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Weighted L? Boundary Value Problems for Laplace’s Equation on

(Semi-)Convex Domains
Sibei Yang

Abstract. Let n > 2 and Q be a bounded (semi-)convex domain in R™. Assume that
p € (1,00) and w € A,(09), where A,(0Q) denotes the Muckenhoupt weight class
on 012, the boundary of Q. In this article, the author proves that the Dirichlet and
Neumann problems for Laplace’s equation on 2 with boundary data in the weighted
space LP (0Q) are uniquely solvable. Moreover, the unique solvability of the Regularity
problem for Laplace’s equation on €2 with boundary data in the weighted Sobolev
space Wf L (0€) is also obtained. Furthermore, the weighted LP (02)-estimates for

the Dirichlet, Regularity and Neumann problems are established.

1. Introduction

Let © be a bounded Lipschitz domain in R™ with n > 2. Denote by v := (v4,...,v,) the
outward unit normal to ), the boundary of Q. Let p € (1,00) and w € A,(09), where
A, (0R) denotes the Muckenhoupt weight class on 0. Recall that the weighted space
LE,(09) is defined by

LE,(0%2) := {f is measurable on 9Q : || f| 1z 90y < oo},

where [[fll1p00) = {[oq [f(2)Pw(z) do(x)}"/? and do is the surface measure on 9.
Moreover, for a measurable function £’ on §2, the non-tangential maximal function of F is
defined by, for any P € 052,

(1.1) (F)*(P) :=sup{|F(z)| : x € Q, |z — P| < 2dist(x,00)}.
Then, the Dirichlet problem with the L%, (9Q)-boundary data for Laplace’s equation is as
follows:
Au=0 in Q,
(1.2) u=f¢eLL(0) on N,

(u)* € LE(09),
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where (u)* is as in (1.1). Furthermore, the Neumann problem with the L% (92)-boundary

data for Laplace’s equation is as follows:

Au=20 in Q,
(1.3) gu = f e LE(0Q) on 99,
(Vu)* € L5(09),

where f satisfies [, f(z)do(xz) = 0 and (Vu)* is as in (L.I). Moreover, for p € (1,00)
and w € A,(09), let

WY, (09) := {f is measurable on 9Q : V,f € L%, (02)}

and for any f € Wﬁw(aﬁ), Hf”Wf 09) = IVefll Lz 0), where Vi f denotes the tangential
gradient of f on 99, namely, V,f := Vf — (v-Vf)r. When w = 1, denote the space
Wﬁ ,(09) simply by WF(99). Then, the Regularity problem with the Wf ,(09)-boundary

data for Laplace’s equation is as follows:

Au=0 in €,
(1.4) u=feWr,(09) onoQ,
(Vu)* € LE(9Q).

We point out that in , and , the boundary values are taken in the sense of the
non-tangential convergence almost everywhere with respect to the surface measure on 9f).
When w = 1 in (L.2), and (L.4), (1.2), and are just the classical LP(9)-
Dirichlet problem, the L?(99)-Neumann problem and the W7 (9Q)-Regularity problem for
Laplace’s equation, respectively.

Assume that 2 is a bounded Lipschitz domain in R™. It is well known that there
exists € € (0,00), depending on n and the Lipschitz character of €2, such that the LP(92)-
Dirichlet problem and the Wf (0Q)-Regularity problem are uniquely solvable for the ranges
p € (2—¢,00] and p € (1,2 + €), respectively (see, for example, [5,23]). Moreover, the
LP(0Q)-Neumann problem is uniquely solvable for p € (1,2+¢) (see, for example, [6,/13]).
Moreover, it is also worth pointing out that the ranges p € (2 —€,00] and p € (1,2 + ¢)
are sharp for the LP(9Q)-Dirichlet problem, the WP (09)-Regularity problem and the
LP(09)-Neumann problem on general Lipschitz domain €2, respectively (see, for example,
[54{14,23]). See also the monograph [14] for the unique solvability of the LP(9€2)-Dirichlet
problem, the Wf (0Q)-Regularity problem and the LP(02)-Neumann problem and more
progress. However, if 2 is a bounded C! domain in R", the LP(9f2)-Dirichlet problem,
the WP (99)-Regularity problem and the LP(9Q)-Neumann problem are uniquely solvable

for any p € (1,00) (see, for example, [8]). Furthermore, if Q is a bounded (semi-)convex
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domain in R", it was proved in [11,/15,18/[25] that the LP(9f2)-Dirichlet problem (see |18,
Theorem 3.10]), the WP (992)-Regularity problem (see [18, Theorem 3.11]) and the L?(9€2)-
Neumann problem (see [11,/1525]) are uniquely solvable for any p € (1,00). Recall that
C' domains and (semi-)convex domains in R” are special Lipschitz domains and convex
domains in R™ are semi-convex domains (see, for example, |17,/18]). Moreover, we refer
the readers to [3},|12}/16,27] for more recent progress about boundary value problems of
Laplace’s, second order elliptic and high order elliptic equations on non-smooth domains
in R™.

Furthermore, the unique solvability of the L%,(9€2)-Dirichlet problem, the Wf »(09)-
Regularity problem and the L, (992)-Neumann problem for Laplace’s equation on bounded
Lipschitz domains was studied in [7,/19,21]. More precisely, let Q be a bounded Lipschitz
domain in R"™. For the L% (99)-Dirichlet problem, it was proved in [19,21] that there
exists n € (0,1], depending on n and the Lipschitz character of €, such that, for any
w € A14,(09), the Dirichlet problem with boundary datum f € L2(0€) has the
unique solution u, which satisfies ||(u)*(|z2@q) < C|/fllz2@#0), where C is a positive con-
stant independent of v and f. In particular, if Q is a C' domain, one may take 1 = 1.
For the Wf . (092)-Regularity problem, it was proved in |19] that, there exists n € (0,1],
depending on n and the Lipschitz character of €2, such that, for any w € A14,(99), the
Regularity problem (1.4 with boundary datum f € W. 1 1w (09) has the unique solution u
satisfying ||(Vu)*|| 12, (69) < C|IVefll 12, (69 where C' is a positive constant independent
of u and f. Furthermore if Qis a C’l domam, one may take n = 1. For the LL(99Q)-
Neumann problem, it was proved in [21] that, there exists 7 € (0, 1], depending on n and
the Lipschitz character of €2, such that, for any w € A1+,7 (012), the Neumann problem
with boundary datum f € L1 /w(aﬂ) satisfying f o0 f(x) do(x) = 0 has the unique solution
u, which satisfies ||(Vu)*|| 12, (69) < C|fll 12,0 Where C' is a positive constant inde-
pendent of  and f. Furthermore, as pointed out in [21, Remark 8.4], the above condition
w € A1 4,(09) for the Dirichlet and Neumann problems is sharp in the context of A,(92)
weights.

In particular, if € is a bounded C! domain, by the unique solvability of the L2 (99)-
Dirichlet problem and the Wf »(02)-Regularity problem with w € A2(99Q)
obtained in [19,[21], the extrapolation theorem (see, for example, [9]) and the unique
solvability of the LP(9Q)-Dirichlet problem and the W7 (9Q)-Regularity problem for any
p € (1,00) established in [8], we know that the L% (0€2)-Dirichlet problem and the
Wﬁ »(09)-Regularity problem are uniquely solvable for any p € (1,00) and w €
A, (0R), which were remarked in [7, Remark 1.2]. Very recently, the unique solvability
of the LE(0)-Neumann problem for any p € (1,00) and w € A,(0N) was obtained

in |7] via studying the boundedness, convergence and compactness of the boundary double
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layer potential and its adjoint operator on the weighted space LL(02).

Then, there are the natural questions whether or not the L (99Q)-Dirichlet prob-
lem (1.2)), the LY (99Q)-Neumann problem and the Wﬁ (092)-Regularity problem
on the bounded (semi-)convex domain 2 are uniquely solvable for any p € (1,00) and
w € Ap(09Q). The main purpose of this article is to give an affirmative answer to these
questions. Furthermore, for any f € LL(0Q) or f € Wf L(092) with p € (1,00) and
w € A,(0R), the weighted LE (9Q)-estimates

(W)l p00) < Cllflizeoa)y 1V e oa) < Clflle oo
and
(V)| e 90y < ClIVefllLr 00

are obtained, respectively, for the Dirichlet problem , the Neumann problem
and the Regularity problem , where u denotes the unique solution for the Dirichlet
problem, the Neumann problem or the Regularity problem and C' is a positive constant
independent of u and f. It is worth pointing out that the method dealing with the
LY, (09)-Neumann problem in this paper is also valid for the case of bounded C!
domains.

To state our main result, we first recall some necessary definitions and notation.

Definition 1.1. (i) Let O be an open set in R™. The collection of semi-convez functions
on O consists of continuous functions u: O — R with the property that there exists a
positive constant C' such that, for all z, h € R™ with the ball B(z,|h|) C O,

2u(z) — u(x + h) —u(x — h) < C|h%

The best constant C above is referred as the semi-convezity constant of w.

(ii) A nonempty, proper open subset 2 of R" is said to be semi-convez provided that
there exist b, ¢ € (0,00) with the property that, for every xzy € 9, there exist an (n — 1)-
dimensional affine variety H C R" passing through xg, a choice N of the unit normal to

H, and an open set
C:={T+tN:x € H, |z —x0| <Db,|t| <c}

(called a coordinate cylinder near zy with axis along N) satisfying, for some semi-convex

function ¢: H — R,
CNQ=CN{F+tN:7€cHt> @),
CNON=CN{T+tN:7cH,t=qp)],

cnat =CN{Z+tN:7 € H,t < ()},

1}0|§b,

o(zg) =0 and |p(T)| <c/2 if |z —
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where Q and QE, respectively, denote the closure of €2 in R™ and the complementary set
of Q in R™.

Remark 1.2. (i) The Lipschitz domain in R™ can be defined via replacing the semi-convex
function ¢ by a Lipschitz function ¢: H — R in Definition (ii).

If Q is a bounded Lipschitz domain in R”, by the definition of {2, we know that there
exist finite sets {Qj};\’:ol C 09 of points, {5]-}?[:01 C (0,00) of numbers and {wj}j.v:ol of
Lipschitz functions such that

(a) 92 C U2, B(Qj,65);
(b) for any j € {1,..., No}, ¥;(Q;) = 0;
(c) for any j € {1,..., No},
QN B(Qy,6;) = {(x,t) :x e R" 1t € Rand t > ;(x)} N B(Q;,5;)
and
0N B(Qj,0;) = {(x,t) :z e R" 1t € R and t = ¢;(x)} N B(Qj,5;),
where Ny is a positive integer depending on €2 and
B(Qj,8;) :={x e R" : |z — Q; < 4;}
denotes the ball in R"™ with the center @); and the radius §;.

(ii) It is well known that bounded (semi-)convex domains in R™ are bounded Lipschitz

domains, and convex domains in R" are semi-convex domains (see, for example, [17,18/26]).

Now we recall the definition of A,(0€2) weights (see, for example, [22, p. 4] and [19,
(7.1))).

Definition 1.3. Let  C R™ be a domain and p € (1,00). A non-negative and locally
integrable function w on 9 is called an A,(0€2) weight, if there exists a positive constant

C such that, for any @ € 9Q and r € (0, diam(012)),

-1
L w(z) do(x 1 w(z)] VP do(z ’ 00
(15) {rn-l/z@,r) (x) do >}{Tn_1/lm[ ()]0 do >} <C <o,

where diam(09Q) := sup{|z — y| : x,y € 9Q} and I(Q,r) := B(Q,r) N 9. The smallest
constant C' such that (L.5) holds true is called the A,(092) weight constant of w and
denoted by [w]4,(50)-

Then the main results of this article read as follows.
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Theorem 1.4. Let Q) be a bounded (semi-)convexr domain in R™ with n > 2. Assume that
p € (1,00) and w € Ay(9N). Then the LE,(0Q)-Dirichlet problem on Q is uniquely
solvable. Namely, for any given f € LL(0Q), there exists a harmonic function u in
such that (u)* € LE(0Q) and uw = f on 0. Moreover, there exists a positive constant C,
depending on n, p, w and ), such that

(1.6) (@) 22,00y < Clfll 22 00)-

Theorem 1.5. Let  be a bounded (semi-)convexr domain in R™ with n > 2. Assume that
p € (1,00) and w € A,(0Q). Then the LL,(0Q)-Neumann problem in Q is uniquely
solvable. Namely, for any gwen f € L{(0Q) with [y, f(x)do(x) = 0, there exists a
harmonic function u in 0, up to constants, such that (Vu)* € L%, (0Q) and du/0v = f on

09). Moreover, there exists a positive constant C, depending on n, p, w and 2, such that

(1.7) (V)| e a0) < Cllfll Lz 00)-

Theorem 1.6. Let Q2 be a bounded (semi-)convex domain in R™ with n > 2. Assume
that p € (1,00) and w € Ap(0Y). Then the wa((?(l)—Regularity problem on € is
uniquely solvable. Namely, for any given f € Wﬁw(aﬁ), there exists a harmonic function
w in Q such that (Vu)* € LL(0Q) and u = f on 0Q. Moreover, there ewists a positive
constant C, depending on n, p, w and €2, such that

(1.8) [(Vu)* |l e a0) < ClIVefl Lz 00)-

We prove Theorem [1.4] by using the unique solvability of the LP(9€2)-Dirichlet problem
on bounded (semi-)convex domains for any p € (1, 00) obtained in |18, Theorem 3.10] and
a key pointwise estimate for (u)* in [18, p. 2541] (see also below).

The proof of Theoremis based on a weighted real variable argument (see Lemma
below), which was obtained by Shen [21, Theorem 3.4] and inspired by [4] (see also [24]),
a criterion for the solvability of the LP(0€)-Neumann problem on bounded Lipschitz do-
mains (see Lemma below), which is essentially established in |15, Theorem 1.1] (see
also [20]), and the unique solvability of the LP(92)-Neumann problem on bounded (semi-
)Jconvex domains for any p € (1, 00) obtained in [11,/15,25]. We also remark that a similar
real variable argument with the different motivation was also used in [1,[2]. Moreover, the
proof of Theorem is similar to that of Theorem More precisely, by the weighted
real variable argument in Lemma the criterion for the solvability of the W?(9Q)-
Regularity problem on bounded Lipschitz domains obtained in Lemma [2.9 below and the
unique solvability of the Wf (0€2)-Regularity problem on bounded (semi-)convex domains
for any p € (1,00) established in [18, Theorem 3.11] (see also Lemma below), we
prove Theorem
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Remark 1.7. Let Q be a bounded C! domain in R™. For any p € (1,00) and w € A,(99),
via replacing Lemma below by the unique solvability of the L9(9€2)-Neumann problem
for any ¢ € (1,00) established in [8] and then repeating the proof of Theorem |1.5] we
can obtain the unique solvability of the L%,(99Q)-Neumann problem on ) and the
weighted estimate . Thus, this gives another proof for [7, Theorem 1.3]. Recall
that, [7, Theorem 1.3] was proved by the boundedness, convergence and compactness
of the boundary double layer potential and its adjoint operator on the weighted space
LE(09).

The layout of this article is as follows. In Section [2] we recall several key conclusions
and then we give the proofs of Theorems and [1.6]

Finally we make some conventions on notation. Denote by C' a positive constant which
is independent of the solution u and the datum f, but it may vary from line to line. The
symbol A < B means that A < CB. If A < B and B < A, then we write A ~ B. We also
let N := {1,2,...}. Finally, for the domain Q in R", w € A,(99), with p € (1,00), and
the measurable set E C 0Q, let 0(F) := [ do(z) and w(E) := [pw(z)do(z), where do

denotes the surface measure on 9.

2. Proofs of Theorems , and

In this section, we give the proofs of Theorems and To show Theorem we
first recall a property of A,(0€) weight and the solvability result for the LP(99)-Dirichlet

problem on bounded (semi-)convex domains.

Lemma 2.1. Let Q C R" be a domain, p € (1,00) and w € A,(0N). Then there exists
q € (1,p) such that w € Ay(092).

The conclusion of Lemma is well known (see, for example, |22, p. 5, Lemma 8§]).
The following Lemma [2.2] is just |18, Theorem 3.10].

Lemma 2.2. Let Q C R" be a bounded (semi-)convexr domain and p € (1,00). Then, for
any [ € LP(0Q), the LP(00Q)-Dirichlet problem with datum f (taking w = 1 in (1.2])) is

uniquely solvable. Moreover, the solution u satisfies

[(w)*lra) < Cllfllra0),
where C' is a positive constant independent of u and f.

Now we prove Theorem [1.4] by using Lemmas [2.1] and

Proof of Theorem [L4. Let p € (1,00), w € Ap(9Q) and f € LL(9). Then, it follows,
from Lemma that there exists ¢ € (1,p) such that w € A,,,(092). By the Holder
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inequality, we find that

ey [ @prae <{ [ rorw dg(@}q/ ([ o7 e (x)}z(

Moreover, from the fact that € is bounded, we deduce that there exist finitely many
balls {B(Q;,6;)} 1%, with {Q;}} C 99 and {5;}1°; C (0,diam(d9)), such that 0Q C
U§V:()1 B(Qj,6;), where Ny is a positive integer depending on 2. By this and the definition
of A,/,(09), we further conclude that

=

No

{[ o) da(a:)}p/ql <> { / O da<x>}p/q_l

j=1
No

-1
S grin 1/ / w(x)do(x ,
Z ’ B(Q;,6;)noQ (¢) dote)

J=1

which, together with the fact that, for any j € {1,..., No}, fB(Qj 5j)maﬂw(:c) do(x) >0
and J; < diam(0?), implies that

{[ wtwy da<x>}p/q_l <1

From this and ([2.1)), we deduce that

(2.2) feLt(0) C LY0Q) and ||fllzeo) S 1Lz @)

which, combined with Lemma further implies that the L% (9)-Dirichlet problem
with datum f is uniquely solvable.

Let u be the solution of the Dirichlet problem (1.2]) with datum f. Now we prove ([1.6)).
Indeed, for f € L1(0N), it was proved in |18, p. 2541] that, for any = € 952,

(2.3) (u)"(z) S M(f) (),
where M (f) denotes the Hardy-Littlewood maximal function of f on 02, which is defined
by, for any x € 09,

1
M@ = s s [ @) dst)

Then, by (2.3) and the boundedness of M on LE(9Q) with p € (1,00) and w € A,(99)
(see, for example, |22, p. 5, Theorem 9]), we conclude that (1.6)) holds true. This finishes
the proof of Theorem m

To state the weighted real variable argument established in |21, Theorem 3.4], we first
recall the definition of the A,(R™) weight.
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Definition 2.3. Let n € Nand p € (1,00). A non-negative and locally integrable function
w on R™ is called an A,(R") weight, if

20 L= sw { o [ewab {5 [ [w(x)]—l/@—”dx}p_l <o,

where the supremum is taken over all balls B C R™. Moreover, for any given measurable
set £ C R", the A,(E) weight can be defined via replacing the ball B in (2.4) by BN E.

Then the weighted real variable argument established in [21, Theorem 3.4] is as follows.

Lemma 2.4. Let Qg be a cube in R", F € L'(2Qq), p1 € (1,00), p2 € (1,p1) and f €
LP2(20Q)). Let 0 < <1< a < o0. Assume further that, for any dyadic subcube @ of Qo
with |Q] < B|Qo|, there exist two functions Fg and Rg on 2Q such that |F| < |Fg|+ |Rg|
on 2Q),

1 1/p1

1 1
— F, dz < C. — d
20] /2Q| o(z)|dr < 2522 ’Q‘/élf(fv)l z,

where C1 and Cy are positive constants independent of F, f, Fg, Rg and Q, and the

1 1
— d — d
oa) L1 ) 5 L@ x]

and

suprema are taken over all dyadic cubes @ C Qo. Then, for any w € Ap,(2Q0) satisfying
that there exist positive constants C' and n € (p2/p1,00) such that, for any cube @ C Qo
and any measurable E C Q, w(E)/w(Q) < C[|E|/|Q|]", where w(E) = [pw(x)dx, it
holds true that

L rpe@ds)
{W(Qo) /Qo }

¢ 1 ) 1/p2
2001 o, 85+ iy [ VPt a}

where C' is a positive constant independent of F' and f.

<

Let
(2.5) D:={(z',x,) € R": 2’ € R" " and z,, > ¢(z')},

where ¢: R"~! — R is a Lipschitz function. The projection map ®: 9D — R"~! is defined
by ®(z’,¢ (")) = 2/. Then it is said that S C 9D is a (surface) cube of 9D, if ®(S) is
a cube of R™~!. Similarly, it is said that Sisa dyadic subcube of S, if @(g ) is a dyadic
subcube of ®(S) in R*~1. Moreover, for any a € (0, 00), the dilation aS of the cube S on
0D may be defined by aS := ®~!(a®(9)).
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Via the facts that
(2.6) [VY|lpoemn-1y S 1 and do(x) ~dz on dD

and similar to the proof of [7, Lemma 2.5], we obtain the following relation for A,(0D)
and A,(R""1) weights, the details being omitted here.

Lemma 2.5. Let D and ¢ be as in (2.5), p € (1,00) andw € Ap(0D). Then w(-,¥(-)) €
Ap(R™L).

Then it is easy to obtain the following weighted real variable argument on 9D by
Lemmas 2.4] and

Lemma 2.6. Let D be as in and Sy a cube of OD. Assume that F € L'(2S),
p1 € (1,00), p2 € (1,p1) and fe LP2(2S5)y). Let 0 < B <1< a < oo. Assume further that,
for any dyadic subcube S of Sy with o(S) < Bo(Sy), there exist two functions Fs and Rg
on 2S5 such that |F| < |Fg| + |Rg| on 25,

1/191

(2.7)
1 1 ~
<0 {ms) | IF@laoa) + s [ 17w da(x)}
and
1 1 ~
(2.8) a5, IPs@ldr) < ¢4 w1 dotw)

where Cs and Cy are positive constants independent of F, f, Fs, Rg and S, and the
suprema are taken over all dyadic cubes S c So. Then, for any w € Ap,(2Sy) satisfying
that there exist positive constants C' and n € (p2/p1,00) such that, for any cube S C Sy

and any measurable £ C S,

o A0 o[28)]"

~—

it holds true that

1/p2
{ [ IF@IPet) o)}

o L £l p2 1/p2
< @28 /250 \F(a:)lda(x)Jrc{w(Qso) /230|f(:1;)| w(x)dg(x)} ,

where C is a positive constant independent of F' and f
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To show Theorem we need the following equivalent characterization for the unique
solvability of the LP(9Q2)-Neumann problem on §2.

Lemma 2.7. Let py € (1,00) and Q2 be a bounded Lipschitz domain in R"™ with n > 2.
Assume that the LP°(0Q)-Neumann problem on Q (taking w = 1 in (1.3)) is uniquely

solvable. Let p € (pg,00). Then the following two statements are equivalent.

(i) The LP(0Q2)-Neumann problem on ) is uniquely solvable. Moreover, the solution u

satisfies
(V) |l zeae) < Cllfllzra0),

where C is a positive constant depending only on n, p and the Lipschitz character of
Q.

(ii) There exist positive constants C € (0,00) and ro € (0,diam(€2)) such that, for any
r € (0,79) and x € 09, the weak reverse Hélder inequality

1/p
1 C * p g\
{Tnl /(Z,T)ﬂaQ[( ’UJ) (SU)] d ( )}

B 1 1/po
SC{TH RO da<x>}

holds for any harmonic function w in Q satisfying (Vw)* € LP°(9) and dw/0v =0
on B(xz,3r) N oN.

We point out that Lemma was essentially established in [15, Theorem 1.1]. Indeed,
when pg := 2, Lemma [2.7] is just [15, Theorem 1.1]. For general py € (1,00), by replacing
[15| Lemma 2.2] with Lemma [2.6] (in this case, taking w = 1) and then repeating the proof
of |15, Theorem 2.1], we obtain the proof of (ii) implying (i) in Lemma Notice that,
for any bounded Lipschitz domain 2, the L?(99)-Neumann problem is always uniquely
solvable. Via this fact, replacing the exponent 2 with py and repeating the proof of [15]
Theorem 3.1], we conclude that (i) implies (ii) in Lemma The details are omitted
here.

The following Lemma was established in |15, Theorem 1.2], |11, Theorem 1.1]
and |25, Theorem 1.4].

Lemma 2.8. Let Q C R"™ be a bounded (semi-)conver domain and p € (1,00). Then, for
any f € LP(OQ), the LP(0N)-Neumann problem with datum f (taking w =1 in (1.3))) is

uniquely solvable. Moreover, the solution u satisfies

(V)| zrae) < Clfllzran),

where C is a positive constant independent of u and f.
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Now we give the proof of Theorem [I.5] by using Lemmas 2.6} 2.7 and 2.8

Proof of Theorem [I.5]. Let p € (1,00), w € A,(9Q) and f € L% (952). Then, by (2.2)
and Lemma we conclude that the L% (9Q)-Neumann problem (1.3]) with datum f is
uniquely solvable.

Let u be the solution of the Neumann problem ([1.3)) with datum f. To end the proof

of Theorem we only need to show (|1.7)).
Let Q@ € 9Q and r € (0,r9), where ry is as in Lemma Since 2 is a bounded
semi-convex domain in R™ and hence a Lipschitz domain, by rotation and translation, we

may assume that Q = 0 and

(2.10) B(Q,100r9v/n) NQ = {(z/,z,) € R" : 2’ € R" L, z,, > (')} N B(Q, 100r¢v/n),
where 1p: R"~! — R is a Lipschitz function satisfying that 1(0) = 0. Let

(2.11) So := So(r) == {(a", () s |z <7y ooy |Tpaa] <7}

be a surface cube on the Lipschitz graph 0D, where D is as in ([2.5]).
Let g € (1,p) such that w € A, /,(09). To apply Lemma let F':= |(Vu)*|? and
f :=|f|9. Furthermore, for any dyadic subcube S of Sy with o(S) < B0(Sp), define

g:= fxss — {0_(8521\85) /sz(«’v) dU(l‘)} Xo0\8S-
Then [y, g(z) do(x) = 0 and by (2.2), we find that g € LI(9Q). Let
Fg :=217Y(Vw)*|? and Rg:=21"1|(Vv)*|e,
where v = v — w and w is the solution of the Neumann problem
Aw =0 in Q,
(2.12) 9w — g€ L9(09) on 09,
(Vw)* € L1(09).

It follows, from Lemma that the Neumann problem (2.12)) is uniquely solvable. It is
easy to see that Ov/0v = 0 on 85 and |F| < |Fs| +|Rg| on Q. By Lemma [2.8 again, we

conclude that

q—1
U(;S) ( )do’( ) 2(25)/ [(Vw)*(x)]ng(x)
2q 1
<

\

[ (Vuy @) o) 5 o | lata)asta)

o)l doe 89\85 [ r@rasa
D[t do(e) ~ —s | (F@)dota
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which implies that holds true.

Moreover, from the fact that 2 is a bounded semi-convex domain and Lemma
we deduce that, for any s € (1,00), the L*(9)-Neumann problem is uniquely solvable,
which, together with the fact that dv/drv = 0 on 85, Lemma and , further implies
that, for any s € (1, 00),

(s Liwrerawm) ™ <Lt [ oo eraw)

By this estimate, we conclude that, for any s € (1, 00),

Rs(@)]* doz >}1/5

{U 1/s
- { Vv)*(m)]sq da(w)}
(2.13) .
S o [V @) o)
! *(z)]9do(x b w)*(z)]9do(x
S 5 /45[<Vu> @ do@) + —s [ [(V0) @) dote)
1
5 | F@de@) + — | (f@)dote

which implies that holds true for p; := s.

Now we prove that w satisfies . Recall that, for some s € (1, 00|, a non-negative and
locally integrable function V' on 912 is said to belong to the reverse Hélder class RH(0S),
if there exists a positive constant C' such that, for any @ € 92 and r € (0, diam(01?)),

1/s
1 Sdo(x ¢ x)do(x
{ J o Vot >} <51 ), V)

here and hereafter, I(Q,r) := B(Q,r)NQ. Then it is well known that, for any ¢ € (1, 00),

(2.14) 4,00 c |J RH.(09)

s€(1,00]
(see, for example, [22, p. 9, Theorem 15]). Moreover, if V'€ RH(92) with s € (1, o], then
for any @ € 99, r € (0,diam(02)) and measurable set £ C I(Q,r), V(E)/V(I(Q,r)) <

[0(E)/o(1(Q,r))]® D/, Indeed, from the definition of RH4 (), the Holder inequality
and the fact that o(1(Q,r)) ~ r"~1, it follows that

1/s

1/s
)% do(x o 1/s' )% do(x o 1/’
v<E>s{/E[v< ) do >} (B < {/I(Q’T)m J)° do >} o)
< [o(I(Q, )] YV (I(@Q,r)) o (B,
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which implies that

V(E) { o(E) ]“‘”/S
V@, r) ~ Lo(I(Q,r)) '

By this and (2.14), we conclude that there exists sy € (1,00] such that w € RH,,(0S)

and, for any @ € 09, r € (0,diam(052)) and measurable set £ C I(Q,r),

w(E) o(B) ]G
(2.15) w((Q,1)) s [U(I(Qﬂ“))] '

Let py := p/q. From the fact that holds true for any s € (1,00), we deduce that
there exists p; := s such that (s9—1)/sg > p2/p1 and holds true for such py, which,
combined with , further implies that holds true for such p; and ps. Thus,
applying Lemma to F' and ]?, we find that

{W(lso) /So [(Vu)*(2)]Pw(z) do(z) }Q/p
(o L F@rew da(x)}l/pg
1

(2S0) /250 F(z)do(x) + {w(2150) /zso |f (@) P2e(x) da(ac)}l/p2

1 * q # » a/p
" 0 (25) /250[(vu) (@] do() + {w(250) /250 |f(@)[w(@) dg(x)} ;

which further implies that

{w(go) /S O[(Vu)*(a:)}pw(x) da(m)}
< {0(2150) /QSO[(Vu)*(x)]qda(w)}l/q+ {w(;&)) /250 (@) Peoa) dg(x)}l/p.

Then, from (2.16)) and a simple covering argument, it follows that

1/p
b (2)Pw(z) do(z
{W(Q?m / o [T @) do >}
1 ) , 1/q
(2.17) < {U(I(Q,QT)) /I(Q,Qr)[(VU) (2)] da(x)}

1/p
1
: {wumr)) Jiga P12 da(fv)} .

By the fact that Q is bounded and Remark (i), we conclude that there exist a
positive constant ¢y, finite sets {Q; }j\/:ol C 09 of points and {v); }?;01 of Lipschitz functions

A

1/p

(2.16)
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such that 99 C U;VZOI I1(Qj, coro), {QJ}N,O and {wJ}N,O satisfy (2.10), and the estimate
([2.17) holds true for 1(Q;,coro) with j € {1,..., No}, where Ny € N is a positive integer
depending on 2 and ry is as in Lemma[2.7] Then, via coverlng 0f) with the finite collection
of surface balls {I (Qj,coro) 2y, it follows, from , the Holder inequality and .
that

No
(V) Nl 00y < DIV N2, (1@y.c0m0))
j=1
No

8o [w(I(Q, coro))] /"
2
S ]Z [O‘(I(Qj,200’l"0))]1/q HfHLq o0) + Z HfHLp(I (Q;,2c0m0))

7=1
S fllza@a) + 12z o0y S 1Ly @0)-

Thus, (1.7) holds true, which completes the proof of Theorem O
To show Theorem [I.6] we need the following two lemmas.

Lemma 2.9. Let py € (1,00) and Q be a bounded Lipschitz domain in R™ with n > 2.
Assume that the WF°(9Q)-Regularity problem on Q0 (taking w = 1 in (L4)) is uniquely

solvable. Let p € (pg,o0). Then the following two statements are equivalent.

(i) The Wf(@ﬂ)—Regulam'ty problem on € is uniquely solvable. Moreover, the solution
u satisfies

[(Vu)*|lra0) < ClIVefllra0),

where C is a positive constant depending only on n, p and the Lipschitz character of
Q.

(ii) There exist positive constants C € (0,00) and ro € (0,diam(€2)) such that, for any
r € (0,79) and x € 09, the weak reverse Hélder inequality

1/p
1 C * p g\
{Tnl /(Z,T)OQQ[( ’UJ) (CC)] d ( )}

1/po
C 1 *(z)P0 do(x
SC{rn_l LT @I ot >}

.holds for any harmonic function w in Q satisfying (Vw)* € LPO(9Q) and w =0 on
B(x,3r) N oN.

(2.18)

Proof. The proof of Lemma [2.9]is similar to that of [15, Theorem 1.1] or [10, Theorem 1.1].
For the sake of completeness, we give some details.

We first prove that (ii) implies (i). Let f € W{’(@Q), Q € 9Q and r € (0,r9), where

ro is as in Lemma (ii). By rotation and translation, we may assume that () = 0 and
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(2.10]) holds true in this case. Let Sp be as in (2.11) and S be a dyadic subcube of Sy with
o(S) < Bo(Sp). Assume that ¢ € C°(R™) satisfies 0 < ¢ <1, p =1 0n 85, ¢ =0 on
R™\ 16S and |[Vo| Sr7tl Let fi:= o(f —cy) and fo := (1 — ¢)(f — ¢f), where

1
cp = 2(169) Jiss f(z)do(x).

Assume that u = uj+us+cy, where u; and uy are the solutions of the Wf ?(092)-Regularity
problem with data f; and fo, respectively. Let

Fi=|(Vu)* P, fi=|Vef[°, Fs:=27""|(Vur)* "

and Rg := 2P0~ 1|(Vug)*[P°. Then uy = 0 on 85 and |F| < |Fs| + |Rs| on 9Q. By the fact
that uy is the solution of the Wf’ 9(09Q)-Regularity problem and the Poincaré inequality,
we find that

1
0(23)/25};’5(3:) do(x)
opo—1 o ot 1 s
= 5(29) /stun @) do(x) S s /m\vm( )70 do(x)
. P do(e) 4 L L s
& o(29) /16$!th(37)! do )+0(2S) P /165'\85’f( ) — sl do(z)

PO do(x o~ f(z)|do(x
S sigg [ V@ dn@) ~ —es | (7@ do(e),

which implies that holds true.

Furthermore, it is well known that the weak reverse Holder inequality has the property
of self-improving, which implies that if holds true for some p € (pg, 00), then
also holds true for p + €, where € € (0,00) is a constant. From this and the fact that
us = 0 on 85, we deduce that

{5 [ [wer@pr do<x>}l/(p+s) g [Twr @ da(w)}l/m ,

which further implies that

1

}po/(p+s)

/—’H

/ [Rs ()] /7 do(x)

(x)]P° do(x)

PDO- L w1V ()P0 do(x
d<>+a(4S)AS[<v (@) do(x)

1 -
63 /. [f@ldo().
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Thus, (2.7) holds true for p; := (p + €)/po in this case. Then, by Lemma [2.6| with w =1,
we conclude that, for any ¢ € (po,p + ),

1/q
! ()% do(x
{ L (T >}
1/po
1 *(x)]P0 do(x
(219) < { Lo T @I ot >}

1 1/q
+{ nl/ |th($)|qd0($)} )
r B(Q,2r)noQ

Thus, (2.19)) holds true for ¢ = p. Then, by a simple covering argument, (2.19) with
q = p, the fact that the Wf °(09Q)-Regularity problem is uniquely solvable and the Holder
inequality, we find that

(V)| Lo a0y S 1OQUYP1P0[ (V)| oo a0y + Ve | Lo(on)
S 1OQMY PPN, £l oo o) + Vel Leo) S 1Vef Lo (an)-

This finishes the proof of (ii) implying (i).

Now we show that (i) implies (ii). Let r € (0,79) and w be a harmonic function in
Q) with the properties that (Vw)* € LP°(9Q2) and w = 0 on S(3r), where S(3r) is as in
@.11).

Z(r) :={(2',2,) €ER" : 1| <7y |wn1| < mp(2)) < 2, < Csr},

where the Lipschitz function v is as in and C5 := 1+ 10y/n||V3|| oo mn-1). Observe
that w = 0 on S(3r) implies that the Poincaré inequality holds true for the function w
on Z(2r). Based on this observation and the fact that the W7 (99Q)-Regularity problem
is uniquely solvable, repeating the proof of [15, Theorem 3.1], we know that holds
true. This finishes the proof of (i) implying (ii) and hence the proof of Lemma O

The following Lemma is just [18, Theorem 3.11].

Lemma 2.10. Let Q C R" be a bounded (semi-)conver domain and p € (1,00). Then, for
any f € WF(9Q), the WF(9Q)-Regularity problem with datum f (taking w = 1 in (T.4))

is uniquely solvable. Moreover, the solution u satisfies

[(Vu)*[[zran) < CIVefllLro0);

where C is a positive constant independent of u and f.
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Now we give the proof of Theorem [I.6] by using Lemmas [2.6} 2.9 and [2.10

Proof of Theorem [1.6] Let p € (1,00), w € A,(9Q) and f € Wf’w(aﬂ). Then, by
and Lemma we find that the Wf ., (02)-Regularity problem with datum f is
uniquely solvable.

Let u be the solution of the Regularity problem with datum f. To finish the
proof of Theorem [1.6] we only need to show .

Let @ € 092 and r € (0,7), where g is as in Lemma Assume that @) = 0 and
So := So(r) is as in (2.11). Let ¢ € (1,p) such that w € A,/,(9Q). Assume that S
is a dyadic subcube of Sy with o(S) < So(Sp). Let ¢ € CX(R") satisfy 0 < ¢ < 1,
¢ =1on8S, ¢ =0o0nR"\16S and |Ve¢| < r~'. Assume that u = uy + ug + ¢y,
fi:=¢(f —cf) and fo:= (1 —p)(f —cy), where u; and uy are, respectively, the solutions
of the Wf ?(09)-Regularity problem with data f; and f2, and

1

cp = (163) 16Sf(:c) do(z).

Let
Fio=|(Vu)'%, fi=|Vif|9, Fg:=27"(Vuy)*|?

and Rg := 2971|(Vuy)*|9. Tt is easy to see that us = 0 on 85 and |F| < |Fs| + |Rs| on
0. Then, via replacing Lemmas and respectively, by Lemmas and and
repeating the proof of , we conclude that holds true, which completes the proof
of Theorem [L6 O
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