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Admissibly Stable Manifolds for a Class of Partial Neutral Functional

Differential Equations on a Half-line

Thieu Huy Nguyen® and Xuan Yen Trinh

Abstract. For the following class of partial neutral functional differential equations

2 Fuy = B(t)u(t) + ®(t,uy) t € (0,00),
up = ¢ € C:=C([-r,0], X)

we prove the existence of a new type of invariant stable and center-stable manifolds,
called admissibly invariant manifolds of €-class for the solutions. The existence of such
manifolds is obtained under the conditions that the family of linear partial differential
operators (B(t)):>0 generates the evolution family {U(%, s)}+>s>0 (on Banach space
X) having an exponential dichotomy or trichotomy on the half-line and the nonlinear
delay operator ® satisfies the ¢-Lipschitz condition, i.e., ||®(t, ¢) —D(¢, )| < w(t)||p—
Y||c for ¢, € C, where ¢(t) belongs to some admissible function space on the half-
line. Our main method is based on Lyapunov-Perrons equations combined with the

admissibility of function spaces and fixed point arguments.

1. Introduction

Consider the following partial neutral functional differential equation (PNFDE)

(1.1) %Fut — BOu(t) + (t,w), >0

with the initial datum vy = ¢ € C := C(]-r,0],X), where X is a Banach space,
B(t): D(B) C X — X is a (possibly unbounded) linear operator for every fixed t > 0
with norm || - || p(py and [|[B(t)z|| < IZ'HJ:HD(B), x € D(B). That is to say, B(t) has the
same domain of definition denoted by D(B) for all ¢t > 0. Furthermore, F': C — D(B)
is a bounded linear operator called a difference operator; ®: Ry x C — X is a continu-

ous nonlinear operator called a delay operator, and u; is the history function defined by
ut(0) := u(t + 0) for 6 € [—r,0].
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The research for invariant manifolds is an important object in the study for longtime
behavior of solutions to evolution equations. Early results can be traced back to Hadamard
[5], Perron [16,[17], Bogoliubov and Mitropolsky [2}|3] for existence of invariant manifolds
for differential equations in R (ODE). Then, Daleckii and Krein [4] proved the existence of
invariant manifolds for solutions to semi-linear equations in Banach spaces with bounded
linear operators. Henry [6] extended such results to the case of semi-linear parabolic partial
differential equations without delays. Huy [13] showed such existences for general semi-
linear non-autonomous evolution equations in general Banach spaces with nonlinear terms
being @-Lipschitz which represent complicated diffusion processes. Moreover, recently in
[8], Huy has proved the existence of a new type of invariant manifolds, namely the invariant
stable manifolds of admissible classes. Such manifolds consist of solutions’ trajectories
belonging to wide classes of admissible Banach spaces which can be L,-spaces, Lorentz or

interpolation spaces.

For the case of delay partial functional differential equations (i.e., the special case of
when Fuy; = wu(t)) Minh and Wu [21] used the Graph-transform method to show
the existence of invariant manifolds of solutions to delay partial differential equations
(see also [22] and reference therein). Such results have then been extended by Huy and

Duoc [14] to the case of p-Lipschitz delays.

In case of neutral partial functional differential equations (PNFDE) in the autonomous
cases (i.e., B(t) = B and ®(t,¢) = ®(¢) do not depend on t), some results on existence
of invariant manifolds have been obtained by H. Petzeltovd and O. J. Staffans [18] and
by R. Benkhalti, K. Ezzinbi and S. Fatajou [1]. They obtained such results under the
conditions that B generates a hyperbolic analytic semigroup, and @ is uniform Lipschitz

continuous with a small Lipschitz constant.

Results on existence of invariant manifolds in the non-autonomous case for PNFDE
(i.e., B(t) and ®(¢,¢) depend on time t) have been obtained by Huy and Bang under the
conditions that the family (B(t));>0 generates the dichotomic or trichotomic evolution
family, and the delay term ® is ¢-Lipshitz, i.e., | ®(¢,¢) — ®(t,¥)| < o(t)||¢ — ¢||c, where

¢, € C and ¢(t) is a real function belonging to certain admissible space.

The purpose of the present paper is to extend the results and methods in [9] combining
with the methods in [8] to prove the existence of invariant stable manifolds of admissible
classes (see Definition |1.2| below) which are constituted by trajectories of solutions belong-
ing to certain Banach space £ which can be an L,-space, a Lorentz space L, , or some
interpolation space. We prove the existence of such manifolds for when its linear part
(B(t))e>0 generates the evolution family having an exponential dichotomy or trichotomy on
the half-line, and its nonlinear term is op-Lipshitz, i.e., ||®(t, @) — @ (¢, V)| < ¢(®)|l¢ — ¥ |lc,

where ¢, € C and ¢(t) is a real and positive function which belong to admissible function
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space.

As mentioned in [9], when handling with PNFDE we face a difficult fact that the
differential operators do not apply directly to u(¢) but to Fus, and hence the variation-
of-constant formula is available only for Fu;. Therefore, we write F' in the form F =
do — (dp — F'), with Dirac distribution &y concentrated at 0. Furthermore, another diffi-
culty is lying in the fact that the admissibly inertial manifold is constituted by trajectories
of the solutions belonging to (rescaledly) general admissible function spaces (see Defini-
tions and thereafter) which are not necessary Lo.-spaces. Therefore, the techniques
and methodology used in the paper [9] cannot directly be applied here. Instead, we use
the duality arguments together with generalized Holder inequalities to obtain necessary
estimates corresponding to the dichotomy of the evolution family. Then we apply our
techniques and results in [8] (see also [10]) of using admissibility of function spaces to
construct the solutions of Lyapunov-Perron equation which will be used to derive the
existence of admissibly stable manifolds of £-class.

Moreover, using these results and rescaling procedures we prove the existence of center-
stable manifolds of £-class for the mild solutions to in the case of trichotomic linear
parts under the same conditions on the nonlinear delay term ® as in the dichotomic case.
Our main results are contained in Theorems and

We now recall some notions. Let X is a Banach space (with a norm || - ||) and for a
given r > 0 we denote by C := C([—r,0], X) the Banach space of all continuous functions
from [—r, 0] into X, equipped with the norm [|$|lc = supge|_,q [[9(0)]| for ¢ € C.

For a continuous function w: [—r,00) — X the history function w; € C is defined by
wi(0) = v(t + 0) for all € [—r,0].

An evolution family is now defined as follows.

Definition 1.1. A family of bounded linear operators {U(¢, s)}+>s>0 on a Banach space

X is a (strongly continuous, exponentially bounded) evolution family if
(i) U(t,t) =1d and U(t,r)U(r,s) =U(t,s) for all t > r > s >0,
(ii) the map (t,s) — U(t, s)z is continuous for every z € X,

(iii) there are constants K,c > 0 such that |U(t,s)z| < Ke=9)|z| for all t > s > 0
and x € X.

The notion of an evolution family arises naturally from the theory of well-posed, non-

autonomous abstract Cauchy problem

du — B(tyu(t) t>s>0,

(1.2)
u(s) =z € X.
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Roughly speaking, the well-posedness of Problem means that there exists an evolution
family {U(t, s) }+>s>0 such that the solution of is given by u(t) = U(t, s)u(s). Also,
in this case we say that the family (B(t))i~0 generates the evolution family {U(t, s) }+>s>0-
For more details on the notion of evolution families, conditions for the existence of such
families and applications to partial differential equations we refer the readers to Pazy
[15] (see also Nagel and Nickel [12] for a detailed discussion of well-posedness for non-
autonomous abstract Cauchy problems on the whole line R).

We then briefly recall some notions on function spaces taken from Massera and Schéffer
[11], Rébiger and Schnaubelt [19] and Huy [7,8].

Definition 1.2. Let E be a Banach function space defined as in [7,8] (see also [11]) and
let X be a Banach space endowed with the norm || - ||. We set

E=ER4,C) ={f: Ry — C: f is strongly measurable and || f(-)||c € E'}

(modulo A-nullfunctions) endowed with the norm || f|ls = ||| f(-)llc]/z. One can easily
see that £ is a Banach space. We call it the Banach space corresponding to the Banach

function space E.

In case E = L*°(R) we denote
Ex :={f: Ry — C: f is strongly measurable and ||f(-)|lc € L=(R+)}.

In order to study the invariant manifolds of £-class for semi-linear evolution equa-
tions we need some restrictions on the admissible Banach function spaces and assume the

following hypothesis.

Standing Hypothesis 1.3. Throughout this paper we consider the admissible Banach func-
tion space E such that its associate space E’ is also an admissible Banach function space.
Moreover, for such an admissible Banach function space E we suppose that E’ contains an
exponentially E-invariant function, that is the function ¢ > 0 having the property that,
for any fixed v > 0 the function h, defined by

ho(t) == e p() [ fort >0

belongs to E.

2. Exponential dichotomy and stable manifolds

In order to prove the existence of invariant stable manifolds we need the following notion

of exponential dichotomies of the evolution family {U (¢, s) }+>s>0.
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Definition 2.1. An evolution family {U(t,s)}+>s>0 on the Banach space X is said to
have an exponential dichotomy on [0, 00) if there exist bounded linear projections P(t),

t > 0, on X and positive constants N, v such that
(i) U(t,s)P(s) = P(t)U(t,s), t > s >0,

(ii) the restriction U(t,s): Ker P(s) — Ker P(t), t > s > 0, is an isomorphism, and we
denote its inverse by U(s,t), := (U(t,s)|)~!, 0 < s <,

(iit) ||U(t,s)z| < Ne ¥=9)|z|| for z € P(s)X, t > s > 0,
(iv) lU(s,t)x| < Ne V(=9 z|| for z € Ker P(t), t > s > 0.

The projections P(t), t > 0, are called the dichotomy projections, and the constants N, v

are the dichotomy constants.

Note that the exponential dichotomy of {U(t, 5) }¢>s>0 implies that H := sup;~q || P(t)]|
< oo and the map t — P(t) is strongly continuous (see [20, Lemma 4.2]). We can then
define the Green’s function on the half-line as follows:

P)U(t,T) fort >71 >0,

(2.1) Gg(t,7)=
=U(t,7)(I—P(r)) for0<t<rT.

It follows from the exponential dichotomy of {U (¢, s) }+>s>0 that
G, 7| < N1+ H)e 7 forallt # 7, t,7 € R.

Next, using the projections (P(t))i>0 on X, we can define the family of operators
(ﬁ(t))tzo on C as follows:

(2.2) P(t):C—C, (P@)$)(0) =U(t—0,t)P(t)p(0) for all 6 € [—r,0].

Then, we have that (P(t))2 = P(t), and therefore the operators P(t), t > 0, are projections

on C. Moreover,
ImP(t) ={¢p €C:¢(0) =U(t —0,t)10,Y0 € [-r,0] for some vy € Im P(t)}.

To obtain the existence of invariant stable manifolds we also need the following notion of

the p-Lipschitz of the nonlinear delay term .

Definition 2.2 (p-Lipschitz functions). Let E be an admissible Banach function space
and ¢ be a positive function belonging to E. A function ®: [0,00) x C — X is said to be
p-Lipschitz if ® satisfies

(i) 0(,0)]| < @(t) for all ¢ € R,
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(i) [|(t, ¢1) — (t, g2)|| < @(t)[[1 — P2llc for all t € Ry and all ¢y, ¢z € C.

For the reader’s convenience we now collect all the hypotheses on F', B(t), and ® in

the following assumption.

Standing Hypothesis 2.3. We assume the following hypotheses on F', B(t), and ®.

(1) The family of operators (B(t)):>0 generates an evolution family (U(¢,s))i>s>0 as
defined in Definition Furthermore, the domain of each B(t) is independent of
t, and is denoted by D(B) which is a Banach space with norm || - || p(p)y such that
|B(t)z|| < K||z||p(p) for all z € D(B).

(2) The difference operator F': C — D(B) is of the form F¢ = ¢(0) — ¥¢ for all ¢ € C
where U € L(C, D(B)) satisfies ||¥| < 1.

(3) The delay operator ® is @-Lipschitz as defined in Definition

Note that if ®(¢, ¢) is p-Lipschitz, then ||®(t, ¢)|| < ¢(¢)(1 + [|¢]|¢) for all ¢ € C and
t > 0. Using the operators F', B(t), and ® we can now define the operator

®: Ry x C([-r,00), D(B)) x C = X
by
(2.3) B(t,v,p) = —B(t)Fu, + B(t)o(t) + ®(t, ¢).
Then, the operator ® satisfies
(i) |®(t,0,0)| < p(t) for all t € Ry,

(i) 19 (¢t u, @) = @(t v, )| < K[[W[|ue = velle + o(t)ll¢ = Plle

forallt € Ry, ¢,¢ € C and all u,v € C([—r,0), D(B)).
We next rewrite the equation ((1.1)) in the form

9 Fuy = B(t)Fuy + ®(t,u,u) ¢ € (0,00),

(2.4)
uyp = ¢ € C:=C([-r,0],X).

In the space of infinite dimension, instead of (2.4) we consider the following integral

equation
t ~
(2.5) Fu; =U(t,0)Fug +/ U(t,§)®(&,u,ue) d§  for all t > 0, herewith given g € C.
0

We note that, if the evolution family {U(t, s) }+>s>0 is generated by (B(t)):>o (as in the
situation of well-posed Cauchy problem ((1.2))), then the function u: [—r,c0) — X, which
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satisfies for some given function ¢, is called a mild solution of the semi-linear prob-
lem . The reader is referred to J. Wu [22] for detailed treatments on the relations
between classical and mild solutions of functional evolution equations. Also, the direct
calculations yield that the function u satisfies if and only if it satisfies

t ~
(2.6) Fuy=U(t,s)Fus —|—/ U(t,&)P(&, u,ug)d¢  for all t > s > 0, herewith u, € C.

We now give the notion of an invariant stable manifold for the solutions of the integral

equation (2.5)) in the next definition.

Definition 2.4. A set S C Ry x C is said to be an invariant stable manifold of £-class
for the solutions to (2.5)) if for every ¢ € R, the phase spaces C splits into a direct sum
C = Im P(t) ® Ker P(t) with corresponding projections P(t) and there exists a family of

Lipschitz continuous mappings
Ji: Im P(t) — Ker P(t), teRy
with the Lipschitz constants independent of ¢ such that

(1) S ={t,v+7:)) € Ry x (Im P(t) ®Ker P(t)) | t € Ry, € Xo(t)}, and we denote
by
Sp={v+u): (t,vY+u)) € S},

(i) Sy is homeomorphic to Im P(t) for all t > 0,

(iii) to each ¢ € Sy there corresponds one and only one solution u(t) to (2.6]) on [s—7,00)
satisfying the conditions that us = ¢, and the function X5 ~o)(t)us, t € R, belongs to
€ N Ex where the function g is defined by us(0) = Fus_g for all —r < 6 <0.

(iv) S is positively F-invariant under (2.5) in the sense that if u(t), ¢ > s —r, is a
solution to (2.6) satisfying conditions that us; € Ss and the function x(s o) (t)us,

t € R, belongs to &, then we have u; € Sy for all ¢ > s, where the function u; is
defined by

(2.7) ut(0) = Fuy_g forall —r < <0andt>0.

Note that if we denoted by Xo(¢) = Im P(t), X1(t) = Ker P(t) and we identify Xo(t)®
X1 (t) with Xo() x X1(t), then we can write S; = graph(g;).

The following lemma gives the form of bounded solutions to . To do this, we first
recall the notion of the integral translation operators Ay, A}, Al (see [8, Definition 2.4,
Proposition 2.7]) as follows: for ¢ € E, Ajp is defined by Ajp(t) := tt+1 ©(7) dT belong
to FE for all t € R+; if o el 1OC(R) such that ¢ > 0 and Ajp € F; v > 0 then A, A/ are

defined by Al ft (=9 p(s) ds; Alp(t) = [ e 7V p(s) ds belong to E.
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Lemma 2.5. Assume Standing Hypothesis and let ¢ € E' be an exponentially E-
invariant function defined as in that Standing Hypothesis. Suppose that F, (B(t))¢>o0, and
® satisfy Standing Hypothesis and let ® be defined as in . Let the evolution family
{U(t, s) }t>s>0 generated by (B(t))i>0 have an exponential dichotomy with the dichotomy
projections P(t), t > 0, and constants N,v > 0. Suppose that u(t) is a solution to
such that, for fired s > 0 the function X[s o) (t)ut, t € R, belongs to € N Ex. Then, for
t > s the function u(t) satisfies

(2.8) Fuy =U(t,s)vg + /00 G(t, 7)P(T,u, ur) dr

for some vy € Xo(s) = P(s)X, where G(t,7) is the Green’s function defined as in (2.1)).

Proof. Put
fsoo g(t7 7-)&/)(7—7 u, UT) dr for ¢ > S,

y(t) = -
[5G(2s —t,7)®(T,u,ur)dr for s —r <t <s.

We have, for t > s

Iy < /OO N(1L+ H)e K| ur e + o(T) (1 + [lurlic)] dr

< NE( + 0| s e ||/ eVl g7

+ N(1+ H) <1+ sup ||u(g)\|> /mevltw(f) dr

E>s—r

2 ~
< - ONKQA+H)[Y] sup [u()]
v £>s—r

+ N(1+ H) (1+ sup ||u(§)||> /Oooe—vlt—w(ﬂ dr

E>s—r

and, for s —r <t <s

ly(@)1 < /OO N1+ H)e P E N [lur e + @)L+ urlle)] dr

< NK(1+H)||‘I’|| sup [|lu(¢)]|

E>s—r

§2s—r

+N(1+H) (1 + sup Hu({)]) / e V2s=t=l (1) dr.
0
Since t + 0 € [—r + t,t] for fixed t € [s,00) and all r € [—r,0], we have that

lyelle = , s[upo]y(t+ 0) < NK(l + H)H‘I’H sup [[u(®)]l
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+ N(1+ H) (1 + sup Hu(t)||> e'”/ e t=Tlo(r) dr
t> 0

2 -
< —-NK(1+ H)|[¥] sup [lu(t)]|
v t>s
+ N1+ H) <1 + sup Hu(t)||> e”" (Ap(t) + Alp(t)) fort > s.
t>s
Therefore, by Banach lattice properties we have that y(-) € £« and

2 ~
ly(lew < =NK(1+ H)|[¥| sup [[u(t)]]
14 t>s

N MTF ol + No||Arelle)
1—e?

)

+N(1+ H) (1 +sup Hu(t)H> e

where T} is defined as in [8, Definition 2.4].
On the other hand,

Ul(t,s)y(s) = —/ U(t,s)U(s,7) (I - P(r)®(7,u, ur) dr

_ /too U, $)U (s, 7),(I — P(r))®(r, u,u,) dr

_ _/ Ut 7)(I — P(r) (7, u,u, ) dr
_ /too Ut 7 (I - P(T))E)(T?u,uT) dr.

Therefore,
t o~
y(t) = U(t, s)y(s) + / Ut )87, u, ur) dr.

Since u; is a solution of (2.5)) we obtain that Fu; — y(t) = U(t,s)(Fus — y(s)). Put now
vy = Fus —y(s). The boundedness of Fu; and y(t) on [s,00) implies that vy € Xo(s) and
P(s)Fus = vy. Therefore, Fu; = U(t, s)vg + y(t) for t > s. O

Remark 2.6. Equation (2.8) is called the Lyapunov-Perron’s equation. By computing
directly, we can see that the converse of Lemma [2.5] is also true. This means that, all

solutions of the integral equation (2.8)) satisfy (2.6)) for ¢t > s.

We come to our next result on the existence and partially stability of solutions starting

from a subspace of C.

Theorem 2.7. Assume Standing Hypothesis and let ¢ € E' be an exponentially E-
invariant function and h, be defined as in that Standing Hypothesis. Suppose that F,
(B(t))t>0, and ® satisfy Standing Hypothesis with (B(t))i=0 generating an evolution
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amaly t,s))t>s>0 having an exponential dichotomy. Let P(t , t > 0, be projections
iy (U >s>0 havi jal dich Let P 0, b
defined as in (2.2), and set
k:=N(1+H)e"
@9 { 2K V]|, N[ AT o + NollAsgloc

v 1—e?

K& s + Hhu(')HE} 7

where €,(t) = |le It ||g. Then, if k/(1 — ||¥||) < 1, there corresponds to each ¢ €
Im ﬁ(s) one and only one solution u(t) of the equation (2.8) on [s — r,00) satisfying the
conditions that ]3(5)&8 = ¢, and function X[s o) (t)ur, t € R, belongs to €N Ex, where the
function s is defined as in Definition [2.4. Moreover, the following estimate is valid for

any two solutions u(t), v(t) corresponding to different initial functions ¢, € Im ]3(3):
(2.10) ur — velle < Ce ™ E9]16(0) — (0)||  for allt > s >0

where 1 is a positive number satisfying

N(1+H)e" <2f<|rwu L N T oo + NQ\AWHOO) _

el - o)
and
Nel/’r
Cui= 2K||wu Nyl Ty pllost NalArpllos
1—||¥[| = N1+ H)err (=4 + e )

Proof. First, to prove that there corresponds to each ¢ € Im P(s) one and only one solution
u(t) in & of equation on [s—7,00), we construct a contraction mapping. To do this, we
consider from with ¢ € Im P(s) = {¢(8) = U(t — 0, t)p : — < 0 < 0,119 € Im P(s)}.
Clearly, vy = ¢(0).

Denote by Cy([s — r,00), X) the Banach space of bounded, continuous and X-valued
functions defined on [s — r, 00), which is endowed with the sup-norm || - ||oc-

We define the operator W: Cy([s — r,00), X) — Cy([s — r,00), X) by

U(uy) for s <t,
U(us) fors—r<t<s.

(1) =

Because ||¥]| < 1 we have ||| < [|¥| < 1. Therefore, the operator I — ¥ is invertible.
For vy = ¢(0) € Im P(s) as above, we define a mapping ﬁ¢: Cy([s —r,00), X) = Cp([s —
r,00), X) by

Utsvo—i—/ G(t, 7)® (7, u, uy) dr for t > s,

(Fyu)(t) =
U(2s —t, 31/0+/ G(2s — t,7)®(7,u,u)dr fors—r<t<s.



Admissibly Stable Manifolds for PNFDE 907

We now put 7" := (I — @)_lﬁ(ﬁ. Then, we have

(I—\Tl)—l{U(tsyo—s—/ G(t,7)® (T’LLUT)dT:| for t > s,
(Tu)(t) = -
(I—\I/)_l{U(Zs—t s 1/0+/ G(25s — t,7)®(r, u, u-,—)dT] fors—r<t<s.

We will prove the transformation T as above acts from & N &y into £ N Ex and is a
contraction.

In fact, putting e, (t) = e Il and we have (T;fe,)(t) = e *(*=%) (see |8, Definition 2.4,
Proposition 2.7])

(I—‘Al;)l[U(tSI/o—l—/ G(t, 7)o (TU’U,T)dT} for t > s,
y(t) = .
(I\I/)_I[U(Qstsyo+/ g28*t7')(1)(7'uu7-)d7'} for s —r <t <s,

then we have, for t > s

ly(o)] < el [N+ BRI+ o)1+ o)) dr
T :
1 2
< g [V e Olbal + ZNRG )9 s u(e)

N+ (14 s @) [ ot dr|

and, for s —r <t <s

1
)] < —- [Ne”<“>uuo\|
T

+ /Oo N1+ H)e PR [Jurlle + o(7) (1 + urllc) dT]

IN

_ e Y sup |lu
T [N(TS )@ [[voll + NK(1+H)H\IIH >ser ©)]

+N(1+H)<1+§gpr\\u(§)\> /0 e V2Tl (7) dT]

Since t 4+ 60 € [—r +t,t] for fixed t € [s,00) and all 6 € [—r, 0], we have

1 2~
[yelle < [Ne”’"(Tieu)(t)\VoH + =NK(1+ H)[[¥[ sup [lu(t)]]
1] v t>s

+ N(L+ H) (14 sup ()] e (ALeo(t) + AZeo(t))} for t > .
t>s
Therefore, by Banach lattice properties we have that y(-) € € and

1 2~
lyClle < —sm [NNw”TIIVoIIIeuIIE + - NEK(L+ H)||¥|[sup [lu(t)]|
L[|y v t>s

+
+ N(1+ H)e"" (1 + igp Hu(t)H) (N[ AT ol + NQHAISO”E)] '

1—e?
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Similarly, we have

v 2 T v
ly( oo < [Ne "ol + - NK(1+ H)[[¥]le ”21>1p [u)]
>s

1
1 — |||

(V1[[A1 T ol oo + N2l A1)

+ N1+ H)e (14 sup u(t) o

Hence, the transformation 1" acts from & N &, into £ N Ey,. Next, we will prove T' is

a contraction mapping. To this purpose we first estimate

I(Fsu)(t) — (Fo) ()] < /OO IG (¢, 7)((7, w, ur) — B(r,0,07)) | dr

S

oo
< N(1+H) / e KNVl ur = vrlle + @(r)llur = orlle) dr,

S

< N(1+H) [f{\\\p”/ ey — vl dr
0

+ /000 e Tlo(D) |lur — vrlledr|  fort > s,
and similarly
[(Fou)(t) — (Fv) (@)
< /00 1G(2s — t, 7)(®(7,u, ur) — (7, v,v,))|| dr
s
<N+ H) /:O e KW [[ur = vrlle + o(7)|ur = vrlc) dr,

< N(1+H) {knwn/ e sty —vp e dr
0

[o.¢]
+ [T ey — v ledr] fors-rsiss
0

Using the Neumann’s series, we then have

(Tw)(t) — (T)(t) = [(Z EJ") Fyu| () — [(Z \'1?"> Fyv
n=0 n=0

= [(Fsu)(t) — (Fpv)(t)] + [(TFsu)(t) — (TE0)(1)]
+ [(@2ﬁ¢u)(t) — (‘Al;zﬁ¢v)(t)] W

(t)

Next, by induction we can easily see that
(W Fyu)(t) — (U™ Fyo) (1) ||

~ o
< | U N(1 + H) [ann | e e — vl dr
0

o0
+/ e o) luy — velledr| fort>sand n e N,
0
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and, for —r+s<t<sandn €N,

(0" Fyu) (8) — (U™ Fyo) (0] < | %[N (1 + H) [I?H‘If\/o e B ur — vy le dr

[o@)
+/0 e_”ps_t_T'go(T)HuT —vrle dT:|.

From the above claim it follows that
[(Tu)(t) — (Tv)@)] < (Z H‘PH”> N(1+H) [I?H‘PH/O e 1 Muy — vl dr
n=0

o0
+ [T - vTHch]

fort > s and n € N, and
[(Tu)(t) — (Tv)@)] < (Z H‘I’H"> N(1+H) [I?N’H/D e 2w — vy f|e dr
n=0

o
+ / 67”|257t77|cp(7)|]u7 —vrlle dT]
0

for —r+s <t <sandn € N. Since t+6 € [—r+t,t] for fixed t € [s,00) and all § € [—r, 0]
we have that,
[(Tu)(t) = (T)()]le = o [(Tu)(t + 0) — (T)(t + 0)]]
e|l—r,

N(l + H)e”r ~ 0o
= M[K i / (T en)(®)]lur — vr e dr
k1 0

oo
+ / e Tlo(D) lur —vrlle|  fort > s.
0

Since (Tte,)(t) € E', e V= lp(-) € E', |ur — v, |c € F, and using the “Holder’s inequal-

ity” it follows from the above inequality that
[(Tw)(t) = (Tv)(t)llc

N1+ H)e' ~
< MO R ) Ol oo lele

lucy = veylle]| ]
[K[][e, () ][u(-) — v(-)lle + hu () ]Ju-) — v()lle]  for t >s.

+[le™ o ()
N(1+ H)e'r
1=y
According to Definition [[.2] we have
N(1+ H)evr

19 (K|[®||1&,() e + ) E)[ul-) —v(-)|e

[(Tu)(-) = (Tv)()lle <

k
< Ty vl
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where k is defined as in (2.9)). In a similar way, we have

[(Tw) () = (Tv) () llew

_ N ) (K] | MM TF gl + NallArgllac
=TI -

v 1—e?

> [u() = v()llew

k
< 7O — Ol

Therefore, if k/(1 — ||¥]|) < 1 the transformation 7: £ N Ex — € N E is a contraction
mapping. Thus, there exists a unique u(-) € £ N € such that Tw = w. This yields that
u(t), t > s —r, is the unique solution of (2.8)) with

(ﬁ¢us)(0) =U(s—0,s)vy+ /OO G(s—0,7)®(r,u;)dr for all 0 € [—r,0],

and P(s)Fus = vy. Therefore, P(s)iis = ¢ by definition of P(s) (see Equality (2.2)).
Secondly, we now prove Inequality (2.10]). Let u(t), v(¢) be the two solutions to ([2.8])
corresponding to different initial functions ¢, € Im 15(8), respectively. We have that

u(t) = v(t) = (Tu)(t) — (To)(t) = [(1 = B) " Fyu] (1) — [(1 = B) " Fyo] ¢).
Using Neumann’s series we arrive at
u(t) = v(t) = [(Fpu)(t) = (Fyo) ()] + [(P(Fu) (1) = (F(Fyo)(t))]

+ [(P2(Fou) () = (22 (Fyo) ()] + - -

By definition of ﬁ(ﬁ the norm of the first term in can be estimated by

I(Fpu) () = (Fy)(@)l]

< N(TFe) ()] 6(0) — v (0)]
+ N(1+ H)/ eIt [IZ’H\IIHHuT —vrlle + o(7)|[ur — vrllc] dr for t > s.

S

(2.11)

Again, by induction, for ¢ > s the norm of the nth term in (2.11)) can be estimated by
(¥ Fyu)(t) — (U™ Fyo) (D)

< | [N(T;ey><t>u¢<o> ()]

S

+N(1+ H) / e T K W lur — v lle + o (1) lur — vrlc] dT]
and, for s —r <t <s
(T Fyu)(t) — (" Fyv)(t)]]

< [jwf” [N(Tjey)(t)llﬂ()) — 90

o
+ N1+ H) / e BT E | ur = vrlle + () ur = vrllc] dT} :

S
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Again, since t + 6 € [—r + t,t] for fixed ¢ € [s,00) and all § € [—r,0], and using (2.11)) we

obtain
|ur — velle

b A verirte _
< g | V@ ) 0160) - o)

oo
+ N1+ H)e'”/ e TN lllur = vrlle + @ (r)lur — vrllc] dT}

s

for t > s. Put h(t) = ||us — v¢|lc. Then, for ¢t > s

1
O < g |V T @) 0160 - w0
(2.12) o
N [T TR+ gt dr |
S
We will use the cone inequality theorem (see |13 Theorem 2.8]) applying to Banach space
E with the cone K being the set of all non-negative functions. We then consider the linear

operator A defined for g € E by

N(1+ H)e"K||W|| [
L— ¥ s

N 1 H vr o0
(1+|\I')H€/ e_”|t_7‘g0(7')g(7') dr, t>s.

(Ag)(t) = e Tlg(r) dr

By “Holder’s inequality” then
I < NK(1+4 H)e' ||¥| -

N1+ H)e"r
e (W9l + ——gi—
1 — ||| Y

I(A9)() T

hu (D)9l &-

By the Banach lactive property of E, we have

N(1+ H)e""

149l <
1 — |||

KNl + 1] lgle.

Therefore A € L(F) and ||A|| < k/(1 —||¥]]) < 1. Clearly, the cone K is invariant under
the operator A. The inequality (2.12)) can now be rewritten as

1
h<Ah+z for 2(t) = TM[NGW(TJGV)@)IIMO) — P (0)][]]-
By the cone inequality theorem [13, Theorem 2.8] we obtain that h < g, where g is a

solution in F of the equation g = Ag + z which can be rewritten as

1

o10) = =g | Ve () @l160) ~ v o))

+N(1+ H)e’”/ TR 4 o(r)]g(r) dr|  for t > s> 0.

s
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Next, to estimate g, we put w(t) = e*~*)g(t) for t > s > 0. Then, we obtain that
1 vr
wlt) = g7 | Ve T e ) O1600) - O]
+N(L+ H)e'r / TR [R 0| + p(r)]w(r) dr

for t > s. We will find w in L[s, 00) which is space of real-valued functions defined and
essentially bounded on [s,00) (endowed with the sup-norm denoted by || - [|oc). We next
consider the linear operator D defined on Ly [s,00) as

N(1+H)e""

e TR KW || + o(7) ] p(7) dr - for all ¢ > .
]| + (7)) b (T) =

By Proposition 2.6 in [9], one can easily see that D € L£(Lso[s,o0)) and

I1D]| <

N+ H)e (2K[¥] | NiflATi oo + NofArgllo
1— ||| v—p 1 —e—(w=n) '

The equation (2.13)) can be rewritten as

1

Ne (T ey—p) (t)l16(0) — 9 (0)]-

We have ||D|| < 1 if

N(1+ H)e" <2fq|\1fu NAT ¢llos + Nof Arp]loo

_|_
[ 7 7y e

this condition, the equation w = Dw + z has the unique solution w € Ly[s,00) and
= (I — D)"'Z. Hence, we obtain that

> < 1. Under

" _ B 71,27 NeV’" B
Jlls = 1 = D) Zlle < =1 7=y 14(0) ~ #(O)
Ne[6(0) = w(0)]

A

ur (2K N1[|A1 T} ¢l oo+ N2 | A1)l 0o
1—||¥| = N1+ H)e (2 el NallAy 11<P! e #2)|| 1]l )
= Cull¢(0) = (0)]].
This yields that w(t) < Cy||¢(0) —¥(0)| for t > s. Therefore,
h(t) = e —velle < 9(t) = e Du(t) < Cue I p(0) — Y(0)] for t = 5. O
We now state and prove our main result of this section.

Theorem 2.8. Assume Standing Hypothesis and let ¢ € E' be an exponentially E-
invariant function and h, be defined as in that Standing Hypothesis. Suppose that F,
(B(t))t>0, and ® satisfy Standing Hypothesis with (B(t))i>0 generating an evolution
family (U(t,s))i>s>0 having an exponential dichotomy. Define k as in and ki by

K|y n Ni[| AT @lloo + NaflAreplloo
1% 1—e?

ki:=N(1+H)e"
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Then, if

{ Nkye’" k }< 1
max ,
L=k — W[ 1 — [Jw]]

then, there exists an invariant stable manifold S of E-class for the solutions to (2.5)).
Moreover, every two solutions u(t), v(t) on the manifold S of E-class for the solutions

to (2.5)) corresponding to different functions ¢, € Sy attract each other exponentially in

sense that, there exists positive constants . and C, independent of s > 0 such that
(2.14) lus = ville < Cue ™2 P(s)p — P(s)¢bllc fort >s,
where ]B(t), t > 0 are defined as in (2.2) and Ss is defined as in Definition .

Proof. To prove the existence of an invariant stable manifold S = {(¢, St) }+>0 of £-class for
the solution to (2.5) satisfies the conditions of Definition[2.4f We have, since {U (¢, ) }¢>s>0
has an exponential dichotomy, and for each t > 0 the phase space C splits into the direct
sum C = Im P(t) & Ker P(t) where the projections P(t), t > 0, are defined as in .2). We
determine the surface S; for ¢ > 0 by the formula

Spi={o+(¢): ¢ € ImP(t)} CC

where the operator v, is defined for each tg > 0 by

Ut (0)(0) = - G(to — 0,7)® (7, u, u;) dr  for all 6 € [—r, 0],
to

here u(+) is the unique solution of on [—7r +tg, 00) satisfying ﬁ(to)uto = ¢ (note that
the existence and uniqueness of u(-) is guaranteed by Theorem . On the other hand,
by the definition of the Green’s function G (see (2.1))) we have that gy, (¢) € Ker P(ty).
We next show that the stable manifold S satisfies the conditions of Definition 2.4

First, we prove that vy, is Lipschitz continuity with Lipschitz constant independent of
tg. Indeed, for ¢ and 1) belonging to Im ﬁ(to) we have

1926 (£)(0) = G1o (V) (D)

o0
< N(1+H) / 0= R| W) + o(r)] ur — vsllc dr
to

<N+ e [ e TR+ o) orle dr
(2.15) ;

o0
§Nﬂ+kaprfﬂHk/ o= R 0| + o(r)] dr

T>t0 to

K| | MlIMT olloe + Naf Al
+ — sup ||ur — vrlc-
14 1-— e T>to

§N0+HwW[
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Moreover, by the Lyapunov-Perron’s equation for u(-) and v(-), for 7 > ¢y we have

sup |lur —v-lc
T>to

1

Nev" _
< g [V lo - vl

K| = Ni|ALTT @lloo + Nol|A1]loo
+N(1+H)eur< ” ”+ 1” 1 190H + 2” IQDH )

” 1 —ov sup |lur — vTHc} :

T>to

It follows that

NeVT'
sup ||ur — v <——llo— .
TZE) H T THC =1k — H\IIH H¢ ¢HC
Substituting this inequality to (2.15]) we obtain that
Nk'l err

1920(9) = Yo (W)lle = sup [ (#)(0) = Gt (V) (O)]] < 1— ¢ = ¥lle-

9e]—r,0] ky — |||

Therefore, yy, is Lipschitz continuous with the Lipschitz constant Nkje"” /(1 — ki — ||[¥|])
independent of #.

To show St, is homeomorphic to Im ﬁ(to), we define the transformation D: Im ]B(to)
— Sty by D¢ := ¢ + 1, (¢) for all ¢ € Im ]S(to). Then, applying the Implicit Function
Theorem for Lipschitz continuous mappings (see [21, Lemma 2.7]) we have that if the
Lipschitz constant N2Nj(1 + H)e?"|le, | ellelle /(1 — k — [|[¥]]) < 1 (equivalently k <
1 — |9 — N2Ny(1 + H)e*"|ley||gll¢|le) then D is a homeomorphism. Therefore, the
condition (ii) in Definition [2.4]is satisfied.

The condition (iii) in Definition [2.4]now follows from Theorem We now prove that
the condition (iv) of Definition is satisfied. Indeed, let u(-) be solution of such
that the function us € Ss. Then, by Lemma for t € [s,00) the solution u(t) satisfies

Fu, =Ul(t,s)vo + /OO G(t,7)®(T,u,us)dr for some v € Im P(s).
Thus, for t > s and 6 € [—r,0] we have
Fu_g=U(t—0,s)ry + /oo G(t —0,7)®(r,u, ur) dr
=U(t—0,s)p+ /t G(t —0,7)®(7,u,ur) dr + /too Gt —0,7)B(1,u, ur) dr
=U(t—0,s)1 + /t Ut —0,7)P(1)®(7,u, ur) dr + /too Gt —0,7)®(1,u, ur) dr
—Ut—0.1) [U(t, o + / U P () dT]

+ / G(t —0,7)®(r,u,ur)dr for all —r < 6 <0.
t
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Put zo = U(t,s)ry + fst U(t, 7)P(7)®(r,u,u;) dr. We have P(t)z0 = 2o, hence zy €
Im P(t). We thus obtain that the function ¢(0) := U(t — 0,t)z9, —r < 6 < 0, belongs to
Im P(t) and

Fu,_g=U(t—0,t)z0 + / G(t —0,7)®(r,u,ur)dr for all —r < 6 < 0.
t

By the uniqueness of u(:) on [s — r,00) as in the proof of Theorem [2.7| we have that ([2.5)

has a unique solution u(-) on [—r 4 ¢, c0) satisfying P(t)u; = ¢ and
Fue =U (2t — &, t)20 + /too G(2¢ — t,T)ED(T,u,uT) dr
for & € [-r +t,t]. Therefore, for ¢ > s the function u; defined as in satisfies
U (0) = Fuy_g = U(t — 0, )2 + /too G(t —0,7)®(r,u, ur) dr
=¢(0) + ye(¢)(0) for all —r <0 <0

where, as seen above, ¢ € Im P(t). Hence, @y € Sy for t > s.
Finally, the inequality (2.14)) follows from inequality (2.10]) in Theorem O

We illustrate our result by the following example.

Example 2.9. Consider the following neutral partial functional differential equation

(2.16)
ow(z,t)  Ow(x,t—1) 0?w(z,t)
o o W [ 67 T t)]

0
+ bte_o‘t/ In(1+ |w(z,t+0)))dfd for0<z<m t>0,
-1

w(0,t) = w(m,t) =0 fort >0,
ws(z,0) =w(x,s+0) forall zel0,7], 0 e [-1,0],

where [ and « are real constants with |I| < 1, « > 1 and a # n?, Vn € N. The function
a(-) € Lijoc(Ry) and satisfies the condition v1 > a(t) > 70 > 0 for fixed constants 7o,
~v1 and a.e. t > 0. We choose the Hilbert space X := L9[0, 7], C := C([—1,0], X) and let
B: D(B) C X — X be defined by

B(f)=f"+af

with the domain D(B) = HZ[0,n] := {f € W2[0,7] : £(0) = f(x) = 0}.
Also define the difference and delay operators ' and ® as

F:C - D(B), F(f) == £(0) = 1f(~1),

(2.17) 0
O: Ry xC— X, @)= bte_o‘t/_lln(l F1(6(0)(@))) 8, = € [0,7].
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Note that the fact that ® takes value in X = Ly[0,7] can be easily seen by using the
Minkowski’s inequality.
Putting now B(t) := a(t)B the equation (2.16) can now be rewritten as

B Fu() = Bt)u(t) + ®(t,u(-,0)) t>s>0,
Us('ve) :¢("9) ecC

where B is the generator of an analytic semigroup (7'(¢))~0, with o(B) = {-1+ «, -4+
a,...}. Since a # n?, Vn € N, we have that o(B) NiR = (. Applying the spectral

mapping theorem for analytic semigroups we get
O'(T(t)) _ eta(B) _ {et(afl)’ et(a74)7 . }

and o(T(t))N{z € C:|z| =1} =0 for all t > 0. Therefore, for fixed ty, the spectrum of
the operator T'(ty) splits into two disjoint sets og, o1, where g C {z € C: |z| < 1}, 01 C
{z € C:|z| > 1}. Next, we choose P = P(tp) to be the Riesz projections corresponding to
the spectral set o¢, and @ = I — P. Clearly, P and ) commute with 7'(¢) for all ¢ > 0. We
denote by T(t) := T'(t)Q the restriction of T'(t) on Im Q. As well-known in Semigroup
Theory, in this case, the semigroup (7'(¢))¢ is called hyperbolic (or having an exponential
dichotomy) and the restriction T(t) is invertible. Moreover, there are positive constants
N, ~ such that

IT(t)]px|l < Ne™™, vt >0,

(2.18)
ITo(=0)| = ITe®) || < Ne™, ¥t >0.

Clearly, the family (B(t))i>0 = (a(t)B)i>0 generates the evolution family (U(t,s))>s>0

defined by the formula:
t
Ult,s) =T </ a(7’)dr> .

From the dichotomy estimates of (T'(t))¢~o in (2.18]), it is straightforward to check that
the evolution family (U(¢, s)):>s>0 has an exponential dichotomy with projections P and

constants N, v := y7 by the following estimates:

el =7 "atr) i) Iox

U6, = 1O en )™ = 2o (= [ atryar) | < weteon

' < ]\fe—lf(t—s)7

forallt > s> 0.
Clearly, the difference operator F' be of form F' = §o—W for ¥ = [§_; and ||¥|| < || < 1.
The linear operator B(t) for every fixed ¢ > 0 with norm || - ||H§[0,n] and [|B(t)ul <
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f(”UHHg[o,ﬂ]- We now take F = L,(R;)1 < p < 400, the delay operator ®: Ry xC — X
defined as in and check that ® is ¢-Lipschitz with p(t) = |blte™*" € E = L,(Ry),
p > 1. Indeed, the condition (i) in Definition [2.2]is evident. To verify the condition (ii) in
that definition we use Minkowski’s inequality and the fact that In(1+h) < h for all h > 0.
Then,

(¢, ¢1)(w) — (¢, 2) () |2
= ([ ([

<wie [ ([ g ) o
=t [ ([ (04 1 ”3173'1‘5 e ”) i)

< pfee [ O ( / T 610)@) — (O @) o) d

0
= Jpjte / 161(6) = 62(6) |29

< [blte™ sup [|¢1(6) — d2(0)[l2-
0e[—1,0]

Hence, ® is ¢-Lipschitz. In the space L,(Ry), the constants Nj, Ny are defined by
N1 =Ny =1,

t

t+1
Ap(t) = / o(r)dr and ATFo(t) = / o(r) dr
¢ (t—1)4

where (t — 1) = max{0,t — 1}. Thus,

b1+ et —e®)

max{||A1olloo [|A1 71 Plloc} < o2

By Theorem [2.8 we obtain that if

O+l o) (1)
a? 2

A=[wpe™  K|¥|
NOI+H)(1+Ne) v

then there is an invariant stable manifold S of L,-class for the mild solutions to the

problem (2.16]).

3. Exponential trichotomy and center-stable manifolds

In this section, we will generalize Theorem to the case that the evolution family

{U(t, s) }+>s>0 has an exponential trichotomy on R, and the nonlinear forcing term @ is
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p-Lipschitz. In this case, under similar conditions as in above section we will prove that
there exists a center-invariant stable manifold of £-class for the solutions to (2.5). We now
recall the definition of an exponential trichotomy and a center-invariant stable manifold

of &-class.

Definition 3.1. A given evolution family {U(t,s)}:>s>0 is said to have an exponential
trichotomy on the half-line if there are three families of projections {P;(¢)}, t > 0, j =
1,2,3, and positive constants N, «a, 8 with a < 8 such that the following conditions are
fulfilled:

(i) supeso [|P5(8)]| < o0, j = 1,2,3.
(ii) Pi(t) + Po(t) + P3(t) = Id for t > 0 and P;(t)P;(t) = 0 for all j # i.
(iii) Pj(t)U(t,s) =U(t,s)Pj(s) fort >s>0and j=1,2,3.

(iv) U(t, s)|tm p,(s) are homeomorphisms from Im P;(s) onto Im P;(¢), for all t > s > 0
and j = 2,3, respectively; we also denote the inverse of U(t, s)|m p,(s) by U(s, 1),
0<s<t.

(v) Forall t > s> 0 and x € X, the following estimates hold:

Ut s)Pr(s)z]| < Ne P2 Py(s)z]),
1U(s, ) Pa(t)z]| < Ne P Py(t)z ],
U (¢, 8)Ps(s)z]| < Ne* || Py(s)z].

The projections {P;(t)}, t > 0, j = 1,2,3, are called the trichotomy projections, and the

constants N, «, (3 are the trichotomy constants.

Using the trichotomy projections we can now construct three families of projections
{]Sj(t)}, t>0,7=1,2,3, on C as follows:
(3.1) (ﬁj(t)aﬁ)(H) =U(t—0,t)P;(t)p(0) for all @ € [-r,0] and ¢ € C.
Definition 3.2. Let the evolution family {U(t, s) }+>s>0 have an exponential trichotomy
with the trichotomy projections {P;(t)}t > 0, j = 1,2, 3, and constants N, «, /5 given as
in Definition B.11

A set S C Ry x C is said to be a center-invariant stable manifold of £-class for the

solutions to ([2.5)) if there exists a family of Lipschitz continuous mappings
®;: Im(Py(t) + P3(t)) — Im Py(t)

with projections {ﬁj(t)}, t >0, 7 =1,2,3 defined as in (3.1), and Lipschitz constants
being independent of ¢ such that S; = graph(®;) has the following properties:
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(i) S is homeomorphic to Im(Py(t) 4+ Ps(t)) for all ¢ > 0.

(ii) To each ¢ € S, there corresponds one and only one solution u(t) to (2.5)) on [s—7, 00)
satisfying e~ 75t Fu, g = $(8) for § € [—r,0] and

e )y, () fort > s> 0,
z = () - belong to £, where v = ﬁ—l—a.
0 fort <s 2

Moreover, for any two solutions u(t) and v(t) to (2.5) corresponding to different

functions ¢, € S5 we have the estimate
lus = velle < Cue®=ME)||(P(5)9)(0) — (P(s)¥)(0)]|  for t > s,

where p, C, are positive constants independent of s, u(-), and v(-) and P(t) =
Py (t) + Ps(t).

(iii) S is positively F-invariant under (2.5) in the sense that, if u(t), t > s —r, is the
solution to (2.5)) satisfying the conditions that the function 6*7(”')&3(-) € S, and

e V) () fort>s >0,
zt = belong to &,
0 fort<s

then the function e+ )7, (-) € S; for all t > s where U is defined as in (2.7).

We come to our second main result. It proves the existence of a center-stable manifold

for solutions of ([2.5).

Theorem 3.3. Let the evolution family {U(t,s)}i>s>0 have an exponential trichotomy
with the trichotomy projections {P;(t)}, t > 0, j = 1,2,3, and constants N, o, [ given
as in Definition [3.1] Suppose that ®: Ry x C — X is @-Lipschitz, where ¢ is a positive
function which belongs to E. Set q := sup{||P;(t)|| : t > 0,5 = 1,3}, No := max{N,2Nq},
v=(6—-«)/2 and

K| L MM oo + NallArolloo

ko := No(1 + H)e""
2 0( + )6 U 1—eV

Then, if ko < (1 — [|U]])/(1 + Noe*"), for each fized > « there exists a center-invariant
stable manifold of E-class for the solutions to ([2.5)).

Proof. Set P(t) := P1(t)+Ps(t) and Q(t) := P(t) = Id —P(t) for t > 0. We have that P(t)
and Q(t) are projections complemented to each other on X. We then define the families of
projections {f’j(t)}, t>0,7=1,2,3,0onC asin Equality (3.1). Setting ﬁ(t) =P (t)+153(t)
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and Q(t) = Py(t), t > 0, we obtain that P(t) and Q(t) are complemented projections on

C for each ¢ > 0. We consider the following rescaling evolution family

Ut,s) = e 79Ut s) forall t > s >0, where v := g —; .

We now prove that the evolution family U(t,s) has an exponential dichotomy with di-

chotomy projections P(t), t > 0. Indeed,

P)U(t,s) = e ") (P(t) + P3(t))U(t, s)
= e U (L, 5)(Pi(s) + Ps(s)) = U(t, s)P(s).
Since U(t, 8)|tm py(s) is @ homeomorphism from Im P»(s) onto Im P (t) and Im P(t) =
Ker P(t) for all t > 0, we have that U (Z, s)|ker P(s) 18 also a homeomorphism from Ker P(s)
onto Ker P(t), and we denote U((s, t)) = (U(t, $)|Ker p(s))” ! for 0 < s < t. By the definition

of exponential trichotomy we have
1T(s,8),Q0)z]| < e @) Q(t)a|| for all £ > s > 0.
On the other hand,

U (¢, 8)P(s)z]| = e |U(t, 5)(Pr(s) + Ps(s))al|
< Ne 7 (e Py(s)z ]| + e Py(s)z]))
= Ne =) (72U Py (s) P(s)a + e || Py(s) P(s)x]))

forallt>s>0and xz € X.
Putting ¢ := sup{||P;(t)|| : t > 0,j = 1,3}, we finally get the following estimate
~ (B—a)
|T (¢, 8)P(s)zl| < 2Nge™ "7 )| P(s)a].

Therefore, U (t,s) has an exponential dichotomy with the dichotomy projections P(t),
t > 0, and constants Ny := max{N,2Ngq}, v := (8—a)/2. Put u(t) = e ""u(t), and define
the mapping ®*: Ry x C — X as follows:

O*(t,¢) = e "B(t, T VG() for (t,4) € Ry x C.

Obviously, ®* is also p-Lipschitz. Therefore, we can also define the operator P+ R, X
C x D(B) = X by

*(t, ¢, 1) = —B(t)Fay + B(t)x(t) + D*(t, ¢).

Thus, we can rewrite (2.5 in the new form

t o~ o~
o) Fi, = U(t, s)Fii, + / U (t,€)3" (¢, @ i) e for all £ > 5 > 0,

() = e )g() e .
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Hence, by Theorem [2.8] we obtain that, if ko < (1 — ||¥||)/(1 + Noe*”), then there
exists an invariant stable manifold of £-class S for the solutions to (3.2)). Returning to
by using the relation u(t) := e*%(t) and Theorems and we can easily verify
the properties of S which are stated in (i), (ii) and (iii) in Definition Thus, S is a
center-invariant stable manifold of £-class for the solutions of . O
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