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Semi-classical Limit for the Quantum Zakharov System

Yung-Fu Fang®, Hung-Wen Kuo, Hsi-Wei Shih and Kuan-Hsiang Wang

Abstract. In this paper, we prove the semi-classical limit for the quantum Zakharov
system, that is, the quantum Zakharov system converges to the classical Zakharov
system as the quantum parameter goes to zero, including a convergence rate. We
improve the results of Guo-Zhang-Guo [11].

1. Introduction

In this paper, we consider the semi-classical limit for the quantum Zakharov system, which
describes the propagation of Langmuir waves in an ionized plasma. Langmuir waves are
rapid oscillations of the electron density in conducting media, such as plasmas or metals,

see [6,|13/14]. The system reads as

iE; + AE — 2A’E =nE, (x,t) e R x R;
(1.1) ng — An +e?A%n = A|B|?;

E(0) = Ey, n(0) =ng, 0n(0)=ny,
where E is slowly varying envelope of the rapidly oscillating electric field and n is the
deviation of the ion density from its mean value. F is complex valued and n is real valued.
The quantum parameter ¢ typically goes from the values of order 107 to the values of
order unity, see [6,13}|14] for more physical background.

When the quantum effect is absent, the system is reduced to the classical Zakharov

system which is as follows:

iE,+ AE =nE, (z,t)eR?xR;
(1.2) ng — An = A|E|%;

E(0) = Ey, n(0) =ng, 0n(0)=n;.

The regular solutions of (|1.2)) satisfy the conservation of mass

/\E(t)|2dx :/|E(0)|2dx = constant
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and the conservation of the Hamiltonian
2 1 2 2 2
IVE|3: +3 (Hntuﬁ_l + Hnup) + [ n|E? dx = constant.

The Zakharov system ([1.2)) has been extensively studied for the local and global well-
posedness |[1,14,7,/16,|18], for blow-up [8/9], for scattering results [10], and for adiabatic
limit and subsonic limit of the solution [17,[21]. In 1992, Ozawa and Tsutsumi proved the

Schrodinger limit for the Zakharov system with the optimal convergence rate, see |19].
Analogous to (1.2)), (1.1) has the conservation of mass

(1.3) /E(t)|2dx :/|E(0)|2da:

and the conservation of the Hamiltonian

1
g MEmm© = IVEDEI + 5 (ol + 1eTml) + [ ol s

= constant,

where |V| and (¢V) are defined in (2.1). We list some known results for (L.I). In 2013,
Guo, Zhang, and Guo proved the global well-posedness and the classical limit of
for dimensions d = 1,2,3, see [11]. In 2016, Jiang, Lin, and Shao proved the local well-
posedness for in 1D with initial data (Eo,ng,n1) € H* ® H' @ H*? provided that
|k| —3/2 < £ < min{k + 3/2,2k + 3/2} and k > —3/4, see [15]. In 2016, Fang, Lin, and
Segata showes that the Schrodinder limit for the quantum Zakharov system with optimal
convergence rate as the wave speed goes to infinity. In 2017, Chen, Fang, and Wang
obtained the global well-posedness for in 1D with (Ey,ng,n1) € L> @ H @ H?
provided that —3/2 < ¢ < 3/2, see [3|. In 2017, Fang, Shih, and Wang obtained a local
well-posednes for in 1D for a wider range of initial data, see [5].

Following an idea used in a work of Masmoudi and Nakanishi, see [17], we can rewrite
the wave equation in as follows. We set

0n

(1.5) N=n+ WY

where |V|] and (¢V) are defined in (2.1)). Thus the quantum Zakharov system (1.1)) becomes
iEy + A(eV)?’E = Re(N)E, (z,t) € RI x R;

(1.6) iON — |[V(eVIN = |V|(eV) L E|?;
E(0,z) = Ep(z), N(0,z) = No(),

where Ny = ng + IVZ'|<L51V> and Re(N) is the real part of N. Invoking (1.5) with ¢ = 0,
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analogously the Zakharov system (|1.2)) becomes

iE; + AE = Re(N)E, (x,t) € R xR;
(L.7) 0N — |VIN = |V|IE[*
E(07x) = EO(:U)7 N(0,$> = NO(:C))

where Ny = ng + in1/|V|. Thus the Hamiltonian (1.4)) can be rewritten as
1
(1.8)  H(E,N)(t):= |||[V|(eV)E||72 + §H<€V>NH%2 + /Re(N)|E]2dx = constant.

Let 0 < & <1 throughout the paper, unless it is specified. For the system (1.6]), we define

the function spaces
Vi = HFYRY) x HFY(RY) and W, := H¥(RY) x HF(R?),
where k£ > 0. The function spaces V;, and W}, are endorsed with the natural norms

I Wi = 1 e + gl e and([(f; 9w, = (1 e + gl

respectively. Our main results are as follows. The results of Theorems[1.1]and [1.3]improve
those of |11] with lower regularities. The results of Theorems and improve those

of [11] with regularities in a wider range.

Theorem 1.1. (Guo-Zhang-Guo |11] Let k > 2 be an integer and d = 1,2,3. Assume
(Eo,No) € V. Then the system (1.6)) with initial data (Eo,No) admits a unique solution
(E,N) € C(R; V), and the solution depends continuously on the initial data, that is,

lim sup [(EY — B, N7 = N)(1)|lv, =0

J 70 te[-T,T)
for all T > 0, where (E9,N7) are the solutions to (1.6) with initial datum (Eg, g)
such that (Eg, g) — (Eo,No) in Vi as j — oo. Moreover, the solution (E,N') satisfies
|E(t)|| 12 = ||EollLz and H(t) = H(0), where H is defined in (L.8).

Theorem 1.2. Under the same assumptions in Theorem with the space Vi, replaced by
the space Wi, we have the same conclusion as those of Theorem i the corresponding
space Wy, for k > 0.

Theorem 1.3. Let k > 6 be an integer, (E5,N¢) and (EJ,N{)) € Vi, and satisfy
(1.9) (E5, N5) uniformly bounded in Vi

and
(E5,NG) — (EQ,NY) in Vi_g as e — 0.
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Assume that (E5,N¢) and (E°, N°) are solutions to (1.6) and (1.7) with initial datum
(E5,N§) and (E3,NY)) respectively. Then, for any T > 0 when d =1 and for some T > 0
when d = 2,3, there holds that

(L10) |(B°— B° N~ NO)vi._, S I1(E§ — E§. NG N lIviy + el ANG —A) o+
and
(1.11) |(B°=E°, N*=NO)lv, < I(E§—EQ, Ng —N)IIT, _, +eIAWNG =N 1555+,

where o = (k — 2 —5)/2, s € [k — 4,k —2) for allt € [-T,T|, and the constants in the

inequalities are independent of €. Moreover, we have
(1.12) (E5,N¢) — (E° N in C([~T,T); Vi_2) as ¢ — 0.
Theorem 1.4. Let k > 6 be an integer, (E§,N§) and (EJ,NJ) € Wy, and satisfy
(E5, N§)  uniformly bounded in Wy,
and
(ES,N§) = (EQ,NG) in Wy_3 ase — 0.

Assume that (E°,N¢) and (E°, N°) are solutions to (1.6) and (1.7) with initial datum
(E§,N§) and (E§,NY)) respectively. Then, for any T > 0 when d =1 and for some T > 0
when d = 2,3, there holds that

(113) |(B° = B N =N,y S (5~ B9 NG N v+l ANG — N gis +°
and
(1.14) |(E°=E°, N*=N?)|lw, < ||(ES—ES’Né—/\/g)||€Vk_4+€5IIA(N§—N(§))||@k76+625,

where § = (k—3—35)/2, s € [k—5,k—3) for allt € [-T,T], and the constants in the

inequalities are independent of €. Moreover, we have
(1.15) (E5,N¥) = (E°,N°)  in C([-T,T); Wi_3) as € — 0.

The outline of the paper is as follows. In Section [2| we introduce some notations and
solution formulae. In Section 3] we apply energy method to derive some uniform bounds of
solutions in time for global well-posedness and some uniform bounds for the semi-classical
limit. We state some Strichartz estimates of the 4th order Schrodinger equation and that
of the 4th order wave equation for the global well-posedness of . In Section {4} we
prove the global well-posedness of the quantum Zakharov system. In Section [5 we prove
that solution to the quantum Zakharov system converges to the solution to Zakharov

system in an appropriate norm.
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2. Notations and solution formulae

Let us denote
(2.1) IV]:=vV—=A and (V) := (1+%|V|))/2=(1-e2A)Y2

We also denote the projection on the low frequency part by Py, and the projection on the
high frequency part by Py,

Pru(€) = v(I€Dae) and Pru(€) = (1 — ¢ (|€]))a(e),

where the cut-off function ¥.(|¢]) is 1 for ¢|¢] < 1, 0 for ¢|£| > 2.
For 5 € R, we denote H*(R?) and H*(R?) the standard inhomogeneous and homoge-

neous Sobolev spaces equipped with the norms
lull s == (V) ull 2 = |1+ €)%l and  full zo := [IV[*ullz> = [[[]*T| 2

respectively, where 7 is the Fourier transform of u over space variables. Also we denote
the Sobolev space HY = Wk,
Consider the 4th order Schrédinger equation
iE;+ AE —2A’E=F, (z,t) e RIxR;

22) E(0) = Ey.

We have the solution formula
t
(2.3) E(t,x) = U(t)Eo(z) — z/ Us(t — s)F (s, x) ds,
0

() — QitA(eV)?

where U.(t is the 4th order Schrodinger propagator. In general, for the

equation of N,

iON — [V[(eVIN = h, (2,t) € R x R;

(2.4)
N(O,LE) = N()(l’),

we can obtain the solution formula
t
(2.5) N(t,x) = . (t)No(z) — z/ O, (t — s)h(s,z)ds,
0

where ®.(t) := e *VIEY) is the propagator of ([2.4). The Duhamel operators for (2.3)
and ([2.5)) are respectively

t t
Us*p F(t,z) = —i/ Us(t—s)F(s,x)ds and ®.xpF(t,z)= —i/ O (t—s)F(s,x)ds.
0 0
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3. Energy estimates and Strichartz estimates

A pair (g,r) is called Schréodinger admissible, for short S-admissible, if 2 < ¢,r < oo,
(q,r,d) # (2,00,2), and

2 d d

PRt
A pair (gq,r) is called biharmonic admissible, for short B-admissible, if 2 < ¢,r < oo,

(¢,r,d) # (2,00,4), and

4 d d

6 + ; 5.
A pair (g,r) is called wave admissible, for short W-admissible, if 2 < ¢, < oo, (¢,7,d) #
(2,00,3), and

We recall some known results.

Lemma 3.1. (Pausader [20]) Let E € C([0,T], H-*(R%)) be a solution of (2.2) with
e = 1. For any B-admissible pairs (q,r) and (q,7), it satisfies

f (o1} (Rd))) ’

where C' depends only on q and 7. Besides, for any S-admissible pairs (q,r) and (a,b),

(3.1) IEN Lao.13;27, meyy < C <||E0||L§(Rd) + |||

and any s > 0, we have
(3.2)
VI El Lao,r;Lrmay < C <||\V’872/qE0HLg(Rd) + H’V\sfz/qﬁ/aFHLg’([o,T];Lg,’(Rd))) ’

where C depends only on a’ and /.

Consider the quantum effect, the Strichartz estimates (3.1) and (3.2]) can be derived

as follows.

Corollary 3.2. Let E € C([0,T], H*(R%)) be a solution of ([2.2). For any B-admissible
pairs (q,r) and (q,7), it satisfies

2 “2/q-2/§
(3-3) 1Bl s o,y;Lr meyy < € (5 /QHEOHLg(Rd) +e72/1 /qHFHL;;/([O,T];Li'(Rd))> ;

where C' depends only on (;’ and 1. Besides, for any S-admissible pairs (q,r) and (a,b),
and any s > 0, we have
IIVIPE La(o,r:Lr ray)

< C (29 [V Byl gy + €42 V2R o)

where C' depends only on a’ and V. For e =1, we also have

(3.5) H<V>S_2/qEHLf([o,T];L;(Rd)) <C (HW)SEOHLg(Rd) + H<V>s_2/aFHLg’([o,T];Lg’(Rd))) :
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Proof. To derive the homogeneous terms of and , we use the L?-norm invariant
scaling, Ey \(z) = A2 Ey(Az) and the homogeneous estimates of and .

To derive the inhomogeneous terms of and (3.4)), we use the L?l (Lg)—norm in-
variant scaling, F)(t,z) = A2/ T4/Y F()\2¢, \z) and the inhomogeneous estimates of

and (3.2). (3.5)) is an inhomogeneous version of ([3.2)). O

Lemma 3.3. (Gustafson-Nakanishi-Tsai [12, Theorem 2.1]) Let N be a solution of (2.4)).
If (q;,7i) are S-admissible with r; < oo for i = 1,2, we have

% < [Nl pgme + H (‘V’) h
> PEE T INE)

9

H M -m

LA ([0.7)L5 (R4)) L (0,712 (R4))

where the constant depends on d and

2\ 1
=(1-=)—.
v ( d ) 4
For the proof, the readers are referred to the work of Gustafson-Nakanishi-Tsai [12].

Lemma 3.4. (Gagliardo-Nirenberg inequality [2]) We have the following estimates

(3.6) ”UHL4 Rd) S ”VUHL2 Rd)Hu”Lz (Rd)’
(3.7) HUHL4(Rd S HAUHLZ Rd) HUHLQ (R4)
and

(k—6)/(k—4)
(3.8) lullpr-ogeay S Nl orm,  lell e

Proposition 3.5. For smooth solutions to (|1.6|), there hold two conserved quantities:
(3.9) IE@IZ: = 1 Bol72,  H(t) = H(0) for allt €R,

where H(t) = H(E(t),N(t)) is given in (L.8).
Moreover, if (Eo,Ny) € Va, then

(3.10) E@),N®)[lv, <C forallt €R,
where C' depends only on ||(Eo, No)|lv, and e. If (Ey,No) € Vi for k > 3, then
(3.11) ICE®), N)lv, <C fort € [-T,T],

where C' depends only on ||(Eo, No)|v,, T and €.
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Proof. The derivations of conservation of mass and the conservation of the Hamiltonians

. ) for (L.1]) and . ) for (1.6)) are standard.

To prove , we deﬁne HN = [Re(W)|E |2dz. To estimate the inhomogeneous
part of the Hamﬂtonlan, we apply -,

IE@Is S IE@5L"® - IAB®)
Hence we have
[Hxl <IN DI, + Bl - a3
< JINWIR, + 52 IAB@I, + C.
Now we can estimate the homogeneous part of the Hamiltonian:
Hi(t) = H(t) — Hu(t)
< [HO)]+ IV, + 52 IABOIE, + O

Thus we obtain

Hi(t) < [H(0)| +C.

Hence we get

IE®),N (@)l ~ He(t) < C.

To show for k > 3, we proceed the proof by induction on k. First we show
for k = 3. We apply to obtain ||E(t)|| g2 < C for all t € R. Since H?(RY) is
a Banach algebra for d < 3, we have ||A|E|?||z2 < ||[E||3;2 < C. Taking the inner product
of the second equation of with (V)N and then taking the imaginary part of the

resulting equation gives
Re/< VY2N(VVEN da = —Im/ 219 |(eV) L | E2)(VY2N da.

Hence we obtain

d
ZIVPNIZ: S VY NZ2 + C.
Invoking Gronwall’s inequality, we get
(V)N l2 S ©

for t € [T, T7.
To estimate E, we differentiate the first equation of (1.6]) to get

(3.12) iEy + A(eV)2E; = Re(N;)E + Re(N)E;
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Analogously we take the inner product of the above equation with (V)~2FE; and then take

the imaginary part of the resulting equation, thus we have
Re/<V>_1Ett<V) 'Eidx = Im/ YRe(M})E + Re(N)Ey) (V) E; da.
Hence we obtain
GNENy s S INER 2 + B + B S 1By +C.

Since

INeE|| -1 = sup  [(ME, )| < sup [Nl 2| Ell g lellg < C
llell 1<t llell 1 <1

and

INEt|gg-1 = sup [(NE, )| < sup  |Edllg—1|[Nlmllelm < [|Ed -1 + C.
llell <1 llell 1 <1

Notice that using the second equation of ([1.6]), we have |AV¢||;2 < C. Invoking Gronwall’s
inequality, we get
|| g S C fort € [-T,T].

Finally we use the first equation of (|1.6]),
(3.13) AFE = (V) ?(—iE; + Re(N)E)

to obtain
|E|gs S C fort e [-T,T).

Hence we have
I(E®),N (@), <C forallte|-T,T).

Now we assume that the estimate (3.10)) holds for k = 3,4, ..., m. Now we want to show
that (3.10) holds for k& = m + 1. Notice that ||E(t)||gm < C implies [|AE(t)| gm-2 < C.
We take the inner product of the second equation of (I.6) with (V)?™A and then we take

the imaginary part of the resulting equation to get
Re/( VPNV N d = —Im/ m(V(eV) T EP)N (V)N d.

Hence we obtain

d
V)" NL S V)" NEe + C.

Invoking Gronwall’s inequality, we get

KV N2 S C fort e [-T,T].
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To estimate F, analogously we take the inner product of (3.12)) with (V)2 6F, and

then take the imaginary part of the resulting equation, thus we have
Re / (VYT 3By (V)" 3Ey dr = Im / (V)" 3(Re(N:)E + Re(N)Ey) (V)™ 3E, da.
Hence we obtain

d
%HEt”%]m—S S IV B m—s + N Eell3m-s + 1Bl Fpm-s

S IVl gmall Bl s + N 1Bl Fpms + [ Bl Fns
S | Eellfpmes + C.

Notice that using the second equation of (1.6)) gives | Ni||gm-3 < C. Invoking Gron-
wall’s inequality, we get
|Etl| gm-3s S C  fort e [-T,T).

Finally we use to obtain
|E||ggmsr S C for t e [-T,T).
This completes the proof. O
Proposition 3.6. Let T >0, k > 2 and (Ep,Ny) € Wy. Then
IE@),N@)llw, <C forallt € [-T,T],
where the constant C' depends on ||(Eo, No)|lw,, T and ¢.

Proof. Since the initial data (Eg,Ny) € H* x H* ¢ H* x H*'| we can then apply
Proposition [3.5] to get

N(E@), N grwpr— <C forallt e [-T,T).

As in the proof of Proposition [3.5, we take the inner product of the second equation of
(1.6) with (V)2* A/ and then we take the imaginary part of the resulting equation to get

Re/(V>kM<V)kNdx _ —Im/(V)k(\V|<5V>_1|E|2)(V>”“/\/’da:.
Hence we obtain J
SV NI S IVYNIE: + C.
Invoking Gronwall’s inequality, we get

(VYN |2 S C  for t € [-T,T].

Hence we have the desired result. O
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Proposition 3.7. Let d =1 and k > 4. Assume that (E5,N§) € Vi, and
(3.14) ICEG, No)llvi < Co,

where Cy is independent of €. If (E5,N¢) € C(R;Vy) is the solution to (1.6 with the
initial data (E§,N§), then for all T > 0, we have

(3.15) ICES(8), NS (O Ivi—s + I1EF ()l gr-a < C - for all t € [T, T,
where C' depends on Cy and T, but not depends on €.

Proof. We first prove the case for k = 4. From Proposition [3.5] we have the conservation
of mass and conservation of Hamiltonian in (3.9)), that is

IE®)|2: = || Eol2,, H(t) = H(0) forall t € R.

Invoking (3.6]),

(3.16) lull 7 S lullslluall 2,
we get,

€ €2 1 € €14 1 €12 1 €112 1 €16

Re(N) B da| < N Ilp2 + 1Bl Ex < JINFIR: + SIS I3: + 5 1B Se.
Thus we have ) )
[ R B Pas| - NI - S1EEIE < ©
and then
1 1
IIVI{eV)E®||7 + §\|<5V>N5||i2 ~H(ES,NF)() - ZIINEIIiz
1

(317) - B — [ Re(VOEE s

< H(ES, N9)(0) + C.

We also have that
(3.18) |E¥|= < 1Bl < C.

Now we want to estimate ||E®|| ;. and |[N¥| ;.. Taking inner product of (3.12) and
the second equation of (1.6]) with Ef and |V|?(eV)2N¢ respectively, then we apply (3.16))
and (3.18) to obtain

1d —e
——|Ef |32 = Im [ Im(|V[(eV)N®)E°E d
510 53 1B = I [ 1an((9|(e9)A%) E°E d

S IVHeVINCZe + 1 B |12
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and

1d £ (12 2| e (2 e
(3.20) 5 7 IVHEVINT 2 = Tm [ [V EZF[V(eV)N da

S (IAE|Z2 + 1) [[IVIEVINE] Lo

Since
(3.21) i(eV)T2Ef 4+ AE® = (V) ?(Re(N®)E?),
we have
(3.22) IAE |12 < (V) 72Ef |12 + (e V) > (Re(N) E7) | 2

< ||Ef||z2 + C.
Combining (3.19)—(3.22), we have
d
o7 (IBf 172 + IV EVINEIT2) S IEF (172 + IV I(EVINEZ2 + C.
Invoking Gronwall’s inequality, (3.14)) and (3.17)), one can derive

S (1B W2 + N EF 1122 + IVHEVIN 22 + [{eV)NEIIZ:) < C,
€l— )

where C' is independent of e. Hence we have proved (3.15) for k£ = 4.
Repeating the same arguments as above, we can prove (3.15|) for k& > 4. O

Proposition 3.8. Letd = 2,3 and k > 4. Assume that (E§,N§) € Vi, and ||(E§, N§)||v;, <
Co, where Cy 1is independent of €. If (E,N¢) € C(R;V}) is the solution to (1.6) with the
initial data (E§,N§), then there exist constants T and C such that

(3.23) ICES(8), N* () vy + 1EF @) gr—a < C for all t € [T, T],
where C' and T are independent of €.

Proof. In the case of d = 2,3, the Hamiltonian possesses a nonlinear part which can not
be absorbed by the linear part. Thus, unlike the case for d = 1 in Proposition we use
a different approach at the cost of that the size of the time interval T is not arbitrary.

Let us consider the case of kK = 4. First we compute
%|E5|2 = 2Im [(—AE® + e A’E* + Re(N°®)E°) E¢|
< 2Im [(—AE + 2 A%EF) E¥].
So we have that

t o t
B2) B~ 1FO) = [ [ 2B P B duds < [ 1B ds.
0 0
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Analogously we have

4 4 ! 6 2
325 IReN“(0I} S IReAZO)f + [ [ReA (o)l + | ReA (9)]Fa s

Invoking (3.21)), (3.24) and (3.25]), we then obtain
IAE=)]172 S 1B N7 + [ Re(N)(B)lI74 + 1B (1|74

(3.26) t
SO+ C/ 1E°(s)[I52 + [ Re N° () |51 + [| Re NG (5) 172 ds.
0

Next we apply (3.24) to bound the integral

1 t
[ ReBPas| < IR + O+ C [ IE e ds
0

Thus we can apply (3.19) and (3.20]) to estimate the following terms

1d
2dt
:Im/Im(|V|<5v>N€)E6E§ dx+Im/\V|2|E62|V|<5V>/\/'E do

(I1EF (OlZ2 + I VI{EVIN=(®)IIZ:)

SIVHEVINFIZ: + 1B ()52 + 1B ()1 72
Thus we integrate the above estimate over the time interval [0, 7] and then we get
1B ()17 + NIV IEVINE@)IZ

t
<C+ 0/ IIVIEVINE 72 + 1B () 2 + 17 (5) |72 ds.
0

Now we apply the conservation of mass, the conservation of Hamiltonian and (3.24))

to compute
1B Ol + VI
~ s + IVE I + I ReA I + 51 Tm A2, + VA,
Gar) S IE@ + 0 — {IReNI — [ ReV) B da
< 1B (0) 3 + HE(0) + | Bl

t
<ChC [ Bl ds.
0
Now we set

®(t) = | B0l + 125 (D17 + eVIN D Z2 + I VI{EV)N(#)][72-
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Invoking (3.26)), (3.27) and (3.19)), we can show that
t
ngc+c/u+¢@f@.
0

By Gronwall’s inequality, there exist 7 > 0 and C' > 0 such that (3.23)) holds.
Finally, for k > 4, we set

Pr(t) = 1B Fn2 + 1EF (O Fpes + EVIN O30 + IV HEVIN ()G
Analogously we can prove that
t
ngc+c/u+@@ﬁ@.
0

Again we apply Gronwall’s inequality to obtain that there exist T > 0 and C' > 0 such
that (3.23]) holds. O

Proposition 3.9. Let d =1 and k > 4. Assume that (E§,N§) € Wy, and
I(EG, No)llw,, < Co,

where Cy is independent of €. If (E5,N¥¢) € C(R;Wy) is the solution to (1.6)) with the
initial data (E§,N§), then for all T > 0, we have

I(E=(@), NS (Wi + 1EF ()] r—a < C for all t € [T, T],
where C' depends on Cy and T, but not depends on €.

Proof. The proof is analogous to that of Proposition so that we skip it. O

Proposition 3.10. Letd = 2,3 and k > 4. Assume that (E§,N§) € Wy and ||(E§, N§)|lw,
< Cp, where Cy is independent of . If (E°,N¢) € C(R; Wy) is the solution to (1.6 with
the initial data (E§,N§), then there exist constants T and C such that

ICE=(@), NIy + 1B ()| r-a < C for all t € [=T,T],

where C and T are independent of ¢.

The proof is analogous to that of Proposition so that we skip it.



Semi-classical Limit for the Quantum Zakharov System 939

4. Global well-posedness for (QZ system

Now we prove Theorem

Proof of Theorem [1.1] For the existence and the uniqueness of the solution, the readers
are referred to Theorem 1.1 in [11]. Thus admits a unique local solution. The
estimates in Proposition imply that the solution (E,N) obtained by the iteration
argument can be extended globally in time.

Secondly, we prove the continuous dependence of the solution to on the initial
data. Let (E7,N7) and (E, N) be the solutions to with initial datum (Eé,Ng) eV
and (Ey,Ny) € Vi respectively, such that

(4.1) I(E5,N§) — (Eo, No)llv, = 0 as j — oc.
Let us consider the difference of (E/, N'7) and (E,N). Denote
Fl:=F —FE and M’:=N7 - N,
and then (F7, M) solves
iF) + A(eV)2F) = Re(M?)E’ + Re(N)FY,
iM] + |V (V)M = |V[(eV)H(FIET + EFJ).
Invoking , we have

(4.3) sup [[(BY, N9 vy, + 1B [l s < C,
te[-T,T)

(4.2)

where C' is independent of j.
As in the statement of Proposition the solution (E7, N7) satisfies

1B ()72 = 1B 72, H/(t) = H/(0) forallt €R,

where H7(t) = H(E(t), N7 (t)) is given in (1.8). Invoking (4.1)) and (4.3)), one can get

sup ||(BEY — E,N7 — N)|| 2512 — O.
te[-T,T)

Thus we can use the interpolation in Sobolev spaces to derive

(4.4) sup  [[(E7 — E,N7 = N)|| gr1 scpgrr—1 — 0 for k1 < k.
te[-T,T)

Hence we can also get

(4.5) (E/, N7y = (E,N) weakly * in L®(=T,T;V}).
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From (4.3)) and the second equation of (4.2)), by the energy method, we have
d ) . .
(4.6) M s < O (1 [l + (M7 || i) -
Since M7 has one regularity less than 7, we differentiate the equation of F/ to get
iF), + A(eV)2F) = MJE7 + MVE] + N/ F7 + NV F).
Invoking the energy method, we obtain
d 7112 7112 71|12 71|12
A1) I s < O (1M s + 107 s+ 17 e+ 1 s )

for d = 2,3 and k > 3. Since A\ is given in (1.5]), we can see that N7 and A do not have
L*°-estimates when k = 2 and d = 2,3. We apply the first equation of (4.2]),

AF7 = (eV)"2(—iF] + Re(M?)E’ + Re(N)FY),
together with (4.3) and (4.4),
IAF || gz SN s+ M7 ]| g2 | B | s+ N g | B || s

Thus we derive
IE | S N1 (| s+ o(1).
Combining the the above estimate with (4.1)), (4.6) and (4.7)), we get

(4.8) sup [|(EY — E,N7 —N)|ly, =0 asj — oo for k > 3.
te[-T,T)

For k = 2, (4.7) does not hold, so that we apply the conserved quantity H. Let us

denote
AI(t) = [eAB s + el VINIIR, and A(t) = [eABIR. + 3 el VINE:.
Compute
A3(t) — A(t) = H(E, AP) — HOE,N) — [VE I + VBN, — S IAP I3 + 512
—/Re(Nj)]EjIde—l—/Re(N)|E]2da:.
Invoking and , we can estimate the inhomogeneous part,

(4.9)
sup /Re(/\fj)|Ej|2 — Re(N)|E|* dx

te[-T,T)

< sup (IM7||2 || B2 7a + [ ReN) g2 llF7 [ 22| || 2 + | ReWN) | ol | |l 7 2)

te[-T,T)
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which tends to zero as j — co. Thus we can combine (|L1.8]), (4.1f), (4.4 and (4.9) to obtain

(4.10) lim sup |A(t) — A(t)| = 0.
J=0 e [—T,T)

Invoking the equality

I = gl = 1718 ~ gl — 2Re (¢ - 9)gda,
we can rewrite the following quantity

. 1 .
leAE7 — eAE|7: + S lelVINT = e[VINZ2

= AJ(t) — A(t) — 2¢* Re/A E)AE dx — &2 Re/]V\ —N)|VIN dz.
Combining (4.5 and (4.10)), we can get
in sup (A - B) + EIVIAN ~ A ) =
J=0 te[—T,T)

Therefore we have

(4.11) sup [[(EY — E, N7 —N)|ly, >0 asj — oo.
te[-T,T)

Finally (4.8) and (4.11) imply that the solution to (1.1)) depends continuously on the
initial data. For & > 2, the argument is analogous to the previous case. This completes
the proof. ]

Proof of Theorem [L.2] Denote the notations

8 _ 16 1 1 1 1 1 1
==, ¢=—, l==+—-, a=—-—--, B=—=—-—= and I=|0,T].
d d g q qg q qg q 0.7]

Invoking the Strichartz estimates in Lemmas [3.1] and [3.3] for £ > 0, we estimate the
Schrodinger part E and the wave part N as follows. For d = 1, we have

IPLAVY Nl Lar (r,aray) + 1P (V)Y Nl La(r;04(ra))

1/q1 1/q
o} Pumrn H{m ) PaerN
v L1 (I;L7 (R4)) (V)
s \V4 —1/q v .
< IPL(VY Nol pagea + {"} N, (v)1mP
w W .
\vr}‘l/q M )
Th] Py (V) |E
{<V> P IE]

S Vol s ray + KV Ell Lo (1.4 @ay | Bl Lo (1,02 Ray)

~

La(I; L4 (RY))

(4.12)

+ 1 Pu(V) Noll 12 (ray +

L' (I; LY (R4))

S IOl s ey + TPV Bl Lar. o ay |1 Bl poo 1:02 )
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where (¢,4) and (¢1,7) are S-admissible, and 1/4 = 1/7 — 1/q;. For d = 2,3, we have

V) N Lo, ()

1

<

~

La(I;L4(RY))
)

(1-33
e

S INollgsray + IV Ell o (1,1 ety 1Bl Loo (1,12 (R
S N s ey + TB”<V>SEHL‘7(I;L4(R‘1))HEHLOO(I;LQ(]Rd))'

(4.13) .
S IPL(V) Noll 2y +

L4 (I;L4 (R4))

For d =1,2,3, we can obtain
(4.14) [V Nl poo(rreway S INollrsway + TPV Bl ar.pa map 1B | oo (1,02 (meay) -
For d =1,2,3 and 0 < s < 2/q, we can obtain estimates for E:

(V) El| g (1;22Ray) + KV Bl La(r 4 mey)
S IV Bl oo rr2ray) + V) 9B Lagr.pr1 (may
415) S VY Bollraay + V)™ SN E) | o (1.1 ey
S 1 Eollas + ”NE”LQ'(I;L4/(R‘1))
S 1 Eollzs + IV por (7,08 may 1Bl Lo (1,22 (R))
S Eollas + TN La(r,za@ap | EN oo (1,22 (ra))
where (g, 4) is B-admissible and (g, r1) is S-admissible. For 2/q < s < 4/q, we can obtain

estimates

VY Ell oo (1,2 ®ay) + V) Ell La(r;04(ray)
S VY El oo rz2@ay) + IV O agr.pr1 may)
S IV Bollraay + V) ™S N E) | o (1.1 ay)
SEollzs + VY INE| L 1.y + N2 OE o gy
S 1 Eollms + H<v>5_2/qNHL‘Z’(I;L4)HEHLOO(I;LQ) + HN”LQ’(I;L4)H<V>S_2/qEHL°°(I;L2)
S 1 Eollgs + T (HEHLOO(I;L2) + ”<V>S_2/qEHL°°(I;L2)> V)™ IN | a1,y

For 2(k —1)/q < s < 2k/q, we can inductively obtain estimates

VY Ell Lo (1,2 ay) + V) Bl La(1;4 (ray)
S 1 Eoll s + T (HEHLOO(I;N) + ”<v>8_2/qEHL°°(I;L2)> (V) * ™ IN || oz )-
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To make the iteration arguments work, we denote the following norms

M lw ey
VY N oo 1,02y + IPLAVY Nl Lar (1,0 + 1PV Nl La(rypey  ifd =1,
KV Nl oo 1,02y + (V) Nl a(r,09) if d=2,3,

1Bl sy = IKV)* Ell oo 1,2 may) + 1KV Ell par;paray) -

For 0 < s < 2/q, we combine (4.12)), (4.13)), (4.14)) and (4.15) to obtain

IV lwey < 20Nollzs + CT || Bl oo r:2) | Bl srey

and

1El sray < 2l Eoll s + CT||El oo (1,02) [N lw a)-

Thus we can show that the iteration argument works for T sufficiently small. Due to the
conservation law , we can choose the same size of time interval T' for each step of
iteration which ensures that the solution exists globally in time.

We proceed the proof by induction on s. Assuming that 2(j — 1)/q < s < 2j/q for
j=1,2,... k, there is a unique global solution (E,N) to with initial data in Wj.
For 2k/q < s <2(k+1)/q, we combine (4.12)), (4.13)), (4.14) and to obtain

INlw ey < 2INolls + CTPE|| poo 1, 12) 1 Ell s(a
and
1B s < 20Eollae + €T (1Bl iors) + 109)* 0B Lorn) ) I lw gy

Since 2(k—1)/q < s—2/q < 2k/q such that || (V)S*Q/qEHLoo([O,T};Lz) is finite for any finite T',
we can then perform an iteration argument at any 7" which is finite. Thus we have solution
(E,N) € C([0,T); Ws(R%)) for any finite T with initial data (Eg, Ny) € W,(R%). O

5. The limit behavior of the ()Z system

Now we prove Theorem

Proof of Theorem [I.3 From the works of [7,121], we know that (E°,N?) € C(R,Vj).

Denote the difference between the quantum solution and the classical solution by

E=F —E" and N =N°—-ANO.
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(E,N) satisfies the system

iB; + A(eV)?E = e?A2E° 4 Re(N)E° + Re(NV)E
(5.1) iNy — [V [(eVIN = [V|((eV) = N? + |V|(eV) EE" + E'E]
+[V|((eV) T = D)|E°.
First we take the inner product of the first equation of (5.1)) with E, and then take the
imaginary part of it. Thus we can obtain

2dt||EHL2 = Im/ e?A’E"E + Re(N)Ef dx S et + ||E|32 + [N 22

Next we take the inner product of the second equation of (5.1)) with (¢V)2A/, and then

take the imaginary part of it. Thus we can derive

2dtH< VN7
zlm/(|V|(<ev>—I)N°+|V\<sv> [EE" + E°E] + |V|((eV) ™! = I)|E°?) (eV)?N dz

St Bl + [eVINZ..
Combining the above, we have
d
(5.2) ﬁ(HEHiz +[{eVINZ2) S et + Bl + (V)N 2.
To derive the bounds of higher order derivative of E and N, we invoke (3.8) and

Young’s inequality to get

2/(k—4) (k—6)/(k—4)

1Bl gzx—s < ClIE[T: k1

IE]

1
< ClEllr2 + QHEHH’“*‘l < OBz + S| AE]| g-s.

Now we take the H*~6-norm of the first equation of (5.1)) and then we invoke (5.3)) and
Propositions [3.7 and [3.8| to get

|AE| r-6 = || — iBy + 2A%E* 4+ Re(N)E® + Re(N°)E| sr-6
< C® + C|| Eell gr-s + Cl Re(N) | g6 + C| Bl -

1
< Ce? + C||Et|| gr—6 + C||Re(N)|| gr—6 + C||E|| 12 + §HAE||H1976.
Thus we can obtain

IAE| gr-s S €% + |Ee] gn-s + | Re(W) | r—s + | Bl 2.
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Also we have

[N g5 ~ [N 2 + [[IVIN | gr-o
SNz + el VIN gz + [[IVIN [ gr-6 + [[EAN]] rr—s.
Hence we have

1Bl n-1 S €%+ 1Eel gr-o + | Re(N) | gr-s + 1Bl 2,

(5.4)
N5 < {EeVIN L2 + IIVIEVIN | s

Here we have an alternative for deriving (5.4). We can take the H*~6-norm of the first
equation of (5.1)) in a slightly different way and then we invoke (5.3 to obtain

IAE| gr-s = |[(eV) 2 (—iE; — e2A%E° + Re(N) EF + Re(N)E)|| -
< C2? + C|| Bt s + Cl Re(N) [ -6 + CI|Bl| g

1
< Ce® + C|| Byl s + C|| Re(N) || gr—s + C|| Bl 12 + §HAE||H1976.

The computation only requires the uniform boundedness of E° in a norm with lower
regularity.
Now we take the time derivative of the first equation of (5.1)) and we get

(5.5)  iEy 4+ A(eV)2E; = 2A?EY + Re(N;) EF 4+ Re(N)ES 4+ Re(NP)E 4 Re(N°)E;.
Invoking , we have
Re(V?) =Im(]VIN?) and Re(N;) = Im(|V|(eV)N* — |[VIN?)

which enables us to transfer the time derivative to space derivative. Now we take the inner
product of (5.5) with (V)?*~12E, and then we take the imaginary part of it. Invoking
(5.4), we can get

d
(5:6) ZNEllzn-o S e+ IBIZz + [1Eelzpe-s + | ([ VIEVIA) 756 + [ Re(N) [ Fpi-s-

To derive the bound of higher order derivative of N, analogously we take the inner product
of the second equation of (5.1]) with (V)2*~12|V|2(¢V)2A and then we take the imaginary

part of it. Thus we can get
d
ZNVHeVINIFo S et + T2 + 1Bl
+ [ Im(|V[{eV)N) [G-6 + | Re(AN) [ Fe—s.
Combining (5.2)), (5.6) and (5.7]), we get

d
7 UEIL: + 1 Bill-s + (eVIN T2 + [IVIEVINV[370-0)

(5.7)

(5.8)
Set +IEN: + 1Bl F—s + [(eVIN 72 + IIVIEV)N 13—
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Notice that
[N s S [{EVIN 2 + [V {EEVIN]| gre—s.

Let us denote

(5.9) U(t) = |E@I72 + B0 + [EEVINONZ2 + IIVIEVIN (@) s

Integrate over the time interval [0, ¢] and invoke the Gronwall’s inequality, we have
U(t) <et+w(0) forte0,T),

where T is given in Propositions [3.7] and
Now we analyze the quantity W(0). Invoking (5.9), we get

W(0) = [|EolIZ2 + 1B O Fu-s + I{eVINoIIZ2 + IV I(EVIND 7o
First we estimate the term || £;(0)|| gr—s. Invoking the first equation of ([5.1]), we can derive

1E ()| r-o S | AElggi-s + | AZEG || s + | Re(N)E | grr-o + | Re(N°) | prr—s
S 1ol grs + 2| EG || pri—2 + [ Re(NO) E§ || rx—o + || Re(NG) Eoll .
Invoking (1.9), we have || Ef§|| gr-2 < C. Next we have
INoll 2 [ E5 | 122 for k =6,

I Re(No) Egll sz S 4 [Nl e | E5 | 2 for k =1,
INol -6 [ EG |l o~ for & > 8.

Analogously we can get
INS 2 | Eoll 2 for k =6,

| Re(W)Eollpzi-o S 3 [NQli | Bollz  for k=1,
HNOOHH’C*GHEOHkaG for k > 8.

For the last two terms in the expression of ¥(0), we can get
KeVINoll L2 < llelVINoll L2 + [ Vol 2

and
IIV[{eVINoll -6 < leANo || gr—s + [[|VINo]| ri—s.

Now we can estimate ¥(0) as follows:

W(0) S 1 Eollfn-a + e + INolFpus + leAND N Fpi-s + II[VINOI s + [l VING ] Z2

(5.10)
S 1 BollFe-a + '+ [INo[I s + eANO|[Fp—s + 1€ VING |7
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Therefore we can compute

IE,N) O vie—y ~ IE@) ] w1+ [N @) e
S &2+ || Bill gi-o + | Re(N) | g + || B[ 2
+ [[{eVIN 2 + IIVIeVIN || s
< e+ w21
<2+ w2(0)
SN Eollri-a + €% + [ Noll gx—s + AN gri—s + [|e] VNG| 2
S (o, No) vy + el VNI 2 + €7

which implies the result of ([1.10]). Interpolate between (1.10)) with (3.15)), we can obtain
(1.11). For the derivation of (1.12), the readers are referred to the proof of Theorem 1.3

in [11]. O
Remark 5.1. Invoking , the formula can be rewritten as follows:
V(0) S [1Boll k- + € + 1m0l Fe—s + Imall5 s g1 + lleAnolF—e.
Now we prove Theorem
Proof of Theorem [1.4 Since
1(E° = E% N = NO)lw,_s < (BF = B N* = NIy,

we can apply ((1.10) to obtain ([1.13)—(1.15). The argument is analogous to that of Theo-
rem so that we skip the details. O
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