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Okounkov Bodies Associated to Pseudoeffective Divisors 11

Sung Rak Choi, Jinhyung Park* and Joonyeong Won

Abstract. We first prove some basic properties of Okounkov bodies and give a charac-
terization of Nakayama and positive volume subvarieties of a pseudoeffective divisor
in terms of Okounkov bodies. Next, we show that each valuative and limiting Ok-
ounkov bodies of a pseudoeffective divisor which admits the birational good Zariski
decomposition is a rational polytope with respect to some admissible flag. This is an
extension of the result of Anderson-Kiironya-Lozovanu about the rational polyhedral-
ity of Okounkov bodies of big divisors with finitely generated section rings.

1. Introduction

This paper is a continuation of our investigation on Okounkov bodies associated to pseu-
doeffective divisors [446]. Let X be a smooth projective variety of dimension n and D
be a divisor on X. Fix an admissible flag Y, on X, that is, a sequence of irreducible
subvarieties

Yo: X=Y2Y12:-- 2V, 12V, = {7}

where each Y; is of codimension 7 in X and is smooth at . The Okounkov body Ay, (D)
of a big divisor D with respect to Y, is a convex body in the Euclidean space R™ which
carries rich information of D. Okounkov first defined the Okounkov body associated to an
ample divisor in [19,20]. After this pioneering work, Lazarsfeld-Mustata [14] and Kaveh-
Khovanskii [11] independently generalized Okounkov’s work to big divisors (see [3] for
a survey). We then further extended the study of Okounkov bodies to pseudoeffective
divisors in [5]. More precisely, we have introduced and studied two convex bodies, called
the valuative Okounkov body AV (D) and the limiting Okounkov body A (D) associated
to a pseudoeffective divisor D. See Sections[3|and [ for definitions and basics on Okounkov
bodies.
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In this paper, we first prove supplementary results to [5]. Main theorems of [5] and
the subsequent results in this paper depend on the following property of the Okounkov
body. This theorem is a generalization of [14, Theorem 4.26] and [10, Theorem 3.4].

Theorem 1.1 (= Theorem. Let X be a smooth projective variety of dimension n and
D be a big divisor on X. Fiz an admissible flag Yo such that Y,_ € B4 (D). Then we
have

Ay, 1o (D) = Ay, (D) N ({0}"F x RY,).

In [5], we proved that the Okounkov bodies A} (D) and A" (D) encode nice properties
of the divisor D if the given admissible flag Y, contains a Nakayama subvariety of D or a
positive volume subvariety of D (see T heorem. We show the following characterization

of those special subvarieties in terms of Okounkov bodies.

Theorem 1.2 (= Theorem. Let X be a smooth projective variety of dimension n and
D be an R-divisor on X. Fix an admissible flag Yo such that Y, is a general point in X.
Then we have the following:

(1) If D is effective, then Yo contains a Nakayama subvariety of D if and only if
ARY(D) C {0} P x RA(D),

(2) If D is pseudoeffective, then Yo contains a positive volume subvariety of D if and
only if A (D) C {0} P) 5 R=(D) apd dim AE™(D) = £, (D).

One of the most important properties one can probably expect a convex set in R" to
satisfy is rational polyhedrality. However, the geometric structure of Okounkov body is
rather wild. It can be non-polyhedral even if the variety X is a Mori dream space and
a divisor D is ample (see [14, Subsection 6.3] and [12, Section 3]). However, Anderson-
Kironya-Lozovanu proved that if a big divisor D has a finitely generated section ring
R(X,D) = @,>0H°(X,mD), then there exists an admissible flag Y, such that the
Okounkov body Ay, (D) is a rational polytope (see |1, Theorem 1]). We also refer to [6,
Theorems 1.1 and 4.17] and [22} Corollary 4.5] for more related results.

Our next aim is to generalize [1, Theorem 1] to the valuative and limiting Okounkov
bodies. We recall that when a divisor D is big, it has a finitely generated section ring if
and only if it admits the birational good Zariski decomposition (see [18, III.1.17.Remark]).
However, for a pseudoeffective divisor D, such equivalence no longer holds in general; D
admits the birational good Zariski decomposition if and only if D has a finitely generated
section ring and is abundant (see Proposition . For the rational polyhedrality of the
Okounkov bodies of pseudoeffective divisors, we assume the existence of good Zariski
decomposition on some birational model instead of the finite generation condition. See
Subsection for our definition of (good) Zariski decomposition.
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Theorem 1.3 (= Corollary and Theorem . Let X be a smooth projective variety
and D be a pseudoeffective Q-divisor on X which admits the good birational Zariski de-
composition. Then each Okounkov bodies Ay (D) and AY™ (D) is rational polyhedral with

respect to some admissible flag Y.

We expect that the rational polyhedrality of Okounkov body holds in more general
situations. There are examples of divisors which do not admit birational good Zariski
decompositions, but whose associated Okounkov bodies are rational polyhedral (see Re-
mark .

To prove Theorem [I.3]for the case of valuative Okounkov bodies, we use the same idea
as [1, Proposition 4]. Using only the finite generation of section ring, we show the rational
polyhedrality of the valuative Okounkov body with respect to an admissible flag taken
by the intersections of general members of the linear series (see Theorem [5.3]). For the
case of limiting Okounkov bodies, under the given assumption, we prove the statement by
reducing to the rationality problem of the limiting Okounkov body on some high model
f:Y — X where the good Zariski decomposition of f*D exists (see Theorem [5.6)).

The organization of the paper is as follows. In Section [2| we collect basic facts on
various notions that are used in the proofs. Next, in Section [3] we recall basic properties
of Okounkov bodies and prove Theorem Then we study some properties of Nakayama
subvarieties and positive volume subvarieties to show Theorem [I.2]in Section[d] Section
is devoted to showing Theorem

2. Preliminaries

In this section, we collect relevant facts which will be used later. Throughout the paper,
X is a smooth projective variety of dimension n and we always work over an algebraically

closed field of characteristic zero.

2.1. Asymptotic invariants

We review basic asymptotic invariants of divisors, namely, the asymptotic base loci and
volume functions. The stable base locus of an R-divisor D is defined as SB(D) :=
N~ >0 Supp(D’). The augmented base locus of an R-divisor D is defined as B (D) :=
Na SB(D—A) where the intersection is taken over all ample divisors A. The restricted base
locus of an R-divisor D is defined as B_(D) := [J4 SB(D + A) where the union is taken
over all ample divisors A. Note that B4 (D) and B_(D) depend only on the numerical
class of D. For details, we refer to [§] and [16].

Now, let V be an irreducible subvariety of X of dimension v. The restricted vol-
hO(X|V,mD)

M /o] where

ume of a Z-divisor D along V is defined as volx /(D) := limsup,,,
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hY(X|V,mD) is the dimension of the image of the natural restriction map ¢: H°(S, Ox (D))
— HY(V,0y(D)). The restricted volume voly|y (D) depends only on the numerical class

of D, and one can uniquely extend it to a continuous function
volyy: Big"(X) = R

where Big" (X ) is the set of all R-divisor classes £ such that V' is not properly contained in
any irreducible component of B (). When V' = X, we simply let volx (D) := volx|x (D)
and we call it the volume of an R-divisor D. For more details on volumes and restricted
volumes, see [13] and [9]. Now assume that V' ¢ B_(D) for an R-divisor D. The augmented
restricted volume of D along V is defined as VOI}W(D) := lime 04 volx|y (D +€A) where
A is an ample divisor on X. The definition is independent of the choice of A. Note that
vol;r(‘v(D) = volxy (D) for D € Big" (X). This also extends uniquely to a continuous
function

'

voly .+ Eff (X) » R

where EfY (X) := Big" (X) U {¢ € EF(X)\ Big(X) | V ¢ B_(¢)}. For D € B (X), we
have volx (D) < Vol}lv(D) < voly(D|y), and both inequalities can be strict in general.

See [5] for more details on augmented restricted volumes.

2.2. Iitaka dimension

Let D be an R-divisor on X. Let N(D) = {m € Z~¢ | ||[mD]| # 0}. For m € N(D), we
consider the rational map ¢pp: X --» Z, C PIImDPI defined by the linear system
|[mD]|. The litaka dimension of D is defined as

k(D) =

max {dim Im(¢,,,p) | m € N(D)} if N(D) # 0,
—o0 if N(D) = 0.

We remark that the Iitaka dimension k(D) is not really an invariant of the R-linear
equivalence class of D. Nonetheless, it satisfies the property that x(D) = k(D’) for
effective divisors D, D' such that D ~g D’.

For another important invariant, we fix a sufficiently ample Z-divisor A on X. The

numerical Iitaka dimension of D is defined as

lim sup

ky(D) := max {k: € Z>o -
- m—00 m

hO(X, |mD] + A) o 0}

if hO(X,|mD] + A) # 0 for infinitely many m > 0, and we let x, (D) := —oco otherwise.
The numerical Titaka dimension #, (D) depends only on the numerical class [D] € N'(X)g.

Definition 2.1. An R-divisor D is said to be abundant if k(D) = k, (D).
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By definition, (D) < k, (D) holds and the inequality can be strict in general. However,
k(D) = dim X if and only if k(D) = dim X. We refer to [7,/15,/18] for more detailed
properties of £ and k.

Recall that the section ring of an R-divisor D is defined as R(X, D) := @,,>0 HO(X,
|mD]).

Proposition 2.2. [17, Corollary 1] A Q-divisor D on X is semiample if and only if it

1s nef, abundant, and its section ring is finitely generated.

2.3. Zariski decomposition

We now briefly recall several notions related to Zariski decompositions in higher dimension.
For more details, we refer to [2,/18,21].

To define the divisorial Zariski decomposition, we first consider a divisorial valuation
o on X with the center V := Centx o on X. If D is a big R-divisor on X, we define
the asymptotic valuation of o at D as ordy (||D||) := inf{o(D") | D=D">0}. If D is
only a pseudoeffective R-divisor on X, we define ordy (|| D]|) := lim._,o4 ordy (||D + £A[|)
for some ample divisor A on X. This definition is independent of the choice of A. The

divisorial Zariski decomposition of a pseudoeffective R-divisor D is the decomposition
D=P,+ N,

into the negative part Ny := > codim =1 0rdg (|| D||)E where the summation is over the
codimension one irreducible subvarieties E of X such that ordg(||D||) > 0 and the positive
part Py, := D — N,.
Let D be an R-divisor on X which is effective up to ~r. The s-decomposition of D is
the decomposition
D = P + Ng

into the negative part Ng :=inf {L | L ~g D,L > 0} and the positive part Ps; := D — N.
The positive part P;s is also characterized as the smallest divisor such that Ps < D and
R(X,Ps) ~ R(X, D) (see [21, Proposition 4.8]). Note that P; < P, and Ps, P, do not

coincide in general.

Lemma 2.3. Let D be an abundant R-divisor on X with the divisorial Zariski decompo-
sition D = P, + N, and the s-decomposition D = P; + Ng;. Then P, = P;.

Proof. Let o be a divisorial valuation on X with V' = Centx 0. |16, Proposition 6.4] implies
that inmeZ>o,D’E|Lij| %J(D) = OI'dv(HDH) holds. Since inmeZ>0,D’6H_mDJ\ %O'(D) =
o(Ns), we see that D = P; + Ny is the divisorial Zariski decomposition. O
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The Fujita-Zariski decomposition of a pseudoeffective R-divisor D is the decompositon
D=P F+ N f

into the effective negative part Ny and the nef positive part Py such that if f: Y — X
is a birational morphism from a smooth projective variety and f*D = P’ + N’ with P’
nef and N’ > 0, then P’ < f*P. By definition, the divisorial Zariski decomposition and
s-decomposition uniquely exist, and the Fujita-Zariski decomposition is also unique if it
exists. Recall that the Fujita-Zariski decomposition does not exist in general even if we
take the pullback on a sufficiently high model f: X=X (see |18 Chapter IV]).

It is unclear in general whether the Fujita-Zariski decomposition is the divisorial Zariski
decomposition (cf. |18 III.1.17.Remark (2)]). However, this holds when the divisor is

abundant and the positive part is semiample.

Proposition 2.4. Let D be an abundant Q-divisor on X having a decomposition D =

P+ N into a nef divisor P and an effective divisor N. Then the following are equivalent:
(1) It is the divisorial Zariski decomposition with P = P, semiample.
(2) 1t is the Fujita-Zariski decomposition with P = Py semiample.
(3) It is the s-decomposition with P = Ps semiample.

Proof. (1) = (2): It is easy to check that the divisorial Zariski decomposition with the
nef positive part is the Fujita-Zariski decomposition (see [18, III.1.17.Remark]).

(2) = (3): Let D = P; + N, be the s-decomposition. Then Py > P, by definition.
Since Py is semiample, we also have Py < Ps. Therefore Py = P.

(3) = (1): It follows from Lemma O

Definition 2.5. If one of the conditions in Proposition holds for an abundant Q-
divisor D, then we say that D admits the good Zariski decomposition, and denote it by
D = P+ N. We say that D admits the birational good Zariski decomposition if there
exists a birational morphism f: X — X from a smooth projective variety such that f*D

admits the good Zariski decomposition.

Proposition 2.6. Let D be a pseudoeffective Q-divisor with the good Zariski decomposi-
tion D = P+ N. Then P, N are also Q-divisors.

Proof. Since P is semiample, there exists a morphism f: X — Y such that P ~p f*A
where A is an ample divisor on Y. The ample divisor A can be written as a finite
sum of ample Cartier divisors on Y with positive real coefficients. Thus we can write

P ~g Y°F , a;P; for some semiample Cartier divisors P; and some positive real numbers
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a;. Now we write N = Z}”:l b;N; for prime divisors Ni,. .., N,, and positive real numbers
bj. Then Ny,..., Ny, are linearly independent in N*(X)g by [18, I11.1.10.Proposition]. Let
Vp and Vi be the subspaces of N}(X)r spanned by {Pz-}i?:l and {Nj};.n:l, respectively.
We now claim that Vp N Vy = {0}. Suppose that the claim does not hold. Then there
exists a nonzero class 7 € Vp N Vy such that n = P’ = N’ where P’ € @le R - P; and
N € @1 R- N;. Note that there exists a positive number ¢ > 0 such that for any
real number 7 satisfying |r| < e, the divisor P — rP’ is nef and N + rN’ is effective.

Thus [18, Proposition II1.1.14(2)] implies that in the following decompositions

D=P+ N
=(P—-rP)+ (N +rN,

we have N < N + rN’, hence 0 < rN' for any r such that |r| < e. However, since N’ is
a nonzero divisor, this is a contradiction. The claim implies that if D is a Q-divisor, then
so is N in the decomposition D = P + N. Therefore P, N are both Q-divisors. O

Now, we characterize when a divisor admits the birational good Zariski decomposition.

Proposition 2.7. Let D be a pseudoeffective Q-divisor on X. Then D admits the bi-
rational good Zariski decomposition if and only if D is abundant and R(X, D) is finitely

generated.

Proof. Suppose that there exists a birational morphism f: X — X from a smooth projec-
tive variety such that f*D = P+ N is the good Zariski decomposition. By definition, D is
abundant. Note that R(X, D) ~ R(X, f*D) ~ R(X, P). Since P is a semiample Q-divisor
by Proposition 2.6} it follows from Proposition 2.2 that R(X, D) is finitely generated. Con-
versely, suppose that D is abundant and R(X, D) is finitely generated. For a sufficiently
large and divisible integer m > 0, we take a resolution f: X — X of the base locus of |mD]|
and consider the decomposition f*(mD) = M + F into the base point free M and the fixed
part F' of |f*mD|. By the finite generation of R(X, D), we see that f*D = %M + %F is
the s-decomposition with semiample positive part. By Proposition f*D admits the

good Zariski decomposition. O

3. Okounkov bodies

In this section, we recall the construction of Okounkov bodies associated to pseudoeffective
divisors in [5/11,/14] and basic results. In the end, we prove Theorem (= Theorem 3.6)).
First, fix an admissible flag on X

Yo:X=YyD VDDV, DV, ={a}
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where each Y; is an irreducible subvariety of codimension 7 in X and is smooth at x. Let
D be an R-divisor on X with |D|g := {D' | D ~g D' > 0} # 0. We define a valuation-like
function

vy, | Dl = RY,
as follows. For D' € |D|g, let
vy = v1(D') := ordy, (D).
Since D' — v1(D")Y) is effective, we can define
v = vo(D') := ordy, (D' — 1 Y1)|y;)-
If v; = v;(D') is defined, then we define v;11 = v;41(D’) inductively as
vigr(D') := ordy,, ((--- (D" = i1 |yy — 2Yo)ly, — -+ — viYd)|y;)-
The values v;(D') for 1 < i obtained as above define vy, (D) = (v1(D'), va(D’), ..., vn(D’)).

Definition 3.1. The Okounkov body Ay, (D) of a big R-divisor D with respect to an
admissible flag Y, is defined as the closure of the convex hull of vy, (|D[g) in RY,,.

More generally, a similar construction can be applied to a graded linear series W, on
X to construct the Okounkov body Ay, (W) of W,. For more details, we refer to [14].

When D is not big, we have the following extension introduced in [5].
Definition 3.2. [5, Definitions 1.1 and 1.2] Let D be an R-divisor on X.

(1) When D is effective up to ~g, i.e., [D|g # 0, the valuative Okounkov body Ay (D)
of D with respect to an admissible flag Y, is defined as the closure of the convex hull
of vy, (|D|g) in RZ. If | D] = 0, then we set Ay(D) := 0.

2) When D is pseudoeffective, the limiting Okounkov body AW™(D) of D with respect
Ye

to an admissible flag Y, is defined as

AY(D) = lim Av,(D+¢4) = (] A (D + £4),
e>0

where A is an ample divisor on X. (Note that A{™(D) is independent of the choice
of A.) If D is not pseudoeffective, we set AY(D) := 0.

Remark 3.3. Boucksom’s numerical Okounkov body AY™(D) in [3] is the same as our
limiting Okounkov body Al (D).
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Suppose that D is effective. By definition, Ay2/(D) C AlM(D), and the inclusion can
be strict in general (see |5, Examples 4.2 and 4.3]). Moreover, by [3, Proposition 3.3 and

Lemma 4.8], we have
dim AY(D) = k(D) < dim A}™(D) < k,(D).
The following lemmas will be useful for computing Okounkov bodies.

Lemma 3.4. Let D be an R-divisor on X. Consider a birational morphism f: XX

with X smooth and an admissible flag

Yo:X=Y2Y1 2 2Y, 127, ={2'}

on X. Suppose that Yy, is a general point in X and

Yor=f(Ya): X =Yy 2Vi=f(Y1) 2+ 2 Yyt = f(Yo1) 2V, = f(Ya) = {f(2)}

is an admissible flag on X. Then we have Av?al(f*D) = AVY(D) and Alii/m(f*D) =
Alm(D).

Proof. The limiting Okounkov body case is shown in [4, Lemma 3.3]. The proof for the
valuative Okounkov body case is almost identical and we leave the details to the readers

as an exercise. O

Lemma 3.5. Let D be an R-divisor on X with the s-decomposition D = Ps+ Ny and the
divisorial Zariski decomposition D = P, + N,. Fix an admissible flag Yo on X such that
Yy, is a general point in X. Then we have AV (D) = AVY(Py) and AY™(D) = A{(P,),

respectively.

Proof. The first assertion follows from the fact that R(X, D) ~ R(X, Ps) and the construc-
tion of the valuative Okounkov body. The second assertion is nothing but [4, Lemma 3.5].
O

Finally, we give a proof of the main result of this section. The following key result is
implicitly used in [5] (especially in the proof of [5, Theorem B]) and in this paper as well.

We include the complete proof here.

Theorem 3.6. Let X be a smooth projective variety of dimension n and D be a big divisor
on X. Fiz an admissible flag Yo such that Y, ¢ B4 (D). Then we have

Ay, . (D) = Ay, (D) N ({0}"* x RE).
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Proof. We may assume that each Y; is a smooth variety. Let {4;} be a sequence of ample

divisors on X such that each D + A; is a Q-divisor and lim;_,,, A; = 0. Then we have

AY- (D> - m AY. (D + Al) and AYn—ko (D) - ﬂ AYn—ko (D + AZ)
i=1 =1

Furthermore, Y,,_; ¢ B4 (D + A;) for all i. Note that it is enough to prove the statement
for the Q-divisors D + A; for all sufficiently large ¢. Thus we assume below that D is a
Q-divisor.

It is easy to check that Ay, (D) C Ay, (D). This implies that Ay, ,,(D) C Ay, (D)
N ({0} x R ) by definition. Suppose that the inclusion is strict:

Ay, 1. (D) € Ay, (D) N ({0}"F x RE).

Then there exists a point (0%, z1, ..., z;) € Ay, (D)N({0}" % x R’go), but (0% 2,...,

Let A be an ample Q-divisor on X. Note that Ay, , (D) C Ay, ,, (D+¢€A) for any ¢
> 0. Since Y, € B4 (D+eA), we have volgr Ay, (D+eA) = ﬁ volxy, , (D+eA).
Recall that by [9, Theorem A], the function volyy, ,: Big"»*(X) — R is continuous,
where Big¥»—*(X) denotes the cone in N'(X)g consisting of the real divisor classes 7 such
that Y}, is not properly contained in any of the irreducible components of B (n). Thus
we can find a rational number € > 0 such that (z1,...,2x) &€ Ay, _,,(D +cA) and

volgk Ay, _, (D +cA) < volgr A

where A C R¥ is the convex hull of the set Ay, (D) and the point (1, ..., 7). Note that
we can fix a small neighborhood U of (1, .. .,zx) in R¥ which is disjoint from Ay, _, (D +
eA).

There exists a sufficiently small 6 > 0 such that the divisors

1
A=A ((51) ~Q 5614 + 01 Y7,

Ay = Az(61,62) ~q Aily; + 62Ya,

Ap_py = An_i(61,02, ..., 6n—k) ~Q An—k-1lv, 1 T On—rYn—k

are successively ample for any 0; satisfying 6 > 01,02, ...,9,—x > 0. Since (0" F zq,...,

xy) € Ay, (D), there exists a sequence of valuative points
x; = (0%,...,00 . xh, ..., xh) € Ay, (D)
such that

liméi:Oforlgjgn—k and limaz%leforlglgk:.

i—oo J 1—00
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Since it is known that the set of rational valuative points {vy, (D’) | D ~g D’ > 0} is dense
in Ay, (D), we may assume that x; € {vy,(D’) | D ~g D’ > 0} so that x; € Q" for all 1.
We now fix a sufficiently large ¢ such that 0 < 5} <dforalll <j<n-—kand (z%,...,2})
lies in the small neighborhood U in R¥ of (x1,...,2;). Since x; is a rational valuative

point of Ay, (D), there exist an effective divisor D’ ~g D such that vy, (D’) = x;. Namely,

we have
D' =Dy +6iv,
D1y, = Dy + 65Y5,
Dn—k—1|Yn,k,1 = Dn—k + 611;1,ka71—]€
where D;j on Y;_1 (j =1,2,...,n — k) are effective divisors.

Now note that we have
1 1 :
D + 5eA =D+ (55A + 6§Y1> ~q D1+ A4}

where we may assume that A] is an effective ample divisor such that multy, A} = 0. We
also have
(D1 + Ay = D2 + (Alv; +85Y2) ~g D2 + 4

where we may assume that A5 is an effective ample divisor such that multy, A5 = 0. By

continuing this process, we finally obtain
(Dn—k—1+ A ) Va sy = Dok + (Ao lve oy + 6kYook) ~@ Dok + Ajy,

where we may assume that A/, is an effective ample divisor such that multy, , A} , = 0.

We now claim that there exists an effective divisor D” ~qg D+¢cA such that D"|y, , |, =
D,_; + E for some effective divisor E with multy, , F = 0 and vy, , (Ely,_,) =
(z1,..., ;) where we may assume that @, > 0 are arbitrarily small. Note that such D"
defines a rational valuative point vy, (D") = (0" %, 2% + 2,..., 2L + z}) € Ay, (D + cA).
Thus (2% +2},...,2% +2}) € Ay, _,.(D +cA). If our claim holds, then we can conclude
that (zi + 2{,...,2% + z}) belongs to the small neighborhood U of (z1,...,xx) in R¥,
which is a contradiction since U is disjoint from Ay, , (D + €A). Therefore we finally
obtain Ay, , (D) = Ay, (D) N ({0} 7" x REL).

It now remains to show the claim. For a sufficiently divisible and large integer m > 0,
we take a log resolution f,: X,» — X of the base ideal of ‘m(D + %&4)’ so that we obtain
a decomposition f;,(m(D + 1eA)) = M}, + F, into a base point free divisor M, and
the fixed part F, of |f¥ (m(D + %514))) Let M,, := LM/ . We may assume that f,, is

isomorphic outside B4 (D + %514). We can take smooth strict transforms 57[” on X, of
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Y; for 1 <7 < n—k. For a general point y in ?n”i > We have the positive moving Seshadri
constant e(||D + 2eA|; fm(y)) > 0. Thus we also have the positive Seshadri constant
e(My,;y) > 0 for m > 0 so that ?Tfik ¢ B4 (My,). Let gm: X,, — Zm be the birational
morphism defined by |M] |. Possibly by taking a further blow-up of X, We may assume
that every irreducible component of the exceptional locus of g,, is a divisor. We can still
assume that f,, is isomorphic over a general point in Y,,_x. The divisor H,, := M,, — E,,
is ample for any sufficiently small effective divisor F,, whose support is the g,,-exceptional
locus. Note that mlﬂtiﬁ'ﬁk (Em) = 0. Let f3,(D+1eA) = P+ Ny, be the divisorial Zariski
decomposition. As in |15, Proof of Proposition 3.7], by applying [8, Proposition 2.5], we
see that P,, — M,, is arbitrarily small if we take a sufficiently large m > 0. Since we may
take an arbitrarily small E,,, so is P, — Hy, for a sufficiently large m > 0.

For simplicity, we fix a sufficiently large integer m > 0 and we denote f = f,, X =X,
and Y; = ?Zm Let f*(D 4+ 3¢A) = P + N be the divisorial Zariski decomposition.
Then as we have seen above, we can assume that P can be arbitrarily approximated
by an ample divisor H on X such that F' = f*(D + scA) — H is an effective divisor
satisfying mult;/nik (F) = 0. Note that FF — N is an arbitrarily small effective divisor
such that mult;n_k (F'— N) = 0. Thus we can find an effective divisor Ay ~g A such that
multy, , | Ap=0, Ey := %ef*A0|}~,n_k_1—(F—N) ¥ is effective, and mult;,n_k Ey=0.
Let f*D = P'+ N’ be the divisorial Zariski decomposition. Since P’ + f *(%EA) is movable,
we get P > P+ f*(3cA) and so N’ > N. Since Y, ¢ B4 (D), every irreducible
component of N’ cannot contain Y,,_j_1. Clearly, f*D,_, — N’
is f*Dyp_p — N];,n_k_l. Thus

B is effective, and so
Yn—k—1

By = f*(Du-k + A, ) = Nl + Eo
* 1 *
= [*(Dpp+ 4, 1) = Fly  + Fef Aol

is an effective divisor on ?n,k,l. Note that Ey ~q (H + %af*A) . Since

’§2—k—1

HO (f,m (H+ %Ef*A» - <?”““‘1’m <H+ %”MA) ’;7 e >

is surjective for all sufficiently divisible integers m > 0, it follows that there exists H' ~q

H + %5f*A such that H’ = FE1. Then we have

‘?nfkfl

/ . " _ px /
(H + F)’i;n—k—l =F + F‘Yn—k—l = f D, .+ FE
where )
E = f*A;L—k + (F — N)‘yn_k_l + Ey = f*A;L_k + igf*Ao‘}jn_k_l
is an effective divisor. Note that multy » E’ = 0. We may also assume that each a:; > 0is

arbitrarily small in V§7n—k.(El‘3~’n—k> = (z),...,2}). Byletting D" := f,(H'+F) ~g D+cA
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and F := f,E’, we obtain the divisors satisfying the required properties. This shows the

claim, and hence, we complete the proof. ]

4. Nakayama subvarieties and positive volume subvarieties

In [5], we introduced Nakayama subvarieties and positive volume subvarieties of divisors.
We now further study those subvarieties and prove Theorem (= Theorem 4.8)) in this

section. We first recall the definitions of those subvarieties.
Definition 4.1. [5, Definitions 2.7 and 2.13] Let D be an R-divisor on X.

(1) When D is effective, a Nakayama subvariety of D is an irreducible subvariety U C X
such that dim U = k(D) and for every integer m > 0 the natural map

HY(X,|mD|) — H°(U, |mD|y|)

is injective (or equivalently, H*(X,Zy ® Ox(|mD])) = 0 where Zy; is an ideal sheaf
of U in X).

(2) When D is pseudoeffective, a positive volume subvariety of D is an irreducible sub-
variety V' C X such that dimV = k, (D) and VOI;lV(D) > 0.

Remark 4.2. In [5], we required an additional condition V' & B_(D) for the definition of
positive volume subvariety. However, we can drop this condition by Lemma Note
that V ¢ B_(D) does not imply VOI}lV(D) > 0 (see [5, Example 2.14]).

Lemma 4.3. Let D be a pseudoeffective R-divisor on X. If V is a positive volume
subvariety of D, then V ¢ B_(D).

Proof. If V. C B_(D), then there is a sequence {4;} of ample divisors on X such that
lim; 00 Aj = 0 and V' C SB(D + 4;). Then voly (D + A;) =0, so vol;W(D) = 0. Thus

V' is not a positive volume subvariety of D. O

Remark 4.4. Even if V is a positive volume subvariety of D, it is possible that V' C SB(D).
For instance, consider a ruled surface S carrying a nef divisor D such that D - C > 0 for
every irreducible curve C' C S, but D is not ample (see e.g., [13, Example 1.5.2]). Since
k(D) = —oo, we have SB(D) = S. Thus every positive volume subvariety of D is contained
in SB(D).

Remark 4.5. When k(D) = 0 (resp. k,(D) = 0), every point not in Supp(D) (resp. B_(D))
is a Nakayama (resp. positive volume) subvariety of D. When k(D) > 0, any s(D)-

dimensional general subvariety (e.g., intersection of general ample divisors) is a Nakayama
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subvariety of D (see [5, Proposition 2.9]). Similarly, when k,(D) > 0, any k,(D)-
dimensional intersection of sufficiently ample divisors is a positive volume subvariety of D
(see [5, Proposition 2.17]). In particular, we can always construct an admissible flag Y,
on X containing a Nakayama subvariety of D or a positive volume subvariety of D such

that Y;, is a general point in X.

The importance of such special subvarieties associated to divisors is that one can read
off interesting asymptotic properties of divisors from Okounkov bodies with respect to
admissible flags containing those subvarieties. The following theorem is the main result

of 5], which can be regarded as a generalization of [14, Theorem A].
Theorem 4.6. [5, Theorems A and B] We have the following:

(1) Let D be an effective R-divisor on X. Fiz an admissible flag Ye containing a
Nakayama subvariety U of D such that Y, is a general point in X. Then A‘{/?:I(D) C
{O}n_”(D) x R*P) 50 that one can regard A‘;’E:I(D) C RHDP) . Purthermore, we have

1

dim AY(D) = x(D) and VOIRMD)(A‘QI(D)):K(D)'VOIX‘U(D).

(2) Let D be a pseudoeffective R-divisor on X and fix an admissible flag Yo containing
a positive volume subvariety V of D. Then A¥™(D) C {0y D) R (D) 0 that
one can regard A (D) C R (D) Furthermore, we have

1

dim AY™(D) = k,(D) and  volge, ) (AL (D)) = (D)l Vol}lv

(D).

Remark 4.7. In order to extract asymptotic properties of divisors from Ag’}:l(D) as in The-
orem (1)7 we need to assume that Y, is a general point in X. When considering A‘{ﬁil(D)
(resp. A¥™(D), we say that Y;, is general if Y, is not contained in SB(D) (resp. B_(D))
(see |14, Lemma 2.6] and [5, Subsection 3.2]).

As an application of Theorem [£.6] we now prove the following Theorem [T.2]

Theorem 4.8. Let D be an R-divisor on X. Fix an admissible flag Yo such that'Y, is a
general point in X. We have the following:

(1) If D 1is effective, then Y, contains a Nakayama subvariety of D if and only if
API(D) C {0y ) X REP),

(2) If D is pseudoeffective, then Yo contains a positive volume subvariety of D if and
only if A (D) C {0}"(P) x R&(P) apd dim AP (D) = £, (D).
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Proof. The (=) direction of both (1) and (2) at once follows from Theorem (4.6, For the
(«) direction of (1), note that ordy, __
the assumption that Ay2/(D) C {0}”_”([)) x R*P). This means that HO(X, Iy, i) ®
Ox([mD])) = 0 for every integer m > 0. Thus Y,,_,(p) is a Nakayama subvariety of D.

(D) = 0 for every effective divisor D’ ~g D under

For the (<) direction of (2), take an arbitrary ample divisor A on X. Since Ay, (D +
A) D A(D), it follows that

Ay, (D + A) N ({0~ x RYP)Y o Al (D),

Since Yy, is general, we have Y,,_ (py € B_(D). Thus Y,,_, (p) € B4 (D + A) and using

Theorem we obtain Ay, (D+A) 2 AY™(D). Therefore, by [14} (2.7)] we have
VO]X|Yn—mV(D) (D + A) = I{Z,(D)' . VOIRRV(D) AYn—m,,(D)o (D + A)

> ky(D)! - volge, () Alf/r,n(D)

The given condition implies that volgs, ) Alf}.n(D) > 0. Hence, vol}‘y ) (D) > 0, and
by definition Y,,_, (p) is a positive volume subvariety of D. O

Regarding Theorem (1), we recall that dim Ay (D) = k(D) always holds whenever
D is effective by [3, Proposition 3.3].

5. Rational polyhedrality of Okounkov bodies

This section is devoted to showing the rational polyhedrality of Okounkov bodies of pseu-
doeffective divisors. We then finally prove Theorem L.3|(= Corollary[5.4and Theorem 5.6

First, we study the Okounkov bodies under surjective morphisms.

Lemma 5.1. (cf. [4, Lemma 3.3]) Let f: X — X be a surjective morphism of projective

varieties of the same dimension n and fix an admissible flag
Yo : X=Y02Y12:---2Y, 12V, ={z}
on X such that
Yo: X =f(Yo) 2 f(Y1) 2 2 f(Ya1) 2 f(Ya) = {f(2)}

is an admissible flag on X. For a big Z-divisor D on X, consider a graded linear series
W, associated to f*D on X with Wy, := H*(X, kD) C HY(X, kf*D) for any integer k > 0.
Then Ay, (W) = Ay (D).

Proof. 1t follows from the construction of Okounkov body associated to a graded linear

series. 0
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The following lemma plays a crucial role in proving Theorem [I.3]

Lemma 5.2. (cf. [1, Proposition 4]) Let W, be a graded linear series on a smooth projective
variety X generated by a base point free linear series Wy. Suppose also that W1 defines
a surjective morphism f: X — X of projective varieties of the same dimension n. Let
Y, be an admissible flag on X defined by successive intersection of sufficiently general
members Ey,...,E, of Wi; Y := E1N---NE; forl <i<n-—1andV, = {z} is a
general point in X. Then Ay,(W,) is an n-dimensional simplex in RY, whose verticies

are 0,e1,...,ep—1,volx(We)ey,.

Proof. There exists a very ample Z-divisor D on X so that we may assume W) =
HY(X,kD) C H°(X,kf*D) for any integer k& > 0. By the genericity assumption on

E; for defining Y;, we may assume that
Yo: X =f(Yo) 2 f(Y1) 22 f(Ya-1) 2 f(Y)

is an admissible flag on X. By Lemma Ay,(We) = Ay (D). Note that D" =
volx(D) = volx(Ws). By applying [1, Proposition 4] to Ay (D), we obtain the assertion.
O

We now show the rational polyhedrality of A‘{ﬁfl(D).

Theorem 5.3. Let D be an effective Q-divisor on X with finitely generated section ring
R(X, D). Then there exists an admissible flag Yo on X containing a Nakayama subvariety
of D such that AY2 (D) is a rational simplex in {01 D) RR(D) of dimension k(D).

Proof. Let m > 0 be a sufficiently divisible and large integer such that mD is a Z-divisor
and the section ring R(X,mD) is generated by H'(X,mD). We take a log resolution
f: X — X of the base ideal b(|m.D|) so that we obtain a decomposition f*(mD) = M+ F
into a base point free divisor M and the fixed part F of | f*(mD)|. Note that the morphism
¢: X — Z given by |M] is the litaka fibration of f*D. Let A1,..., A,_.(p) be sufficiently
general ample divisors on X such that each Y/ := A;N---NA; for 1 < i < n — k(D)
is a smooth irreducible subvariety of dimension n — i. By Remark Uu:=Y k(D)
is a Nakayama subvariety of f*D. Let Wy be the image of the natural injective map
HY(X,kf*(mD)) — HO(U,kf*(mD)|y) for any integer k > 0. Then W, is a graded
linear series on U generated by Wj. Note that ¢|y: U — Z is a surjective morphism
of projective varieties of the same dimension k(D) defined by W;. Now take sufficiently
D)ti T Ein---NkE;forl <i<
k(D) — 1 is a smooth irreducible subvariety of X (and U) of dimension k(D) — i, and

general members E1,..., E,py of Wy such that YA_K(

Y, = {z} where z is a general point in U. In particular, Y, : Yj 2 --- D Y, is an

admissible flag on X and the partial flag ¥/ x(D) is an admissible flag on U. Then by



Okounkov Bodies Associated to Pseudoeffective Divisors 11 617

Lemma AYA_K(D). (We) is a k(D)-dimensional simplex. Recall from [5, Remark 3.11]
that AW/ (f*D) = Avr o)
can assume that Ye : f(Yy) 2 --- D f(Y,)) is an admissible flag on X and f(Yéili(D)) is a
Nakayama subvariety of D. By Lemma AY(D) = A‘{ﬁ}l( f*D), and hence, AV2(D) is
n=r(D) y Rr(D)

.(W.). Furthermore, by the genericity assumption on Y/, we

a rational simplex. Finally, by Theorem |4.6(1), Ay2!(D) is contained in {0}

and is of dimension k(D). O

Corollary 5.4. Let D be an effective Q-divisor on X which admits the birational good
Zariski decomposition. Then there exists an admissible flag Ys on X containing a Nakayama
subvariety of D such that AV2Y(D) is a rational simplez in {O}"_”(D) x RHD) of dimension
k(D).

Proof. By Proposition D has a finitely generated section ring. Then the assertion
now follows from Theorem [£.3] O

We now turn to the limiting Okounkov body case.

Lemma 5.5. Let P be a nef divisor on X and consider an admissible flag Yo on X
containing a smooth positive volume subvariety V. =Y, _. (py of P. Then AI{/T(P) =
AYnan(P).(P’V)'

Proof. By definition, it is clear that Ai™(P) D Ay, . e (Plv). Thus it is sufficient
to show that their Buclidean volumes in R (") are equal, i.e., volger, (p) (AR (P)) =

volgr, (7) (Ay, _, p. (PlV)), or equivalently, VOI;‘V(P) = voly(P|y) by Theorem
Fix an ample divisor A on X. Since P + A is ample for any ¢ > 0, it follows that
volx |y (P +eA) = voly ((P+¢A)|y). By the continuity of the volume function, we obtain

+ — 1 — i —
V01X|V(P) = €£%1+ volx |y (P +¢A) = EIE& voly (P +€A)|y) = voly (Plv),
so we complete the proof. O
We next obtain an analogous result on the rational polyhedrality of Alf/in(D)

Theorem 5.6. Let D be a pseudoeffective Q-divisor on X which admits the birational good
Zariski decomposition. Then there exists an admissible flag Yo on X containing a positive
volume subvariety of D such that AY™ (D) is a rational simplex in {0y (D) RE(D) of

dimension k(D).

Proof. Let f: X — X be a birational morphism of smooth projective varieties of dimension
n such that f*D = P + N is the good Zariski decomposition. Let Ai,..., A, . p) be
sufficiently general ample divisors on X such that each Y/ = A n---NA for1 <
i < n — Kky(D) is a smooth irreducible subvariety of dimension n — i. By Remark
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V= Yr’hﬁy(D) is a positive volume subvariety of f*D. By [5, Theorem 2.18|, P|y is big,
and mP|y on V is base point free for a sufficiently divisible and large integer m > 0. Let
(D)4i "= Ein---NE;
for 1 < i < k,(D) — 1 is a smooth irreducible subvariety of X of dimension «, (D) — 1,
and Y, := {z} where z is a general point in V. Then Y/ : X = Y] D --- D Y/ is an
admissible flag on X. By [1, Theorem 7], AYLKV(D).
By Lemma AR (P) = Ay (Plv), and by Lemma Al (D) = Aln(P).
By the genericity assumption on Y], we can assume that Ye : f(Yy) 2 --- D f(Y,)) is an
admissible flag on X and f(Y, o D)) is a positive volume subvariety of D. By Lemma
we obtain Al}‘}.n(D) = Al}i{,n(f*D), and hence, Al{{“(D) is a rational simplex. Finally, by
Theorem AM(D) is in {0y~ (D) RFv(D) and of dimension k, (D). O

By, ..., E,, (py-1 € |[mP|y| be general members such that each Y,

Ry

(Plv) is a Ky (D)-dimensional simplex.

Remark 5.7. The problem of the rational polyhedrality of Okounkov body is not yet fully
understood. It was shown in |1, Corollary 13] and [6, Theorems 1.1 and 4.17] that on a
smooth projective surface, there always exists an admissible flag with respect to which
the Okounkov body of any Q-divisor is a rational polytope. Thus, in particular, even if
a pseudoeffective (Q-divisor is not abundant or does not have finitely generated section
ring, the associated Okounkov body can still be a rational polytope with respect to some
admissible flag. On the other hand, even when the given variety is a Mori dream space,

the Okounkov body can be non-polyhedral for some admissible flag (see |12, Section 3]).
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