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FUNDAMENTAL SOLUTIONS ON PARTIAL DIFFERENTIAL
OPERATORS OF SECOND ORDER WITH APPLICATION
TO MATRIX RICCATI EQUATIONS

Sheng-Ya Feng

Abstract. In this paper, we study the geometry associated with Schrodinger
operator via Hamiltonian and Lagrangian formalism. Making use of a multiplier
technique, we construct the heat kernel with the coefficient matrices of the operator
both diagonal and non-diagonal. For applications, we compute the heat kernel of
a Schrodinger operator with terms of lower order, and obtain a globally closed
solution to a matrix Riccati equations as a by-product. Besides, we finally recover
and generalise several classical results on some celebrated operators.

1. INTRODUCTION

1.1. Background

We first introduce a second order differential operator with quadratic potentials
T = —div(AV) + (Bzx,z) + (Cz, V).

with A, B and C' matrices. From now on, we call the fundamental solution of the
operator 0y + 1" the heat kernel of T'. Let us recall some well-known facts for B = 0,

when T" becomes
H = —div(AV) + (Cz, V).

Kolmogorov [13] considers the following equation

(0 — 02 —210p,)u=0, (x1,22,t) ER xR xRT

1

to describe the probability density of a system with 2n degree of freedom and obtains
an explicit fundamental solution by Fourier transform. Hormander [12] uses the same
method to construct heat kernel for H under a condition imposed on A and B which
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is equivalent to the hypoellipticity of 0, + H. Beals [2] sketches a method to find heat
kernel for H with A > 0 via a probabilistic ansatz.
The study of the generalised Hermite operator L = —A 4 |z|? is of independent

interest. Hermite operator Ly = —A 4+ |z|? arises from harmonic oscillator and
has been studied for quite some time (cf. [3], [11]), while anti-Hermite operator
Loy = —A — |z|? arises from anti-harmonic oscillator discussed in [14]. To the

best knowledge of this author, the geometry induced by anti-harmonic oscillator was
seldom studied. [8] makes some effort in this direction. They study the geometry of
generalised Hermite operator Loy = —A + (Bx,z) with B any real matrix when
spatial dimension n equals 2.

In this paper, our interests concentrate on the case C' = 0, and we study Schrodinger
operator

(1.1) Lg = —div(AV) + (Bz, x)

where A is a symmetric positive definite n x n real matrix, B is a n X n real matrix
commutative with A, i.e. AB = BA, div, V, and (-, -) denote respectively diver-
gence, gradient and Euclidean inner product. In recent, [7] studies Hamiltonian system
qualitatively from the view point of conservation law of energy, and obtains the heat
kernel formulae with B a diagonally positive definite matrix. [9] and [10] generalise
the results in terms of spectral calculus for B any positive semi-definite matrix. More
generally, we deal with the heat kernel of the Schrodinger operator with terms of lower
order

(1.2) L = —div(AV) + (Bz,z) + (f,V) + (g, z) + h
where f and g are vectors, and h is a real number.

1.2. Motivation, Methodology and presentation

There are many methods to derive the heat kernel of Lg with B positive definite
(cf.[14]). In particular, a common way for Hermite operator is to use eigenfunction
expansion (cf. [15]). [8] studies the Schrodinger operator via Hamiltonian and La-
grange formalism, which characterizes the singularities arising from the perturbation of
negative eigenvalues of matrix B for 2D case. This present work is processed in the
same framework, and the main objective is to

e complete the picture of singularities in higher dimension
e construct heat kernel for Schrodinger operators with at most quadratic potentials.
For the first objective, we block the matrix B into three parts according to the

signs of its eigenvalues, namely positive, negative and zero. Singular regions are char-
acterized by a solvable condition of linear equations induced by Hamiltonian system.
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We show these regions are hyper planes in space-time coordinates, which explains the
results in [8] that the disjoint union of singularities of different types are exactly planes
in 3D space-time coordinates. For the second one, we note that the dissipation effect
will appear in the heat kernel as the first-order terms are introduced into the potential.
A probabilistic ansatz helps us establish the basic form the heat kernel, and the problem
thus comes down to solving a set of matrix equations. The second objective is closely
related to the first one. Actually, the heat kernel of Schrodinger operators without
first-order terms solves the matrix Riccati equations deduced by the ansatz, and it also
provides an initial condition for the volume element.

Throughout this paper, we make solid computations for two purposes. On the one
hand, direct computations make the characterization of the singular regions natural and
clear. One the other hand, we introduce a diffusion matrix A for more generality, which
allows one to have an interesting modification of energy function in classical Hamilton-
Jacobi theory. Concrete calculus helps the readers to comprehend the construction of
this conserved quantity, while abstract deductions probably miss this point.

1.3. Arrangement

In section 2, we quantitatively study the associated Hamiltonian system for any
dimension, from which we conclude that the singularities are hyperplanes in phase
space. This work uniformly generalises the results for B positive definite or low
dimensional space (cf.[8], [9] or [10]). Moreover, we formally characterize three
important objects, namely geodesic, energy and action function of the Hamiltonian
system, where geodesic formally means x-component of the solution for Hamiltonian
system. All these quantities are given in closed forms, which will play a crucial role
in constructing explicit heat kernel of Schrodinger operator.

In section 3, we first use the obtained action function and a multiplier technique to
construct the heat kernel of Schrodinger operator Lg when the coefficient matrices A
and B are diagonal. It is worth mentioning that the heat kernel has slightly different
properties as the normal one does, primly because that the Schrodinger operator under
consideration is not linear in z—variables. For this reason, we address the fundamental
solution of 0; + Lg or 0y + L as generalised heat kernel. We close section 3 with the
computation of heat kernel for A and B non-diagonal case.

The heat kernel has significance in two areas of applications. In section 4, we first
apply it to obtain the heat kernel for Schrodinger operator with terms of lower order in
(1.2). The heat kernel of L has an ansatz

13) K(z,2%1)
T = W) exp{{alt)z, @) + (B(t)z, %) + (v(£)a®, 2°) + (u, ) + (v,2°)},

where «, 3, v are expected to be symmetric n x n real matrices, i, v to be vectors,
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and we deduce a system of matrix and scalar differential equations as in [2]

(1.4) 4 = dada - BEE

(1.5) 8 = 4BAa

(1.6) Y= BAB

(1.7) = 40Ap —2af — g

(1.8) v=20Ap—Bf

(1.9) WIW = 2t(Aa) + (Ap, p) = (frp) — h

where the dot denotes %, and B! denotes transpose of B. The main difficulty is to
solve the matrix Riccati equation (1.4), which is an equation of fundamental importance
in control theory [1]. Fortunately, the heat kernel of Lg provide us a globally closed
solution of matrix Riccati equation (1.4), and a condition to identify the solution of the
scalar differential equation (1.9). Then other equations and hence the heat kernel of L
can be explicitly computed. Last section is devoted to the second areas of applications.
We will recover and generalise several classical results on some celebrated operators,
including Laplacian, Hermite operator and Ornstein-Uhlenbeck operator on weighted
space.

2. HAMILTONIAN SYSTEM ASSOCIATED WITH Lg

In this section, we consider Hamiltonian system associated with Schrodinger oper-
ator
Ls = —div(AV) + (Bz, z)

with A and B commutative.

Geodesics, energy and Hamilton-Jacobi action function are three significant objects
in Hamilton-Jacobi theory and are of their own interest. We study them one by one in
the following subsections.

2.1. Geodesics
The Hamiltonian function of Lg is defined as its full symbol
HS = _<A§7£> + <B{E, .’E>

and the associated Hamiltonian system is

a‘::%:—Af—Atf:—QAf
2.1 %fH :
f=-—2= Br—Bla=—-(B+B")u

ox
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Denoting D := 2A (B + B'), one has
i = —2A¢ = 2A(B + B')x = Du,

and D is symmetric following from that A is commutative with B. The geodesics z(s)
between 2 and z in R” satisfy the boundary value problem

= Dx
2.2) {a:(()) =g, z(t)=2x"

We start with the case when both A and B are diagonal matrices, and write them
as follows

ay
2.3) A=A =
a,
0
C 2
(2.4) B=4Ab= Om 2
m—+1
i by
202 ;
922
25)  AB= A°Ab = Wnbn 5
01 10ma1
i —a%b%_
where a; > 0, b; > 0 for j € {1,---,n} satisfy the condition that:

Condition (C). Fori #kand 1 <i,k<morm+1<i,k<n, a?b? =+ aibi.

Putting A = diag{a?}7",, A = diag{a?}7_, ., A% = diag{b3}7, and A} =

diag{—b3}7_, ., one has

(2.6) A= [Acf

Ab
(2.7) B:[ 1 Ag],
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and
(2.8)

The solution of the linear system &
tions {62“7"’1'8}9”
write the coefﬁc1ents in both block and component forms

= Dz is a combination of radical solu-
{e2a3b; Al VAR {cos(?a]b )} i1, and {sin(2a;b;s)}7.

Jj=m+1- We

011 C'12
Cl = 5 02 = 3
021 C'22
013 C'14
Cg = s 04 = )
023 C'24
where
€11 C1m Cm+1,1 Cm+1,m
Cn = ; Co = ;
LCm1 Cmm L Cnl Cnm
Cl,m+1 Cin Cm+1,m+1 Cm+1,n
Cip = : IS Cayo = ’
L Cm,m+1 Cmn L Cnl Cnn
Cln+1 Cl,n+m Cm+1,n+1 Cm+1,n+m
Ciz = : : ;o O = ’
| Cm,n+1 Cm,n+m L Cnn+1 Cn,n+m
Cl,n+m+1 C1,2n Cm+1,n+m+1 Cm+1,2n
Cia = : S, On=
| Cm,n+m-+1 Cm,2n L Cnntm+1 Cn,2n
Accordingly, we first write the solution vectors as
x1(8> _ <€2a1b15 . ’e2ambms>t’
t
x2(8) = (cos(2am4+1bm+18), - -+, cos(2a,bps))",
x3(8> _ <€—2a1b15 . ’e—2ambms>t’

sin <2am+1bm+13>

,sin(2a,b,5))°,
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then

(s)

C11 Cia Ciz Cigl |z2(s)
x(s):[c,21 Cao 022 024] (8)]’

(s)

ALAY z1(s)
#(s) = [gu gm gm gm] 845 oxt x2(s)
21 22 23 24 149 r3(s)
AGA5] | wa(s)
z1(s)
:4|:011/1(f/11{ 012/1%/13 013/1%/11{ 014/1%/13] [132(8)
Co1 AGAS CopAZAS  CozAGAS CoyAZAS xggs; ’
Xgql\S

(A3 AY ] [
A3AL) [Cop Cog Cog Oy

(s)
Cii Ci2 Ci3 C'14] x2(s)
¥

(s)
AGNSCyy AGALCy  AGALCHs A”{A’{C’M] z5(s)
N3850 AGA5Cos  AGA5Cas  AGA8CH, (s)

(s)

Noting %(s) = Dx(s), and the condition (C) implies

Cn = diag{cjj}}”:l, C13 = diag{c;jn+; };‘nzlv

(2.9) , .
Cog = diag{c;;}j_p 1, Coa = diag{cjnij}jopir-

Similarly, that a5b3 > 0 for j € 1, n implies
Cia = Cy = Cg = Cr3 = 0.

Thus,
1(s)
x(g) _ CH 0 013 0 $2(8>
0 022 0 024 $3(8>
4(s)

where C11, Cao, Ci3, Coy are diagonal matrices commutative with /1;‘ and /1? for
j=1,2.
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Next, the boundary condition in (2.2) will establish C;;’s. As before, we introduce
some notations.

20 = (ay", o a) v = (2t 2y,

2 =@, 2, 8 CHEN oy

o= (2, 2D, = (T ,xw

5’11 = (c11, 7cmm>t7 (01 n+ls """y Cm n—l—m)tu
Coy = (Cmt1m+1, s Can)'s 024 = (ComtLmtntls " »Cnon)

Given a non-singular matrix M, we define % =M -IN.
By boundary condition in (2.2), C’H, 022, C'13 and 6’24 satisfy the following linear
equations

I, 0 I, 0 Cy 29

0 I_m 0 0 C 0

a a 2 _ | T2
6275\//11/1%V 0 6—275\//11/1%V 0 5’13 = I

0 cos(2ty/—A2Ab 0 sin(2ty/ —A9A Cos T2
2412 2412

To move on, we make assumption (¥) that sin <2t\ / —Ag/lg) is non-singular. Indeed,

the region for sin <2t\ / —A%Ag) singular consists of countably many hyperplanes in

(x,t)—space, thus, it has no contribution to the Hamilton-Jacobi action function. In
section 3, we will give a formal remark about this point.

I, 0 I, 0 Dol
0 Lnm 0 0 e

o2t/ A AS 0 2t/ AT A} 0 Yo

0 cos(2ty/—A%A8) 0 sin(2ty/—A%45) ¢ a9

In, 0O I 0 : oy
0 Inm 0 0 : )
— 4t4/ A9 AL . a
L S
e
0 0 0 sin(2t/ —A%Ag) g — cos(2ty/ —A%Ag)xg
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I, O L, 0 : )
0 Inm O 0 : )
N 0 0 I 0 e2t\/A%Al{$1_e4t\/A%Al{I?

/A7, _
00 0 sin(2ty/—A§45) I x5 — cos(2ty/—A3A5)af |
[ : V0 T — L 9 ]
e4t\/Ai‘A’1’_1 e4t\/Ai‘All’_1 1
@ |0 Inm 00 S 9 e
0o 0 I, : T — 79

. X1 ¢ 1
e4t\/Ai‘A’1’_1 e4t\/Ai‘All’_
0 0 0 Iym i csc(2ty/—=A§A5)xs — cot(2ty ) —A3A5)x3)

We read off the solution

o2t/ AFAS 1

Cn = ———11 — — 1,
6475\//11/11 -1 6475\//11/11 -1

~ 0

Coo = x5,

(2.10) : 207/ A5 AL VAR
= - r1 + iy
13 AT _ L an/agar _ Y

Chy = csc <2t\/ —Ag/lg) 9 — cot <2t\/ —Ag/lg) 9,
and we may recover C;;’s in (2.9) from @j’s in (2.10) with
c]] = <5'117 €T> ) cj,n—f—j == <6’137 €T> ) .7
cjj = <5'22, 6?__$>, Cijntj = <5'24, 6?__T,T>, J

where €7 denotes a m-dimensional canonical basis vector with 4" component one and

I
—_

,m
(2.11)

_l’_

m+1,n

others zero, and €/ is defined in the same way.
Finally, we conclude the previous deduction as

Proposition 2.1. Suppose that A, B take the form (2.6), (2.7). Then the geodesics

of Hamiltonian system (2.1) that solves boundary problem (2.2) with t # k—%, S

2a;

N*, j € m+1,n are given by

_|[Crizi(s) + Cizzs(s)

()
. CH 0 013 0] $2(8> _[
333(8; ngﬂ?g(S) + Cg4$4(8)

(2.12) z(s) = 0 Cp 0 Oy

where C;;’s and components therein are identified by (2.9)-(2.11).
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2.1. Energy

By use of Hamilton-Jacobi theory, the energy is conserved along the geodesics.
In order to compute such energy and consequent action that both are associated with
A, we introduce M —inner product (-,-),, := (M-, -) with M a symmetric positive
definite matrix. Indeed,

), oy = (), 2D a0y

= 2(i(s), 2(5)) (o)1 = (£(5), 2(8)) (ga)-1 = (£(5), £(5)) (40)

((5), 5)) (a1 — (), ()
(Da(5), #(5)) (goy-1 = (Dil5), 2(5)) 1oy
0.

(#(s), 2(5)) (gay-1 — ((s), 2(5))(gay-1 = Const =: 2F

The main task of this subsection is to find such constant F in terms of boundary data.
In the following deduction, f(T") denotes spectral calculus of continuous function f on
the selfadjoint operator 7. As we know in the previous subsection,

x1(s)

C11 0 o 0 x2(3>
x(3>:[0 Cys O3 024] w3(s) |’

x4(s)

i(s) = Cn 0 Ciz 0
0 Cyx 0 OCyn

_ — _
24/ A A3 21(5)
=24/ — A3 A8 x2(s)

-9 /A%A?i 333( )

— (s)

i 24/ —A5A5 |

and
A9 Nb x1(s)
. . CH 0 013 0 A%Ag $2(8>
i(s) _4[ 0 Cyp O 024] AA 3(s)
A3A8 ] | a(s)

A direct computation shows
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<j3(3>753(3)>(/1a)—1

:4[331(8>t, $2(3>t7 x3(3>t7 x4(s>t]

C%l/ll{ 0 —011013/11{ 0 $1(8>
0 —0224/13 0 022024/13 $2(8>
—011013/11{ 0 0%3/11{ 0 $3(8>
0 022024/13 0 —0222/13 $4(8>
and
(@(s), () (pay 1
=4[zi(s)f, wa(s)t, wa(s), wa(s)']
C%l/ll{ 0 011013/11{ 0 $1(8>
0 0222/13 0 022024/13 $2(8>
011013/11{ 0 C%SAI{ 0 $3(8>
0 022024/13 0 0224/13 $4(8>
So,
(#(s), 2()) (pay-1 = (2(8), 2(8)) (gay 1
=4[z1(s)f, wa(s)', ws(s), wa(s)']
0 0 —2011013/11{ 0 $1(8>
0 —(C3, + C3,) A5 0 0 z2(s)
—2011013/11{ 0 0 0 $3(8>
0 0 0 —(C% + C3)A5] La(s)
= —16x3(s)t011013/11{x1(s)
— 4a2(s) (CF + C3y) ASwa(s) — daa(s)"(CF + CFy) AJa(s)
= 4{—4tr(C11 C1347) — tr(C3, + C3,) A3}
Hence,
B = 2 (& 8)goy 1 — (. 2) oy 1)
= -\, T ay—1 — (T, T a)—1
(2.13) 2 (A2)=1 (A2)

—2 {—4tr(011013A’;) i [(032 v C%@A’;} } .

Making use of 5’,~j’s solved previously, we have



390 Sheng-Ya Feng

r (cuclgA’;)

= <5'11; 6’13>A’1’

b b b
AZ{€2t\/A My, — AZ{a:(l) e2t‘//‘?/‘1x1 _ et AgAlx(l)
- )
At/ ATAY AtV AFAY g

1 A 1 A
:_Z< 1 $1,$1>—Z< 1 IIZ(I),IE?>
sinh?(2t,/ A9A%) sinh?(2ty/ A9A%)

1 / Abcosh(2t4/ A9AY)
+ 5 xlu x(l)
sinh?(2ty/ A9A%)

and
tr [ (C3+ C3,) 43]

= ~24, 6'24>Ab + <5'22, 6'22>Ab

2 2

bxg — cos(2ty/—A348)zy w9 — cos( Qt\/m) P
< i sin(2ty/—A%45) ’ Sln(2t\/TgAg) > < 2x2,x2>

Lo, Lo

. x2> < A 0 0>
sin? Qt\/—/l“/lb sin?(2t/—A3A8)

) <Ag cos(2ty/—A%A8) >
- IBQ, $2
sin?(2ty/—A%45)

Finally, we conclude the following proposition on the energy

Proposition 2.2. Suppose that A, B take the form (2.6), (2.7). Then energy of
Hamiltonian system (2.1) conforms conservation law along the geodesics (2.9) with
constant E given by
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L. .
E= §(<x,x>(/1a)_1 - <x,x>(/1a)_1)

=92 {—4tr (011013/1?> - [(0224 +C3) Ag} }

A A
co () ()
sinh?(2ty/A9A%) sinh?(2t,/ A9 A%)

<AZ{ cosh(2ty/ A9A%) 0> < —Ab >
-2 T,y )+ T2, T2
sinh?(2t4/ A9A8) sin?(2t/—A3A8)

_Ab — A8 cos(2t4/ —A3A5)
+ 2 a:g, acg -2 9, acg
sin?(2ty/—A345) sin?(2ty/—A3485)

2.2. Action function

In this subsection, we compute the Hamilton-Jacobi action function S, which is
a crucial ingredient in the construction of heat kernel. It satisfies Hamilton-Jacobi
equation (cf. [4], [5] and [6])
oS

—+ H = 0.
50 T (x,VS)=0

Noting in our case H = —%E, we have S = % [ Edt + c. In the multiplier method
to be adopted in section 3, the factor % and constant ¢ independent of variable ¢
will be absorbed by multiplier and volume element respectively. For this reason, we
do not differentiate energy from Hamiltonian, and simply define action function as

S = — [ Edt. Integration by parts shows

N 1 (1t cosh <2t A‘f/ll{)
Jp = / ! dt=—24 "0 :
sinh? <2t AﬂfA’;) L sinh <2t AﬂfA’;)
A% cosh <2t A‘f/ll{) 1 \//TZ{ 1
Jy = / dt = —-4| = ;
sinh? <2t A‘f/l’{) 2V A sinh <2t A‘f/ll{)
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—Ag 1 \/_»Agcos <2tw/—/1%/13)
J3 g / dt - — = a 9
sin? <2tw / —Ag/lg) 2 A3 sin <2t\ / —Ag/lg)
— A4 cos <2tw/—/1%/13) —Ab

Jy = dt =

2
sin? <2t\ / —Ag/lg) sin <2t\ / —A“Ab)
Finally, we have

Proposition 2.3. Suppose that A, B take the form (2.6), (2.7). Then the Hamilton-
Jacobi action function of Hamiltonian system (2.1) with boundary condition in (2.2)
is given by

S = Edt
a cosh A‘{A’{) 1o cosh (2t A;w;)
x1,21 )+ —(1L x(l), Ji(l)
At smh A(f/l}{) AT sinh (2t A(f/l}{)
(2.14) A o — A cos (2t —Ag/lg)
-2 T1,Ty )+ 1T To, To
At smh A(f/l}{) 2 sin (2t —Ag/lg)
[_ AL cos —A3A _Ab 1
+ )J;g,xg -2 a2 To, 13 ).
43 sm —Ag/lg) A5 &in (2t —Ag/lg)

3. Hear KERNEL FOR Lg

Given diagonal coefficient matrices, we find heat kernel for Lg via multiplier
techniques, and discuss its properties similar to the normal heat distribution. Heat
kernel formulae for non-diagonal coefficient matrices will be given at the end of this
section.

3.1. Explicit formulae (diagonal case)
We start with a basic fact on the action function.
Lemma 3.1. Given A, B, energy E and action function S as in (2.6), (2.7), (2.10)
and (2.11) respectively, the following equalities hold
B.1) (1) |V.S|4 =4(Bzx,x)+2E
n

i 2a;b; cosh(2ta;b;) Z 2a;b; cos(2tajb;)
sinh(2ta;b;) sin(2ta;b;)

(32) (2) tr(AHess(S)) =

j=m+1
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where |- |4 == \/(-,- ) a and Hess(f) denotes Hessian of function f € C?.

Proof.
A direct computation shows that
6]
A_’l’cosh(2t\//l%/1’1’)x A 1 20
_— [vmlg] _, A Sinh(26y/A942) "t AT sinh(2t4/A9 A5) " L
29 = =
Va, S —Ab cos(2ts/—/1%/lg)x =4 1 20
A3 sin(2tr/—AgAB) 2 A3 sin(2tr/—A345) "2
VS Th

(751, (797 | ] [327]

- <VI1 S, v$15>/1% + <VI257 VI25>A3

Ab cosh?(2t,/ A9A%) Ab 1
—4 /1_‘1 1, T1 + /1_‘11 2y, 2l
1 sinh?(2t4/A9A4%) o 1sinh?(2t4/A94%)
1

<A’{ cosh(2ty/ A9AY%) 0> < — A cos?(2ty/ —A3A8) >

-2 F T, X7 x2,I2
A3 sin? Qt\/—/l“/lg)

1

L sinh?(2t4/A94%)
<—Ag 1 o 0> < — A cos( (2ty/—A345) >
+ 5132, $2

Af

Lo, Lo

A3 sin?(2t/—A348) o A3 gin? (2ty/—A3A8)
2
=4 (Bz,z) + 2E.
2
Ab cosh(2t4/A§A%)
\ A /Aa A
HeSS(S) — 2 1 smh(2t Al All))
— A5 cos(2ty/—Ag Ab)
A3 sin(2t/— A3 48)
Hence,

/A‘f/ll{ cosh(2ty/ A9 AY)

_ sinh(2t4/A9A%)
AHess(S) = 2 o \/Wcos(%\/rg/]g)
272 in(2t4/— A2 Ab)
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Thus,

m

tr(AHess(S)) = Z

2a;b; cosh(2ta;b;) "\ 2a;b; cos(2ta;b;)

sinh(2ta;b;) j%;q sin(2ta;b;)
We expect to find the heat kernel of Lg in the following form
K (x, 2% t) = V (t)esS@a")

where the multiplier « is a real number. Making use of (3.1) in Lemma 4.1 and noticing
that

PK :=(0,+L)K
— (8 — div (AV) + (Bz, z)) (V(t)eﬁS(a:,a:o;t)>

!
=K <% — kE — K?|V S|4 — ktr(AHess(S)) + (B, x>)

!
=K <% — kE — 4k* (Bx, ) — 2*E — ktr(AHess(S)) + (Bz, x>)

=0
for t > 0, we choose k = —3 and let volume element V' (t) satisfy transport equation
V(t)
(3.3) V((t>) = ktr (AHess(9)) .

Readers may consult [4], [5] and [6] for more types of transport equations. By (3.2)
in Lemma 4.1, we integrate equation (3.3) to have

(34) v<t>:CH<m) j1;[+1 (m) '

The constant C' is determined to normalise the integral in x—variable of the heat
kernel K. However, it is easy to see from (2.14) that the integral is divergent if
xo # 0. K(x,0;t), a propagator from origin to arbitrary point z, is called generalised
heat kernel as we shall prove next section that it indeed has similar properties to the
normal heat distribution. We denote K (z,0;t) by K (x;t) from now on, then

m 1 n 1
1 2 1 2
K N = -—_— _—
(3¢) CjHl <sinh(2ta,jbj)) j1;[+1 <sin(2ta,jbj))

1 m 2tb; cosh(2ta;b;) (a:(l))2+ n 2tb; cos(2ta;b;) (I(l))2
4t J=1 a; sinh(2tajb;)\"j J=m+1 a; sin(2ta;jb;) \"Jj

X e



Fundamental Solution and Its Application 395

Making use of [, e~*"dz = /7,

K(z;t)dz
R"L

m 1 n 1
2
B CH <smh(2ta, ) H <sm 2ta;b; ))
7=1 ] j=m+1 J
1

ﬁ 1 2tb; cosh(2ta;b;) 5 1 2tb; cos(2ta;b;) 2 Jr
: — s
4t a; sinh(2ta;b;) ] m+1 4t a; sin(2ta;b;)

Jj=

1
n

el () I (W)

Jj=1

n

1 2
jl;I_H <cos(2ta,jbj))

N[=

1
2 2\ 2
tends to C' [T}, < Z?J) ast — 07,
j
. n b,
By choosing C = [[_; | 5=

2
2 ) , we have arrived at the following proposition
Taj

Proposition 3.4. Assume that A and B are diagonal matrices as in (2.3) and (2.4).
Then the heat kernel of the Schrodinger operator Lg = —div(AV) + (Bz, x) is

" 2th 5 2th >
n . 2 . 2
K(z,2%1t) = (47t) "2 H <—J) H <—J)

1\ sinh(2ta;b;) o \4 sin(2ta;b;)

1 2tb; cosh(2ta ibj ) (1) 2tb; cosh(2ta ibj i), (0)\2

_4_t< ;” 1 a] smh(2ta]b ) ( ) +Z;ﬂ 1 ay smh(2ta]b ) (a: )

(3.5) x e

1 2tb; cos(2ta ibj ) (1) 2tb; cos(2ta ibj ) (0)
% 6_4_t< ;'L:77L+1 aj sin(2ta;b; )( ) +Z] m+1 a] sin(2ta;b; )( )
1 2tb; 1 2@ (1) 2tb; 1 (0) (1)
e2_t< ;fl:l aj sinh(2ta;b;) Zj +Z] m+1 a]] sin(2ta;b; )a:] J )

Remark 3.1. In sake of continuity of a;’s and b;’s, heat kernel (3.5) keeps valid
if the matrix D has multiple eigenvalues or zero eigenvalues. Moreover, condition (C)
is technical, and can be removed.

Remark 3.2. Heat kernel (3.5) is complex valued as long as sin(2ta;b;) < 0, i.e.
te (jﬁilw, jg‘zgw) keNTt,jem+1,n.

Remark 3.3. Heat kernel (3.5) holds if the sub-matrix sin <2t\ /—A% A ) is non-

singular, which we proposed as an assumption in the previous section. We call region

Q={(z,t) e R" xR" : ¢t = 25;2],, k € NT, j € m+1,n} singular region and
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region Q¢ = R" x RT \ Q regular region. Briefly speaking, there is no geodesic or
uncountably many geodesics connecting the given boundary points x and z° for ¢t =
25]7;)],, while there is a unique geodesic for any given two points = and 2 if ¢ # 25]7;)],.
Here we point out that such singular region has no contribution to the Hamilton-Jacobi
action function which is regarded as an integral of energy in {—variable.

3.1. Generalised heat kernel

In this subsection, we show that generalised heat kernel has analogue properties to
the normal one, that is

Proposition 3.5. Heat kernel (3.5) is said to be generalised in the following sense.
(1) K(z,2%t) >0, V(z,2°) e R" xR", 0 <t < 1.
(2) Fiz 2°=0, K(&t) — 1, as t — 0T,
(3) Fiz 2" =0, K(x:t) 4, §(z), as t — 0%,

where hat denotes Fourier transform on spatial variables, and — means limitation in
the sense of distribution.

Proof. (1) It is obvious from formulae (3.5) for ¢ appropriately small.

In the rest of this proof, we fix z° = 0 in (3.5) and

1 1
n " th 2 - th 2
Kz t) = (drt)—2 L 77
([Bv ) ( ™ ) 2 H <a] slnh(Qta]b]>) ]];1_1[—}—1 <a,] sm(?ta]b]))

(3.6)

1 m 2tb; cosh(2ta]-b]-)( (1))2+ n 2tb; cos(2ta]-b]-) (a:(.l))2
j=1 a; sinh(2ta]-b]-) g j=m+1 aj sin(2ta]-b]-) J

(2) By properties of Fourier transform

—

e () = e

and

—

FO@)(€) = A7 (A7),

we have
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K(&t) = . K (x;t)e 2™ dy
1

1
" m b 2 n 2tb; 2

= (4mt) 2 s g )
(4rt)"= ]Hl <a,j sinh(Qtajbj)) j1;[+1 <aj Sin<2tajbj>)

m 2tb cosh(2tazbz) (1)\2
H/ 4tTlenh(2ta b )(a:]' ) _27TZ§] ] d.’lf( )
7=1

1 2tb; cos(2ta b; -)

n (1)y2
H / ey smragny) (@5 )7 —2mig; da:()
m

T 2tb, 2
= (4mt) ]1_[1 <a,] sinh( 2ta,] ) <a,] sin(2ta;b; ))

m aj sinh(2ta;b;)
<11

) 2 S\ 2
—4m t2tb cosh(2ta ibj )5
7=1

-

1 2tb; cosh( 2ta,]
Art a; sinh( 2ta,]

1 a; sm(2ta ibj )

y ﬁ 1 2tb; cos(2ta;b;) 56—47T2t2tb cos(2ta st s
4t a; sin(2tajbj)

J=m+1

1 1
m 1 7 1 ) 2
B 1_[1 <cosh(2ta,jbj)) jl;IH <cos(2ta,jbj)

; sm(2ta ibj -)
b cos(2ta] ])

§2

m 295 sinh(2ta;b;) §2

2 -1 JCe2 L 2
% He_ i b; cosh(2ta] ])5 H 6_ L

j=m+1

—1
Jj=1

ast — 0t.
(3) We write (3.6) as K (x;t) = K;(z;t)Ks(x;t), where
n 1
2ta,jbj ) 2

mo ot :
a;b
- i (2 ) g (2
]1_[1 sinh( 2ta,] ;) jl;IH sin(2ta;b;)

o2 2 o2
m tajb; cosh(2ta b; ) 2ta;b; cos(2ta]-b]-) 1
— a7 +Z] m—+1 a_]- W_

smh(2ta ibj )
-e
and .
Art)”"2 1P
Ko(a;t) = %e——“‘t
(det A)2

The proof will be carried out in two steps.
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(i) Ko(z;t) % 6(x), as t — 0.
For any ¢ € C§°(R"),

(3.7) . Ka(z;t)p(z)dz = ¢(0) - Ko(a;t)dr + - Ka(x;t) [p(x) — ¢(0)] da.

The first term

e 1 & - 2
Ky(z;t)de = / e "idr; = /e_midm:la
| Kalait) jHleTm ; H j
and the second term
4mt) 2 A %ac|2
Kol ) [p(o) — 0o = [ BT ) - p0))da
Rn Rn (det A)Q
= / eIyl [cp ( 47rtA5y> - cp(())} dy — 0,
R"L
ast — 0.

As a result of (3.7),

lim Ko(z;t)p(x)dr = ¢(0) = d(z)p(z)de,
t—0t Jrn Rn

ie. Ko 4, J,ast — 0.
(i) K (z;t) % 6(z), as t — 0.

Taking any ¢ € C3°(R"™), we assume that support of ¢ is contained in the ball
{z € R" : |z| < R}, and that ¢ is dominated by some constant C' everywhere. For the
sake of

Kpdx — ¢(0) = / (K1 — 1)Kspdx + Kopdzr — ¢(0)

Rn Rn

and step (i) limy o+ [pn Kopdz = ¢(0), it is sufficient to conclude K 4 5,ast — 0F
by checking

lim (K1 — 1>K2(pd.’13 = 0.
t—0t Rn

1
Indeed, a variable change y = i‘/ﬁ" makes

/"(Kl 1) Kopdz = /| ) Dl Do)

- / ||A_%||R (Kl(\/ZEA%y> - 1)@(@A%y>@_ﬂ’|y|2dy
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where

1 1
. m Aa:b.: 3 N 2ta;b; 2

Fo (VA ) — _ taib; _ 2tajb;

1(VATtAzy) ]1_[1<Sinh(2mjbj)) jl;I—H <sin(2tajbj))

2ta;b,; cosh(2ta:b; ) 2ta;b,; cos(2ta;b;)
_ m 2 n j°7 7%
e 7T|: j=1Y; < sinh(2ta;b;) )+Z] m+1 Y5 < sin(2ta;by) -1

Noticing that %@;nh(u) — 01 and %wjm(“) — 0~ ast — 0T, we obtain

1 g 1
2ta;b 2 2ta;b; 2
C J 395
H <smh (2tajb )) jl;I_H <sin(2ta,jbj)
2ta;b; cos(2ta;b;)

ey o 2tajb cosBtagh;)
. / [e WZ]:m-ﬁ—l y]< sin(2ta;jb;) ) _ 1] e—ﬂly|2dy — 0
n

/ (K1 — 1)Kapdz| <

as t — 0T, which completes the proof. ]
3.2. Explicit formulae (non-diagonal case)

In order to generalise Proposition 3.1 to non-diagonal case, we first rewrite (3.5)
in inner-product form

(3.8)
det 1 (2NW> >

K(x,2°%t) = (4nt) "2

det A2
y e_ﬁ(@(gt\/—mm)x,@ oy 1 H{P(VATAT)aO20) 2 (4 (VA A )a,a) W)_l)

where p(u) = ucoth(u), ¥(u) = Sh(
Suppose that A and B are commutative, then there exists an orthogonal matrix

P such that PAP' = A® and P(B + B')P' = 2A°. Putting y = Pz, system
& = 2A(B + B")z =: Dz becomes §j = 44%A%y. Moreover, we have

det (2NW> = det ¢ (t@) :
<(p (2NW> v, y> <(A“)—1<p (2NW> Pz, Pm>
<PA Lpty, (2NW) Pz, Pm>
<A 1 (NE) x, x>
{

0 (NE) z, x>

(A®)~1

A1’
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and similarly,

(o (ED) ), = (o (1D) 2.)

(s (wP) )

According to (3.8), we have arrived one of our main results.

A1

<z/1 (Qt\/W> Y, y0>

(Aa)-1 A-1

Theorem 3.1. For given matrix A symmetric positive definite, B a real matrix
such that A and B are commutative, the heat kernel of Schrodinger operator

Ls = —div(AV) + (Bz, z)
has the following form
det 1 (NE) z
det A
(21) X @_4%&(<¢(t\/ﬁ>m7m>,4—l+<¢(t\/ﬁ>$o7mo>,4—l_2<¢(t\/ﬁ>I7IO>A—1>

K(x,2%t) = (4nt) "2

where D = 2A(B + B'), p(u) = ucoth(u), ¥ (u) = Sh(-
Remark 3.4. We use the convention u coth(u)|,—0 = 1, so Dcoth(D) = I,, on
the kernel of D, and so on.

4. HeaT KERNEL FOR L

For the first application of Theorem 3.1, we compute the explicit heat kernel of
operator L. With mention in introduction, we will adopt the ansatz (1.3) and solve
the associated differential equation system (1.4)-(1.9). Of all these equations, the most
difficult one is the matrix Riccati equation (1.4). Given the results of previous sections,
we handle this point in a straightforward way. In fact, we have the following

Theorem 4.2. (Globally closed solution for matrix Riccati equation). For matrix
A symmetric positive definite, B a real matrix such that A and B are commutative,
matrix Riccati equation

B+ Bt
(1.4) & = 4aAa — +

has a globally explicit solution
-1
@.1) o= A" (NE) .

Besides, the differential equations system
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(1.5) 6 =40Ax
(1.6) Y= BAB
have explicit solutions
1.
8= ;A" (VD)

2 v = :l—tlA_lcp (t@)

where D = 2A(B + B'), (u) = ucoth(u), ¢ (u) = sinﬁ(u)'

Proof. The solutions are read out from the Theorem 3.1 since equations (1.4)-(1.6)
are irrelevant to vector f, g and constant h. ]

Next, we may integrate equations (1.7)-(1.9) for A and B satisfying condition of
Theorem 3.1. We point out that for singular matrix B, solutions are formulated in
component form. To have concise solutions, we assume that B is non-singular and
commutative with symmetric positive definite A.

e i — function

1 cosh (t@)
- T D ()

e v — function

(4.4) Wy f

1
2 " v/D sinh (t@) 7

Remark 4.5. Free constants in u—function and v—function are absorbed by func-
tion W (¢).

o W — function
Making use of

Aa = ;—tlcp (t@) ,

(g ) = =1 f2s — <Mﬂg> - <Mg,g>,

T4 VD 2 (B + BY)
coth (v D
<fau> = %‘f‘i—l - <%f’g>7

volume element W (¢) satisfies
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_ coth? (¢tv/D
UL O | RETCRRY Gt S

Integration yields

W(t) = Woe™ (H1E1+0) i (6(1D)ag) 11°

3
where Wy = C [det m] and ¢(u) = %gh(“) Taking f =g = h = 0, we

have 1
det ¢ (t@) 2

=W =V = (4rt)"%
Wo=W =V = (4rt) "2 i

Consequently, volume element W is given by

det v (tv/D g L ,
(4.5) W = (47Tt)_% 46 Z(/;QEA ) e‘(z|f|A_1+h>t+<¢(t\/ﬁ>g,g>At .

Finally, we yields another main result of this paper.

Theorem 4.3. For A symmetric positive definite, B non-singular such that A and
B are commutative, the heat kernel of operator

L = —div(AV) + (Bz,z) + (f,V) + (9, z) + h

has the following form

dety (tvD)\ > /10
K(z,2%t) = (47Tt>_% —e w( \/_> e_(ZlflA—1+h>t+<¢(t\/ﬁ>g’g>At3
T det A

i (e (VD)) 1+ ((tvD)ea?) 1 —2(w(tvD)za%) 4 1)

X e a

coth(tv/D
2.2) y e%<f,a:—a;0>A_1—( \55 )gvﬂ?)‘f'(mgﬂ?o)

where D = QA(B + Bt>, <,0(u) — ucoth(u), dJ(u) _ _u ¢(u> _ u—coth(u .

sinh(u)’ ul

5. EXAMPLES

For the second application of Theorem 3.1, we demonstrate three examples to
recover and generalise several classical results on some celebrated operators. Notation
o(u) = ucoth(u) and ¥(u) = y keep valid throughout the whole section.

—_u__
sinh(u

Example 5.1. Generalised Laplacian
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Define generalised Laplacian as Lgr, = —div(AV) where A is a symmetric positive
definite matrix. With B = 0 in Theorem 3.1, we have D = 0, ¢ (t@) — 1,

P (t@) = I,, and the heat kernel is given by

KG’L(IB, [EO; t) — Me_4%((I,m)A_1+<IO7$O>A_1_2<I7$0>A_1)
(det A)2
(5.1) : -
(4mt)"2 7w Tan
=—7¢€ It

(det A)?

In particular, taking A = I,,, kernel becomes

le—a0|2

Ki(z, 2% t) = (4rt)"2e” &

which is exactly the Gaussian.
Example 5.2. Generalised Hermite operator

Define generalised Hermite operator Loy = —div(AV) + (Bzx, z) with B > 0.
o A=1,, B=diag{bi}}_, (bj>0)
By Theorem 3.1, we yield Mehler formulae

K(z,2%t) = (4nt) "2 H <%)

N[

. 1 2tbz- cosh(2tbz-) (1) 2tbz- cosh(2tbz-) (0)
(5 2) __< ;}:1 sinh(2tb;) (I]' )2+ ;}:1 sinh(2tb ) (a:]' )2

2tb;
i (0, ()
_4_t<_2 =1 mREm Y L )

o A=diag{a?}"_,, B =diag{b?}", (a; >0,b;>0)
735=1 735=1 J J

By Theorem 3.1, the heat kernel for the generalised Hermite operator has the form
1

L on 2tb; 2
K O't = (4nt) 2 e
(x,x75t) = (4mt)” 2 H <aj sinh(%ajbj>)

53 1 n 2tb; cosh(2ta]-b]-) (1)\2 n 2tb; cosh(2ta]-b]-) (0)\2
( ) % e_4t J=1 aj; sinh(2ta;b;) (I]' )+ J=1 aj; sinh(2ta;b;) (a:]' )

2tb;
1 _ n J 1 (0)_.(1)
4t< 22.5=12; smnia;p) % %5

o A>0, B=diag{b3}7_; (b;>0), Aand B arecommutative.

With D = 4AB in Theorem 3.1, the heat kernel of the generalised Hermite operator
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is given by
K(z,2%1t)
5 B det 1) <2t\/E> 3 )
' N det A
o1 ((p(2VAB)ra) ,_ +(e(20VAB)a0a%) , —2(v(2tVAB)2.a®) , ).

Example 5.3. Ornstein-Uhlenbeck operator on weighted space

Define Ornstein-Uhlenbeck operator
Hoy = —div(AV) + Bz - V

with A symmetric positive definite and B any real matrix commutative with A. Ornstein-
Uhlenbeck
Hy = —div(AV) + AV¢ -V

on Hilbert space L?(IR™, e~?dz) is unitarily equivalent to the Schrodinger operator
H = —div(AV) + i\wﬁ\i - %div(AVqﬁ)
defined on Hilbert space L?(R™, dx):
Hy=THT™*
where T is a multiplication operator defined by
Tu :=e2u.

Thus,
e o = TetHT—L,

Let ¢ take the form (Bz, z) satisfying AV¢$ = Bz, then
Bz + Bz =V¢ = A"'Bz.
Hence,
<<Bx + Bt> x, x> = % (Bx,x) 4-1
Hess(¢) = A™'B,
div(AV¢) = tr[AHess(¢)] = tr(B).

N =

¢ =
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Consequently,
1 1
H = —div (AV) + (B'A™'Bz,z) — S tr(B)-

By Theorem 4.2 with D = B'B, f = g = 0 we have the heat kernel of H:
K(z,2%1)

det 9 (t@) g
det A

= (4mt) "2 ez (B)

w ¢~ A ((p(tVB'B)za) 1 +{p(tVBB)a® %), —2(v(tVB'B)za®) )

For any g € L?(R", e~%dz),
e—tH¢g — Te—tHT—lg

¢(x) b(y)
- / 5 K (e, s )5 g (y)dy

(z ()
- / 5 K (, y; t)e S g(y)edy.

<
N

Finally, the heat kernel of Ornstein-Uhlenbeck operator on weighted space

_ (Bx,x)A_l _ (B%@A—l

Hoy: L*R" e 2 dz) — L*R"e 2 dx)

is given by
Kouv (z, 2% 1)
€T EO
_ e¢(2>K(x,x0;t)e¢(2 )
(5.5) det ¢ (t\/BtB) ?
= (4nt)" % 7 tB)
det A

x ¢~ {[e(tVB B)-tBlea) , , +([e(tVB'B) =B a%) ,_, ~2(v(tVB'B)z.a®)  , }
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