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A derivation of a multiple-porosity model for the flow of a single phase,
slightly compressible fluid in a multiscale, naturally fractured reservoir
is presented by means of recursive use of homagnetization theory. We
obtain a model which generalizes the double-porosity model of Arbo-
gast et al. (1990) to a flow system with an arbitrary finite number of
scales.

1. Introduction

A model for single-phase flow in porous media that are hierarchically
fissured in regular patterns was derived by a recursive asymptotic ex-
pansion technique in [16] and part of [24]. This work rigorously justifies
that model. Through recursive homogenization, we extend the double-
porosity model in [5], which has one fracture system and a matrix (rock)
block system, to a triple-porosity model that has two levels of fracture
systems and a matrix block system. See [9, 22] for an introduction to
homogenization theory. Then, a multiple-porosity model with N levels
of fracture systems and a matrix block system is derived, resulting in a
general (N +1)-scale model.

A dual-porosity concept was first introduced in [8, 25] using a spe-
cific transmissibility function (see [7]) for the interaction of the matrix-
fracture flow. For petroleum-reservoir engineering problems, a new
treatment of the coupling of the flow through the fracture system with
that in the matrix system was introduced over the past two decades in
[2,3,4,5,6,13, 14, 17, 18, 19]. The models discussed in this work are
based on these ideas. Our focus on the nested levels of fracture systems
is appropriate for further studies on high-level nuclear waste transport
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FIGURE 1.1. The periodic structure in a reservoir exhibiting two lev-
els of fractures.

in porous media. It is the long-time scales, due to the length of the half-
lives of some high-level nuclear elements, that allow for the possibility
of nested levels of fracture systems in porous media (see [15, 20]).

Since we are interested in the mathematical details of the problem
here, we refer to the introductions of [16, 24] for further details on the
applicability of the models.

This work deals with modeling a single-phase, constant-compress-
ibility fluid flowing in a geometrically complicated structure given (ini-
tially) by a naturally fractured reservoir that has a hierarchy of fracture
systems, with the first being defined by an interconnected system of pla-
nar fractures dividing the reservoir into a collection of disjoint blocks.
A second system of fractures divides each of the previous blocks into a
collection of equally sized smaller blocks, and so forth, until a last level
is reached in which the disjoint blocks behave as a collection of disjoint
unfractured matrix blocks. The geometric structure is idealized by the
assumption that each fracture system is periodic. See Figure 1.1 for a
cross-sectional view of the idealized reservoir in the case of two levels
of fracturing.

We begin by posing the flow equations on three different scales of
the domain. This involves using three different porosity and permeabil-
ity coefficients, one for each scale, since the fluid flows more readily
through the fracture systems than it does through the matrix blocks. Via
a parameter g1, which represents the linear size of a matrix block and
half of its surrounding fractures, we first homogenize the flow equations
on the smallest level of fractures and the matrix blocks. This gives an
overall fracture flow in each of the fractured blocks. The porous ma-
trix blocks provide a source term to the surrounding system of small-
scale fractures which, after homogenization, are treated as a continuous
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porous medium. Thus, a continuous medium approach takes place be-
tween the smallest level of fractures and the matrix blocks. This is a
scaled mesoscopic description since the equations depend on the param-
eter £y, which represents the linear size of the scaled fractured blocks.
Following this averaging, we couple the equations for flow in the largest
level of fractures with the fractured blocks, each of which is represented
now by a double-porosity system. Averaging the flow in the first level
of fractures then gives a macroscopic description of the flow in a three-
sheeted covering of the domain; this extends the concepts of the models
of [13]. Thus, the first level of fractures is now smoothed out to cover
the entire domain and the blocks interact with the first level of fractures
as sources, while the behavior of the flow on a first-level block is that of
a double-porosity system. Overall, the system can be characterized as a
triple-porosity model.

The (N + 1)-scale analysis discussed in this paper can be used as a
tool for analyzing problems with multiple scales of periodicity (i.e., ho-
mogeneous, hierarchically organized media). But in the presence of het-
erogeneities, [11] addresses two-scale convergence in the mean and in-
cludes applications to randomly fractured media [21]. However, such an
approach does not apply immediately to heterogeneities with multiple
scales of correlation, which is the case for many natural porous media.
The extension of the (IN + 1)-scale approach introduced here is hence an
alternative that may improve our understanding of the flow phenomena
in some natural porous media.

We first present the triple-porosity model in order to illustrate, in a
simpler and more readily understandable situation, the general tech-
niques that are necessary for the (IN + 1)-scale model. However, interme-
diate source terms that are not present in the triple-porosity model ap-
pear in the (N + 1)-scale model and they require additional arguments.

The organization of the paper is as follows. In Section 2, the assump-
tions, notation, and description of the triple-porosity reservoir are given.
Also, two dilation and two location operators are defined. In Section 3,
the microscale model, which involves both the intermediate and micro-
scopic levels, is formulated using the parameters £; and gy described
above. The coefficients are precisely defined on the appropriate parts
of Q. Next, in Section 4, the weak formulation of the microscale model
is given, well-posedness is proven, a priori estimates are derived, and
several technical lemmas regarding the dilation operators are presented.
Then, the convergence results for the first homogenization (¢; — 0) lead
to a well-posed mesoscopic system of equations in Section 5. Then, in
Section 6, a completely new well-posed problem is formulated in terms
of the parameter gy, using the resulting model in Section 5 with a new
boundary condition that conserves mass flux. In Section7, a general
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(N +1)-scale problem with N levels of fractures and the matrix (porous)
level is presented. Previous lemmas and theorems are generalized in
this section, with the double- and triple-porosity models serving as base
cases for the homogenization procedure. The final well-posed system of
equations is presented for the finite scale. Finally, in Section 8, conclud-
ing remarks on generalizations of the model are made.

2. Notation, assumptions, and preliminary lemmas

We begin this section by defining the nested periodic structure of the
domain Q in the presence of N levels of fractures. First, for i =0,...,
N -1, let Y; be a parallelepiped and let 6; € (0,1) be such that |Yp| «
60|Q| and, fori=1,...,N -1, |Y;| < §;|Y;_1|. Then, with Y_15 = Q, define
A/ to be a finite lattice containing the origin such that

Y (i = U (Yi+c'), (2.1)
cicAif
where
Y;=Y;puUoY;pUYr. (22)

Now, extend the lattice A;s into an infinite lattice Al containing the
origin and define QF, Q7 by

Q?:Qﬂ< U €0<Y0p+60)>, Q?:Qﬂ< U SQ(YOB+CO)>,

Ve AL DeA0
(2.3)

and fori=1,2,...,N —1, define

QHQ“< U U eorrain+e)

cPeA0  cleAl (2‘4)

e g c +-~+£0c0)>,

where H = B or F (see Figure 2.1).

Since we are assuming that there are N levels of fractures in Q, we
let £y, ...,en-1 be the parameters associated with the homogenization. In
order to define dilation operators that incorporate each of these param-
eters, we proceed as follows. Fori=0,...,N -1, let

Ci’gi : Y(ifl)B e EiAi, (25)



A. M. Spagnuolo and S. Wright 331

Q
Q;O QEFO /_?
S()Yg
GAEArY  phobn
(T[T 77

V7700700 i e

V7/7/7/7/7/7/7 LT LT Eos
gﬂvﬂlgggg g1
bepe1 Y1

£0Yo 6¢0YoB

8051Y113/;§” €01 Y1r
66051 Y1 B (/
FIGURE 2.1. The parts of the reservoir.

where, for x; € Y(i_1)B, c'#i € g; Al is the lattice translation point of the &;Y;-
cell containing x;, that is, ¢*%i is the lattice translation vector such that
Xi € €Yi+ i (x;).

Then define the dilation operator =, from the set of functions defined
on Qg’/'ﬁ'ei‘l (H = B,F) to functions defined on Q x -+ x Y{;_2)p X Y(i-1)1, by

FO(xo,xi) = f (€0 eim)xi + (07 im2) 5 (xi1) (2.6)
+o g (x1) + " (xp) ). '
We also make heavy use of the definition of ~® for functions defined
on QY- in the same way, except that in this case, " maps to functions
defined on Q x YOB X oo X Y(i—Z)B X Yi—l-
For convenience, we recursively define the following location opera-
tors:

x0 — % (xp) ey

L4 (XO) = X0, Lo (XO) = 0 YO for Xo € Q, (2.7)

£0°€i-1

and, in general, for xg € Q BB

Li(x) = eY; fori=1,...,N-1. (2.8)

Liy(x0) — " (Li-1 (x0))

1

Let p;"™, fori=0,...,N -1, be the density of the fluid on the (i +1)st
level of fractures, and let p; V" be the density of the fluid in the porous
matrix blocks. The following definitions reflect the nested periodic prop-
erty of Q. Let ¢ and Ky be the scalar porosity and scalar permeability,
respectively, on the first level of fractures, extended throughout €. For
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i=1,...,N -1, we define the porosities ¢; and permeabilities K; on the
(i+1)st level of fractures as follows. First, we assume that ¢; and K; are
defined on Y(i_1)8. So, ¢; = ¢i(x;) and K; = K;(x;), for x; € Y(;_1)g. Then,
we extend these definitions to all of QF;“" by defining ¢;""“' (xo) =
¢i(Li—1(x0)) and K" (xg) = K;i(Li-1(x0)). Similarly, we first define ¢n
and Ky on Y(n-1)p, and then extend their definitions to Q;",;N’l by defin-
ing ¢, (x0) = N (Ln-1(x0)) and K™ (x0) = Kn (Ln-1(x0))- All co-
efficients are uniformly positive and bounded, and Ky is a bounded,
symmetric, positive-definite tensor.

In order to carry out our recursive homogenization process, we re-
quire that the fracture and matrix geometry satisfy

0QCOQY, QYT COQY, i=1,..,N-1  (29)

Let J = (0,T) be the time interval of interest. Also, throughout this
paper, we denote by np the outward unit normal to the boundary of D,
where D is the relevant domain.

We begin the study of our model at the microscopic level, which con-
sists of equations describing Darcy flow on all parts of €, that is, we will
pose the flow equations separately on the disjoint regions that compose
the domain. For the homogenization process, the equations on the dif-
ferent parts of Q will have to be scaled appropriately to conserve flow,
just as was necessary in the derivation of the double-porosity model
(see [13]). Actually, it is convenient to scale the equations on Qgg with
respect to the equations on Q‘;‘]? and then again with respect to those
on Q7. This will allow us to derive, recursively, a triple-porosity model
through rigorous homogenization.

For convenience, assume that gravity is negligible. This assumption is
only used to simplify the presentation. A note regarding the inclusion of
gravity is made just after the derivation of the equations in terms of the
density of the fluid. Assume that the fluid has viscosity p and constant
(small) compressibility c, so that the equation of state is given by

dp =cpdp, (2.10)

where p is the density of the fluid and p is its pressure. In a single-
porosity model, if K is the permeability (which can be a tensor), then
the volumetric flow rate v of the fluid is given by Darcy’s law:

v=-Xvp. 2.11)
U
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If ¢ denotes the porosity of the medium, the conservation of mass re-
quires that

9
po V- (p0) =S, (212)

where S is the external source. Rewriting this in terms of p, we obtain
op K
L _v.(=2vp)=5s 2.1
bV () =5 213)

We remark that if the gravity term -V - ((K/pc)(cgp?)) is added to the
left-hand side of the above equation, then everything that follows holds
if we linearize the equation as in [5] by defining a reference density prer
and approximating the effects of gravity by p? = pret(2p — pref)-

The verification of our homogenization procedure will make a crucial
use of the following technical lemmas. In the interest of brevity, we omit
their proofs.

Lemma 2.1. For ¢, € L*(Qy[), where r = B, F, or blank, and Q" =

(()UN(i)/‘PN(i))QXYUBmeY(i—Z)B><Y(i71)r = |Y0| |Y1| |Yi‘1 | (q”q))g?,}"gi_l'
inq;(i) — 50...£i71(vq,)~(i),
iy 1/2
1970 e = (I ) Ty
(i 1/2
” in(p ® ||LZ(QXYOBX"'XY(i_z)BXY(,-_l)r) =g -gi—l(|YO| |Y1| |Yi—1 |)
X ||V(P||L2(Q§?;"si’l)’
(2.14)
ori=1,...,N.
f

LEMMA 2.2. If ¢ € L*(Q), then the following holds strongly in L*(Q x Yop x
% Y(i2)B % Y(i1)r):

lim ¢~® = =D, (2.15)

£i-1—0
fori=1,...,N, where ~©) is the identity operator.

In what follows, e; denotes the jth standard basis vector in the appro-
priate Euclidean space.
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LemMma 2.3. Let f € LZ(Q) and ge LZ(Q X Yop X Yig X -+ X Y(i—Z)B X Yi—l)'
Then, fori=2,3,...,

I J (x0,21,...,%;) g(x0,%1,...,x;)dx; - dxg
QxYopx-xY(i-2)pxYi-1

i-1

f(xo)g< S (et + €54 (s (x0)) e

k=0

J‘Q;();eiz xYoxYyx-xYiq

+Li,1 (xo)ei> dx,----dxo. (216)

LEMMA 2.4. Let f € L*(Q) and g € L*>(Q x Yop x -+ x Y(;_1)p). Then, for i =
1,2,...,

J‘ FO (x0,21,...,%1) g (x0,%1,.., Xi ) dox; - dox
QxYopx--xY(i-1)B

i-1

f (xo)g< > (erx + ¥ (Lica(x0)) er (2.17)

k=0

0Ei
IQB,B Y x-xYig

+L; 1 (xo)ei>dxi = 'dXO.

LEMMA 2.5. Let f,g € L*(Y(i_2)p). Then, with Y4 =Q, fori=1,2,..., the
following equation holds:

f feiayi+cD1 (xi)) g (xia) dyi doxi

Y(i-2)BxYi1 (2.18)

= J‘ f(xi) g (eiayi+ V4 (xi1) ) dy;dax; 1.
Y(i-2)BxYi1

3. The initial microscopic equations for a triple-porosity model

Denote by p(xo,t) the density on Q. Equations involving p® will be
posed once the initial homogenization has been completed (i.e., after let-
ting £1 — 0). Let 0% (xo,t) and 0% (xo,t) denote the densities on Q7
and Q' respectively.

The assumptions made above lead to the sets (3.1) and (3.2) of equa-
tions for the micromodel. The scaling rules are explained immediately
after the equations.
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On the second level of fractures,

foloalls K .
o 5 —€%V A ==Vo®e ) =0 in Q;}’? x ],
He ’
£0 E0€1
#_Zvo.susl Mg = Eﬁﬁvemsl “Mgoa On aQ?,‘g x J, (3.1)
K2 .
”_ZVO'SOSI ‘Mg =0 on 0Q} x J, 09 = pinit in QF'F x {0}

On the second level of matrix blocks,

og0e: Kg*'
e T AR <—:c Voo ) =0 in QY xJ,

6% = 0% on 0QyY x J, 0% = pinie  in Q5 x {0}.

(3.2)

The aim of this work is to use homogenization theory to rigorously
determine the equations that describe the flow. Since we let £; — O first,
we do not, at this stage, consider the fluid flow across an’. Instead, we
assume no-flow boundary conditions because we are interested in deter-
mining the interior behavior of the flow on Q‘;’. Then, once the equations
are discovered, we will impose boundary conditions on Q3 and develop
a completely new system of partial differential equations that describe
the flow. Then, we let ¢y — 0 to obtain the final model. The case in which
a flow across 9Q} is considered at the microscopic level will be taken up
elsewhere.

4. Preliminary analysis of the microscopic model

Multiply (3.1) by a test function ¢ € H'(Q}), and multiply (3.2) by a
test function ¢ € H; (Q‘;‘g )- Then, use the boundary conditions and the
divergence theorem to find that the weak form of the microscale model

for fixed ¢, is given by

€0

K K€0£1
(950" p) gon + £ (M—ZVG E"Elfv‘l’> gon T €36 < L_Vo°"1, Ve
B,F

uc

gy
FPFI0 p) g =0 Vpe H'(QF),
(4.1)

KEQE]
50 g (w0 T) <0 Ve nY(@).

He oy
(4.2)
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Now, let
o%%  for xp € Q2
pee = Lo (4.3)
0% for xp € Q];l;.
Then, (4.1) is the weak form of
a1 B V. (kOEV ) =0 on QF x ],
pr -V (kv ; »

EQE EQE — £0 E0E1 — €0
KOV ng =0 on 0Qp x ], PP = pinit on Q' x {0},
where

£0€1 — €0 £0€1
= Xogn §o + Yo de
E0€1 2 5'0 2.2 KEOEl (45)
K= & X EI+5051 X e

The initial-boundary value problem (4.4) is a standard parabolic prob-
lem with Neumann boundary conditions and it is well known that it has
a unique weak solution in H'(J;L*(Q})) N L= (J; H'(Q3)). By restrict-
ing %%, we have the following theorem.

THEOREM 4.1. Assume that pinit € H H(Q). Then, for each €1, there exists a
unique solution to the microscopic model posed on QF x J, and o € H'(J;
L2(QE5))NL=(J; H Q) and 0 e H' (J; L2 (Q5 ) L= (J; H' (Q55)).
LemMA 4.2. There exists a constant C > 0, independent of € and €1, such that

o

”LZ(]xQSB?;l) + [lo%e ”Lw(};Hl(Qfoflil)) < C(1+e&oe1),
-1
IVO° | o2y < C(1+ (081) ), (4.6)
”9f0£l ”LZ(]xggfgl) + ”95051 ”Lw(};LZ(QEB(fgl)) < C(1 +e0e1).
Proof. These are the standard parabolic energy estimates for the weak

form (4.1) on Q. To derive these estimates, start by taking ¢ = 6! and
then ¢ = 6,°°' on a smooth dense subspace. O

5. Homogenization as £; — 0 for fixed &y > 0

We now begin to find the unique weak solution of the limit problem as
€1 — 0. Throughout, we use C to denote a generic positive constant that
is independent of ¢; and which can be different at different occurrences.
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For fixed &y > 0, it follows from the a priori estimates in Lemma 4.2
that

X 0 is bounded in H'(J;L*(Q)),
€0

Yoo Ko Vo® is bounded in L2(Q x J),
BEHC (5.1)

Xqwa 0% is bounded in HY(J;L*(Q)),
E1 e V6= is bounded in L*(Q x ).

It follows from (5.1) and Lemma 2.1 that

(62)™® is bounded in L2(Q x Yos; H' (Yis x J)), (5.2)

(o= )~(2) is bounded in L? (Qx Yop; H! (Yirx])), (5.3)
E0E1 "’(2)

”sz (@) L2(QxYopxYipxJ) <(Ca)er. (5:4)

Hence, upon passing to a subsequence in €1, as €1 — 0, the following
limits take place weakly in the indicated spaces:

Xgpa 09 =% in HY(J;L*(Q)), (5.5)
Xeie #Z Vo — ¢ in [2(Qx ]), (5.6)
(0)™® 6% in L2(Qx Yop; H' (Yar x J)), (5.7)
(029) @ g% in L2(QxYop; H' (Yig x J)). (5.8)

From (5.4) and the connectedness of Yir, 0° is independent of x».
LeMmMA 5.1. The following relation holds:

- _ IVaF|

o =-——0%. (5.9)

Proof. We first note that for R = B, F, or blank,

~(2)
<X92]§£> (0,1, %2) = Xaxvopxvig (X0, X1, X2). (5.10)
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Now, let ¢ € C*(Q x Yy x ]). Then by (5.7),

Io0% = f (o= )N(z)(pdxz dxi dxdt
JxQxYopxYip

—_— O'EO(deQ dX1 dXQ dt (511)
JxQxYopxY1p

= |Y1F| O'gO(del dxodt
JxQxYop

since 0, ¢ do not depend on x».
On the other hand,

= ((ragro™) p)

Xaoa 02 p(gox1 + ¢

JxQxYopxY1x]

xYopxY1x] (5.12)
= f 020 (x0), €12
]XQ;OXY()Xyl

+ C1,€1 (LO (xo)),t) dJC2 dx1 de dt/

where (5.10) and Lemma 2.3 were used.
Now, let e — 0; by Lemma 2.2,

¢ (e0x1 + " (x0), €12 + ¢ (Lo (x0) ), £) (5.13)
_>(P(50x1 +CO,Eo(x0),L0(x0>,t) '

strongly in LZ(Q‘;’ x Yy x Y7 x J), and this, combined with (5.5), (5.12),
and Lemma 2.4, yields

I8 —s . 6% (x0,) ¢ (0x1 + " (x0), Lo (x0),t) dxo doxy dxo dt
JxQp xYoxY1
= 1| . 6% (x0,t)¢p (01 + " (x0), Lo (x0), t) dox1 dxo dt
JxQp %Y
= 1| (6'50)~(1) (x0,21,8) (0,21, ) dxy dxo dt.
JxQxY
" (5.14)

Since ¢ is arbitrary, (5.11) and (5.14) imply the lemma. O



A. M. Spagnuolo and S. Wright 339

We now derive an equation satisfied by 0. Let ¢ € L?(Q x Yyp x J;
Hé (Yip)). Set

¢’(x0/x1/ Z/t)

z —gocle (a1) — %0 (x
qf<x0/x1/ 0 ( 1> ( O)/t)
E0€1
if z € gge1 Yap + g0c 41 (x1) + % (xp),
0 elsewhere.

(5.15)
Then ¢ € L?(Q x Yop x J; Hy (06115 + €01 (x1) + c*%(x0))). For fixed
(x0,x1) € Q x Ypp, use § as a test function in (4.2) to obtain

2061 (2)95061 (Z)(P,

’[5051 Yip+eoc <L (x1)+c€0 (x0)

— 1,51 _ 0,60
x(xo,m,z fe (xl) < (XO) t>dz

7
£€0€1

E0E1
£

0e1 Yig+eoch#1 (xp) +¢%0 (xg)  HC

z—eocte (x1) = %0 (x
X<x0/xl, e (1) ( 0>/t

E0€1

dz=0.
(5.16)

Use the dilation z — e x7 + g9c1 (x1) + %% (x) and integrate over Q x
YOB X ] to get

f Po (x2) (6, )~(2)(p(x0,x1,x2,t)dx2 dx dxgdt
JxQxYopxYip

+ J‘ Ko (x2) Vy, (672 )N(z) - Vi, ¢ (x0,%1,%2,1) doxy dxy dxo dt = 0,
TxQxYopxYip HC

(5.17)

where we used

) Ky @ Ko
£0€1\~ 0
(4)90 ) = XQXYUBxle(i)QI < > = XQxYopxYip E (5.18)

uc

Next, let e — 0 and use the weak limits to get

Ky
99801 X X X + <_vx GEO’VX ) ) 0, (5.19)
(‘i) t ‘p)Q YopxYipx]J uc 2 a4 QxYopxYipx]
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that is, 6% is a weak solution of
K
4007 = V- (S27.6° ) =0 (5.20)

in L2(Q x Yop; H (Y1 x ])).
We now begin to derive an equation for 6. Let ¢ € L*(J; H(Q}))
and integrate (4.1) over J to get

€0

K,
£0 __E0€1 2 o E0€1
(¢5'o; /‘P)]xgg’;l +& <FVO’ P ey
’ JxQpe

E0E1
+ 5(2)6%< 0 V9£0£1’ V(p> + ((p;oﬂ Gfoglf(P)]xQEOEl (5.21)
He TxQ0% BB
=T1+T,+T3+T4=0.
We now let g1 — 0;
T, — §“6f°<pdx0 dt by (55),
]xQ;U
(5.22)

T, — €2 f g0 -Vodxodt by (5.6),
]xQ;O

T; — 0 since the term is bounded by a multiple of £7.

We now investigate the convergence of T;. By Lemmas 2.1, 2.2, (5.8),
and Lemma 2.4, we have

T = (|vo] Vi)™ <((;bgo€1)~(2) 02, (P~<z>>
= (%ol nl) ™" (go(67)™ @)

JxQxYopxYip

JxQxYopxY1p
-1 £~
- <|Y0| IYll) (li)eeto’(lo (1))]><Q><YOB><Y13 (523)
= (||| |)_1f $o0;" (e0x1 + " (x0), Lo (x0), x2, )
]XQ;OXYOXYH;

X (p(JCO, l’) de dx1 de dt.
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It follows from (5.22) and (5.23) that

f 267 pdxodt + ggf &8 - Vepdxo dt
JxQy JxQy

SNID™ [ B (om0 () La(xo), 2 )
]XQBU xYoxYip

X (p(Xo, t) 4)9 (XZ)dXZ dx1 d.’X'o dt

=0 VoeL*(J;H(Q)).
(5.24)

We now relate ¢* to 6. For j = 1,2,3, let w; = w;(x2) be the Y;-periodic
solution, modulo constants, to the Neumann problem

Aypwj=0 inYyF, Vy,wj-v=-ej-v=-v; onadYis, (5.25)
where v is the outer unit normal to 8Y;p. Define w?ogl € HY(Q}) by
w (x0) = €0e1éw;(L1(x0)), (5.26)
where & : H!(Yir) — H'(Y1) is a bounded extension operator [12].

Hence (w;°€1)~(2) (0,1, X2)=¢€0€1 (Ewj) (x2). A similar argument shows
that

(V™)™ (x0,21,2%2) = (V€007 (x2). (5.27)
Now let
1
wi]' = aiwj (Xz)dXz, (528)
|Y1| Yir

where 0; = 0/0x3;.
An argument as in the proof of [5, Lemma 4.3] can be used to verify
the following lemma.

LEmMMA 5.2. Ase; — 0,

£0€1

w'™ — 0 strongly in L*(QY),

1

£0€1 Vw]‘?og — 0 strongly in L*(Q3), (5.29)

Xoa 0w — wij weakly in L*(QY).
B,F
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If ¢ € H'(Q3%), then
(V ;051 + e],V(P)QSo g = (530)

since w; solves the above Neumann problem. Now, for ¢ € C*((Q} x
J)7), take ¢ = 0%¢1 (K¢’ / pc)p in (5.30) and integrate in time to get

€0

K—thV(ogofl) + ( Voo gooery K_f,”lp
C €01 ] C €0€1
H JxQr H QP

£0 €0
+ (ej,K—UqJV(GE"E])) + ej,crg"ElV(Ko <P))
He ]xQ;‘?;l He ]xQ;?;l

=T5+T6+T7+Tg.

0= (Ve
] 4

(5.31)

We proceed to let e; — 0 in each term of (5.31). We begin with term T5.
Use w‘EOgl(p as a test function in (4.1) to obtain

€2 K—?chgog1 V(w*)
0 uc P i

£0€1
£zB,F

€0€1
_ £0 8051 6051 2 0 E0E1 E0€1
- _((i)o' O.t (p)nggl 8081 < [lC Ve ,{U]. V(‘P)
Qo1
KE()Sl
22 0 E0ET E0E1 E0E1 5061 E[)E]
~&& Vo ,(pV(w]. ) - (956, ‘P)Qfﬂgl
IuC Q‘;(Jsl

€0
- &) < Ko Voo, wEO‘E‘ v ((p)) .
e o
(5.32)

It follows from (5.1), Lemma 5.2, and the boundedness of leg."gl that
Ts —0 ase —0. (5.33)

For term T, we have

-1 coer)~@ K3 \]™?
To= (1) (e )@ v (S0

£1 Kgﬂ N(l)
= (ol pal)” (Tasap o 7. (K20)] )

JxQxYopxYip

JxQxYopxY1p
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S(lD [ o e+ (), L))
J*xQxYopxY1p
KEU
X szw]- . ng (//l_z(P> dXQ dX1 dX() dt
= (I%])” J‘ X o™ (g0x1 +c%* (x0), Lo (x0), )

- <Zw1] ( )(x0)>dx1 dx dt

(5.34)
by Lemma 2.1, (5.7), Lemmas 2.2, 2.4, and the definition of w;;.
But we observe from Lemma 5.1 that
£ 0,e |Yl | ~£
0% (gox1 + ¢ (x0),Lo(x0),t) = 7=——0% (xo,1). (5.35)
Y|
Hence
£1— Y
T 2O 0 (000
0 1F JxQxY) E (536)
(Zw,] ( (p(x0)>>dx0dt.
For the term Tg, we have by (5.5)
£0
12 (o.0v(Gee))
xQ:0
Txe (5.37)

=4;m Wmﬁ(Z&ﬁ< M%D>ﬂwﬂ

Hence, by (5.6), (5.31), (5.33), (5.36), and (5.37),

£1—0

I — (g;o,q,)]xggo

|71 - Ke (5.38)
= f]XQEO Z < |Y |(U1] +61] 0i ( £ (XO/ [/lz .

So, define

Y
] |Y1 |
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Then, as in [5], K" is a bounded, symmetric, positive-definite tensor.
Then we can write the equality in (5.38) as

M| K
5,9) e = < —2_v5, , (5.40)
( (p)] oy |Y1F| uc 4 TxQ0
that is,
Y ]’lEo
& = %%vaea in Q% x J. (5.41)
Next define
1] heo _ |V
€0 = £ = o - 5.42
S A TR .
Then we can rewrite (5.24) as
n l’lE[]
€0 80 o £0
J}Xdo ¢o ‘1’ pdxodt + g J‘]XQ;O ic Vre-Vedxdt
SOIDD™ [ o) e+ (x0) o), )
XQB xYoxY1p
X (p(.X'o,t)dxz d.X'1 de dt
=0 YoeLl*(J;HY(QY)),
(5.43)

which is a weak form of the following partial differential equation:
h KhE()
P + 3V —‘uUc Vre )+ fip =0 inQp x]J, (5.44)

where

— (Yol v j Bo (x2)07 (01 + O (x0), Lo (x0), X2, ) s dlxr.
0x X1

(5.45)

We now determine the initial and boundary conditions for 6% and 6.

We begin with the following lemma, which can be established by means
of Lemmas 2.1, 2.2, and 2.4.
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Lemma 5.3. The following is true:

a—0 |V
Xawa a0, ||;F|| weak* in L (Q}). (5.46)
g 1
By Lemma 5.3,
[Yie|
Xapt Pinit — m Pinit (5.47)

weakly in Lz(Q‘;“) as €1 — 0. Also, by (5.5) and weak continuity of the
appropriate trace map,

XQ?? ol (xo,O) — 0% (XQ,O) (548)

weakly in LZ(Q‘;") as €1 — 0. Therefore, since 0% (x9,0) = pinit(x0), it
must be true that

Y
%pm =6 in QT x {0}. (5.49)

A more convenient way of writing this is
= Pinit in Q;O X {0} (550)

To obtain the initial condition for 6%, let Ty : H' (Y15 x J) — HY?(Y;3 x
{0}) denote the trace map. Then, as e; — 0,

To((0°)™®) — Ty (6™) (5.51)
weakly in L?(Q x Yop x Yi). But
To((0°7)™®) = (pimi) ™ Veo 1. (5.52)
Also, by Lemma 2.2, (pinjt)N(z) - (pinit)“(l) strongly as € — 0. Hence

6 = p7\V in Qx Yop x Yip x {0). (5.53)
To obtain a boundary condition on 0Yip, for 6%, let T: H H(Y1p) —
H'2(dY15 x J) denote the trace map. Then

T((0%)™) —T(o®) = %C<(agﬂ)~(l)>’ (5.54)

t<(95051>~(2)> —>t(950)
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weakly in L*(Q x Yy x 0Yip x J). Since, from the boundary condition in
(3.2),

T((o*)™ @) =T((6*)™?), (5.55)
it follows that
() = || || (=)™, (5.56)
that is,
9% = | )V = ()Y on Qx Yo x0Yip x J. (5.57)

[Yir|

Thus, 0% is a solution of problems (5.20), (5.57), and (5.53) and r* is
a solution of problems (5.44) and (5.50) with the boundary condition

Khé‘o
uc

Vre. ‘ngo =0 on 0Qy x J. (5.58)

The fact that these problems determine 8% and 6% (and therefore r*)
uniquely is a special case of Theorem 7.2, which is proved in Section 7.
Our results so far are summarized in the following theorem.

THEOREM 5.4. As 1 — 0, the following weak limits hold in the indicated spaces:

(95051)~(2) 4950 in LZ(Q;LZ(YOB}Hl(YlBX])))/
Yo 09 =% in H'(;L3(Q)),

. (5.59)
Kg | 1| Ko o 2/ 0Of
€01 Vo* ——Vo® in L7(QF x ]
Xai; pe |Y1F| pe ( )
and if
€0 — | 1| AEO
i
= |Y0 |Y1|) f (i)@(XQ)QfO(Sox]+CO’EO(Xo),LQ(Xo),Xz,t)dedxl,
YoxY1p

hEo — |Y1F| £0 hS() — £20)] | 1Fl
e 7 =K 6
A RL < AT

(5.60)
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then (r#,0%) is the unique weak solution to the following coupled initial-
boundary value problems:

hey €0 Kggo £ €0 : €0
o T +50V i Vre )+ fgp=0 inQpx], (5.61)

KhSo
‘M—UCVT‘EO g =0 on 0Qy % J, (5.62)
= pinit 1N Q? x {0}, (5.63)
K
$o0% — Vs, - <ﬂ—gvxzef°> —0 inQxYosxYigxJ, (5.64)
6% = (r*)" " on QxYypxdYipx J, (5.65)
o% = (pinit)~(1) in Qx YOB X YlB X {0} (566)

6. Homogenization as gy — 0

With an external source term S defined on Q x J, we now create a com-
pletely new problem on all of Q. In order to do this, we use the partial
differential equations for the system (5.61), (5.62), (5.63), (5.64), (5.65),
and (5.66), but we change the boundary condition (5.62) in order to con-
serve mass flux and pressure on 0Q}. Thus, we have new unknowns
now, namely, pEU,oh(EU), and 0" We pose the following problem based
on the previous homogenization:

K
oot~ <7VP> =5 inQxJ, (6:1)
e gpm na =0 onog 6.2
VP ma=0 on xJ, (6.2)
K KhEo
EV,DEO N =g ;C Vohie) Mg on 0Qy x J, (6.3)
Peo = Pinit in Q;O X {0}/ (64)

Khe
reo g _ g2y - < e Voh(50)> +fae=0 inQYxJ,  (65)

o) = p on QY x ], (6.6)
o) = pi in Q3 x {0}, (6.7)

¢ K .
¢96th( v Vi, - <#9 9h(5°)> =0 inQxYppxYipx], (6.8)
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Qh(so) - (O-h(sll))~(1) on Q x Yyp X aYlB x J, (69)
"0 = (pinie) ™ in Qx Yop x Y15 x {0}, (6.10)

where

E= D™ [ o)

0xY1p
<01 (e % (30),Lo(x0), 2 .
(6.11)

THEOREM 6.1. Problem (6.1), (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9),
and (6.10) is well posed in

L= (FHY(QP)) NLX(Qp HN (D) x L= (J; HY Q) N1 (Qy; H ()
x L (J; L*(Q x Yop; H' (Y1) )) N L* (Q x Yop x Yig; H' ().
(6.12)

This is a specific case of Theorem 7.1 in the more general setting of
Section 7. We prove it there, and we also deduce from it the following
important estimates. There exists C > 0 that is independent of &y such
that

”PEO”Lw(];H](QEFO)) + ”PfUHLZ(QEFOx]) < C(lISlrz@xp) + ||Pinit||H1(Q))/ (6.13)

h
||0h(£0)”L2(Q§0x]) +|o! (SU)HLZ(QZ"XI) < C”Pinit”Hl(Q)/ (6.14)
& Vo) ||Lw(];L2(Q;0x])) < C|lpunit || @’ (6.15)

[Ca o PP

e

)
” Lo (J;L2(QxYop);H' (Y1)

We now proceed to determine the limit of (p%,c"€), ")) as gy — 0.
By virtue of (6.13), (6.14), (6.15), and (6.16), we can pass to a subse-
quence and deduce that as £y — 0, we have the following weak limits in
the indicated spaces:

. Yor .
Koo op™ — 'mll bp in (@), (617)
KP £ sor2
Xao i Vp® —¢ inL°(Qx]), (6.18)
(0" W 6 in L2(QH' (Yo x J)), (6.19)

eh(Eo) N 9 in L2 (Q X YOB;Hl (YlB X ])) (620)
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The partial differential equations satisfied by (p,c,0) will be derived
next. To obtain the equation for 8, we pass to the limit in the equation
defining the weak form of (6.7) by virtue of (6.20) to obtain

Kg
O:, gt <—V 0, >
(476 t ‘F)QXYUBXYlB ] e »Y, ¢ YopYip] (621)
=0 Vge LZ(Q x Yop X ];Hg(YlB)).

To find the equation for o, we deduce from the weak form of (6.5) and
the argument in [5, page 831] that

uc
heg\~(1)
* <(fB’B) ,(I;>Q><YOB><]
=To+Tio+T11=0 VgeL*(L*(J;H)(Yop))).

h
h o h(eo)\~(1) Kg h(eo)y~(1) )
O, , +( —Vy (o , Vi
(#h0o! ) ) gy G T OO )
(6.22)

Let gy — 0; from (6.19),

K,
To— ($500 %) avyyyy  Ti0— <vala’vxlqj>g Yosx] (2
xYop X

For term T71, we write

~(1
()™ (0, y,t)
= fus (e0y + " (x0), )
1

W IY Y, i 6 ( 2> E t @) (onl CO,EO (xo)/y/-XQ,t)dXQ dxl,
0xY1B

where we have used the fact that ¢ (ggx; + c%%°(x)) = ¢ (x¢). Hence,

1

Th=—"—
! |Y0| |Y1| JxQxYop

<,[ go(x2)0; (o1 + " (x0), ¥, %2,1)
YoxYip

x g (x0,y,t)dx, dxy ) dy dx dt

1
b ] (] ot
|Y0| |Yl | JxYop L/ Yip QxY)

x ¢ (x0,y,t)dxy dx0> dxz] dy dt.
(6.25)
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Hence, by Lemmas 2.1, 2.2 and (6.20),

1

T = —————
" |Y0| |Y1| JxYoxQxYopxYip

de (x2)0" (x0,y,%2,1)
x ¢ (eox1 + oo (x0),y,t)dx, dy dxodx; dt
Po(x2)6:(x0,y,x2,1)

x g (x0,y,t)dx, dy dxg dx; dt

g0—0 1

|Y0| |Y1 | JxYoxQxYopxY1p

| Yol
" I e 9o (x2)01 (xo,21,x2,1)
x82xYopxY1p

x ¢ (x0,%1,)dx, dy dxo docy dt

1
= m (‘i)eet’ (P)]XQXYOBXYu; :

(6.26)
Hence, by (6.22), (6.23), and (6.26),
(Pplhong) + <K—gv v >
Voot (e Tu0 )
1
+ m (¢99t/q’>]xQme3xY13 =0 V(P‘ € LZ (Q’ LZ (]’ Hé (YOB)))
(6.27)

In order to derive an equation for p, we use the weak form of (6.1),
(6.2), and (6.3) to write

Tip+Tiz+Tia+Ti5+ 116

K

hey _h( P
= (@opi" ) g0y + (90”0} gn)r‘l’)g?xf ! <P‘c VPEO'V(P>
QSFOX]

o (6.28)
+ E% = VO‘h(EO), V‘P + (fggé),(p)QEOX]
pc Q'xJ / B

=59,y =Ty Vge L*(J;HY(Q)).

As g9 — 0, the following convergence results take place by (6.17) for
Ti; Lemma 2.1, (6.19), and Lemma 2.2 for Ty3; (6.18) for Try; (6.15) for Tis;
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Lemma 2.4 and (6.20) for Ty¢; and Lemmas 2.1, 2.2 for Ty7:

| Yor |
T — T~ 1 7 7
- < |Y0 d)PPt ? QxJ
T = Y| (0D, 7 0)
Tis — (&, Vo)axy, Ti5 —0,

-1
QxYopx] — |Y0| (¢gat,q))QXYOBX1’

1
o= [Yol[Y1] J e xvoxy, 90 (x2)6," " (e0x1 + " (x0), Lo (x0), 22,1
X82p X YoxY1B
x ¢ (x0,t)dxy do; dxo dt
1 h
T U, P G052
x¥1p xYop
x M (x0,x1,t)dxy dxg) dx, dt
—#( g0 ~(1)) N 1 (4) 0 )
= |Y0||Y1| 4)9 t /P JxQxYopxYip |Y0||Yll 00, P TxQxYopxYip’
1 oy - 1
Ty = m(s R P m(s,(p)mw
| Yor |
- S/ p)axy- 6.29

We now apply the arguments of [5, pages 831-833] to identify ¢. We
need only to show that the interchange term fggg between the micro-
and mesoscales is bounded for gy > 0. To this enci, we estimate it using
the Cauchy-Schwartz inequality, Lemma 2.4, and (6.20) as follows:

2
QEBO xJ

< CJ‘ |9:l(60) (onl + CO’EU (X()),Lo (XO),Xz,t) |2dXQ dx1 dX() dt
JxQy xYoxYip

h
/55

- cj 17|07 | doc, docy doxo dt
]XQXYOBXY1B

h 2
= C||9t @ ”LZ(QXYOBxYlBX]) <C )
(6.30

It follows that

Kh
@& Vp)ag=(—Vp, Vo) |, (6.31)
e Qx]J
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where KZ is the homogenized permeability tensor corresponding to K,
as defined in [5, page 827] with the Q appearing there replaced by Yj.
Hence, by (6.28), (6.29), and (6.31),

|Yor| 1 h
Yo (¢th/‘P)Qx]+m(‘}bg"t/‘l’)gxmx]"‘ —LVp, Vo o

pc
1
+ W(GI’th,‘P)Qmeymx[ (6.32)

| Yor|
Yol

(S,p)ax; VoeL*(J;HY(Q)).

We now determine the initial and boundary conditions satisfied by
(p,0,0). By weak continuity of the appropriate trace operators and
Lemma 2.2, we can pass to the limit in (6.9), (6.10) as in Section 5 to get

O=0c onQxYypx0Yipx], 0 =pinit 1IN QxYopxYpx {0},
(6.33)

and from (6.4), (6.6), (6.8), and the argument on [5, page 833], it follows
that

p=0 onQx0Yppx], p=pinit nQx{0}, 654
O = Pinit ianYOBx{O}. ( ’ )

We have shown that (p,0,0) satisfies [16, problem (3.29)-(3.31)].
Hence, by [16, Theorem 5.2], (p,0,0) is uniquely determined by (6.21),
(6.27), (6.32), (6.33), and (6.34). Hence, the limits in (6.17), (6.18), (6.19),
and (6.20) hold as gy — 0 through its full range of values.

The results of this section are summarized in the following theorem.

THEOREM 6.2. As &y — 0, the following limits hold weakly in the indicated
spaces:

Yor .
Yoo o™ = ||Y00|| $op in H' (J;L*(Q)),
KP £0 Kll;l / 2
Xao e Vp — EVP in L*(QxJ), (6.35)

(O.h(so))”(l) —0o inl? (Q,‘I‘I1 (YOB X ])),
i) 9 in LZ(Q x Yop; H' (Yisx])),



A. M. Spagnuolo and S. Wright 353

and if

(6.36)

then (p,0,0) is the unique solution to the following system of coupled initial-
boundary value problems: p solves

K" 1
¢2Pt ~ Vi <‘u_zvxop> T (ﬂlro't dxy

|Y0| Yos
+ Ilfllw Pobdxydx; =S" onQx ], (6.37)
0 1 YOBXYHK
h
&V p-ng=0 onoQx] P =pinit  on Qx {0}
‘LlC X0 7 init ’

where to each xy € Q a block Yyg is associated such that o solves

K" 1
qbﬁot—vxl-<—"vxlo>+—J‘ gbgetde:O inQXYOBX],
ue |Y1| Yip

o=p onQx0Yppx], O =pinit N QxYopx{0},

(6.38)

where to each xo € Q a block Yyp is associated, and to each x1 € Yyp a block Y1
is associated such that 0 solves

Ky .
-V, - —V = Qx Y, Y;
¢e0; =V, <yc x29> 0 inQxYpxYipx], (6.39)

O=0 onQxYypx0Yipx], 0 =pinit 11 QxYopxYipx{0}.

7. (N +1)-scale porosity model

In this section, we generalize the triple-porosity model to an (N +1)-
scale porosity model. For the recursive homogenization procedure, we
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hold ey, ...,6m-1 constant and let ¢,, — 0, recursively starting with m =
N -1 and ending with m = 0. Generalizing the techniques used to de-
rive the triple-porosity model, we recursively derive a flow model for
N > 2 levels of fractures. We begin by assuming that ¢y, ...,&;-1 are held
constant and ¢; is sent to zero, for a fixed i > 1, giving the following ho-
mogenized system of coupled partial differential equations (where, for

£0

i=1 wesetQy = Qf, H=B,F):

) h(go-ei-1) K’_’I(EO"'fi—l)
h(go-gi1) OP h(eo-ei
b o) 2 - 55' "Ef—lvxo ’ 1 Vap, (e

ot Uc
+ L@ 20 in QL x 71)
hley-i1) ‘
i o \V/ h(go-€i-1) =0 i aQEO"'EH
T xDpi . Tlgg%'ﬁ—l = m B,B X ]/
T(eo-ei . i
P @) = pe in QF " x {0},
where
L?(&J‘“&—])
N-1 1
o= Yol Yel
aph(s()"‘fifl)
h 1
< () L2 —
Yox-+xYi1 xYipx--xY,p
i1
X <Z (exyrs1 + ¢ (Li-1 (x0)) ) ek
k=0
a+1
+Li_1(x0)e;i+ Z Ykex+ teu+2> AYar1 - dys.
k=i+1
(7.2)

We have the following system of coupled initial-boundary value prob-
lems that are coupled with the above initial-boundary value problem.
We state each of them in terms of j, where j=i+1,...,N, as follows.
For every xj € Q, there exists a block Yyp, and for every x; € Yy, there
exists a block Y25, and so forth, and for every x; € Y{;_1)p, the following
initial-boundary value problem is satisfied:

h(eo-+€i-1) h
Y opj v, . Kj V. e
i ot Y\ pc %iPj

+ S;Z(EU"'Ei—l) =0 inQx YOB X oeee X Y(]'_l)B X ]/
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h(go-+€i-1) ~0 — 7
ph(so-~-£i-1) _ <P]-_1 ) Hj=i+l,

] h(eo--e; .
pj_(io 1) otherwise,

in Q x YOB X oo X Y(j—Z)B X (')Y(]-_l)B X ],

h(eoei- ~G) .
P Ce1) = (i)™ in Qx Yop x - x Y(j-1yp x {0},

(7.3)
where, for j=i+1,..., N-1,
h(eo-€i-1)
S]. 0
RS < Y| Y | "'|Yj—1|>
=\ Yol el
apZ(EO'"SH)
< Bl () L2l —
YoxxYi1xYjpx-xYyp
i-1 j
X <Z (exYrn + ke (xx))ex + Z Xiek
k=0 k=i
a+1
+ > Yrex+ teu+2> AYas1 -+ dyja dy; - dyy,
k=j+1
(7.4)

and S%EU"'E"’I) =0. Also, ¢¥, = ¢ and K, =Kn.
If we proceed to recursively homogenize the problem at the next level,
that is, if we want to let ¢, — 0, then we first change the no-flow bound-

ary condition on Q%" x J in (7.1) to the following boundary condi-
tion:
P?(EO'“Ei—l) _ Pi(f(i'"sifl) in ag?,‘éa-l x ], (7.5)

Then, we impose the following initial-boundary value problem in Q7"

x J:

(0--€i-1) £0°+Ei-
€0€i2 opy _2..2 Y Ko v e
$:5 ot €9 €V uc x0Pi-1

=6i1S(xo,t) N QP <],
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£0°"€i-2
i-1 (€0°€i-1)
_ N « ML ~E0-Ei
uc xPi-1 Q!
Kh(e(]“'gifl)
_ 2 i h(eo€i-1) ) £0Ei1
= 5i71Tonpl Mg on 0Qp " x ],
K:‘—'U'“Ei—z
i-1 (g0-+€i-1) o £0--Ei2
i VP Mg = 0 onoQpp"" %],
(g0-€i-1) : £0°€i-1
Pl 1 . = Pinit 1N QB,F X {O}

(7.6)

We now prove that the model is well posed.

THEOREM 7.1. The problem at stage i — 1, namely, (7.1) (with the new boundary
condition (7.5)), (7.3), and (7.6) is well posed in

LOO(],Hl(Qso Ell))an(ng “€i1. Hl(]))XLoo(],Hl(QSO s,l))

ﬂLZ(QEU Ei-1, Hl(]))
(7.7)

x [ %Yy L2 (J;L2(Qx Yop x -+ x Y(joyp H' (Yi-yp < ])))

NL2(Qx Yop x -+ x Y(j—1)B;H1(]))],

and there exists C > 0, independent of €;_1, such that

” (EU 1) ||L°°(];H1(Q;0£E’ 1) + ”Pz(Eo o ”LZ(Q;?;E"’l xJ)

< C<6i,1|IS“L2(Q><]) + ”Pinit”Hl(g)>'
(7.8)

” h(eo€i-1)

I

Q5 x]) <C ”Pinit ||H1 Q)

h(eo€i- 1)||L
o0

€i-1 ” sz (J;L2(Q0¢i-1x])) < C”Pinit ||H1(Q)/

and for j=i+1,...,N,

h(eo-i-1)
”P] ||Lw(];LZ(QXYOBX"'XY(jfz)BFHl(Y(jfl)BX]))) (7 9)
h(eo-ei1) '

+ ||Pj,t ||L2(£2><YUB><"'><Y(1'—1)B) < C”Pinit”Hl(Q)'
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Proof. This can be established by a straightforward application of [23,
Propositions 1.4.1, II1.2.1, I11.2.5], a standard fixed-point argument, and
the usual energy and Dirichlet problem estimates for parabolic equa-
tions. O

A similar kind of arguments also works to prove the following theo-
rem.

THEOREM 7.2. Problem (7.1), (7.3) is well posed in

L2 (3 H (@557) NI (Q557 5 ()

N
" [H L (J3L2 (@ x Yop x -+ x Y55, H' (Y- < J)))

pte (7.10)

an(QxYOB X oo ><Y(j—1)B;H1(]))]-

In order to identify the intermediate source terms which do not ap-
pear in the triple-porosity model, the following lemma is essential.

LEMMA 7.3. Let Fo ¢, € L*(Q x Yop x -++ x Y(j_1)p x J). Assume that
Feoeist — Feoeiz qoegkly in L*(Q x Yop % -++ X Y{j-1)g x J). Then, for j =
i,...,N-1,

i-1
f [I FeoEin <Z (gkyk+1 + Ck,Sk (xk))ek
]XQXYOBXWXY(];DB Yox---xYiq k=0
j
+ Z Xiex + te]-+1> dy;-- 'dyljl

k=i

£i-1—0

x(xo,...,xj,t)dx;j-- dxodt —— |Yi|

X J. I FEO"'fi—Z
]XQXYOBX-"XY(]'_DB Yox-xY;p

i—
x < (exysn + % (xx) ek
k=0

j
+ Z Xrex + te]'+1> dyi_1 .- -dy1]
k=i-1
xw(xo,,x],t)dx]dxodt (7 11)
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Proof. Using Fubini’s theorem, we interchange the integration spaces in
the following convenient way:

i-1
f j Feoe <Z (exyisn + % (xx) ek
JxQxYopx+xY(j-1)p ¥ Yox-++xYi k=0

j
+ Z Xie + tej+1> dy;---dy
k=i

X (p(Xo,...,x]',t>dx]""dXodt

J‘]XQXYOBX'“XY(iS)B xY(i-1)px+xY(j-1)B

£0°+Ei i-1),&i-
Xf [J‘ F# ’1(...,€i_1yi+C( ) ’1(x,-_1),...)
Yox-xYip Yii-2)BxY(i-1)

X (p(...,xi_l,...)dyidx,-_l
X dyi—l dyl dxj---dx,-dxi_z---dxodt

IIXQXYOBX"‘XY(iS)B xY(i-1)px-xY(j-1)B

£0-+Ei
XJ‘ [I F#° ’1(...,xi_1,...)
YoxYopx-xYi Y(i-2)BxY(i-1)

X (p( e EiYi t clim1)Ein (x,-_l),
cee )dy, dxi_l
X d]/i—l .. dy1 dx]' .. -dxl- dx,'_z i ‘dX() dt

€i-1—0 J‘
JxQxYopx-+xY(i-3)pxY(i-1)pXx"xY(j-1)B

£0+Ei
XI [f F#° '2(...,x1~_1,...)
Yox-xYio LV Y(i2)pxY(i-1)

X (p(...,xi_l,...)dyidxi_l
X d]/i—l dyl dX]'"-dXidxi_z-"dXOdt

= |Yia]|

JxQxYopx-xY(i-3)pxY(i-1)B XX Y(j-1)B

£0+Ei-
XJ U Forea( .o xin, ...
Yox-xYip L/ Yi0)p

X (p(...,xi_l,...)dxi_l
X d]/i—l dyl dx]‘"-dxidxi_z'-'dedt
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= |Yi4|

i_
e K,
XJ‘ j Feoéin2 (exYre + % (xx) ) ex
Jrx@xx-xY (g [ ) Yox-xYia pa

j
+ Z xkek+te]~+1>dyi_1~-dy1:|

k=i-1
x(x,...,xj,t)dx;--dxodt,

(7.12)
where Lemma 2.5 gives the second equality, and the weak convergence
of Fo%1 to Fo%2 and the strong convergence of ¢(xo,...,&-1yi +
i (x;4),...,x),t) to ¢(xo,...,Xi1,...,xj,t) as &1 — 0 give the con-
vergence result. The volume |Y;_;| appears as a result of the integrand’s

independence on the variable y;_, after ¢;_; — 0. Fubini’s theorem gives
the final equality. O

COROLLARY 7.4. With the definition of S?(E‘]"'Si’l) in(7.4),

S?(E“'"g"’l) — S?(E“"'E"’Z) weakly as ei-1 — 0. (7.13)
Notice now that
(L:’l(EO"'Eifl) )~(i)
! 1
=R A
apti

h
< B (o) 20—
Yox-xYi 1 xYipx-xYyp

(7.14)

i1
X < Z (kY1 + choer (xk))ex +xie
k=0

a+1

+ D yker+ tea+2> AY a1 -+ Ay

k=i+1

= S?(EO"'Ei—l)'

We observe that this definition of $"€é1) aorees with the one given b
g g y

i

(7.4), with the empty product in the numerator of the coefficient there
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replaced by 1. Thus, by Lemma 7.3, with j =i, we have the following
weak convergence result in L?(D):

(LHer-e)y~) 10 & Yl
1

o= Yol -+ |Yal
apZﬁU “€i-1)

< ()
Yox--xYio ><YiB><'“><YaB

<Z(skyk+1+c  (xy) ey + Z xiex

k=i—-1
a+l

+ Z ykek+tea+2>d]/a+1"‘d]/1
k=i+1

= S?(Eo“'fi—z)'
(7.15)

The permeability tensors that arise in the intermediate stages of ho-
mogenization are given by

Y-
(Kh(so € 2)) KEO “€i-2 (,U + | ( 1)F| 6aﬂ . (716)
ap |Yisa|

In the above definition, the geometry of the fractures enters the equa-
tions via w'™! = (w'™)ap, which is defined by the Y;_;-periodic solution
ﬁ !, modulo constants, of the following Neumann problem:

Ax,-w;;l =0 in Y(i_l)p, inw;’l "v=—e-V=-vg ONn aY(i_l)B,
; 1
i-1

w = — 0; ww' (x;) dx;,
P Y| I Your P (o)
(7.17)
where 0; 4 = 0/0x; 4.
Finally, define
h(eo€i2) _ |Y(i—1)F| £0+Ein h(go-gi2) _ |Yi—1| ~E0-Ei2
; = : ; ; = ; . 7.18
4)1—1 |Y'_1 | ¢1—1 i-1 |Y(i—l)F | pl—l ( )

By adapting the arguments employed in the homogenization of the tri-
ple-porosity model, using in addition Corollary 7.4 and (7.15), we arrive
at the following theorem.

THEOREM 7.5. For i=1,...,N, let (p{& ) pheo-an) | phlerealy po gpe
unique weak solution to problem (7.1) (with the new boundary condition (7.5)),
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(7.3), and (7.6). Then, as €;.1 — 0, the following limits hold weakly in the indi-
cated spaces:
XQZ(?;E,;l plgf(i..ﬁm) N ﬁf_oi"Ei-z in Hl (], L2 (Q&‘Bo,gb‘i—z)>,

€0 Ei-2 )
K (0-€i-1) _ |Yl*1| K eomeia)y  Seoeiz

XoFi-1 i—1 XoFi-1
pic | Yi-1e|

Yo
in L*(Qy 57 x]),
i)y~ g .
(P )™ IO L2(Qx Yo - x Yoy HY (Y < ),

(7.19)
and for j=i+1,...,N,

Wewern) |, hleeea) -2 o
pi I = p i LA (Qx Yop x - x Yooy H' (Y(j-1yp X J)).-

(7.20)
Moreover, if
i Y e
:1_(180 €i2) _ | i 1| Af—ol =3 (7.21)
[Yi-vr
then (p€e2) . oM 2)y s the unique weak solution of problem (7.1),

(7.3) with i replaced by i - 1. In particular, as €9 — 0, the following weak limits
hold:

Xaopy —po in H'(J;L*(Q),
KY'o o Yl

Ko
Qy jc Po |Y0F|
hen~() 1200y el

(p1 ™) p1 in L*(QH (YopxJ)),

X Kivpy inL*(Qx]), (7.22)

and for j=2,...,N,

p?(EO) — p] in L2 (Q X YOB X oo X Y(j—z)B; H1 (Y(j—l)B X ])) (723)
Moreover, if

| Yor|

A, Sh=
P o]

S, (7.24)
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then (po,...,pN) is the unique weak solution of the following system of final
homogenized equations:

6,00 Kh
¢0 Vo < #O xoP0>

C

P OPK foody = S" in Qx

Z |Y0 |Yk 1| Yopx-xY(k-1)B kot

Kh

—2V..p0-na=0 oQ
%P0 NQ on 0L x J,

uc

po = pinit i1 Qx {0},
(7.25)
and for every Xj-1 € Y(j-2)B, there exists a block Y ;1) such that p; solves the
following initial-boundary value problem for j=1,...,N:

dp; K/
hﬂ_vx» xP]
7ot T\ pe

Pr
Z |Y| |Yk|’[]BX *xYip kel

=0 mQxYOBX- “x Y- %],
pi=pj-1 onQxYopx---xY(j_2px0Yj-B % J,

0
Pk+1 ———dXp1-- dxj+1 (7.26)

Pj = Pinit n QXYOB Xoee XY(j—l)B X {0}

8. Concluding remarks

Each equation in the final homogenized system of the (NN + 1)-scale prob-
lem contains interchange terms from the relatively smaller scales. This
shows that the recursive homogenization procedure captures the mi-
croscale effects. Instead, if the entire reservoir was homogenized in a
straightforward manner as was done in [1, 10], a single-porosity model
with an average permeability would result. That would be inadequate
here since the porous structures are quite distinct. Here, we retain the
fine microscopic structures, yet we average their effects.

It is worth noting that instead of putting the external source term
solely on the first level of fractures, we could have easily defined it on
each level. If this is desired, then the above analysis still holds with the
modification that in the final homogenized system of equations, the ex-
ternal source term would appear on each level with no modification
from the homogenization.
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