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We study a class of semilinear nonlocal elliptic systems posed on settings without compact Sobolev embedding. By employing
critical point theory and concentration estimates, we prove the existence of infinitely many solutions for values of the dimension

N, where N > 6s, provided 0 < s < 1.

1. Introduction and Main Result

Nonlocal problems and operators have enjoyed much atten-
tion from mathematicians in recent years probably due to
their interesting analytical structure and their numerous
physical applications in many fields such as flame propaga-
tion, conservation laws, ultrarelativistic limits of quantum
mechanics, quasi-geostrophic flows, and the thin obstacle
problem (see [1-3]). In this paper, we are concerned with
the study of the infinitely many solutions for the following
system:

2 _
(A u = T“/s 2 up? + Au in Q,
04

lul® v]P2 v + pv in Q, &

s 2B
—A)fv= 2
=a)v a+p

u=v=0 on 0Q,

where Q) is an open bounded domain in R™, A,z > 0 and
a>1,8> lsatisfya+ f =27 = 2N/(N - 2s),s € (0,1)
and N > 2s. Whena = 3, A = y, and u = v, problem (1)

reduces to the Brézis-Nirenberg type problem with fractional
Laplacian:

(<A u=|u*2u+Au inQ,
(2)
u=0 on 0Q.

In [4], Brézis and Nirenberg considered the existence of
positive solutions for problem (2) with s = 1. Such a problem
involves the critical Sobolev exponent 2* = 2N/(N - 2) for
N > 3, and it is well known that the Sobolev embedding

Hé(Q) — Lz*(Q) is not compact even if Q is bounded.
Hence, the associated functional of problem (2) does not
satisfy the Palais-Smale condition, and critical point theory
can not be applied directly to find solutions of the problem.
However, it is found in [4] that the functional satisfies the
(PS), condition for ¢ € (0, (1/N)SN'?), where S is the best
Sobolev constant and (1/N)SN/? is the least energy level at
which the Palais-Smale condition fails. So a positive solution
can be found if the mountain pass value corresponding
to problem (2) is strictly less than (1/N )N 2 In [5], a
concentration-compactness principle was developed to treat
noncompact critical variational problems. In the study of the
existence of multiple solutions for critical problems, to retain
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the compactness, it is necessary to have a full description
of energy levels at which the associated functional does not
satisfy the Palais-Smale condition. A global compactness
result is found in [6], which describes precisely the obstacles
of the compactness for critical semilinear elliptic problems.
This compactness result shows that above a certain energy
level it is impossible to prove the Palais-Smale condition. For
this reason, to obtain infinitely many solutions for the critical
problem, it is essential to find a condition that can replace
the standard Palais-Smale condition. In [7], Devillanova and
Solimini considered (2) with s = 1 and obtained infinitely
many solutions for every A > 0 if N > 7. They proved this
latter result by employing the concentration estimates and
lower bound of augmented Morse index on min-max points
(see [8]), which seem unapplicable to the case of (1) directly.
This work was extended to an analogous problem involving
p-Laplacian for 1 < p < co by Cao etal. [9]. They proved that
if N > p* + p, the following problem,

—Apu:|u|p*_2u+)t|ulp_2u in Q, u=0o0n0Q, (3)

where 4 > 0 and p* = pN/(N - p), has infinitely many
solutions. Recently, Yan et al. extended the result in [10] to
problem (2) and obtained infinitely many solutions for every
A > 0if N > 65, where 0 < s < 1. Similar problems to
(1) for the Laplacian operator have been studied extensively
in recent years; see [6, 11-14] and the references therein. In
particular, Alves et al. [11] studied the p-Laplacian system
with critical growth and obtained the existence of infinitely
many solutions if N > p*> + p. An important cornerstone
for these works has been laid out in a remarkable paper
[15], where Caffarelli and Silvestre gave a new formulation of
the fractional Laplacian through Dirichlet-Neumann maps.
This is extensively used in the recent literature since it allows
transforming nonlocal problems to local ones, which permits
the use of variational methods. This will come in handy for
this work. A more general form of the fractional operator has
been studied and a multiplicity of solutions has been shown
in several cases. For further reading, we refer the reader to
these recently published papers on the fractional Laplacian
[16-22].

In this paper, we prove that (1) has infinitely many
solutions under the following conditions: N > 6s, where
0 < s < 1, by studying system (1) in the critical case a+ 8 = 2;.
We adapt the original idea used in [7] which was described
in the above paragraph (see also [9-11, 13]). After perturbing
problem (1) into a subcritical case with a (PS) functional in all
energy levels, estimates on the set of the solution sequences
to the subcritical case of (1), a global compactness argument,
and a (local) Pohozaev identity are used to establish the
strong convergence and finally use min-max theorems on
a genus homotopic class to produce infinitely many critical
values. The paper is organized as follows: in Section 2,
some notations and preliminary results are established. In
Section 3, we establish a local Pohozaev identity which allows
us to prove the E (% )-strong convergence of solutions for
the subcritical case of problem (18), and, finally, we show how
this technique allows the application of classical min-max
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arguments to (1) and to prove, in this way, the existence of
infinitely many solutions. Our main result is the following.

Theorem 1. Let0 < s < land A >0,y > 0O with A+ pu > 0.
Then problem (1) has infinitely many solutions when N > 6s.

2. Notation and Preliminaries

The powers (-A)® of the positive Laplacian operator —A, in
Q, with zero Dirichlet boundary conditions are defined via
its spectral decomposition, namely,

k
(A u(x) = ) a;pig; (%), (4)
j=1

where (p;, ¢;) is the sequence of eigenvalues and eigenfunc-
tions of the operator (—A) in Q under zero Dirichlet boundary
data and a; are the coefficients of u for the base {goj};’zl in

L*(Q). In fact, the fractional Laplacian (—~A)® is well defined
in the space of functions

k
H; (Q) = <|u = Y ap; € L2 (Q) : lully
j=1

K 1/2
j=1

and [[ullg: = I1(=8)"ull 2.
A pair of functions (1, v) € Hy(Q) x Hy(Q) is said to be a
weak solution of problem (1) if

j ((CAYP u(-0)"2 gy + (-A)2 v (-0)"2 g, ) dx
Q

- JQ (Aug; + pvg,) dx

2« (©)

_oc+ﬁ

2/3 a, 1B-2
- — dx =0,
(X+‘B,[Q [ul™ |v|]" ve,dx

for all (¢, ¢,) € Hy(Q) x Hy(Q). Solutions to problem (1)
will be obtained as critical points of the corresponding energy
functional

j 1l 21 P gy dx
Q

T () = % L (Jemuf +]-ay"4]") dz

JQ (A ul + pv)*) dx %)

N | =

2
_ P d
06+ﬁjn |u|™ |v|F dx.
The functional is well defined in Hy(Q) x Hy(Q), and,

moreover, the critical points of the functional J, , correspond
to solutions of (1). We now conclude the main ingredients
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of a recently developed technique use in order to deal with
fractional powers of the Laplacian operator. Motivated by
the work of Caffarelli and Silvestre [15], several authors have
considered an equivalent definition of the operator (-A)*"?in
a bounded domain with zero Dirichlet boundary data means
of auxiliary variable, see [2, 23]. Associated with the bounded
domain Q, let us consider the cylinder € = Q x (0, +00) C
Rfj *1. Now, for a function u € H;, we define the s-harmonic
extension w = E (u) to the cylinder &, as the solution of the
problem:

div (ylfzSVw) =0 in %
w=0 onoQ
w=u on Qx{0}, (8)
(-A)' u(x) = —k, lim yl_zsaﬂ (x,y),
y—0* oy

where k, = 21"20(1 - 5)/T(s) is a normalization constant. The
extension function w(x, y) belongs to the space
Hy, () = {w e £ (%0) s w
)
=0 on 0;Q, J Y7V dx dy < oo]»
@

Q

endowed with the norm

1/2
Il o0 =<L{ yl_ZSIVzlzdxdy> o)

The extension operator is an isometry between H;(Q) and
HS,L(%Q); namely,

el = |IEs (”)"HgL(%Q)’ VueHy(Q). ()

With this extension, we can reformulate (1) as the following
local problem:

—div(y" V) =0,
—div(y"*Vw,) =0

in €g,
on 9,9,

w; =w, =0,

1—25%
d0v

2« oa— 12

= m |w, (x,0)] ? w; (x,0) [w, (x, 0)|ﬁ (12)

+ Aw; (x,0)  on Qx{0},

1-25 OW,

ov

2 o —
= 2o O s 501, (0

+ uw, (x,0)  on Q x {0},

where

andw,,w, € H&L(‘gg) are the s-harmonic extension of u, v €
H;y(Q), respectively. Let

Ey(8q) = Hé,L (Bq) x Hé,L (6q) (14)

be equipped with the norm

I(wy, w,) E(Gq) — Jlw, "HOI,L(%) + "wzlng,L(%Q)’ (15)

An energy solution to this problem is a function (w,, w,) €
Ey (%) satisfying

j ¥ 7 Vw, Vo, dx dy + J ¥ 7 Vw,Ve,dx dy
gﬂ %Q

for all (¢, 9,) € Ey(Gg). If (w, w,) € Ej(E) satisfies (12),
then (u, v) = (w, (-, 0), w, (-, 0)), defined in the sense of traces,
belongs to the space Hy(Q) x Hy(Q) and it is a solution of
the original problem (1). The associated energy functional to
problem (12) is denoted by

IA,H (w) = IA,;A (wl’ w2)

1 -
3, v ) asas
Q

| )

-3 |, Ol + )
3 2
a+f

J, fun sl ax
Q

Critical points of I) , in Ej(%,) correspond to the critical
points of J , : Hy(Q) x Hy(2) — R. Since the problem is
critical, the functional I , does not satisfy the Palais-Smale
condition. Thus the min-max theorems can not be applied
directly to obtain infinitely many solutions for (1). Following



the original idea in [7], employed in a closer setting in [10],
we deal first with the following perturbed problem:

— div (yHSle) =0,

—div (ykstwz) =0

in €
w, =w, =0, ondQ
1—25%
ov
2(x—c¢ a—de .
T« jE B 2)8 Jwy (6, 0)[** ™ wy (x,0) |w, (x, 0)|ﬁ (18)
+Aw; (x,0) on Q x {0}
1725%
v
2 —£ ax—& —2—&
T« JE[; _ 2)8 [w, (x,0)|" |w, (x, 0)|ﬁ 7w, (x,0)
+pw, (x,0)  on Qx {0},

where (w;, w,) € Ej(€)and 0 < & < minfa—1, f-1,2; —1}.
The functional corresponding to (18) becomes

€ 1 —4S
Bu(wg) =3 | 57 (19wl +[vgf) dxdy

- % L (Awl +p o) dx (19)

2 a-¢ B-¢
a+f-2¢ JQ ™ol dx

where (w,9) € Ey(%). Now Iiﬂ is even and satisfies
the Palais-Smale condition at all energy levels. It follows
from the symmetric mountain pass lemma [24] that (18) has
infinitely many solutions. More precisely, it follows from [25,
Theorem 6.1] that there are positive numbersc,;, [ =1,2,...,
with ¢,; — +00,as ! — +co and a solution (w,, ¢, ;) for
(18), satisfying I*(w,;, ¢.;) = c,;. To obtain the existence of
infinitely many solutions for (1), the first step is to investigate
whether (w,;,¢,;) converges strongly in Ej(€) as ¢ —
0. That is, we need to study the compactness of the set of
solutions for (18), with & > 0 small enough.

3. E (6 )-Strong Convergence of Solutions
for the Subcritical Case of Problem (18)

In this section, we establish the strong convergence of
solutions for the perturbed problem (18). Throughout this

paper, we denote the norms of Ey(%,), Q) (1 <1< o)
by "(wpwz)”Eg(qgn) = |w, ”HS,L(%Q) + "wZHHé,L(%n)’ ||U||LI(Q) =

!
(JQ lul dx)l/ , respectively, and positive constants (possibly
different) by C.
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Proposition 2. Suppose that N > 6s with 0 < s < 1 and
A,y = 0 satisfy A + u > 0. Then for any sequence (u,,,v,) (n =
1,2,...) which is a solution of (18) with ¢ = ¢, — 0, and for
(u,,v,) satisfies II(un,vn)IIES(%) < C for some constant C >
0 independent of n, then (u,,v,),>, has a subsequence which
converges strongly in Ey(€ ) as n — +0o0.

Before giving the proof of Proposition 2, we give some
estimates for (u,, v,). Let D be a bounded domain such that
Q e D and (y4,(x,0),v,(x,0)) = (0,0) in D \ Q. We choose
A > 0 large enough so that, for all x, y € R, the following is
verified:

2 *_
7 fﬂﬁ |x|“"_2x|yﬁ”+)tx s2(|x|+|y)2s Ry

n n (20)
20, « -
%ﬁm“ yPy ey < 2(xl+ ) + 4

for all x,y € R. Let (w,) (n = 1,2,...) with w, > O be a
solution of

—div (yHSVw) =0, in @p,

w=0, ono.D,
. (21)
12500 _ 2 (ju, (5, 0)| + v, (%, 0))* " + A
ov
on D x {0}.
By choosing D and A, we find
~div (yl_ZSV (w, * un)) =0, in G,
w, *u, =0, onod.Q, (22)
0(w, =
I_ZSM >0 on Qx{0}.

ov

Multiplying (22) by (w, + u,,)” and integrating by part, we see
that

[u,| < w,. (23)
Similarly, for v,,, we have
[v,| < w,. (24)

Then by (23) and (24) we have

1
z (lunl + |Vn|) < Wy (25)
So in the following sections we can consider just the estimates
of w, in €q.
Let
55,0@13
inf .[%Q y (|Vw1|2 + |Vw2|2) dxdy (26)
= 1n .

(wy,w,)€E(B) )2/22‘

(_[Q |w1|“ |w2|ﬁ dx
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Then we have (see Lemma 2.5 [23]) yl—Zsa_U -yt (x,0) i (x,0)
av bl bl
Bl a2t
S qarf = [(ﬁ) +(£) ]é’(s N, @) on BY x {0},
B oc
125V e (x,0) VP (x,0)
where §'(s, N) is the best Sobolev constant defined by F
5 on RN x {0},
[o, 7' 7 |Vz (% p)[ dxdy
S (s,N) = 12€f o TP (28) U >0,
2€H;; (Ga)\(0 2 (%, 0)% dx)" "
(f,, 1z (x, 0)* dx) -
which is achieved if and only if O = R by functions w, are in RN x {0} .
the s-harmonic extensions of (32)
£N-29)/2 Lemma 3. Let (U,V) be a solution of (32). Then U(x,0) =

-_——— N
U (x) - (82 N |x|2)(N—25)/2 » €20, xeR". (29) V(x,0) forall x € RYN.

Proof. Let (U, V) be a solution of (32). Then

Now we introduce the “problem at infinity”: _ div ( y1*25 V(U - V)) =0, in IRNJrl

1-2s _ —
~div (Vi) = 0, yl—zs% = U (x,0) VA (x,0) (V — U)
(12
—~div (y" V) =0 on RY x {0}, (33)
in RN, U>o0,
V>0
1-2s ou 20 a—1 B
- = 5 0 > 0
v ar gl ROV X0 in RN x {0}.
on R x {0} Multiplying (33) by (U -V) and integrating by part, we obtain

" (30)
1-2s 2
1220V 2B a0 B (0 jRNH yEIV (U - V)P dxdy
o a+f : (34)

_ a—1 p-1 2
on RY x {0}, = JRNU (x,0) VP (x,0) (U-V) dx <0,
U >0, which implies that
V>0 U(x,y) -V (x,y) = const. (35)
in RN x {0}. Note that U > 0,V > 0, in RY. It follows from (30) that
U (x,0)VP(x,0) = y"(QU/dv) = U(x,00VF ! (x,0) in
Herea > 1, 3> 1,and o + f3 = 2]. Set R x {0}. Hence U(x, 0) = V(x,0) =
From Proposition 6 in the Appendix, we have the global
20\ V(@+p-2) B B/2(a+p-2) compactness result on (1). Let (u,,v,) (n = 1,2,...) be a
U= <oc + ﬁ) <—> u, solution of problem (18) with € = ¢, — 0asn — +00, satisfy-
To 31) ing [|(w,,, v, E%q) < C for some constant independent of .
2p3 V(etp=2) o\ a/2(a+f-2) Then replacing the solution if necessary with a subsequence,
= <oc N /3> (E) & there exist k sequences mutually diverging scaling o, with
respective concentration points x;, such that, as n — +oo,
Then problem (30) can be rewritten as k > ) )
u, =uy+ay Y (o ) ™ 25)/2U(c7:1 (x-x.),0)
—div (yl_stU) =0, =
+w), (36)
~div(y' V) =0
1 (N- 25)/2 i i 2
o RN v, =vy+b Z( ) (an(x—xn),0)+wn,



where (1), v,) € Ej(€) is a weak solution of problem (12),
II(wi,wi)llEé(%) — 0 asn — +00, U achieves the constant
&8'(s, N), which is given in (28), and

ag = <<%>2 <E>l3—2>1/2(tx+[;_2))
o+ o
(@) 6

As in [7, 9, 10] we shall introduce the following facts
which are essentials to prove the strong convergence of
{(u,,,v,)} in Ej(€ ). Among all the bubbles in (28), we can
choose the slowest concentration rate, denoted by o,,, which
concentrates in x,, the slowest rate. That is, the corresponding
o is the lowest order infinity among the ones appearing in the
bubbles. Note that the number of the bubbles in (u,,v,) is
finite; we can always choose a constant C > 0, independent
of n, such that the region,

(37)

.inl = {Z=(x,)/):Z
(38)
€ (Bgysyor (%0) \ B, (%,,0)) n %),

does not contain any concentration point of (u,, v,,) for every
n. We set two thinner subsets as follows:

dy={z2=(xy):Z

n

€ (B(6+4)0;1/2 (xn, 0) \ B(E+l)a;l/2 (xn, 0)) N %Q} s

(39)
dy={Z=(xy): 2

€ (B(6+3)0;1/2 (xn, 0) \ B(E+2)a;1/2 (xn, 0)) n %Q} .

Then the following integral estimates hold (see
Propositions 4.1 and 4.2 in [10]).

Lemma 4. Let (u,,v,),s, be solution of (18) with e = ¢, — 0.
Then, there exists a constant C > 0 independent of n, such that,
forall p > 1, one has

J ) yiE (|un|P + |vn|P) dxdy < CG;(N”:)/Z:,

(40)

[l e < e
A2n{y=0}

N -2s J 1-2s <u ou,, oy v,
2 0B, 7 "ov "oy

n
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Moreover, one has

[ 77 (v o, ) dwdy < Co ™ qan

Proof. For the proof of this lemma, we use inequality (25) and
we refer to [10, Propositions 4.1, 4.2]. O

Note that X = (x, y) € Rfj *1 and we have the following
local Pohozaev identity.

Lemma5. Letox, =a—¢, 3, =B —-¢,ande =¢, — 0as
n — +oo and B, be any bounded set in 6. Then one has the
local Pohozaev identity on B, C €, associated for equations

of (18):

€n (N - 25)2 J |1/l o,
N —¢, (N —2s) Jp,n{y=0} "

y ﬁ”dx

n

+s J (A + pv?) dx
B,n{y=0}

aﬂ

vl (= xo)

2
= u
L(Bnn{y:on «, + B, &

1
<v)do + = J
2 Jaw,niy=0p

N -2s _ ou
-v)do + J- yi (un K
3B,N{y>0}

(Aaty + pavy) (¢ = o)

2 ov (42)
ov, 1
+ V"E) do — E
o () ()
dB,N{y>0}

-v)do

(e (- z) 2
B,n{y>0} v

> do,

where v is the outward unit normal to 0B, and z, = (x,,0),
with x, being a point in RY.

ov,
(O, (X)) 2

Proof. Using the divergence theorem, we get

1 _
Yo =3 [ 5 (vl 199, ) (X =20) ) do
B,

(43)
ou

- LB y <(Vu" (X - z)) avn +(Vv, - (X - %)) %) do,

n
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where v is the outward unit normal to dB,, and z, = (x,,0),
with x, being a point in R,

Since (u,,,v,) is solution of (18), we have the following
equations:

1-2s aun 20611

Y u"avzocn+/3n|”

ﬁ”+/\uﬁ

[0
n
Vn

on y=0,

N-2
o G,
2 B,n{y=0}

N - 2s J 1-2s ( ou,, avn>
+ u +v do =
2 JaB,n{y>0} 4 "ov  "ov

P (i [0 ) -9y |

®y

Y

Ao Al +yvfl)dx

2 J
+ -
aBn {)’>0}

ou,,

y7 (7, (- 20) 5

.[aBnn{y>o} Y

Noting that the dot product ((x —x;,)-v) = 0,on B,Nn{y = 0},
we obtain

1

L o) () )
B,n{y=0} (46)

=0.

Moreover, we have

ou,,

0| =
s
=2
S
2

B,n{y=0}

1-2s avn _ zﬁn oy B 2
nav_(xn+ﬁn|un 1)n +Mvn
on y=0.
(44)
We obtain, from (43) and (44),
Y ([ + [, ((x = x0) - v) dx
(45)
—2s aun avn
P (V- (o= 0)) 52 4 (9, (- ) 52 )

(9, (X - 2,)) 22 ) do.

ov,,

Lnn{y:o} yi ((Vun (x - xp)) 5 (Y, - (x —x,)) $> dx = JBnn{y:O} (Vu, - (x - x,))

206n a, B 2> < Zﬁ &, B 2)

A (] " VAl A dx+J Vv, - (x—x =  a v, ) dx

(v ol bl e Y | (e (2 !

:J V( 2 || v ﬁ”+l()\u2+‘uv2)>-(x—x)dx (47)
Bnn{y:()} an+ﬁn n n 2 n n 0

lX,,V

n

fynn (&
= - u
B,n{y=0} *, + ﬁn "

OC”V

n

[ et
+ u
aB,nly=op \ % + B, "

Therefore, from (45), (46), and (47), we infer that (44) holds.
O

Proof of Proposition 2. Let (u,,v,),,; be a bounded sequence
in E(€ ) composed of solutions for (18). Thus, in order to

Bu gy % (/\ufl + pwf,))dx

S () ) (5 x0) - ) o

prove the Ej(%,)-strong convergence in (36), we just need
to show that the bubbles (¢! )N 22U (0! (x - x1),0) (1 <i <
k) in (36) will not appear in the decomposition of u,, and v,,.
Since the proof is similar to that of Lemma 6.1 in [9], here



we only give a sketch of it. From Lemma 5, for the solution
concentrating sequence (u,, v,) of (18) with e = ¢, — 0, we
have the local Pohozaev identity on

B =

n

Btnay—ll/z ((xn,O)) n (gﬂ C RN+1 (48)

4e,N

an [)’Yl
— u V. dx
2 (2F - 2¢,) Lnn{y:m' e

2
“n+ﬁn

(X - 20) ) dor+ >

+s J (M + wv?) dx =
B,n{y=0}

an
. J I,
d(B,N{y=0})

| (2 + 02) (X - 20) - %) do
d(B,N{y=0})

+ N2 J y1_23<unau” +v ai)da (49)
2 JaB,niys0) 0 "o

1

2 jaBnn{y>0}

-v)do

+ J yleS <(
0B,N{y>0}

+(Vv, - X - zo)aav >da,

(vl 9l (X - 20)

where v is the outward unit normal to B, and z, = (x,,0),
x, € RY. We decompose

oB,n{y >0} =0,B,U0,B,, (50)

where 0B, := 0B, N € and 0,B, == B, N 0; 6.
We consider two different cases:

(i) B, ,12((x,,0) N {0} N RN\ B) # 0.
(ii) B, 071/2(()6",0)) {0} ¢ By

In case (i), we take x, € RN\ Q with [xq — x,| <2t, 0_1/2

and v - (X — (x,,0)) < 0in 0,B,,, where v is the outward unit
normal to 9; €.
Since (u,,,v,) = (0,0) on 0, €, we find

1 1-2s
T2 v \% (X-2y)-v)do
ZJBBWO{JDO} (l ”l + |V |) (( o))
ou
1-2s n
+ Vu, - X -z
JaBnm{y>o}y (( " ) o
1 (51)

0
+(an-X—zo)%>d0=5

1-2s
. Vu \Y% X—
Jop i 2 T 9 ) (X =20

-v)do < 0.

In case (ii), 0,B,, = 0; we take a point x, = x,,.
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Since (u,,v,) = (0,0) on 0; 6, and, for n large enough
4e,N/27(2; - 2¢,) > 0, we obtain

2
s M2+ w?)dx < J u
JBnn{y:o}( n ) aB,nloh &, + e

[V

Xy

) 1
P (X —2) ) do+ 5

| ) (X200 do
@,B,)n{y=0}

+N—25J 1_25<u aun+ ov, )da—l
2 s ” "oy T "oy 2 2

'JaB 125(|Vu| +|VV|) (X =2p) - v)do

i“n

+J' Lo
9;B,

d
+(Vv, - X —z,) %)da.

ou
Vu, - X - z
(90, x-2) 2

By assumption, A, 4 > 0 and A + p > 0; we may assume that
A > 0. Set B; = B (x,,,0) N €. Recalling that, by (36), we

have the d:composition u, = uy +u, +u, where u} = ug,
2 _ -1 i\(N=28)/27 7/ i i 0 _ 1_2
u, = a, ijl(an) U(o, (x—x,),0),and u,, = u,—u, —u,.
0
[loa, | By — 0asn — oo Then we deduce that, for n large
enough, B, ¢ B,

J widx > J uldx
B,N{y=0} B! n{y=0}

dx (53)

After a direct calculation, we have
212 —2s
J 'un' dx = Co,”,
B! n{y=0}

JB;ﬂ{y:O}
J‘B;ﬂ{y:O}

Note that ||u2IIEB(%) — 0,asn — 00. Inserting (54) into (53),
we get for n large enough

(54)

-N
dx<Co, ",

112
u,

—2s

sy o (55)

j Midx = Co ™. (56)
B,n{y=0}
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By the choice of z, = (x,,0), as in [10], we only need to
consider the right-hand side of (52) on 0,B,. By applying
Holder inequality and using Lemma 4, we get

)
o, + B, Ja,ny=on

| (24 ) (X - 2)-9)do
(0;B,)n{y=0}

N -2s 1-25 ( ou,, ov, ) 1
+ +v,— |do - =
2 Ja,.sn 4 "y Ty )70 2

'LB (19 1 [?) (X = 20) - 9) do

in

+ J y172s
aiBn
0
+(Vv, - X —z,) %)da
4
< Co, ' < J |us,
3(B,N{y=0))

<J (B,n{y= 0}
o -

ul
0,(B,N{y=0})

5 5 1/2
. d
(L_WO} (ju "+ ) e

-(N-29/2.

[

Pl (X - 2) ) do + 3

ou
Vu, - X - n
(( u}’l ZO) av

(57)

/(o)

o, +f, d().)“n

a,+p, do

>ﬁn/ (o)

(|, + |V2,|7) | = xo| do

1/2
(19" + (9%, ) )

<Co,

Inserting (56) and (57) into (52), we obtain
< C —(N- 25)/2 (58)

which is a contradiction for n large enough due to N > 6s.
O

4. Proof of Theorem 1

For any positive integer k, define the Z,-homotopy class 7,
as follows:
F k= {A A

(59)
E,(€) is compact, Z,-invariant, y(A) >k},

where the genus p(A) is the smallest integer m, such that
there exists an odd map ¢ € G(A, R\ {0}). Fork =1,2,...,
we define the min-max value as (e.g., see p. 134 in [26])

G, = min max I
” AeF  (u, V)EA

(u, V) . (60)

It follows from Corollary 712 in [26] that, for each small
€ > 0, ¢, is critical value of Ij)ﬂ, since Ij)ﬂ satisfies the Palais-
Smale condition. Thus problem (18) has a solution (u , vy .)
such that Iy (e, Vie) = G- Note that I (fuy e, tve,) —

—o0o uniformly with respect to e > 0 ast — +00; hence, ¢,
is uniformly bounded with respect to ¢ for each fixed k. By
a direct calculation, we find || (4, v )l E @) < C uniformly
with respect to € for each fixed k. So now, we can apply Propo-
sition 2 and obtain a subsequence of (1 , Vi, )1, such that,
asn — +00, (U, , Vi, ) — (i, V) strongly in Ej(€ ) for
some (uy, i) and ¢, — ¢ Then (uy, v;) is solution of (1)
and I (w4, v,) = ¢. We are now ready to show that I

has 1né4n1tely many critical point solutions. Note that ¢, is
nondecreasing in k. By an argument similar to the one used
in the proof of Theorem 1.1 in [9] we distinguish two cases.

Case 1. Suppose that thereare 1 < k; <---k; < -- -, satisfying
G < <Gy <o (61)

In this case, we have infinitely many distinct critical points
and, therefore, infinitely many solutions.

Case 2. We assume, in this case, that for some positive integer
m, g = c for all k > m. Suppose that, for any § > 0,1,
has a critical point (u, v) with IA,H(u, v) € (c = 6,c+0) and
I /L#(”’ v) # c. In this case, we are done. So from now on we
assume that there exists > 0 such that I, , has no critical
point (u, v) with I/W(u, v) € (c = 0,¢) U (c,c+9). In this case,
using the deformation argument, we can prove that

y(Ko) =2, (62)

where K, = {(u,v) € X : I/W(u, V) = ¢, I)Lﬂ(u, y) = 0}. Asa
consequence, I, , has infinitely many critical points. Thus we
can obtain infinitely many solutions for problem (1).

Appendix

In this section, we give a global compactness result in the
following proposition.

Proposition 6. Suppose that (u,,v,),s, is a solution of (18)
with e = €, — 0, satisfying ||(u,, V)| g,y < C for that C is
the constant independent of n. Then

(i) (u,,v,) can be decomposed as
k

u, =uy + aglz (0;)(1\]_23)/2 U (o; (x - x;) , 0)
i=1

1
+(U,

v, —vo+b12( )(N 25)/2 (ai(x—x;),O)

2
+w,,

(A])

where (uy, vy) € Ey(€,) is a weak solution of problem
(12),

||(wrll, wﬁ)llES(%n) — 0, asn — +00,U achieves the
constant 8(s, N), which is given in (28); and

ay = ((azfﬁ )2 <§>;§2>1/2(a+/3_2))
o \2 /a\a2 1/2(a+p-2)
() )

(A.2)
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fori=1,...,k x,; € Qwith aild(xn’i,aﬂ) — +00,
a,1x,,;] = +00;

(ii) fori,j=1,...,k, ifi # j, then, asn — +oo,

j i
o P 2
n n i _j
—t— 0,0, 'xm« - xn’j' — +00. (A.3)
n

n

Proof. The proof follows without difficulty by modifying the
proof of the concentration compactness result for (2) (see [10,
15]) and using Lemma 3. We omit the details for the sake of
simplicity. O

Competing Interests

The authors declare that they have no competing interests.

References

[1] L. Caffarelli, “Non-local diffusions, drifts and games,” in Non-
linear Partial Differential Equations, vol. 7, pp. 37-52, Springer,
2012.

[2] E. Valdinoci, “From the long jump random walk to the frac-
tional laplacian,” 2009, https://arxiv.org/abs/0901.3261.

[3] J. L. Vazquez, “Recent progress in the theory of nonlinear diffu-
sion with fractional Laplacian operators,” Discrete & Continuous
Dynamical Systems, vol. 7, no. 4, pp. 857-885, 2014.

[4] H. Brézis and L. Nirenberg, “Positive solutions of nonlinear
elliptic equations involving critical sobolev exponents,” Com-
munications on Pure and Applied Mathematics, vol. 36, no. 4,
pp. 437-477, 1983.

[5] P-L. Lions, “The concentration-compactness principle in the
calculus of variations. The limit case, I,” Revista Matemdtica
Iberoamericana, vol. 1, no. 1, pp. 145-201, 1985.

[6] M. Struwe, “A global compactness result for elliptic boundary
value problems involving limiting nonlinearities,” Mathematis-
che Zeitschrift, vol. 187, no. 4, pp. 511-517, 1984.

[7] G. Devillanova and S. Solimini, “Concentration estimates and
multiple solutions to elliptic problems at critical growth,”
Advances in Differential Equations, vol. 7, no. 10, pp. 1257-1280,
2002.

[8] A.Bahriand P.-L. Lions, “Morse index of some min-max critical
points. I. Application to multiplicity results,” Communications
on Pure and Applied Mathematics, vol. 41, no. 8, pp. 1027-1037,

1988.

[9] D. Cao, S. Peng, and S. Yan, “Infinitely many solutions for p -
Laplacian equation involving critical Sobolev growth,” Journal
of Functional Analysis, vol. 262, no. 6, pp. 2861-2902, 2012.

[10] S. Yan, J. Yang, and X. Yu, “Equations involving fractional
laplacian operator: compactness and application,” Journal of
Functional Analysis, vol. 269, no. 1, pp. 47-79, 2015.

[11] C. O. Alves, D. C. De Morais Filho, and M. A. S. Souto, “On
systems of elliptic equations involving subcritical or critical
Sobolev exponents,” Nonlinear Analysis: Theory, Methods and
Applications, vol. 42, no. 5, pp. 771-787, 2000.

[12] X.Chengand S. Ma, “Existence of three nontrivial solutions for
elliptic systems with critical exponents and weights,” Nonlinear
Analysis: Theory, Methods and Applications, vol. 69, no. 10, pp.
3537-3548, 2008.

Abstract and Applied Analysis

[13] Z.Liuand P. Han, “Infinitely many solutions for elliptic systems
with critical exponents,” Journal of Mathematical Analysis and
Applications, vol. 353, no. 2, pp. 544-552, 2009.

[14] M. Willem, Minimax Theorems, Progress in Nonlinear Differ-
ential Equations and Their Applications, Birkhduser, Boston,
Mass, USA, 1996.

[15] L. Caffarelli and L. Silvestre, “An extension problem related to
the fractional laplacian,” Communications in Partial Differential
Equations, vol. 32, no. 8, pp- 1245-1260, 2007.

[16] B. Barrios, E. Colorado, A. de Pablo, and U. Sdnchez, “On some
critical problems for the fractional Laplacian operator,” Journal
of Differential Equations, vol. 252, no. 11, pp. 6133-6162, 2012.

[17] A. Fiscella, G. Molica Bisci, and R. Servadei, “Bifurcation and
multiplicity results for critical nonlocal fractional Laplacian
problems,” Bulletin des Sciences Mathématiques, vol. 140, no. 1,
pp. 14-35, 2016.

[18] S. Secchi, “Perturbation results for some nonlinear equations
involving fractional operators,” Differential Equations & Appli-
cations, vol. 5, no. 2, pp. 221-236, 2013.

[19] R. Servadei and E. Valdinoci, “Fractional Laplacian equations
with critical Sobolev exponent, Revista Matemdtica Com-
plutense, vol. 28, no. 3, pp. 655-676, 2015.

[20] X. Shang, J. Zhang, and Y. Yang, “Positive solutions of non-
homogeneous fractional laplacian problem with critical expo-
nent,” Communications on Pure and Applied Analysis, vol. 13, no.
2, pp. 567-584, 2014.

[21] Z. Shen and F. Gao, “Existence of solutions for a fractional
laplacian equation with critical nonlinearity,” Abstract and
Applied Analysis, vol. 2013, Article ID 638425, 9 pages, 2013.

[22] Z.Shen and E Gao, “On the existence of solutions for the critical
fractional laplacian equation in RY, Abstract and Applied
Analysis, vol. 2014, Article ID 143741, 10 pages, 2014.

[23] X. He, M. Squassina, and W. Zou, “The Nehari mani-
fold for fractional systems involving critical nonlinearities,”
http://arxiv.org/abs/1509.02713.

[24] A. Ambrosetti and P. H. Rabinowitz, “Dual variational methods
in critical point theory and applications,” Journal of Functional
Analysis, vol. 14, no. 4, pp. 349-381, 1973.

[25] N. Ghoussoub and C. Yuan, “Multiple solutions for quasi-linear
PDEs involving the critical Sobolev and Hardy exponents,
Transactions of the American Mathematical Society, vol. 352, no.
12, pp. 57035743, 2000.

[26] N. Ghoussoub, Duality and Perturbation Methods in Critical
Point Theory, vol. 107 of Cambridge Tracts in Mathematics,
Cambridge University Press, 1993.



