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We generalize the results of Krasniqi 2012 and Wei and Yu 2012 to the case of r-differences.

1. Introduction

Let X = L? or X = C, where L? (1 < p < 00) [C] is the class
of all 2mw—periodic real-valued functions, integrable in the
Lebesgue sense with pth power when p > 1 and essentially
bounded when p = oo [continuous], over Q = [, 1] with
the norm

1l =15 Ol

(jQ If(t)lp dt)l/p when 1 < p < 0o,

ess sup |f (t)|
teQ

If Ollc = sup | @)
teQ

when p = oo, @

Il

and consider the trigonometric Fourier series

Sf (x) = @ + i_o: (a, (f)cosvx +b,(f)sinvx) (2)

with the partial sums S f.
Let A := (a,,;) be an infinite matrix of real numbers such
that

an,k >0

when k,n=0,1,2,..., nli_)ngocl =0, Zan’kz

The A-transformation of (S, f) be given by

Toaf ()= Y a,Sf(x) (n=0,1,2..). (4
k=0

In this paper, we study the upper bounds of [T, 4 f — flx by
the second modulus of continuity of f in the space X defined
by the formula

@, (f,8) = 0:1:'26 lox @ » (5)

where
Q. ()= fx+t)+ f(x—1)-2f (x). (6)

The deviation T, 4 f — f with lower triangular infinite
matrix such that

a,, 20 whenk=0,1,2,...,n,
(7)
a,; =0 when k> n,
n
Ya, =1, wheren=0,12,..., (8)
k=0

was estimated in the sup norm || - || by Krasniqi [1, Theorem
3.4, p. 290] (see also [2]) as follows.
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Theorem 1. Let f € C and (a, ;) satisfy (8). Then,

[Taf = flc=0 (w (#2).

k+1

+Zw(fﬂ/k)cz a )

k=1

n T n
" Zw <f) E) Z |a”,l - an,l+2|> >
k=1 C ik

where w(f, ) denotes the modulus of continuity of f and if
w( f,*)c is such that

Jn t 2w (f, t)odt =O(H (u)) whenue[0,7], (10)

u

where H(u) > 0, we have

ITaf = flc

~o(a(5Z),+(2) Sl )-

Additionally, if H satisfies the condition
J H((t)dt = O uH (u)) whenue[0,7], (12)
0

then

ITnaf - flc

=0 (H < Z |an,k - an,k+2|> Z |an,k - an,k+2|> >
k=0 k=0 (13)
T n
"Tn,Af - f“C =0 (H (;) Z Ian,k - an,k+2|> .
k=0

In our theorems we will consider the r-differences a, ; —
4,1, instead of a,, — a,;,, considered above. We will
formulate the general relation for r € N like it formulated
only for r = 2 in [1, Theorem 3.4, p. 290].

2. Statement of the Results

Let us consider a function w of modulus of continuity type

on the interval [0, 27], that is, a nondecreasing continuous

function having the following properties: w(0) = 0, w(d; +

0,) < w(6;) + w(d,) forany 0 < 8, <3, <6, + 0, < 2.
Suppose that w satisfies the condition

J 20 dt=O(H W) whenuel0,n],  (14)
where H(u) > 0 is such that

Ju H((t)dt = O (uH (u)) whenue[0,7]. (15)
0
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Let

X,={f € X:0,(f,8)x =0 (w(5)) when
(16)
€ [0,2r]}.

Our main results on the degrees of approximation are the
following.

Theorem 2. If f € X, where w satisfies condition (14) such
that (15) holds and r € N, then

ITaf = fllx

T T %) (17)
:O<H(1’l+1><1’l+l +]§)|a”»k_an,k+r|>>.

Additionally, if a matrix A is such that

n r+l-1 -1
[Z Zank] =0(1), (18)

1=0 k=I

then

Iranf = =0 (1 (25) B o ansnd ). 9
)

Theorem 3. If f € X, where w satisfies condition (14) such
that (15) holds and r € N, then

ITaf = flix

© (20)
_O<H(Z|an,k nk+r >Z|ank nk+r >
k=0

Theorem 4. Let f € X, where w satisfies condition (14) such
that (15) holds and r € N. If a matrix A is such that

Y (k+1)a,=0(m+1), (21)
k=0

then

ITnaf = fllx

7 T\
-o{wl1) 1 () S s )

Theorem 5. If f € X and a matrix A is such that (21) holds
andr € N, then

“Tn,Af_f”X =0 (“’2 (f’ %)

(22)

X

Z ”/” XZ o (23)

nk+r >
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Corollary 6. For a lower triangular infinite matrix A con-
ditions (18) and (21) hold always and therefore for a lower
triangular infinite matrix such that conditions (7) and (8) hold
one can obtain the results from Theorems 2, 4, and 5 without
the assumptions (18) and (21), where the mentioned results of
Krasniqi follow as the special cases with r = 2. Moreover, one
can consider the essentially wider class of sequences than in the
mentioned paper with the same degrees of approximation (see,
e.g., [3, Theorem 2]).

Corollary 7. From Theorem 5 it follows that if f € X, where
w satisfies condition (14) such that (15) holds and a matrix A is
such that (21) and

o0 o0 ank
Z lan,k - an,k-H’l <K Z T)’ (24)
k=m k=m/c

with somec > 1 andr € N, hold, then

“1:4¢4,f - jT”)(
. (25)
i O(H(ﬂ/ (1+1) Zan,kH(”/ (k +1)) ) .

n+1 ] k+1

Remark 8. The class of sequences defined by condition (24)
was introduced by the second author in [4]. The similar
classes were considered by Dyachenko and Tikhonov in [5]
with r = 1 (see also [6]).

Remark 9. We note that instead of (14) and (15) one can use
Bari-Stechkin conditions

r Flo ) dt = 0 (W),
0

rn 20 (1) dt = O (w (w) (26)

u

when u € [0,27].

Then all results are true for + 'w(t) instead of H (y) and
Lemmas 12 and 14 are not necessary.

3. Auxiliary Results

We begin this section by some notations from [7]. Let for r =
1,2,...

_sin((2k +1)t/2)
D, (1) = 2sin (rt/2)
(2k +1)t/2) @7
— cos
D, (1) = 2 sin (rt/2)
It is clear by [8] that
S.f (x) = % j F(x+ 0Dy, (1) dt,
(28)

Toaf (x) = % J fx+1) Y a,, Dy, (t)dt.
T k=0

3
Hence
1 (7 C
Toaf - F @)=~ [ 000 YauD 0de. 29)
k=0
Next, we present the known estimates.
Lemma 10 (see [8]). If0 < [t| < 7t then
7
D, )| < —,
|Dyer (0] 21
. (30)
D, ()| < —
' kot ( )| 21
and, for any real t, we have
1
|D, ()] < k + 5 31)

Lemma 11 (see [7]). Letr € N, € Z, anda = (a,) c C. If
x # 2lm/r then for everym > n

m m —
Zak sinkx = —Z (@ — ag,,) Dy, (t)
k=n k=n

m+r

+ Z @Dy, _, (t)

k=m+1

n+r—1

— Z akﬁk)_, (t) 5
k=n

(32)
m m
Zak coskx = Z (a4 — ayr) Dy, (1)
k=n k=n
m+r
- Z @Dy, (1)
k=m+1
n+r—1
+ Y @Dy, ().
k=n

Lemma 12 (see [9]). If (14) and (15) hold then
J t'wt)dt = O wH (1)) whenu € [0,2n].  (33)
0
We additionally proved two slight changed estimates.

Lemma13. If (14) and (15) hold, then, forc > 1 and 8 > o > 0,

jﬁ oty dt =0 (B -a) H(c(B-a)))

when (B -«a) € [0,27].

(34)

Proof. By substitution of f = u+a and monotonicity of w(u)/u
(see Lemma 15) we obtain, for ¢ > 1,

B B-a B«
Jt’lw(t)dtzj Mduszj ©®) 4,

0 u+u«o 0 u

(35)

c(B-a)
<2 J @ (u)du
0 u

and the desired result follows from the Lemma 12. O



Lemma 14. If (14) and (15) hold, then, for b > 1,
I 2wt dt = O (H(bw) whenue[0,7].  (36)

Proof. Using Lemma 13 with ¢ = 1, & = 0 and (14) our result

follows
bu b4
J + I ) t 2w (¢) dt
u bu

©® 44 0 H Gw)

37

slj ©® 4 4 0 H Gw) 7
u

_ Lllo (buH (b)) + O (H (bu))

=0((b+1)H (buw),
forb > 1. O

Finally, we present very useful property of the modulus of
continuity.

Lemma 15 (see [8]). A function w of modulus of continuity
type on the interval [0, 27t] satisfies the following condition:

8w (8,) <28]'w(8,) ford, =8, >0. (38

4. Proofs of the Results

Proof of Theorem 2. It is clear that for an odd r

T,af (x) = f (x)
1 [r/2] JZmn/r+n/r

@, (1) Zan,ka,l (t)dt
k=0

T =0 J2mn/r
(39)
1 [r/21-1 c2(m+1)m/r o)
=N (1) Y 4Dy () dt
T =0 J2mnfrin/r k=0
=1, (x)+ I, (x)
and for an even r
1
Tyaf ()~ f () = 1
[r/2]-1 2mn/r+m/r 2(m+1)m/r
: + (t)
mZ:O (Lmn/r Lmn/rﬂr/r ) Px (40)

. Zan)ka)l (t)dt =1, (x) + I, (x).
k=0

Then,

ITsf = i< Il + 1] +IRD- @D
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Since, by Lemma 11,

S 0D 0= 30,

=0 2sin (¢/2)
1
ZST(t/Z) <Zank sin kt cos (¢/2)
+ Za,,,k cos kt sin (t/2)>
k=0
(42)
_ cos(t/2) Z (a \Be. 6
" 2sin (t/2) nk = @neer) Dicr
r—1 0
_ Zan,kﬁk,—r (t)) + % (Z (g — Gpgesr) Dy (1)
k=0 k=0
r-1
+ Zan,ka,—r (t)> >
k=0
then
Y @Dy (1)
k=0
< 2 |sin (t/2) sin (rt/2)| (Z | Apj — nk+r (43)

+I;)an,k> |sin (£/2) sin (rt/2)|Z| nk ,,k+r

Hence, by Lemma 10,

1 [r/2] comm/r+n/r [ 1
s 23 [ e Ol [ YD ] de = -
m=0 72 k=0 T
[r/2] 2mmn[r+m/r(n+1) 2mm/r+mfr
(] g Jio. 0l
m=0 2mm/r 2mm/r+m/r(n+1)

[r/2] comm/r+m/r(n+1)
I T PR

m=0 *2mmu/r

(o)
: zan,ka,l ()
k=0

1
+ =
s

O (w(t) §|a -

[r/2) fomnfr+m)r
. T T —— A,k dt.
=0 .[Zmn/r+n/r(n+l) [sin (£/2) sin (T‘t/Z)lk:O i +r|

Using Lemmas 13 and 14 with ¢ = b = r and the estimates

[sin(t/2)| > |t|/m for t € [0,7r] and |sin(rt/2)| > rt/m - 2m
for t € 2mm/r,2mn/r + nt/r], where m € {0,..., [r/2]}, w
obtain

"I “X SO(I)([ ]+ 1) r(nﬂ+ 1)H<n7il>

+ Z |ank nk+r
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[r/2] J—Zmn/r+n/r 0] ((,0 (t))

—0 J2mmn/r+n/r(n+1) t(rt/m —2m)

<1’1+1> Z'ank nk+r

‘ [r/2] J~2mn/r+n/r o) (w (t))
—o J2mn/r+m/r(n+l) (Tt/?'l’) (t - 2m7r/r)

T
‘1’1+ n+l Z|ank nk+r

kS J"/f O (w (t + 2mm/r))
m=0 J7/r(n+1) (rt/m) (t + 2mmn[r)

'[n:1H<nZ1>+<[g]+l>27ﬂ

00 n/r
'Zlank nk+r J/ wt(zt) :| =O(1)

7/r(n+1)

dt<0(Q)

= U
- H .
+ I; |an,k an,k+rl (?‘l +1 >:|

Analogously

1l = [ ]|:r(nﬂ+ 1)H<n21>
23 -l 125 |

dt =0(1)

dt = 0 (1) —2—
n+1

(45)

(46)

Similarly, by Lemmas 10, 13, and 14 with ¢ = b = r and the
estimates |sin(t/2)| > |t|/7 for t € [0,7r] and |sin(rt/2)| >
2m + 1) —rt/mfort € 2(m + V)m/r — 7/r,2(m + V)7/r —

n/r(n+1)], wherem € {0,..., [r/2] — 1}, we get

1[1’/2] 1J~2(m+1)rr/r

I < —
1Ll <~ mZ:O —
1 Z] (
T m=0

o0
Zan,ka,l ()| dt
k=0

lo. ®)]x Za kDr1 (1)

2(m+1)m/r—m/r(n+1) 2(m+1)mt/r
+
JZ(mH)rr/r—rr/r .[

<

1
. 0l :

[r/2]-1 ~2(m+)m/r O(w (f))
. J Z | ay k

m=0 92(m+)m/r—m/r(n+1)

2(m+1)m/r—m/r(n+1)

)

- an,k+r|

- - dt < =
2Am+)/r—n/r [sin (¢£/2) sin (rt/2)| 2

[r/2]-1 J2(m+1)n/r—n/r(n+1> O (w(?)) 1
m=0
[r/2]-1 Jz(m+1)7r/r

t))dt + Z |an,k
k=0

m=0 J2m+D)r/r-m[r(n+1)

- an,k+r|

. [r/2]-1 JZ(m+1)rr/r—rr/r(n+1) o) (w (t))
m=0 J2(m+V)m/r-m/r (T't/TL') [2(m+1) n/r — t]
L2l

_1 J-Z(m+1)n/r O(w (t))dt+ i |a
2 2 & n,k

m=0 m+1)r/r—m/r(n+1) t

| i r/’ O (w(~t+2(m+1)7/r)
ke ey (r/m)t (=t +2 (m + 1) 7/r)

m=0

1 r/2]- (m+1)m/r O(w(t o)
E Z J ( ())dt+2|an,k
m=0 k=0

2(m+1)m/r—m/r(n+1) t

ol [B) 2 [ Ol

r Japrey 12

Thus

|L]x=0m

St ()
n+1 n+1

T
+Z|ank nk+r <1’1+1>:|

Collecting these estimates we obtain the first result.
Applying condition (18) we have

0 -1
(n+1) Z lan,k - an,k+r|:|

k=0
-1
| an,k+r| ]
- (49)
| = Ay fevr | :|

1=0 k=l

(48)

M8

5

L =0

Il
o

In
M8

=
1

1

[ n

>

[ [=0

=0(1)

(o]

Z (an,k - an,k+r

k=1

IN

and the second result also follows. O

Proof of Theorem 3. Analogously, as in the proof of
Theorem 2, we consider an odd r and an even r. Then,

Toaf (%)= f(x) =1 (x) + 1, (x) (50)



6
or
Toaf ()= ) =1 (x) + L, (%), (51)
respectively, and
ITuaf = flx <MLl + |0+ IR0 G2
Since A, = Z;C:)O |an,k - an,k+r| <2
1 [r/2] comnfrm/r o)
<Y [0 loe @l Y aube 0] dt
T m=o k=0
1 [r/2] 2mn/r+(1/r)A,, 2mm[r+m/r
- ;mz:o («Lmrl/r i J‘Zmn/rJr(l/r)Am )
o
N @l | Y- aniDis )] dt,
k=0
1
Ity < 2 -
[r/2]-1 ~2(m+1)m/r [e) 1
t D, , (t)|dt < —
=0 Lmn/Hn/r "(Px( )“X kgoan,k kol ® T
[r/2]-1 2>m+1)mfr=(1/1)A,, 2(m+1)m/r
: +
mZ:O (L(mﬂ)rr/r—n/r J'Z(m-*-l)n/r—(l/r)An,, )
o
’ "(Px (t)”X Zan,ka,l (t)|dt.
k=0

Therefore, in the terms Iy, I {, and I, we can estimate
analogously as in the proof of Theorem 2 and thus we obtain
the desired estimate. 0

Proof of Theorem 4. Similarly, as in the proof of Theorem 2,
we consider an odd r and an even r. Then,

Toaf (%)= f(x)

1 n/r(n+1) o0
27 0.0 YauD 0
T Jo k=0

1 n/r 00
+— J @ (1) Zan,ka,l (t)dt
T Jr/r(n+1) k=0

Y

ol + 1) <

7], +

Q=

m=1 J2mn/r

[r2]-x ~omm/r+m)r nfr
=1 JZmn/r Jﬂ/r(n+1)
([T/Z]K J~2m7r/r+7r/r(n+1) [r/2]-x ~omm/r+m/r
N

m=0
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+ —

1 [r/2] ~omm/r+m/r
22

[ee]
P, (1) Zan,ka,l (t)dt

m=1 72mn/r k=0
1 [r/2]-1

+ —

(m+1)mt/r 00
[ 00 YD ()t
T 2 k=0

m=0 mrt[r+m[r

=], () + ], () + I (x) + I, (x)

(54)
or
Toaf ()= f(x) =], (x) + ], (x)
[r/21-1 commfr+n/r [r[2]-1 2(m+1)m/r
1
+ — + t
T ( mzzl JZmrr/r mZ:O J-Zmrt/r+rr/r >(PX( )
(55)
Y auDyy ©)dt =], (x) + T, (x) + I (x)
k=0
+ IZ (x) >
respectively. Therefore,
ITwaf = Fli < Wl + Wl + 2]+ 2]
(56)
+ L] x -
By Lemma 10 and (18),
1 /r(n+l) 0
il [ e @l [YauDer 0] de
7 Jo k=0
7t/r(n+l1)
s—Z(kH)ankj w () dt
(57)

nt/r(n+1)
=O(l)(n+1)J'0 w (t)dt

<00 7u(55) =0 (757)

Further, by the same lemmas and conditions as above and
Lemma 15, we obtain, with

1 when r is even,
K= (58)

0 when r is odd,

that

Y a,x Dy, ()| dt

k=0

)Mwh

Y a,x Dy, ()| dt

k=0

)mmk

2mm/[r+m/r(n+l)
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< 1 ZZ J»2m7't/r+7't/r(n+1) O(w (t))
T m=1 J2mmn/r 2 |Sin (t/2)|
[r/2]-x ~omm/r+m/r
2]
+ — a dt
T =0 J2mm/r+m/r(n+l) |Sln (t/z) sin (rt/2)| Z | e ”>k+r|
1 [r/2]=% comm/r+m/r(n+1) 0 (w () Ow®) , [r/2]—K 2mn/r+mfr O (w (1))
< 2 t+ Z |ank nk+r
2 o =0 J2mnfrinfr(n+1) T (rt/m —2m)

[r/2]-x 2mm/r+m/r(n+1)
O(w(2
S ot | u

- 2mr/r 2mnfr

m=1

[r/2] I O(w(t + 2mmfr))
+ a
Z| ik~ O] Z L/r(n+1) (rt/m) (t + 2mm/r)

m=0

Sz[’g:”o(w(Zn/r)) T2 ([E]) z| _— r/' o)

27 [r r(n+1) r(n+1)

[ee]
T
() n+1 kZ::,)|n,k nk+r| n+l
1 [r/2]-1 2(m+1)m/r—mt/r(n+1) 2(m+1)m/r 0
b= J +j Ol |Y anxDsr (0] dt
“ 2||X T =0 ( 2(m+1)m/r—nt/r 2(m+1)m/r—m/r(n+1 )”gox "X l;) Pkl
_ 1 Jz(mﬂ)ﬂ/r*ﬂ/r(nﬂ) O (w Z| s
S 2 emeynrongr [sin (£/2) sin (rt/2)| Ak ~ Onkr
[r/21-1 <2(m+)n/r
1 O(w(t
- J (@(®)
2 m=0 J2m+D)r/r-m/r(n+1) t
[r/2]-1 oo 2(m+1)mt/r—mt/r(n+1) O(w (t))
a
mZO kz(:)| mk ~ G j(m+1)n/r—n/r (rt/m) [2(m+ 1) /r —t]
. r/21-1 (w@m+ 1) m/r—m/r(n+1))) Jz(m+l)n/r u
m=0 2m+Dr/r—mnfr(n+1) At 1)/ (1)

5 dt +2
7/r(n+1) t ni/r r(n+1)

J’”/r O (w(t)) Ow(n/r) m

r1| 2m &
< [E] [T};)|an,k _an,k+r|
=0(1) OZO:|a -a |H< d >+w( i ) .
= wk Sl n+1 n+1

(59)

. 7/r(n+1) (o8
Thus our proof is complete. O “]1 "X < 1 J ||¢x (t)"X Zafthk’l )| dt
7 Jo k=0
00 /r(n+l
Proof of Theorem 5. Let as above %Z (k+1)a,, J w, (f.), dt
= 0
ITuaf = flx

/r(n+1)
< Dl Wl I+ 157 ] + s =001 [ (1)



. T
SO(I)?‘Uz <f’m>x

(60)

Further, taking Trln = [n/(rt — 2mm)] and T = [n/rt], using
Lemma 15, we obtain, with

1 when r is even,
K= (61)
0 when r is odd,

that

[r/2]-x J»Zmrr/r+n/r

bl = 23

m=1 92mnfr

Zan)ka)l (t) dt

n/r e8]
t[ ool
7/r(n+1) k=0
~ 1 [T/ZZ]*’C J»Zmﬂ/r+n/r(n+1)
T m=1 J2mm/r

[r/2]-x ~2mn/r+m/r
w2

) I O,

m=0 J2mm/r+m/r(n+l)
1
Zankal (t) dt < —
k=0

[r2=x comn/rin/r(nil) o (ft), & 1
| J @y o g, L
S 2[sin (¢/2)1 ™ T

m=1

[r/2]-x comm/r+n/r ( W, (f t) gn
k

2mrfren/r(n1) \ 2 [sin (£/2)] k=0 "

m=0

Za xkDy1 (£)

k=0

(j (m+1)m/r—m/r(n+1) 2(m+)m/r
]

2(m+1)m/r—n/r

s 0l

l[r/2]—1 2(m+1)r/
FEESN)

T =0 Jemnirim/r

IN

1 211
=)

m=0

IN

1
T =0 J2mevyn/r-nr 2|sin (t/2)| £

W, (f’ t)X .

1[7/2]—1 2(m+1)m/r
J.Z(m+1)rr/r—rt/r(n+1) 2sin (t/2)| &

m m=0

/rne1) —t+2(m+ 1) m/r

dt

o

2(m+1)m/r—m/r(n+1)

[r/2]-1 J-2(m+1)7r/r71/r(ﬂ+1)< W, ft)X Z
nk

Abstract and Applied Analysis

w, (f t)X
" |sin (t/2) sin (rt/2)] £ Z Bk = B ierr]| >dt

1 r/2]-% omm/r+m/r(ntl) w ot 1
s J Mm_([z]
2 2

2mm/r t 2

m=1

) :
+1)J 2 XN a, dt+—<[—]+1)
n/r(n+1) Za g 2

mlr W, (f’ t)x —
. J A g la, —

/r(n+1)

an,k+r| dt

[r/2]-x

w, (f, 2mn/r)X rmn/Hn/r(nH) u

21’)’17‘[/1’ 2mm/r

m=1

SO
2 ([5)-1)

J,m w, (fim/rt) x Z | T[dt
Apje —

a, k+r
(/rt)* k=1t) 2

s
=

<O(1)w, (ﬁn—7f_1>x+0(1)

n 71'/[/[ XI/H‘I

Z:: Zank+0(1)2w2( M>x
Zlank nk+r

(62)

Next, taking Tfn = [n/(-rt + 2(m + 1)m)], we obtain

dt

o0
Zan,ka,l (t)
k=0

N
“2 (f )X nk+r >dt
k=12,

|sin (t/2) sin (rt/2)] Z | A ~

an’k dt

[r/2]-1 ~m/r _ T
Sl Z J’ w, ( t+2(m+1)7r/r)XZan’kdt
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[r/2]-1
+

m=0

(7 @e(fxy e 1) (7 @Sy
< [E]J 2 t Xzan,kJr_[E]J %Z'an,k_an,kwldt
k=0 r t k=1

n/r “t+2m+ D7 T’ 1 [r/2]-1 f2(m+1)m/r w, (¢
J ( ( ) / 2 Zl Apg — nk+r|dt+5 J- 2()th
n

[r(n+1) (1’/7’[) t( t+2 (m + 1) 7T/1") m=0 J2(m+)m/r-m/r(n+1) t
n/r(n+1) n/r(n+1)

[r/2
+

1w2 (f2(m+l)7‘[/r—7'[/r(n+1)) J (m+1)m/r "
0 2(m+ 1) n/r—m/r(n+1) 2m+1)nfr—mfr(n+1)

3
i

u+l

Z ﬂ/”)xz a,,+0(1) sz( )szlan,k_an,k”l-i—o(l)wz (ﬁﬁ)x
Z =u

(63)

Thus the result follows. O n !
us the result follows Z Z(fﬂ/‘u)xz +O(1)

Proof of Corollary 7. Theorem 5 implies that

'iwz f)z n%+0(1)
"T”’Af_fllx = O(‘Uz (ﬁ#) u=1 ( :‘>Xkﬂ k
Txe(s]) owe(r ),

T
puil k=n+1 u=1 u
+0(1)( 1+c){i fﬂ/#xz Ak

X

+ sz (f ”/M)Xz nk (64)
u=1 nu

on(52) $ s -ann )

X k=u
ny+1

oW, (fim/ X, - w, (/1)
p2y L)y w, (f,7/u) 3 (fir/u) %}

Since in (24) 5w+l & P
Z“’Z< ) 3 fans g =01 +0(1) Zw( )sz— +O(1)
p=1 X k=y = .

$a(n) (Snosme5) A REe()so0nli),

n p-1 omi w, (fir] (u+1))y ’
sO(l)z%(ﬁg)X(kZ azk>+0(1) +0(1)(1+ )Z w1 I;)a,k

Ay ke

n n o +O(1)[3(1+c)+1]nw £Z " Gk
0 -3 3) 5-(03), 55

ST, comSui2), o § %8 (1), o0

I/l
o, @ (f7) +oq
See. § ) o
<_ e B LUA I (Ra) R
k=0 =k p+l
one has

m Ny, (7
||Tn,Af—f||X=o<1)w2<f,m>x+0(1)(1+c) kzl . ’;wz<f,#>x+0(1)
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Y Gk (z)
k:;rl k ;wz ﬁ!‘ x

(66)

If (14) and (15) hold, then

(s (rh),
H (n/ (n+1))

+1
sealimller Dl g7 ey

u+1 7/ (n+2) t

<O(1)4r
(67)
dt

pu=k

H (r/ (k +1))

<0(1)8
<O(L)8n k+1

and therefore

n+1

- H(/(k+1)
+0 (kzlan’kT> (68)

o(n() £%)

H 1
IT,af - fl = 0 D)

k=n+1
Since
(o) o0
i 1 1
k a=0(—=) (9
k:;rlk n+1k:;rl” n+1
the result follows (cf. [6]). O
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