingular.
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Similarly, we have
M7'CM™ =M 'eM™' = X, (WQRJW T — Q2 X/,
MY K-CM'C)M' -~ MY K-CcM'C)M™!
=X (WIwT -3 NX],

from which the last two equalities of (3.30) can be derived. This completes the
proof. |

Remark 3.1. It is critically important to note that the update formula (3.30)
from Q(\) to Q()) does not need the information about (A, X5). In addition, if
¢ = ¢ and we take W = I, and P, = I, in (3.30), then (M, C, K) defined by
(3.30) is exactly the same as the update formula gave in [6]. However, since W
and P; in (3.30) can be chosen, we can properly choose the two matrices so that
some other requirements may be satisfied. Sometimes even in the case the method
of [6] fails to solve the EEP, we can still solve the EEP using (3.30) (see Example
5.1 in Section 5).

Remark 3.2. When n is large, directly using (3.30) to calculate (M, C, f()
is numerically expensive, since the inverse of M is required there. As a matter
of fact, using the Sherman-Morrison-Woodbury formula, we can get the following
more useful equivalence form:

M = R M,
C = RiRyR],
K = Ry(K — MS3M + RyS1Ro
—~MS5C — CSoM + M Sy MSy; M) Ry,

(3.36)

where 51,55,53, Ry, and R are given by
Sp: ==X (W JW' —Q1J)
[+ XTMX (W awT — )] ' XT,
Sy =Xy (WQRIW ' — Q2N X, Ry:=1+ MS§S,
Sy =X (WQIWT — 3 NXT, Ry:=C — MSyM.

(3.37)

Notice that here only the inverse of a k& x k£ matrix is needed, and so, when ki— n,
using (3.36) to compute the solution to the EEP is far much cheaper than using
(3.30).
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Remark 3.3. From (3.36) it is not difficult to derive that
(a) M+ X, (WQJWT —Q,J)X] is nonsingular if and only if I;, + X M X,
(WQJWT —Qy.J) is nonsingular;
(b) M is positive definite if and only if all the eigenvalues of I;, +)?1TM)?1(W§1
JWT —Q,.J) are positive, provided that M is positive definite.

4. ALGORITHMS

In this section we consider how to use the theory established in Section 3 to
develop a feasible and efficient algorithm for solving the EEP. In fact, Theorem 3.1
has given us a recipe for doing this. In Summary, the computation of the solution
to the EEP requires three major steps:

Step 1. Normalize the given eigenvectors {xj}é?:l so that the matrix D defined
by (3.5) has the form of (3.11), and find the numbers r, s and the permutation matrix
P, in (3.16).

Step 2. Select the permutation matrix P; with the property (3.15) and the matrix
W in the form of (3.20) so that some requirements are satisfied.

Step 3. Compute the symmetric matrices M, C, and K by (3.36).

Notice that the assumption on A; implies that the matrix D; must has the
following form

Dlzdiag<[£1 m],...,[& W],f2£+1,...,§k>7
m —& ne —&

where &;, n; € R. It is easy to derive that Step 1 can be carried out by the following
algorithm.

Algorithm 4.1.
forj=1:7¢
& = X;FRCXJ‘R + QX;FRM(anjR — Bj%;r)
nj = XRCx 1 + 205X [p M1 + B (x [ MXjR + X[ Mx;1)

‘ . [1+G . 1—¢;
wj:\/sz—i—njz, Cj:%, cos 0; = —sign(n;) TCJ, sin 6y = QCJ

J

-1 cosfl;  sind;
(xjr, xj1] == w; 2 (xR, X0] |
—sinf; cos0;
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forj=20+1:k
fj = X;»I—CXJ‘ + 2)\jX}rMXj
_1
xj =& %
if{ >0, r:=r+1, else s:=s+1 end
end
Reorder the given real eigenpairs {\;,x;}"_,, ; into {\;;,x;; }* 5, ., so that
i1 >0, &y, <0, j=0+1,...,7 :=min{r, s}
sign(&;,) = sign(r —s), j=2r+1,...k
)‘j::)‘i]’v Xj 1= X j=20+1,...k

if r>s

P2 = [61, €3y...9,€27-1,€2741,€2742, .. . €L, €2,€4, ..., 627]
else

P2 = [61, €3y...,€627-1,€2,€4,...,€27,€2741,€E2742, ..., ek]
end

Dy = di LY © 0 (r—s)I
1 := diag o -1l o -1 ,sign(r — s)lx_orf

This algorithm not only normalizes the given eigenvectors, but also reorders the
given real eigenvalues, which leads to the matrix D; defined by (3.5) has the form
as shown in Algorithm 4.1. Of course, there is more than meets the requirement of
(3.11). However, it is convenient for us to carry out the following steps.

In the rest of this section, we will always assume that the given eigenvectors
have been normalized and the given real eigenvalues have been reordered by Algo-
rithm 4.1.

Step 2 is the key step of this method. Let us first consider how to select
the permutation matrix P;. In fact, from the computation formula (3.30), we can
seen that the role of P, played in (3.30) is essentially to specify a correspondence

between the set {\;}5_, and {\;}5_,, that is, to specify a permutation {1, - - -, ix}
of {1,---,k} such that \; is replaced by \;, in the updated model for i =1, - - - , .
Conversely, if there is a a permutation {iy, - - - ,ix} of {1,---,k} such that

. Xigj_l and Xigj are complex conjugate or both real for j =1,2,...,7 and

. Xi]. isreal forall j =27 +1,...,k,
the permutation matrix P; is defined by

(41) PlT = [eil, eiQ, ey eik]
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must satisfy (3.15). The permutation with the above properties is referred to as
compatible permutation. Clearly, a compatible permutation exists if and only if
L<r.

Thus, selecting a permutation matrix P; with the property (3.15) amounts to
choosing a compatible permutation {iy,--- i} of {1,--- k}. In practice, such
a permutation is usually known, which is usually given by engineers or design-
ers. In summary, if a compatible permutation is given, the matrix P1K1P1T in the
computation formula (3.30) can be determined by the following algorithm.

Algorithm 4.2,
forj=1:7
if )\’izj—lz dij + Zﬁ}] With /Bij >0
J _/B’i]' CNk'ij
else
~ 2 . T N
AE ] = dlag()\igj_17 )\in)
end
end

Kl = P1K1P1T = diag(K[12], ey KE], 5\127+1, .. -S‘ik)

We next consider how to select the matrix 1. In practice, we prefer the adjust-
ments made to the coefficient matrices as small as possible. Let

ko= | X (W JW T — Q)X M.
Similar to the discussion in [12], we can prove that if k < 1, then

I - M| _
TS

4.2)

and moreover, ||C — C||=0(x), | K — K||=O(x) as x — 0. Consequently, it is
nature to select W in the form of (3.20) so that

(4.3) Xi(WJw — Q)X M||% = min.
1 F

Of course, other optimization problems can be proposed to minimize the adjustments
made to the coefficient matrices, but this one is noteworthy and important. However,
it seems difficult to get a globally optimal solution to the above optimization problem.
Consequently, we only develop a numerical method for computing a sub-optimal
solution to the optimization problem (4.3).
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Notice that, in (3.20), if the orthogonal matrices @, and Q are diagonal matri-
ces, and Y has only nonzero elements on its main diagonal, then we have

(4.4) W= P,WP = diag(WZ, ... WE E,_,),

where P, is generated by Algorithm 4.1, E;._, is a diagonal matrix with only 1 or
—1 on its diagonal, and

/1+ 02 logi

I EEAVA J
(4.5) Wi — .
T80 Sj,/l—l—dj»

with r; = £1, s; = £1, and o; being any real numbers for j =1,---, 7.
Also, if W takes in this special form, (3.37) can be rewritten as

S1 = X1 (WA DWW — AyDy)

|1+ X MX (WR DT = A Dy)| 7,
Sy = X (WAZD,W T — AIDy) X7,
Sz = X (WASD,WT — A3Dy) X,

(4.6)

where D; and A; are generated by Algorithm 4.1 and 4.2, respectively.

Based on those facts, here we will only select W in the form of (4.4) so that
(4.3) holds. Notice that the matrices S1,.S,,.S3 are independent of the choice of
the matrix Ex_o, in (4.4), so we here simply take Ex_o, = Ir_o,. Thus, under
this limitation, the optimization problem (4.3) can be reduced into the following 7
optimization problems:

flogirg, i)+ = HXJ[Z](WJ[Q]K?]JQW}Q]T

@D 2 7\ 2T 1 /12
e P

where K?] is given in Algorithm 4.2, WJ[Z] is defined by (4.5), and
Jy = diag(l, -1), X=X (5 2-1:2), A= Ag(25-1: 25 251 2).

Notice that, for each j = 1,2,..., 7, if we have found four real humbers in),
1=1,2,3,4,so that

FetMi11) =min f(o;:1,1), f(0!®;—1,) =min f(o;3-1.1),
A8 @, R
f(Uj 717_1)_m1'nf(0j717_1)7 f(Uj 7_17_1)_m1'nf(0j7_17_1)7
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and

(65,75,5) € { (@, 1,1), (0, -1,1), (0P, 1,-1), (0", =1, - 1)}

such that

F(65,75,35) = min { F(0§51,1), foP;-1,1),

4.9
2 @1, -1), fof -1, -1,

then (&, 7;, 5;) must solve the optimization problem (4.7). For each of the four
optimization problems in (4.8), it is to minimize an univariate function, which is
twice continuously differentiable for o;, and hence its local minimum near zero can
be obtained by Newton’s method (see Program 50-newton in [13]) with the initial
value being zero.

Our discussions above are summarized in the algorithm below.

Algorithm 4.3.
Setul=’LL2=’U1=’U3=1,U3=’LL4=’02=’U4=—1
forj=1:7

oj:=0,r;:=1,s;:=1, f:= f(0;1,1)
fori=1:4
c:=0

while | f'(o; u;, v;)| > € (tolerance)
o =0 — fl(o;u,vi) ) f (05w, v5)
end
if f(U;uZ‘,’UZ‘) <f
rj =, S =05, 05 =0, f = f(o;u;,v;)
end
end

we _ [t
I T80 $j1/1+0j2»
end

W := diag (W[12]7 e WL I _27)

Step 3 only involves matrix-matrix operations, which can be carried out using
standard matrix computation subroutines.

In summary, we have the following algorithm for the computation of a sub-
optimal solution to the EEP.
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Algorithm 4.4.  (Compute a Sub-Optimal Solution to the EEP)
Input: The given data M, C, K, Ay, Xy, A1 as described in Section 2, the given
permutation {iy, - - -, 4} of {1,-- ;Lk}L' and a tolerance e.
Output: A sub-optimal solution (M, C, K) to the EEP.
1. Apply Algorithm 4.1 to generate D; and the reordered A; and X;.
. Apply Algorithm 4.2 to generate the ordered A
. Apply Algorithm 4.3 to generate .
. Compute A = I;, + X MX (WA, D\WT — Ay Dy).
. Solve AV = X/ for V using Gaussian elimination with partial pivoting.
. Compute
Sy =X (WADWT — A\D))V, Sy = X (WA2D,WT — A2D) X/,
Sy =X (WASDIWT —A3D)X], Rl = I+ MS), Ry = C — MS,M.
7. Compute (M, C, K) by (3.36).

o O A WD

Observe that this algorithm is rich in Basic Linear Algebra Subroutine-3 (BLAS-
3) level operations, and so it can be implemented using high-performance software
packages such as LAPACK on today’s high-speed computers. Moreover, our nu-
merical experiments show that this algorithm is feasible and efficient.

5. NumERICAL EXAMPLES

In this section, we illustrate the the feasibility and efficiency of the present
algorithm using some numerical examples. All numerical examples were performed
on a Pentium(R) 4.0/2.40G Hz computer using MATLAB 6.5.1, and the tolerance
e is taken to be 10713,

Example 5.1. Consider a spring system with
2 0 10 -2 12 —6
vl =B

Direct calculation gives rises to all 4 eigenpairs {)\j,xj};;l of Q(\) = M2 +
C\+ K as follows:

A =-—1, Xy = -3, )\325\42—1—1—1,
x1=(1,1)", x=(1,0)", x3=%4=(1,2)" +i(-1,0)".
Next we shall use Algorithm 4.4 described in Section 4 to update Q()) to o\

such that the eigenvalues of A, are replaced by the eigenvalues of A;, where A4
and A, are given in the following 4 different cases.
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Case 1.  Assume that A; = diag(—1, —3) and A; = diag(—1.5, —4).

In this case, if the eigenvector matrix X corresponding to A; is kept the same
as the one corresponding to A4, i.e., )?1 = X, then direct calculation shows that
M1+ Xl(Kl — Al)DleT is singular. Consequently, for those given data the
method proposed in [6] fails.

If the method proposed in [3] is used, when —1 is replaced by —1.5 in the first
step of the updating, it leads to the loss of positivity of the resulting stiffness matrix,
which causes the updating to break down prematurely.

Now applying Algorithm 4.4 proposed in Section 4, with {i1,i2} = {1, 2}, we
get

~ [2.0762 1.5091] =~ [16.3409 5.0496] ~_[32.5923 —9.1704

1.5091 3.0538 C= 5.0496 —2.0181 —9.1704 4.0762 |’

where the mass mqtvrixJ\Zis not only nonsingular, but also positive definite. How-
ever, the solution (M, C, K') above is infeasible for the spring system since C'(2, 2) =
—2.0181 < 0. But if W in (4.6) is taken as

—~ \/5 1
w_[ 2l
we can obtain a feasible solution given by
T 0.4000 —0.6000 O— 1.2000 —1.1333 j 1.7333 —1.6000
~|-0.6000 1.2333 |’ ~  |-1.1333 2.2000 |’ ~ |—1.6000 2.4000 |’

This shows that we can properly choose the parameters in the solution (3.36) so
that some other requirements may be satisfied.

Case 2.  Assume that Ay = diag(—1, —3) and Kl = diag(—1.05, —3.05).
Using the method proposed in [6], we have

T [21170 0.1114] 5 109186 —1.7772) = [13.5933 —6.4568
~ 01114 1.0585]° T T |-1.7772 077720 T T |-6.4568  4.1170

Notice that adjustments made to the coefficient matrices are moderately small when
the updated eigenvalues are “near” the original ones. As a matter of fact, direct
calculation gives

M — M| =0.2029, ||C —C| =0.9558, |K — K| =1.7232.
While using Algorithm 4.4, with {i1,i2} = {1, 2}, we get

T 1.9331 0.0576 O— 9.9630 —1.7102 jra 12.4088 —5.9815
~10.0576 1.0538|° ~ |—1.7102 0.8848 |’ © |-5.9815 3.9331 |’
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and
IM — M|| =0.0899, ||C—C||=0.3685, |K — K| =0.4095.
Observe that our results are much better.

Case 3. Assume that A; = diag(—1, —3) and A; = [_2 1 ] which has a

-1 =2
pair of complex conjugate eigenvalues —2 = i.

In this case, the updating requires that two real eigenvalues are replaced by
a complex conjugate pair of eigenvalues, so the methods proposed in [3] and [6]
cannot be used. While applying Algorithm 4.4, with {i;,i2} = {1, 2}, we get

~ 1.5624 0.9236 O 11.9440 10.6666 ~ |38.4019 —6.9720
~10.9236 6.1908]° ~  |10.6666 —0.8473]’ - |—6.9720 3.5624 |

Observe that M and K are positive definite.

1 _11 and A; = diag(—0.5, —1.5).

In this case, the updating requires that a complex conjugate pair of eigenvalues
are replaced by two real eigenvalues. Of course, for those given data, the methods
proposed in [3] and [6] cannot be used. Applying Algorithm 4.4, with {i;,i2} =
{1,2}, we get

Case 4. Assumethat Ay = |

T 0.8905 —0.3422 O— 3.3431 —1.1499| ~ |2.0147 —0.3698
©1-0.3422  1.1150 |7 T |—1.1499 2.5989 |’ |-0.3698 1.0460 |’

Here M, C, and K are all positive definite.

Example 5.2. Consider the quadratic model (M, C, K), where M € R66%66
and K e R%6%66 come from the statically condensed oil rig model of the Harwell-
Boeing Collection BCSSTRUCL1 [17]. The damping matrix here is defined by
C = 1.5514¢. By applying the standard MATLAB code polyeig.m to (M, C, K),
we obtain its 132 eigenpairs, out of which are four real eigenvalues and two pairs
of complex conjugate eigenvalues, given by

M o= Xo = —6.2357 £ 121.9449i, A3 = \y = —6.4014 & 159.08334,
X5 = —5.3584, Mg = —9.2761, A\; = —3.4628, \g= —13.1972.

Let

A = Ay = —6.5000 & 125.00004, A3 = Ay = —6.8000 = 165.00004,
A5 = —5.6000, Xg = —10.0000, A7 —3.8000, As= —13.9000.
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Using Algorithm 4.4, with {i1,io, 43,94} = {1, 2, 3,4}, we get (M, C, f() and X;.
Moreover, we have

IMX,A2 + CX Ay + KXi| = 3.2556 x 1072,
IMX5A3 + CXyAg + KXo = 1.0055 x 1077,
and

[M — M|
M

IC <l

B IK - K|
=0.2783, “——— = 0.0155.
1€l

= 0.0483,
[y

This shows that the present algorithm is reliable.

6. CONCLUSION

In this paper, we discussed the symmetry eigenvalue embedding problem (EEP),
in which the troublesome or unwanted eigenvalues are replaced by chosen ones,
while the remaining large number of eigenpairs do not change. Based on the theory
established in [2], we sufficiently utilize the inherent freedom of the EEP to derive
an expression of the parameterized solution to the EEP. Then using the expression,
we develop a novel numerical method for solving the EEP, in which the parameters
in the solutions are optimized in some sense. This method not only utilizes the
freedom of the EEP, but also removes the limitation of the method proposed in [6].
The results of our numerical experiments show that the present algorithm is feasible
and efficient, and can outperform the iterative method in [3] and the method in
[6]. In addition, the present algorithm is rich in Basic Linear Algebra Subroutine-3
(BLAS-3) level operations, and so it can be implemented using high-performance
software packages such as LAPACK on today’s high-speed computers.

Finally, it is worthwhile to point out that we only obtain a sub-optimal solution
of the optimization problem (4.3), How to get its global optimum remains unsolved,
which needs further investigation.
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