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Pullback Exponential Attractors for Parabolic Equations with Dynamical

Boundary Conditions

Radostaw Czaja* and Pedro Marin-Rubio

Abstract. The existence of pullback exponential attractors for a nonautonomous semi-
linear parabolic equation with dynamical boundary condition is proved when the time-
dependent forcing terms are translation bounded or even grow exponentially in the

past and in the future.

1. Introduction

In this paper we consider the nonautonomous semilinear parabolic equation with dynam-

ical boundary condition of the form

a—ﬁfAu+ﬁu+f1(u):h1(t) in Q x (s,00),
u  Ou
(11) a—i—%—i—fg(u)—hg(t) on 09 X (s,00),
u(z, s) = ug(x) for x € Q,
u(z, s) = ps(x) for x € 091,

where Q is a bounded domain in RY, N > 2, with a Lipschitz boundary 05, 7 is the outer
normal unit vector to 9€2, s € R is an initial time, us, @ are initial data, x > 0, and the
functions fi, fa, h1, he are given. Parabolic equations of the above type with dynamical
boundary conditions serve as models in the heat transfer theory and in hydrodynamics,
for example in the description of the heat transfer in a solid body in contact with a moving
fluid. They have been investigated in many research articles (e.g., see [1H3,[11] and the

references therein).

Received October 24, 2016; Accepted November 9, 2016.

Communicated by Yingfei Yi.

2010 Mathematics Subject Classification. Primary: 37B55; Secondary: 35B41, 35K58.

Key words and phrases. pullback attractors, exponential attractors, semilinear parabolic equations, dy-
namical boundary conditions.

The second author was partially supported by Ministerio de Educaciéon—-DGPU through project PHB2010-
0002-PC, and projects MTM2015-63723-P and P12-FQM-1492, Spain.

*Corresponding author.

819



820 Radostaw Czaja and Pedro Marin-Rubio

We assume that us € L%(Q), ps € L2(09), hy € L2 (R; L3(Q)), hy € L2 (R; L?(09)),

loc loc

and the functions f1, fo € C'(R) satisfy the following assumptions

(1.2) (fi(w) = Fi()@w—v) > ~lw—v)%, wveR, i=12
(13)  1fiw) = fi@)] < Llu—vl (14+ P>+ o 7?), wveR i=12,
(1.4) filwu>alul — 8, uweR, i=1,2

with some constants p; > 2, o, [, L > 0, 8 > 0.

The above conditions on the nonlinearities make that equations in problem be-
come a reaction-diffusion equation with dynamical boundary conditions. Note that, in
particular, as f; we may take f;(u) = u]u|pi*2 —u, u € R, with p; > 2. We also see
that means that the functions R 3 u — fi(u) + lu € R, i = 1,2, are nondecreasing.

Moreover, we observe that there exists C' > 0 such that

(1.5) lfitw)| < CA+ ™), ueR,i=1,2.

Finally, if p; = ps = 2, then implies global Lipschitz continuity of f;, ¢ = 1,2, i.e.,
(1.6) fitw) — fi()| < Llu—v|, uwweR, i=12,

and the condition in (|1.2) holds with [ = L = 3L.

Remark 1.1. If the system (|1.1)) does not contain the term with , but (1.4)) holds, then
by a suitable change of fi, it can be considered in the form of (1.1)) with any positive k
for p1 > 2 and 0 < k < « for p; = 2. Indeed, define ﬁ(u) = fi(u) — ku and note that

implies N N
(A = @) @=v) = =+ R)u=v? wvek

and, if p; > 2, for every € > 0 there exists ¢. > 0 such that
flwyu> (a—¢)|uf' =8 —c., u€cR,
whereas if p; = 2 we have
fwu> (a—r)u> =8, ueR,
Moreover, implies
‘ﬁ(u) — fl(v)‘ < (L+K)|u—v (1 + P2 + ]v[pl_Q) , u,v€ER.

In [1], under assumptions (1.2]) and (1.4) for f=(f f2) and under some extra in-

tegrability condition for h = (h1,h2), the authors proved the existence of an evolution
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process for on the space H = L?(Q) x L?(09), which possesses a minimal pullback
attractor.

A minimal pullback attractor {A(t) : t € R} for a process {U(t,s) : t > s} on a Banach
space F is a family of nonempty compact subsets of £/, which is invariant under the process,
ie., U(t,s)A(s) = A(t) for t > s, it pullback attracts all bounded subsets of E, i.e., for
any bounded subset D of F and t € R

lim distg(U(t,t — s)D, A(t)) = 0,

S5—00
where distp(A, B) = sup,c4infycp ||z — y||p denotes the Hausdorff semidistance in E,
and satisfies a minimality condition, which guarantees its uniqueness: if another family
{C(t) : t € R} of nonempty closed subsets of E pullback attracts all bounded subsets of
E, then A(t) C C(t) for t € R.

In the present article our aim is to prove the existence of a pullback exponential
attractor for (L.I). This family {M(t) : ¢t € R} of nonempty compact subsets of E is only
positively invariant under the process, i.e., U(t,s)M(s) C M(t) for t > s, but we require
that the fractal dimension in E (denoted by dim? (+)) of the sets forming the family has a
uniform bound, i.e., there exists d > 0 such that

sup dimf(./\/l(t)) <d < oo,
teR

and the pullback attraction of bounded subsets of FE towards M(t) is at an exponential
rate. This means that there exists w > 0 such that for every bounded subset D of F and
t € R we have

lim e“*distg(U(t,t — s)D, M(t)) = 0.

§—00

Note that the existence of a pullback exponential attractor {M(t): ¢t € R} implies the
existence of the minimal pullback attractor {A(t) : ¢t € R} as its subset, that is, A(t) C
M(t) for t € R. In particular, the minimal pullback attractor also has a uniform bound
of the fractal dimension.

The first constructions of pullback exponential attractors were presented in [8-10,14.16]
and later in [5]. In this paper, however, we use the recent results of |7] to show the existence
of pullback exponential attractors.

In Section W] we prove the existence of a pullback exponential attractor for in
H = L*(Q) x L*(09) (cf. Theorem if the forcing term h = (hy, hy) € L% (R;H) is
translation bounded, i.e., there exists K > 0 such that

tH1,_ 9
(1.7) sup/ ‘h(T)‘ dr < K,
teR Ji H

and the nonlinear terms f;, ¢ = 1,2, have suitable exponents p; (see (4.5))) due to the
available a priori estimate in H. If an additional condition (4.11)) is satisfied, we are able
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to consider higher exponents p; = po = p given in . In particular, for N = 2 the
nonlinearities f;(u) = u® — u, u € R, among many others, are admitted.

In Section [5| we consider the Lipschitz case (p1 = p2 = 2) and show in Theorem
the existence of a pullback exponential attractor for in H even if the time-dependent
forcing terms h; and he may grow exponentially in the past and in the future, i.e., when

the function i = (h1, he) € L2 _(R; H) admits the exponential growth

loc
2

(1.8) )E(t)(H < KM teR

for some K > 0 and 0 < 0 < 2(A\; +«), where A\; > 0 is the first eigenvalue of the operator

Ap, specified in ([2.5)).

2. Evolution process of global weak solutions
We consider the problem ([1.1)) with
us € L2(Q), ¢, € L2(09), hy € L} (R; L*(Q)) and hy € L2 (R; L*(99))

given. Moreover, we assume that f; € C(R), i = 1,2, satisfy f.

We denote by |- |, o (respectively, | - [, yo) the norm in LP(€2) (respectively, in LP(92))
and by (-, )q (respectively, (-,-)sq) the inner product in L2(Q) and (L?*(2))", which
defines the norm ||y = |-|q, and the duality product between L (Q) and LP(Q) (re-
spectively, the inner product in L?(92), which defines the norm |- ls.00 = |- laq, and the
duality product between L¥ (9Q) and LP(9S)). The notation |-| will also be used for
the Lebesgue measure of a set in both RY or RN~! without more indications since no
confusion arises.

By ||-|lq we denote the norm in H!(f2), which is associated to the inner product

((-,)a=(V-,V)a+ (-, )q. Furthermore, ~y will denote the trace operator
Yo(u) = ulga, ueC®(Q),

which belongs to L(H(Q), H'/?(8Q)) with norm |7o|| and is surjective. The norm in the
subspace H'/2(99Q) of L?(99) is given by

) 1/2
lulyzon = [ w@Pdr+ [[ D=L g g,
’ 09 ooxon  |r —yl

and makes H'/2(9Q) a Hilbert space. Moreover, H(Q) = {ue HY(Q) : yo(u) =0},
H'Y2(09) is a dense subspace of L?(99) and vy maps bounded subsets of H'(Q) into
relatively compact subsets of L?(9Q) (for details see [12, Chapter 1], |13, Chapter 6]
and [17, Chapter 2]). Finally, let us observe that throughout the paper B (z) denotes the
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open ball in a metric space E of center x and radius r, and clg A denotes the closure in
the topology of F of a certain subset A of F.

Following [1,/15] we will show existence and uniqueness of global weak solutions of

1)

Definition 2.1. A global weak solution of (1.1 is a pair of functions (u, ) satisfying

u € C([s,00); L*(Q)) N L*(s, T; HY(Q)) N LP' (s, T; LP1 (),
¢ € C([s,00); L*(0Q)) N L%(s, T; HY?(89)) N LP2(s, T; LP?(0N))

for all T > s, yo(u(t)) = p(t) for a.e. t € (s,00), the following equality holds for all
v € HY(Q) N LPL(Q) such that v (v) € LP2(9Q)

(), 0o + (ol 20()an + (Va(t), Ve)a + (u(t), v)a

+ (fi(u(t)),v)a + (f2(v0(u(?))), v0(v))sn
= (h1(t),v)q + (h2(t),70(v))sq for a.e. t € (s,00),

and u(s) = us and (s) = ps.

As in the proof of [1, Theorem 5] we introduce the following spaces (with corresponding
norms) and the following operators, which will be useful in the sequel. We define a Hilbert
space

H = L*(Q) x L*(09),

with the inner product ((u, ), (v,%¥))nr = (u,v)q + (¥,¢)sq, which induces the norm
|- | given by |(u,@)|3; = |ulg + @5 for (u,¢) € H, and the closed vector subspace of
HY(Q) x H'/?(99Q) defined as

Vo = {(u,vO(u)) tu € Hl(Q)}

with the norm given by H(u,’yo(u))H%/o = ||ul|? + ||’YO(U)H§/2’39 for (u,vo(u)) € Vo. Observe
that V4 is a Hilbert space, which is densely and compactly embedded in H. We identify
H with its dual by the Riesz theorem and therefore we have the chain of inclusions V, C
HCVj.

We consider the continuous linear operator Ag: Vy — V{j defined through a symmetric

continuous bilinear form B: Vy x Vj — R given as
Blu, v] = (Ao, 17>V0’,V0 = (Vu,Vu)q + k(u,v)q,
where @ = (u,yo(u)), v = (v,70(v)) € Vo, since

(2.1) B, 7)) < (1+5) [y, 7y, . 7€ Ve,
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Recall that B is coercive (cf. (16) in [1]), i.e.,

(2.2) Bli, @] > —— —min{L,x} @2, @€V
L+ [l

By Lax-Milgram lemma there exists the bounded inverse A 1. Vg — Vo. Its restriction to

H is a bounded compact operator, which is the inverse of the unbounded linear operator

Ao: H D D(Ap) — H with the domain D(Ag) = {u € Vo : Apti € H}. This operator is

symmetric and surjective. Moreover, it is positive, since for 4 = (u,vo(u)) € D(Ap) we

have
(Ao, )i = (Aot )y, = [V + e uf}, > min {1, /2 min {1, |0l 2} 12,

Hence there exists an orthonormal basis {w; = (wj,y0(w;))} € D(Ap) in the Hilbert
space H consisting of eigenfunctions of Ag, with corresponding eigenvalues \; such that
Ajt1 > A >0, €N,and \j — oo.

We define the linear subspaces Ey = {0} and

(2.3) E, =span{wy,...,W,}, neN,

of V and note that the bilinear form B defines an inner product in V; and {wj /A /)\j} is
an orthonormal basis in Vy with this inner product. Consequently, for any @ € Vj such
that « L E,,_1, we have

(o] [o¢]
Bli,i] = Y ;' Bli,w]* = > Aj(@,w;)5 > M|l neN.
j=1 j=n

Hence we obtain

(Ao, @)y
(2.4) Av= min 0%

TeVp\{0} il?
ﬁJ_l%n_1 | |H

, néeN.

In particular, we have

<A067 ﬁ> Vi, Vo

2.5 A1 = min
(2:5) T aenvo Jaly

Now, we introduce the nonlinear operators A;: Vi — V{ and Ag: Vo — VJ given by
Ai(u,0) = (f1(u),0),  (u,¢) € Vi = LPH(Q) x L*(89),
Ay(u,0) = (0, fa)),  (u, ) € Vo = L*(Q) x LP*(09).

The operators are well-defined by ((1.5). Note that V;, i = 0, 1,2, are separable, reflexive
Banach spaces, densely embedded in H. We define

2 2
V=[Vi=Von (LM (Q) x L»09Q) with [} =Y alf}, -
=0 i=0
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We see that V is a separable Banach space, densely embedded in H. Thus, we have
VcHCV' and V,cHCV/ i=0,1,2.

Observe that from (1.3 it follows that each A;, i = 0,1,2, is hemicontinuous, i.e., for

every 4, ¥, w € V; the function
R>puw— (A;(d+ m?),qﬁ)Vi,M eR
is continuous. Moreover, by we see that
|y, < € (14 1™, i= () Vi i=1.2

We also have by (2.1)
[Aotlly; < (1 +w) |[dlly,, @€ Vo

By and each operator is monotone, i.e.,
(Ao(ﬁ—ﬁ),ﬁ—ﬁ)vol% >0, u,veVp,
(Ai(ii) — Ai(B),i = B)yr g, > —1li— T3, @TEV;, i=12.
Finally, we have by
<A1(ﬁ)7ﬁ>vlfy1 >« ‘uﬁ,g - 819, u

<A2(ﬁ)7ﬁ>v2’7\/2 > ‘@5;69 - 6 ’89’ ) u

(U, SO) € V17

(u7 90) € V27
and by (22

(Ao (@), @)y v, > win {1,x} [[d]3, . € Vp.

L+ |loll®
Then by a modification of [15, Chapter 2, Theorem 1.4] for every h = (h1, hs) € L (R;H),

s€R, T > s and s = (us, ps) € H there exists a unique function
i € L*(s,T; Vo) N L (s, T; Vi) (0 LP* (s, T; Vo) N C([0, T), H)
such that

di &
i=0

U(s) = Us.

Moreover, we obtain the energy equality for a.e. t > s

N =

2
DV + 3 (A0 50)yy, = (RO, (1)
=0

Thus we have proved (cf. also [1, Theorem 5]) the result on the existence and uniqueness
of the global weak solutions to (1.1]).
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Theorem 2.2. Under conditions (1.2)-(1.4) for any s € R, (us,ps) € L*(Q) x L?(09)
there exists a unique global weak solution (u,p) of problem (1.1)). Moreover, this solution

satisfies the energy equality

L0 (a0, + [p(0Bn) + IVl + ka0 + (i (u(6). w0

(2.6) + (fae(1)), ()00
= (ha (1), u(t))a + (ha(t), o(t))oq

for a.e. t > s.

Some conclusions from the above functional setting, abstract formulation and energy
equality are given below. The first one is that the global weak solutions of (|1.1)) satisfy
the following differential inequality.

Proposition 2.3. Under the assumptions of Theorem the solution @ = (u, ) of (L.1))
satisfies with any § > 0

d . .\2 L2 1z 2
(2.7) SN[ + @M — ) a5 < 28000 +[02) + 7 i)

for a.e. t > s.

Proof. We apply (1.4) and (2.5)) to (2.6)) to get

% [a@(8) 3 + 220 [G@(6)] 7 < 26120 +109)) + 2 [(ha (1), u(t)) + (ha(t), ¢(1)) ol

for a.e. t > s. The Cauchy-Schwarz and Cauchy inequalities lead to ([2.7]). O

Another consequence, now from Theorem is that the global weak solutions to (|1.1])

define an evolution process {U(t,s) : t > s} in H, i.e.,

(2‘8) U(t7 s)(u87 908) = (u(t)7 90(75))7 (usv 905) € H,

where (u, ¢) is the unique global weak solution of (L.1)) with (u(s),p(s)) = (us, s).
Observe that the process is Lipschitz continuous on H, which means that for each
pair (t, s), the map U(t, s) is Lipschitz (and the Lipschitz constant is not supposed to be

uniform for all the pairs).

Proposition 2.4. Under the assumptions of Theorem for every t > s there exists a
constant Ly s = eU=A)(t=5) 5 0 such that

\U(t, s)ts — U(t, $)Us| g < Lts |tUs — Us|py,  Us,Us € H.
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Proof. Consider a pair of initial data s, U5 € H. Denoting the corresponding solutions by
1 and U, we see that the difference W = i — ¥ satisfies for a.e. t > s

1d

2dt

Using and , we obtain

d

dt

In particular, we conclude

[T+ (Ao, By, + (A1(T) = A1(D), D)y, + (Ao(@) — Ao(5), D)y y, = 0.

1G(1)[3; + 2\ — 1) [@(t)]3;, <O for a.e. t > s.

()7 < M), ¢,

which proves the claim. ]

3. Existence of exponential pullback attractors

Our aim now is to prove the existence of a pullback exponential attractor for the process
{U(t,s) :t > s} in H defined in (2.8)). To achieve this goal we are going to apply |7,

Corollaries 2.6 and 2.8], which we recall below.

Theorem 3.1. Let {U(t,s) :t > s} be a Lipschitz continuous process on a Hilbert space
H. Assume that

(Hy) there exists a family of nonempty closed bounded subsets B(t) of H, t € R, which is

positively invariant under the process, i.e.,

U(t,s)B(s) C B(t), t>s,

(Hy) there exist tg € R, v9 > 0 and M > 0 such that

diamp (B(t)) < Me 0t t < tg,

(Hs) in the past the family {B(t) : t € R} pullback absorbs all bounded subsets of H ; that
is, for every bounded subset D of H andt <ty there exists Tpy > 0 such that

Ut,t—r)D C B(t), r>Tpy,

and, additionally, the function (—oo,tg] > t — Tp, € [0,00) is nondecreasing for
every bounded D C H.

Nezt, we assume that the semi-process {U(t,s) : to >t > s} can be represented as
U(t,s) =C(t,s)+ S(t,s),

where {C(t,s) :tg >t > s} and {S(t,s) :tg >t > s} are families of operators satisfying

the following properties:
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(Hy) there exists t > 0 such that C(t,t —1t) are contractions within the absorbing sets with

the contraction constant independent of time, i.e.,

|C(t,t — )i — C(t,t —)0], < A|a— 0]y, t<to, 4,0 B(t—t),
where 0 < X < %6_70?,

(Hs) for some v € (0, %6*70;— )\) there exists N = N, € N such that for any t < tg, any

R >0 and any @ € B(t —t) there exist ¥1,...,0n € H such that

S(t,t—1t) (B(t—1t)n B UB

Then there ezists a pullback exponential attractor {M(t) = M¥(t) : t € R} in H satisfying
the properties:

(a) M(t) is a nonempty compact subset of B(t) fort e R,
(b) U(t,s)M(s) C M(t), t > s,
(€) supes dim?? (M(1)) < I N, /[In (2(v + X)) + 0],
(d) for anyt € R there exists ¢; > 0 such that for any s > max {t — to,0} + 2t
dist g (U(t,t — $)B(t — s), M(t)) < cre™0%,
where wy = — (In (2(v + X)) +0t) /T > 0,
(e) for any 0 < w < wp we have

li}m e disty(U(t,t —s)D,M(t)) =0, te€R, D bounded in H.
The process {U(t, s) : t > s} has also the minimal pullback attractor { A(t) : t € R}, which
is contained in the pullback exponential attractor {M(t) = MY (t) : t € R} and thus has

uniformly bounded fractal dimension.

4. Translation bounded forcing terms

We consider under assumptions , and . The main ingredient of Theo-
rem [3.1|is the pullback absorbing family {B(t) : t € R}. We will find a pullback absorbing
family for the problem when the function h = (h1,hg) € L2 (R; H) is translation
bounded, i.e., holds.
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By Proposition we know that the global weak solutions @ = (u, ) of (|1.1) satisfy
(2.7). Setting 0 < § < 2A; we use (1.7) and apply a version of the Gronwall inequality
from [6, Chapter II, Lemma 1.3] to (2.7)) to get

(4.1) j@()]7 < Jii(s)[f e B0 1 K5, 1>,

where K; = (26(|Q] + |09) + 67 K) (1 + %%(s)
We define

(4.2) By = {ﬂ’ e H: | < 2K5}.

From (4.1)) and (4.2) it follows that for every bounded subset D of H there exists rp > 0
such that
U(t,t—r)D C By, r>rp, teR.

Moreover, there exists rg > 0 such that
U(t,t—T)BoCBo, r>rg, tE€R.
Thus, the family

(4.3) B(t)=cly | J Ut,t—r)By, teR,

r>T0

is positively invariant and pullback absorbing. Indeed, from above we see that B(t) C By
is a nonempty closed bounded subset of H and by Proposition

U(t,s)B(s) C B(t), t>s,
which shows (H;). Moreover, we have
diampy(B(t)) < 2diampg(By), t€ R,

so (Ha) holds with M = 2diamp(Bp), 70 = 0 and ¢y € R arbitrary. Furthermore, if D is
a bounded subset of H and t < ¢y, then, setting Tp = rp + 79 and taking s > Tp, we get

U(t,t —s)D =U(t, t —ro)U(t —ro,t —r9 — (s —10))D C U(t,t —r9)By C B(t),

which shows that (Hg) is satisfied in this case.
We have proved the following

Proposition 4.1. If f;, 1 = 1,2, satisfy f, and h = (h1,he) € L% (R; H)
satisfies , then the family B(t) C By, t € R, defined by 1s positively invariant
and pullback absorbing for the process {U(t,s) : t > s} in H associated to problem .
Moreover, this family satisfies the assumptions (Hy)—(Hs) in Theorem (3.1}



830 Radostaw Czaja and Pedro Marin-Rubio

We consider the projections P,: H — E, given by

n
(4.4) Ppii =Y (il @)y, € H,
j=1

where E,, is defined in (2.3)). We set Q,, = I — P,.

Proposition 4.2. Suppose that f;, i = 1,2, satisfy (1.2]), (1.3)) and (1.4) with the expo-

nents

1
2<p1 <2+ —, 2<p <2+ —— for N > 3,
(4.5) N N -1

2<p <3, 2<py <3 for N = 2.

Assume further that h = (h1,h2) € L2 (R; H) satisfies (1.7). Then the semi-process

loc

{U(t,s) : tg >t > s} corresponding to problem (L.1)) can be decomposed as
U(t,s) = QnU(t,s) + P,U(t,s)

smin {1, k} we have

in such a way that for any 0 <n <1 and0<£§(1—n)m
0

4.6 U(t, 8)is — U(t, 8)7.)|% < [e2Pnnilt=s) | DO 200-9) ) 7. _ )2
(46) 1Qu(U.9)i, - Ut 9Tl < (o ) .-l
for allt > s and s, Vs € B(s) C H, with some constant ¢y > 0.

Proof. Let us denote by @ = (u,y), ¥ = (v,v) the global weak solutions of ({1.1)) cor-
responding to initial data s, Us € B(s), respectively. By the positive invariance of

{B(t) : t € R} we infer that w(t),v(t) € By for every ¢ > s. In particular, there exists
Rp, > 0 such that

(4.7) [u@®lgs [l leMloq, [(B)laq < BBy t > 5.

Observe that W = @ — ¥ satisfies for a.e. t > s
4
dt

for any Z = (z,70(z)) € V.

(@, 2) i + (Ao, Z)yy v, + (f1(u) = f1(v), 2)a + (f2(p) = f2(¥),70(2))oe = O

Testing the above problem with 2= Q,w = (I — P,,)W, we get for a.e. t > s

%% Z|12LI + (4oZ, Z>VO’,VO + (fi(uw) = f1(v), 2)a + (f2(¢) — f2(¥),70(2))aq = 0.

We fix 0 < n < 1 and use (2.4]) to obtain

1d - >
> d A+ (1 =) (A0Z, 2)yy vy + 1A B

<) = fr(v), fa(@) = fa(@) vy [1(2,70(2) vy, -

(4.8)
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Taking 0 < ¢ < (1 —n)——— min {1, k} we apply the Cauchy inequality and get

1+||7 I

1d
> d 215 + (1 —n) (AoZ, 5>V’V0+77>\n+1|Z|H

(uan 0 500) + 72 101 (w) = A1(0), £2(0) = S
Hence, by (2.2) it yields

1d o 2 1 2

5o 1 151 < () = Ai(0), fale) — 20

Since L7 () x L%2(0Q) — Vy with ¢1 = 2N/(N +2), ¢o = 2(N — 1)/N for N > 3, and
q1,q2 > 1 for N = 2, we estimate using ([1.3]) and the Holder inequality

|(1(w) = 1(v), fal9) = ()

(4.9)

2
<AL lu—v|g [ 1+ |ulP + vf”
o) ooy (110t o
2
2712 2 P p
+ L |p — + o7 ,
c ]go 1/1’39 ( ’@‘22_432 (p2—2 ’w‘;qu _2)7(99)

for some constant ¢ > 0. By (4.5)) we have 22_‘1;. (pi —2) < 2 for ¢ = 1,2. Thus, joining this
estimate with (4.9) and using (4.7]) we obtain

d
= 1215 + 20 |21 < % @3, for ae. t > s,

with some constant cg > 0. By Proposition [2.4] in particular, we have

d
7 (ezn/\"“t ]2’(75)\%) < ;—062’7’\"+1t+2l(t_3) [@(s)|3  for a.e. t > s.
€

Integrating and using |2(s)|; < [@W(s)|y, we get (4.6). O

In [2] the authors proved the existence of a regular (i.e., in D(Ap)NV') minimal pullback

attractor for ([L.1]) if 92 is smooth enough and f;, f2, additionally to (1.2)), (1.3)) and (1.4)),
satisfy

(4.11) [f1(s) = fa(s) < C(1 + |s]), s €R,

which in particular implies p = p; = p2 > 2. Although this seems a further restriction on
fi, i = 1,2, it actually allows us to improve Proposition [£.2]in this case.

Denoting by (un,Y0(up)) the Galerkin approximation of the global weak solution @ =
(u, @) of with s = (us, s), we have (see [2, (18), (20)])

» , min{l,k} 2
(a8 om0 / (), Y0 ()12,
(1.12) +20 [ ()t +20 [ o) dr

t

2, lhol? ol
S2B(t—8)(9|+|39|)+(,€+.> @), +1al

min {1, x/2}
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(t—s) <m1n{1 K}
1+ [ol®
t
(413) <max (1,5} [ () oI, b+ 0 —5) |
S

S

une) o (DN, + 2 (JunE)E+ o 0V ) )

E(T)‘HdT

t -
428 [ (Jun(Dlhg+ holun(r)f on) dr + (¢ = $)15( + o2)
for all t > s and any n € N, where aq, as, B > 0 are such that
o |u|p—/§§/ fi(r)dr < aq ]u|p—i—5, ueR, 1=1,2.
0

From (1.7) and (4.12)) it follows that if @5 € B(t — 1) C By, t € R, we get uniform
boundedness of

| M sotuntr)ly ar, - [

t t
|un (7). A7, Y0 (un (7))[},90 47
1 t—1

with respect to t € R. After passing to the limit (cf. |2, Corollary 8]) to get these estimates
for the solutions, and applying them to (4.13]), we obtain

(4.14) Ult,t—1)B(t—1)Cc By ={aeVy:|dly, <Rp}, teR,

for some Rp, > 0. Arguing as in the proof of Proposition with s = t—1 we obtain (4.9))
and (£.10). Since Vp < L9(Q) x L%(dQ) with ¢} = 2N/(N —2), ¢4 = 2(N —1)/(N —2)
for N >3, and ¢{,q5 > 1 for N = 2, we have

20;
s =D <d, i=12
7
if
1
(4.15) 2§p§2—|—m for N > 3,

p > 2arbitrary for N = 2,
and we continue the proof of Proposition using the uniform estimate (4.14)) in V. Thus
we have obtained
Proposition 4.3. Suppose that 02 is smooth enough and f;, i = 1,2, satisfy (1.2)), (1.3)),

(1.4) and (4.11)) with the exponents p1 = pa = p satisfying (4.15). Assume further that
h = (hi,hy) € L (R;H) satzsﬁes (L7). Then the semi-process {U(t,s) :to >t > s}
corresponding to problem (1.1) can be decomposed as

Ut,s) = QuU(t, s) + BU(t, s)

in such a way that for any 0 <n <1 and0<e < (1-— n)m min {1, K} we have
0
Ut,t —u—U(t, t—1 6277’\"+1+e>u—v
@uUtt.e = )7~ Ut = i) < )l i

for all w,v € B(t—1) C H and t € R with some constant ¢y > 0.
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From the above result we conclude the following

Corollary 4.4. Under the assumptions of Proposition [£.2] or Proposition [A.3], there exist
two families of operators {C(t,s) :to >t > s} and {S(t,s) :to >t > s} with U(t,s) =
C(t,s) + S(t,s) satisfying hypotheses (Hy)—(Hs) of Theorem [3.1]

Proof. We put t = 1 and C = Q,U and S = P,U with some n € N large enough. (Hy)
follows from Propositions 4.2 and while (Hs) is a direct consequence of [4, Lemma 1]
(see also |7, Lemma 4.2]) and Proposition In particular, if n € N is such that

1/2
(4.16) A= (6_2")‘"“ + Coe2l> < 1,
de(MAn41 +1) 2

then, for 0 < v < min {% — A, el_’\l}, we have in (Hj)

9 =X\ "
(4.17) Nl,<<1+ c > . O

14

Collecting the above results, as an application of Theorem we obtain

Theorem 4.5. Suppose that functions f;, i = 1,2, satisfy (1.2)), (1.3) and (1.4) with

the exponents p;, i = 1,2, given in (4.5) or (1.2), (1.3), (1.4) and (4.11) with the ex-
ponents p1 = pa = p given in (4.15) and 02 smooth enough. Assume further that
h = (hy,hy) € L2 _(R;H) satisfies ([L.7). Then the process {U(t,s):t>s} on H =

loc

L2() x L?(09Q) of global weak solutions of (1.1])) possesses a pullback exponential attractor
{M(t) = MY (t) : t € R} in H satisfying the properties:

(a) M(t) is a nonempty compact subset of B(t) C By fort € R,
(b) U(t,s)M(s) C M(t), t > s,

(c) supscpr dim}{(./\/l(t)) < log . )N,,, where X is given in (4.16) and N, is given in
2(v+A
(4.17) for0 < v < min{% -\, el—/\l}’

(d) for any t € R there exists ¢; > 0 such that for any s > max {t — to9,0} + 2
distg (U(t,t — s)B(t — s), M(t)) < cre” “°%,
where wg = —In (2(v + X)) > 0,
(e) for any 0 < w < wy we have

lim e**disty (U(t,t —s)D, M(t)) =0, teR, D bounded in H.

§—00
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The process possesses also the minimal pullback attractor {A(t) :t € R} in H, which is
contained in the pullback exponential attractor {M(t) = M"(t) : t € R} and thus has uni-

formly bounded fractal dimension.

Note that the above result holds for example for the nonlinearities f; of the form
fitu) = u — a;u, v € R, for N = 2 under the assumption of the same order of f; and
fo, i.e., and sufficiently smooth boundary. Actually, many other nonlinearities are
allowed, like any polynomial of odd degree with positive leading coefficient. This also
shows that the regular minimal pullback attractor obtained in [2] has uniformly bounded

fractal dimension in H if the forcing terms h = (h1, he) are translation bounded.

5. Exponentially growing forcing terms

We consider now (1.1)) under assumptions ((1.6)) and (1.4) with p; = p2 = 2. Note that
(1.2) holds with [ = L. We will find a pullback absorbing family for the problem (11.1)

when the function i = (hy, hg) € L% (R; H) admits an exponential growth in the past
and in the future by assuming ((1.8)) for some K > 0 and 0 < 6 < 2(A\; + «), where A\; >0

is the first eigenvalue of the operator Ag.

Applying (1.4) and (2.5) to the energy equality (2.6, we see that the global weak
solutions @ = (u, ) of (1.1 satisfy for a.e. t > s

% [a@(t) 7 + 200 + @) [@(0)[3; < 26(192] +10920) + 2[(h(t), ul(t))a + (h2(t), o(t))oa]

Hence by the Cauchy inequality for 6 > 0 such that 0 < 6 + § < 2(\; + «) we have for

a.e.t>s

d . .2 L2 AENE
(5.1)  [EO + 0u +a) = )bl < 260190+ 109 + 67 [fe)|

Using ([1.8)) and applying the Gronwall inequality to (5.1)) we get

t
+61K/ e~ N2 (t=) 7l g p > .
S

[@() 3 < ()l e PHr2e0079) 1 25(10] + 10Q))(2A1 + 20— )~

Estimating the last term, we obtain
(5.2) ()3 < |d(s)| 5 e PH20700=9) 4 oy 4 Kol > s,

where K1 = 23(|Q| + [09])(2M\1 + 2 — 6) 7! and Ko = 2671 (2)\; + 20— § — 0)'K.
We define
B(t) = {ﬁ € H:|a < 2K, + 2K2€0|t|} , teR
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It follows from that for every bounded subset D of H there exists rp > 0 such that
Ut,t —r)D C B(t), r>rp, tE€R.
Moreover, there exists ro > 0 such that
U(t,t —r)B(t—r) C B(t), r>ro, tER,
since, by using , it suffices to check that
QR e~ (PMH20-0)r 4 ope, lirl o~ (@N420-0r < g LM e R p > g,
Thus, the sets

(5.3) B(t)=cly | J Ut,t—r)B(t—r)C B(t), teR

r>T0

form a positively invariant family consisting of nonempty closed bounded subsets of H,

which shows (H;). Moreover, we have
diamy (B(t)) < 2v/2K; + 2Kqe0 < 5max{\/K1, \/KQ} e~5t, 1<,

so (Hg) holds with M = 5 max {\/E VIC }, Yo = 6/2 and tp < 0 arbitrary. Furthermore,
if D is a bounded subset of H and t < tg, then setting Tp = rp + r9 and taking s > Tp
we get U(t,t —s)D C B(t), which shows that (Hg) is satisfied in this case.

We have proved the following

Proposition 5.1. Under assumptions (1.6 and (1.4) with py = pa =2 for f;, i = 1,2 and

h = (h1,he) € L3 (R; H) satisfying (L.8), the family B(t) defined by (5.3) is positively
invariant and pullback absorbing for the process {U(t,s):t > s} in H. Moreover, this
family satisfies the assumptions (Hy)—-(Hs) in Theorem [3.1]

We consider the projections P,: H — E,, Q, =1 — P, as in (4.4).

Proposition 5.2. Suppose that f;, i = 1,2, satisfy (1.6)) and (1.4) with p1 = py = 2.
Assume further that h = (hy,hg) € L% (R;H) satisfies (1.8). Then the semi-process
{U(t,s) : to >t > s} corresponding to problem (1.1) can be decomposed as

U(t,s) =QuU(t,s) + PU(t,s)
in such a way that for every 0 < & < 2\ we have
Qn(U(t, s)us — U(t, 3)775)@1

—(2Ang1—€)(t—s) e 'L? 2L(t—s) | 17+ _ |2
<le ntl + —e |Us — Vsl
2)\n+1 — e+ 2L

(5.4)

for allt > s and s, vs € H.
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Proof. Let us denote by @ = (u,y), ¥ = (v,v) the global weak solutions of (|1.1)) cor-
responding to initial data s, Us € H, respectively. Then, setting @ = ¢ — ¥ and 7 =

Qn = (I — P,)w, we obtain (4.8) as in the proof of Proposition Using ([2.4) and
Cauchy-Schwarz and Cauchy inequalities to (4.8]), we get for every 0 < ¢ < 2A; and for

a.e.t>s

% 215 + @A — &) |21 < 7 (1A(w) = AN + 12(6) = L) 3a) -

Since f;, i = 1,2, are globally Lipschitz continuous, it follows from (1.6|) that
pn 1213 + (21 —€) |25 < e L2 @[3, for ae. t>s.

By Proposition in particular we have

% (emw—é‘)t |z(t)|§{) < e 1 12e@nr1=H2L0=9) |i5(6) 2, for ae. t > s.

Integrating and using |2(s)|; < |W(s)|y, we get (5.4). O
Corollary 5.3. Under the assumptions of Proposition there exist two families of
operators {C(t,s) : to >t > s} and {S(t,s): to >t > s} with U(t,s) = C(t,s) + S(t,s)
satisfying hypotheses (Hy)—(Hs) of Theorem .

Proof. We put t > 0 arbitrary and C = Q,U and S = P,U with some n € N large

enough. (Hy) follows from Proposition[5.2)and (Hs) follows from [4, Lemma 1] (see also [7,
Lemma 4.2]) and Proposition In particular, if n € N is such that

T 1/2
(5.5) A (e @uary L2 e L ar
2)\n+1 — & + 2L 2

o~ ~
then, for 0 < v < min {%eiﬁt — A e(L_/\l)t}, we have

(5.6) N, < (142520

14
in (Hs). O
Collecting the above results, as an application of Theorem we obtain

Theorem 5.4. If f;, i = 1,2, satisfy (1.6) and (1.4) with p1 = p2 = 2, whereas h =
(h1,he) € L2 (R; H) satisfies (1.8) with some K > 0 and 0 < 0 < 2(\; + «), then the

process {U(t,s) : t > s} on H = L*(Q) x L2(09) of global weak solutions of (1.1]) possesses
a pullback exponential attractor {M(t) = M¥(t) : t € R} in H satisfying the properties:

(a) M(t) is a nonempty compact subset of B(t) fort € R,
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(b) U(t,s)M(s) C M(t), t > s,

(c) supser dim?(/\/l(t)) < —InN,/[In(2(v + \)) + gﬂ, where X is given in (5.5) and
_o7

N, is given in for 0 < v < min {%e 20 — A, e(z_/\l)g},
(d) for any t € R there exists ¢; > 0 such that for any s > max {t — to,0} + 2t
distg (U(t,t — s)B(t — s), M(t)) < cre”“0%,
where wy = —% (In(2(v+ ) + %%) >0,
(e) for any 0 < w < wo we have

lim e**disty (U(t,t —s)D, M(t)) =0, teR, D bounded in H.

§—00

The process possesses also the minimal pullback attractor {A(t) : t € R} in H, which is
contained in the pullback exponential attractor {M(t) = M¥(t) : t € R} and thus has uni-

formly bounded fractal dimension.

It would be interesting to know if we may obtain the existence of pullback exponen-
tial attractors or minimal pullback attractors with uniformly bounded fractal dimension
when the time-dependent forcing terms grow exponentially, but the nonlinearities have

superlinear growth.
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