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This paper discusses the existence of infinitely many periodic solutions for a semilinear fourth-order impulsive differential inclusion
with a perturbed nonlinearity and two parameters. The approach is based on a critical point theorem for nonsmooth functionals.

1. Introduction

The goal of this paper is to establish the existence of infinitely
many periodic solutions for the following perturbed semilin-
ear fourth-order impulsive differential inclusion:

u™ (x) - pu'" (x) + a (x) u(x)

€ AOF (u (x)) + uoG, (x,u(x)), x¢€[0,T]\Q,
A" () = 1 (' (). o
1
(" () = (a3,
k=1,2,...,m,

w0 =u" 0)=u=u"(T) =0,

where p is a positive constant, a is continuous positive even
2T-periodic function on R, T > 0,0 = x;, < x; < :++ <
Xy < X1 = 1> Q = {x1,%,,...,x,,},0F (1) and 0G,,(x, u) are
generalized gradients of F and G,,, respectively, the operator
A is defined as A(u(x;)) = u(x]) — u(x;), with u(x;) and
u(x;) denoting the right and left limits, respectively, of u(x)
atx = xp, Lo Iy € C(R,R), k=1,2,...,m A >0,u >0,
and F : R — R is a locally Lipschitz function satisfying the
following:

(F1) F(0) = 0 and OF(s) = —OF(—s) for all s € R;

(F2) there exist two constants ¢ > 0 and r € [1,2), such
that

e <c(1+1sI"), E€dF(s), seR. )

Also, G is a function defined on [0,T] x R, satisfying the
following:

(G1) G(+s) : R — Rismeasurable foreachs € R,G(x,") :
R — Rislocally Lipschitz for x € [0, T]\Q, G(x,0) =
0, and —0G,(—x, —s) = 0G,(x,s) = 0G,(x + 2T, s) for
ae.x € [0, T]\Qands € R;

(G2) there exists a constant b > 0, such that

El<b(1+1s™") seR, £€dG(x5),  (3)

where r is defined in (F2).

We study the existence of solutions, that is, absolutely contin-
uous on every (x, xx,,) and left continuous at x;, functions
which satisty (1) for a.e. x with (possible) jumps (impulses) at
Xie-

Fourth-order ordinary differential equations act as mod-
els for the bending or deforming of elastic beams, and,
therefore, they have important applications in engineering
and physical sciences. Boundary value problems for fourth-
order ordinary differential equations have been of great
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concern in recent years (e.g., see [1-4]). On the other hand,
impulsive differential equations occur in many applications
such as various mathematical models including population
dynamics, ecology, biological systems, biotechnology, indus-
trial robotic, pharmacokinetics, and optimal control. For the
general aspects of impulsive differential equations, we refer
the reader to [5-9]. In association with this development,
a theory of impulsive differential equations has been given
extensive attention. Very recently, some researchers have
studied the existence and multiplicity of solutions for impul-
sive fourth-order two-point boundary value problems; we
refer the reader to [10-12] and references therein. Differential
inclusions arise in models for control systems, mechanical
systems, economical systems, game theory, and biological
systems to name a few.

Recently, multiplicity of solutions for differential inclu-
sions via nonsmooth variational methods and critical point
theory has been considered and here we cite the papers [13-
19]. For example, in [I13] the existence of infinitely many
antiperiodic solutions for second-order impulsive differential
inclusions has been discussed. In [16], Kristaly employing
a nonsmooth Ricceri-type variational principle [20], devel-
oped by Marano and Motreanu [21], has established the
existence of infinitely many radially symmetric solutions
for a differential inclusion problem in RY. Also, in [17],
the authors extended a recent result of Ricceri concerning
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theory of differential inclusions; the first one concerns a
nonhomogeneous Neumann boundary value problem and
the second one treats a quasilinear elliptic inclusion problem
in the whole RY. Tian and Henderson in [18], based on a
nonsmooth version of critical point theory of Ricceri due
to Iannizzotto [14], have established the existence of at least
three solutions for the a second-order impulsive differential
inclusion with a perturbed nonlinearity and two parameters.
In [19], three periodic solutions with prescribed wavelength
for a class of semilinear fourth-order differential inclusions
are obtained by using a nonsmooth version critical point
theorem.

In the present paper, motivated by [13, 18, 19], employing
an abstract critical point result (see Theorem 7 below), we
are interested in ensuring the existence of infinitely many
periodic solutions for problem (1); see Theorem 12. We refer
to [22], in which related variational methods are used for
nonhomogeneous problems.

To the best of our knowledge, no investigation has
been devoted to establishing the existence of infinitely many
solutions to a problem such as (I). As one reference on
impulsive differential inclusions, we can refer to [23].

A special case of our main result is the following theorem.

Theorem 1. Assume that (F1) and (F2) hold, and I,(0) = 0
and Ii(s)s > 0, s € R, i = 1,2,...,m. Furthermore, suppose

the existence of three critical points of certain nonsmooth that
functionals. Two applications have been given, both in the
su F(t)
lim inf MPuse” ) _ 0,
E—+0c0 gz
1 (4)
| Jo F(§(x - x)) dx
lim sup D) T = +00.
§oto0 (131/60) &2 + Y7, jo UL () ds+ Y, o “ Ly (s)ds

Then, the problem

U™ (x) —u" (x) +u(x) € OF (u(x)), xe€[0,1]\Q,
A (“” (xk)) = Ik (”’ (xk))a
-A (”I” (xk)) =Ly (u (%)) ®)
k=1,2,...,m,

u@©=u"(0)=u@)=u"(1)=0
admits a sequence of classical solutions.

2. Basic Definitions and Preliminary Results

Let (X, ||-|lx) be a real Banach space. We denote by X* the dual
space of X, while (-,-) stands for the duality pairing between
X" and X. A function ¢ : X — R is called locally Lipschitz

if, for all u € X, there exist a neighborhood U of u and a real
number L > 0 such that

|(p(v)—<p(w)| <Llv-wlx Vv,wel. (6)

If ¢ is locally Lipschitz and u € X, the generalized directional
derivative of ¢ at u along the direction v € X is

(p(w+‘rv)—go(w).

¢ (u;v) = limsup .

w—ou,7—0"

7)
The generalized gradient of ¢ at u is the set
Op(u)={u" e X" : (u",v) <9 (wv) Yve X}. (8)

Soodp : X — 2X" is a multifunction. We say that ¢ has
compact gradient if d0p maps bounded subsets of X into
relatively compact subsets of X*.
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Lemma 2 (see [24, Proposition 1.1]). Let ¢ € CY(X) be
a functional. Then ¢ is locally Lipschitz and

@ wv)= (¢ (W),v) YuveX;
)
a9 () = {¢’ W)} VueX.

Lemma 3 (see [24, Proposition 1.3]). Let ¢ : X — R be
a locally Lipschitz functional. Then ¢°(u;-) is subadditive and
positively homogeneous for all u € X, and

@ (wv) <Lyl VYuveX, (10)
with L > 0 being a Lipschitz constant for ¢ around u.

Lemma 4 (see [25]). Let ¢ : X — R be a locally Lipschitz
functional. Then ¢° : X x X — R is upper semicontinuous
and, forall A > 0, u,v € X,

(Ap)" (wv) = Ag" (u;v). (11)

Moreover, if o, : X — R are locally Lipschitz functionals,
then
(p+v) wv) <@ wv)+y (wv) YuveX. (12)

Lemma 5 (see [24, Proposition 1.6]). Let ¢,y : X — R be
locally Lipschitz functionals. Then

9 () (1) = Aog (u)
9 (p+v) (u) S 0p (1) + 0y (1)

VueX, AeR,
(13)
Yu € X.

Lemma 6 (see [14, Proposition 1.6]). Let ¢ : X — R bea
locally Lipschitz functional with a compact gradient. Then ¢ is
sequentially weakly continuous.

We say that u € X is a (generalized) critical point of a
locally Lipschitz functional ¢ if 0 € d¢(u); that is,

@ (wv)=20 VYveX. (14)

When a nonsmooth functional, g : X — (-00,+00), is
expressed as a sum of a locally Lipschitz function, ¢ : X — R,
and a convex, proper, and lower semicontinuous function,
j: X — (—00,+00), thatis, g := @ + j, a (generalized) critical
point of g is every u € X such that

o wv—u)+jw)—jw) =0 (15)

for all v € X (see [24, Chapter 3]).

Henceforth, we assume that X is a reflexive real Banach
space, A X — R is a sequentially weakly lower
semicontinuous functional, Y : X — R is a sequentially
weakly upper semicontinuous functional, A is a positive
parameter, j : X — (—00, +00) is a convex, proper, and lower
semicontinuous functional, and D(}) is the effective domain
of j. Write

M= -,
(16)
L= N = Al = (W = AY) + Aj.

We also assume that ./ is coercive and
D()Nn NV ((—00,7)) # 0 17)

for all » > inf y./#". Moreover, owing to (17) and provided that
r > inf x//, we can define

@ (r)

(supveﬂfl((foo,r))% (v)) — M (u)
r—N(u)

= inf
ue N1 ((~o0,r))

(18)
y = lim)rinfgo (r),

6= liminf ¢ (r).
r—(infy )"

If /" and Y are locally Lipschitz functionals, in [22, Theorem
2.1] the following result is proved; it is a more precise version
of [21, Theorem 1.1] (see also [20]).

Theorem 7. Under the above assumption on X, N, and M,
one has the following:

(a) For every r > infy W and every A € (0,1/¢(r)),
the restriction of the functional I, = N — AM to
NN (~00,7)) admits a global minimum, which is a
critical point (local minimum) of I, in X.

(b) If y < +00, then, for each A € (0,1/y), the following
alternative holds: either

(bl) I, possesses a global minimum or
(b2) there is a sequence {u,} of critical points (local
minima) of I, such that lim,_,,  / (u,) = +00.

(c) If 6 < +o0, then, for each A € (0,1/8), the following
alternative holds: either

(cl) there is a global minimum of N which is a local
minimum of I, or

(c2) there is a sequence {u,} of pairwise distinct
critical points (local minima) of I,, with
lim, , A (u,) = infy A, which converges
weakly to a global minimum of N

Now we recall some basic definitions and notations. We
consider the reflexive Banach space X == H 2(0,T)n Hé (0,T)
endowed with the norm

1/2

||14||=(LT(|M”(x)'2+'u'(x)|2+|u(x)|2>dx> . (9)

Obviously, X is a reflexive Banach space and completely
embedded in C([0,T]). So there exists a constant C,, such
that Cy = sup,cx 20 ([4lloo/llul]). From the positivity of p
and g, it is easy to see that

T
b= ([ (" ol + o cof

" (20)

+a(x) |u(x)|2)dx>



is also a norm of X, which is equivalent to the usual norm.
Therefore, there exist two constants C; and C, such that

Cy llull < llullx < C, llull. (21)
Thus,

C
ledll oo < C—? lleellx - (22)
Definition 8. A function u € X is said to be a weak solution
of problem (1) such that, corresponding to it, there exists a
mapping [0,T] > x — u*(x) with u"(x) € AOF(u(x)) +
HoG,,(x, u(x)), for a.e. x € [0,T], and having the property
that, for every v € X, u"v € L'[0,T] and

T
L (u” () V" (x) + pu' (x) v (%) + a (x) u(x) v (x)

—ut(x)v (x)) dx + 511212,c (u(x)) v (%) (23)
+ i’lk (u' (x)) V' (x0) = 0.

Definition 9. A solution u is called a classical solution of the
impulsive differential inclusion (1) if u € AC3(xk, Xp.p) and
u(xy) = u(xy), fork = 1,...,n,and

u™ (x) + pu” (x) +a(x)u(x)=u"(x),
x€[0,TI\Q
A" (xk) =T (”’ (Xk))’
n (24)

-A (“ (xk)) = Ly (u(xt)) s

k=1,2,...,m,
w0 =u" 0)=u()=u"(T) =0,

where 1" (x) € AF(u(x)) + uG,(x, u(x)) for a.e. x € [0, T].

Lemma 10. If u € X is a weak solution of (1), then u is a
classical solution of (1).

Proof. Let u € X be a weak solution of (1). Then there exists
u” withu® (x) € AF(u(x))+udG,,(x, u(x)) fora.e. x € [0,T],
satisfying (23). Using integration by parts (23) becomes

T
J u" (x)v" (x) dx

0

= JT (Pu" (x)—a(x)u(x)+u" (x)) v (x)dx

0
(25)

-3 ) ()

-3 e (50) Y (0,
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sou € H*((0,T) \ Q), and (25) holds for each v € X with
v(xg) = V’(xk) = 0,k = 1,...,m. Through integration by
parts, we obtain

u®™ (x) = pu'" (x) +a (x) u(x) - u" (x) = 0,
(26)
ae x€[0,T]\Q.

Due to u € X, similar to [26, Section 2], we can get u €
AC3(xk, Xep) and u(x;) = u(xy) for k = 1,...,n. Now we
show that the boundary conditions are satisfied. Choose any
j €1{0,1,2,...,m -1} and v € X such that v(x) = 0 if
X € [xp,Xp,] for k # j. Then, from (25) and by means of
integration by parts, we can get

u (xj+1) v (xj+1) -u (xj) v (xf)

Xj+1 . (27)
+j (u(w)—pu"+a(x)u—u*)vdx=0.
Xj
Thus,
= n ! n !
= (" (xe0) V' (3j01) = " (%) V' (x7))
m-1 Xir1 .
+ Z J‘ ' (u(w) —pu va(x)u- u*) vdx (28)
j=0 “%;
=0,
which implies that

41 (V' (1) = d" (0)V (0)

T
+ J (u(iv) (x) = pu" (x) +a(x)u(x)—u’ (x)) (29)
0

-v(x)dx = 0.

Since u satisfies (26), we have that " (T)v' (T)-u" (0)v'(0) = 0
holds for all v € X, which implies that «” (0) = «"(T) = 0
and in view of u € X we get u(0) = u(T) = 0. Now using a
technique similar to the technique of [18, Lemma 3.5] shows
that the impulsive conditions are satisfied. From the equality

u™ () v (x) = ({Lx u™ (s) ds} v (x))l

- <ij u™ (s) ds) v (x),

(30)
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we have

JOT 1™ (x) v (x) dx = JOT [({Lx U (5) ds} v(x)>'

- <Jx u™ (s) ds> v (x)] dx = v(T)
0

0

T . T
. J u(w) (x) dx — J |:u/u( ) u’" (0)
0

Z A" (xk)] v (x)dx = [u"' (T)

0<x,<x
_ /II ZAM’” xk)] V(T) _ J Li”l (x)
k=1
AV (x)dx + u"" (0) [v(T) - v(0)] (31)

N Z J'xk+1 Z Au”’ (xk) V, (x)dx = u"' (T)v(T)

=1 "%k 0<xp<x
n < " T "
~u" (0)v(0) - ) Au (xk)v(T)—J u" (x)
k=1 0
" (x)dx - iAu”' () v (xx)
=1

+ iAu'" (5) v(T) =" (T)v(T) = u"" (0) v (0)
k=1

T
- ZAu"' (x) v (x) — J u" (x)v" (x) dx.
0
Substituting (31) into (25), we have

T
L (u(iv) (x) - pu" (x) +a(x)u(x) —u" (x))
cv(x)dx + " (T)v(T) =" (0) v (0) (32)

+

Mz

(2 )] v (xe) =

[~2u" () = Ly (u

k=1

Since u satisfies (26), we have

u" (D) v(T) = u" ) v(©0) - Y A(u" (x)) v (xe)

k=1

-3 ) v () =

(33)

for all v € X. Thus, ~Au""(x;) = Lyp(u(x)), k = 1,...,m
Similarly from the equality

" (x)v(x) = <{J: u” (s) ds} v(x))l
([ v @as)v e,

we have Au' (x;) = I, (1 (x;)). So u is a classical solution of

(34)

(D). O
Now we introduce the functionals ./, &, &, and I, by
1 m e ()
A=l Y [ neds
2 k=179
m - ~u(ty)
+ZJ Li(s)ds, uelX,
T
F (u) = J F (u(x)) dx, (35)
0
T
G (u) = J G (x,u(x)) dx,
0
ueX,
Dy (W) =N (u) - AF (u) —u8 (u) uelX

Thus, # € C}(X,R) and

(/V’(u),v>=j0 (" (V" () + pu’ ()7 ()

ta@)u)v)de+ Y L (u(t)v(t)  (36)

k=1

+ ZIlk( (tk)) t)

forall u,v € X.

Lemmall. Assume that (F1), (F2), (G1), and (G2) hold. Then
the functional I) , : X — Ris locally Lipschitz. Moreover, each
critical point u € X of Iy, is a weak solution of (1).

Proof. Let Ly = V) + I, (u), where I, (u) = -AF (u) -

u& ). Since N € CUX,R) by Lemma 2, / is locally
Lipschitz on X. From (F2) and (G2), we know that I, is locally
Lipschitz on L([0, T]). Moreover, X is compactly embedded
into L' ([0, T']). Thus, I, is locally Lipschitz on X [27, Theorem
2.2]. According to Lemma 5, we get

T
ol (u) —AJ OF (u (x)) dx
' (37)
T
—-u J 0G,, (x,u(x)) dx.
0



The explanation of (37) is as follows: for every u* € oI, (u),
there is a corresponding mapping u*(x) € —A0F(u(x)) —
poG,,(x,u(x)) for a.e. x € [0,T] having the property that,
for every v € X, the function u*v € L'[0,T] and (u*,v) =

_[OT u” (x)v(x)dx. Therefore, I Ay 18 locally Lipschitz on X.

Now we show that each critical point of I, , is a weak
solution of (1). Assume that u € X is a critical point of I ,. So

0¢ aI)t,'u (U)
(38)
= {u* €eX":(uv) <Ly, (wv) forve X}.

So, by Lemma 2 and (38), we have

N () +u* =0 with u* €0l (u) (39)
and hence u"(x) € —A0F (u(x)) — poG,(x, u(x)) a.e.on [0, T].
It follows from (37) and (39) that for every v € X we have

T
Jo (u" () V" (x) + pu' (x) V' (x) +a(x)u(x)v(x)

+u’ (%) v (x)dx+ Y Ly (u(t) v (&) (40)
k=1
+ ) I (u' (8)) V' (8) = 0
k=1

for all v € X. Thus, by Definition 8, u is a weak solution of
). O

3. Main Results

First for every & € R* we set

2 3 5
D) = %52 <4T+T?+§—O>

m ~EQ2x,~T)
+y J I (s) ds (41)
k=170

m E(xi—Txk)
+ Z J Ly (s)ds.
k=170

Now we formulate our main result using the following
assumptions:

(F3) liminfE_,+OO(sup|t|£5F(t)/Ez) < (1/2T)(C,/Cy)*
. T
lim supy (|, FEE(x* - Tx))dx/D(£));
(I1) Ijk(O) =0, I]-k(s)s >0,s € R, j=12andk =
1,2,...,m.
Theorem 12. Assume that (F1)-(F3) and (I1) hold. Let
1

" lim SUP; 400 (JOT F(&(x*-Tx))dx/D (E)) ’
_ G ,
2TC? lim infg_, o (SupltISEF ) /52)

Ay

(42)

Ay
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Then, for every A € (A, A,) and every nonnegative function G
satisfying (G1), (G2), and the assumption

(G3) Gy, = lim§_>+oo(joT SupItISEG('x’ t)dx/gl) < 400,

putting

oL (&)2
UGy = 26 \C,

2 su F(t
.(1 —2T/\<&> liminfM),
C E—+

1 o EZ

where g, = +oo when G, = 0, for every u € [0, g )
problem (1) admits an unbounded sequence of classical solu-
tions in X.

Proof. Our goal is to apply Theorem 7(b) to (1). For this
purpose, we fix A € (A;,A,) and let G be a nonnegative
function satistying (G1)-(G3). Since A < A, we have

. <Q>2
H61 = 26, \ G,

, " (44)
— supy . F (¢
: 1—2TA<&> lim inf D)
Cl E—>+00 52
Now fix i € (0, .”gj)> put v, = A, and
A
; (45)

R (Co/C) (B/X) MGy

IfG,, = 0,thenv, = A,, v, = Ay, and A € (v,,%,). If G, # 0,
since p < 3, we have

2
+2<—> UGy, < 1, (46)

and so

— > A
1+2(Co/Cy)* (A1) 1,Gog “7)

to wit, A< v,. Hence, taking into account that 1> A=,
one has A € (v;,7,). Now, set

J(x,s) = F(s)+ %G (x,5) (48)

for all (x,s) € [0,T] x R. Assume that j is exactly zero in X
and for each u € X and put

T
Y () = L T (oo (x)) dx,

() =Y () — () =Y (), (49)

L (u) = N () = Al (1) = N (1) = AY (1) .
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It is easy to prove that /' is sequentially weakly lower
semicontinuous on X. Obviously, .4 € C'(X). By Lemma 2,
W islocally Lipschitz on X. By Lemma 11, & and & are locally
Lipschitz on L*([0,T)).So, Y is locally Lipschitz on L*([0,T)),
and since X is compactly embedded into L*([0,T]), Y is
locally Lipschitz on X. In addition, Y is sequentially weakly
upper semicontinuous. For all u € X, by (I1),

u' (%)
J L (s)ds>0, k=1,2,...,m,
0

(50)
u(x)
J Li(s)ds>0, k=1,2,...,m.
0
So, we have
1 mo e (x)
A=+ Y | s
2 k=170
(51)
m - cu(x) 1
153 R ACEEI
k=10 2

for all u € X. Hence, J/ is coercive and inf x4/ = A47(0) = 0.
Under our hypotheses, we want to show that there exists a
sequence {u,} C X of critical points for the functional I3; that
is, every element #,, satisfies

L (u,v-1u,) >0,

3 for every v e X. (52)

Now, we prove that y < +oco. For this, let {,} be a sequence

of positive numbers such that lim,,_,, &, = +co and

T
.[o Sup|t|g{;n](x, t)dx
m

n—+00 Erzl
(53)
T
i fo supy e/ (%, 1) dx
= liminf '
E>to00 52
Put
2
Tn = 1 <C1§n> , Vn e N (54)
2\ C,

Then, for all v € X with /#(v) < r,, taking into account that
||v||§( < 2r, and ||v|lo, < (Cy/C)IIVlx, one has |v(x)| < &, for
every x € [0, T]. Therefore, for alln € N,

¢ (1)
. (Supveﬂf*‘((—oo,r))ﬂ (V)) — M (u)

= inf

ueN "t ((-oo,r)) r—JAN(u)

SUP|y2 <2, (9 W)+ (@A) % (V))
< -

S T

SUPjyg, (TF )+ (E/X) [, G(x) dx) (55)

- T

n

2
<2 (C_>
O
T
‘ TsupltlggnF(t) . E _[0 SuP|t|s£nG(x’ t)dx
& A &

Moreover, from assumptions (F3) and (G3), we have

T

. TsupltlsEnF(t) . E i fo supltlsEnG(x, t)dx
n—+00 fi Xn—H—oo Eﬁ (56)

< +00,

which follows

T
Io supy e J (x,1) dx
m

n—+00 Eﬁ

< +00. (57)

Therefore,

y < lim infg (r,)

(58)

T
2 sup, ¢/ (x,t) dx
<2 <%> lim inf '[0 Piuist < 400

1/ &t &

Since

T
jo supy e/ (x,8)dx  Tsup,F (t)
& = 2
T
.[0 supj <G (x,t)dx
&? ’

(59)

+£
A

and taking (G3) into account, we get

T
limin Jy supee] (x.1) dx

E—+00 52 (60)

Tsu F(it) 7
< lim inf—pltISE ® + g

£+ & o



Moreover, by assumption (G3) we have

jOT J (x,f (x2 - Tx)) dx

fim sup D@
. (61)
oy F(E(x - Tx)) dx
> lim sup D@ '
Therefore, from (60) and (61), we observe that
Ae(v,7,)
1
g T b
< limsup_,, ., (.[0 J (x,&(x? - Tx)) dx/D (E))
(62)

2(Cy/C,)’ lim inf,, 00 (JOT supyy ¢/ (%, 1) dx/§2) )

(02)

For the fixed A, inequality (58) ensures that condition (b) of
Theorem 7 can be applied and either I3 has a global minimum
or there exists a sequence {u,,} of weak solutions of problem
(1) such that lim,,_, llu, || = +co. Now we prove that for the

fixed A the functional I; has no global minimum. Let us verify
that the functional I is unbounded from below. Since

[ (e (- 1)
D (&) ’

there exist a sequence {#,,} of positive numbers and a constant

(63)

L.
= < limsup
A E—+00

7 such that lim,_,, #, = +00 and
T 2
i e fo F(qn (x Tx)) dx (64)
D (n,)

for each n € N large enough. For alln € N, put
w, (x) =1, (x2 - Tx) for every x € [0,T]. (65)

For any fixed n € N, clearly w, € X and one has

3 5
wlt<Clolf=nc(ar+ Z+E) (66)
nllx 2 n ’171 2
3 30
and so
Cc? T T°
./V(wn)STZT’]z<4T+?+%)

1, (2x,=T)
J Iy (s)ds (67)

m
3
0

k=

—_

m nn(xi_Txk)
- j
0

Ly (s)ds =D(n,).

=
—
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By (64) and (67) and since G is nonnegative we observe that

IX (wn) = ‘/V(wn) - X‘% (wn)
<D(n,) -7 JOT F(n,(x* - Tx))dx (68)

<D(n,) (1-2r)

for every n € N large enough; since Az > 1 and lim
+00, it follows that

71—?+00’171 =

im Iy (w,) = —oo0. (69)
So, the functional I3 is unbounded from below, and it shows
that I has no global minimum. Therefore, from part (b) of
Theorem 7, the functional I admits a sequence of critical
points {u,} < X such that lim,_,, /#(u,) = +oo. Since
W is bounded on bounded sets and taking into account that
lim N(4,) = +00, then {u,} has to be unbounded; that
is,

Nn—+00
JAim [z, = +oo. (70)

Also, if 1, € X is a critical point of Iy, clearly, by definition,
one has

L (4,,v—1u,) 20, forevery ve X. (71)

Finally, by Lemmall, the critical points of I3 are weak
solutions for problem (1), and, by Lemma 10, every weak
solution of (1) is a classical solution of (1). Hence, we have
the result. O

Remark 13. Under the conditions

SupItISEF (t) o

e ’
72
[P (E(2 1)) s "
lim sup = 400,

from Theorem 12, we see that, for every A > 0 and for each y €
[0, Cf /2C§GOO), problem (1) admits a sequence of solutions
which is unbounded in X. Moreover, if G, = 0, the result
holds for every A > 0 and y > 0.

The following result is a special case of Theorem 12 with
u=0.

Theorem 14. Assume that (F1)-(F3) and (I1) hold. Then, for
each

Ae ( = ! ,
lim sup; ., (jo F(&(x*-Tx))dx/D (f))

(73)
1
2T (Cy/Cy ) limiinf_,, (supy P (1) /82) )
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the problem

u™ (x) - pu' (x) + a (x) u(x) € AOF (u(x)),
€[0T\ Q

Au" (%) = I (u' (x))

A (" () = L (u (50)),

(74)

w0 =u" ) =u=u"(T)=0

has an unbounded sequence of classical solutions in X.

Now, we present the following example to illustrate
Theorem 14.

Example 15. LetT =1, p = 1,and a(x) = 1 + cos x for every
x € R. Thus, a is a continuous positive even 27-periodic
function on R. Define the function

0, ifse[-1,1],
F(s)=4s* -1, ifse[-2,-1)U(1,2], (75)
3, if s € [-00,-2) U (2,+00).

Clearly, F is a continuous convex function with F(0) = 0. An
easy calculation shows that

{0}, if s € (—00,-2),
[-4,0], ifs=-2,
(—4,-2), ifse(=2-1),
[-2,0], ifs=-1,
OF (s) = 1 {0}, if s e (-1,1), (76)
[0,2], ifs=1,
(2,4), ifse(1,2),
[0,4], ifs=2,
{0}, if s € (2,+00).

Hence, assumptions (F1) and (F2) hold. Moreover, let Q =
{1/3,2/3}, 111(X) = 112(x) = (1/8)x, and Izl(x) = Izz(x) =
(2/5)x for every x € R. Thus, (I1) is satisfied and

131c2 §2x-1)
D) - 22] I (9)ds
77)

S =) 131C2 17
+ ZZ j Ly (s)ds = 22y .

9
So, we have
) supy e F (t)
me e 0
1
I F (Ex2 - fx) dx
lim sup=> (78)
e DO

. -1 30
> lim = .
£-00(131C%/30) &2 +17/324  131C%

Therefore, by applying Theorem 14, the problem

u” (x) +a(x)u(x) € \OF (u (x)),

e 32}

u(iv) (X) _

2(v(5)) -5 (+(3)):

-2+ (3)-3 () 79
2(v(5)-5((3))

-2+ (5)-5 ()

uw@=u"O=u)=d"1)=0

)
)

for A € (0,30/13 ng) has an unbounded sequence of classical
solutions in H*(0,1) N HS(O, 1).

Now we state the following consequence of Theorem 14,
using the following assumptions:

(F4) liminfy . (supyF(£)/€%) < C/2TCgs
(F5) limsup_,oo(J, FEGE — Tx))dx/D(E) > 1.

Corollary 16. Assume that (F1), (F2), (F4), (F5), and (I1)
hold. Then, the problem

4 (x) - pu” (x)+a(x)u(x) € dF (u(x)),
€[0,TI\Q
A (u” (xk)) = Iy (“I (xk)) ,
n (50
_ A (" (x) = L (1 x2)).
k=12,...,m,

u(©) =u" (0)=u(M) =u"(T)=0
has an unbounded sequence of classical solutions in X.

Remark 17, Theorem 1 in Introduction is an immediate con-
sequence of Corollary 16.

Here, we give a consequence of the main result.
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Corollary 18. Let F, : R — R be a locally Lipschitz function
such that F;(0) = 0, —0F,(-s) = 0F,(s), |&] < a(1 + |s|"™")
foralls € R, & € F,(s), r; € [1,2) (a > 0). Furthermore,
suppose that

(C1) liminfy o (supy, ¢ F) (1)/E7) < +00,
(C2) lim sup§_>+oo(JOT Fy(E(x* = Tx))dx/D(£)) = +o0.

Then, for every function F, : R — R which is locally Lipschitz
function such that F,(0) = 0, —0F,(-s) = 0F,(s), and || <
a(l+ Islrl_l)for alls e R, & € Ey(s), r, € [1,2) (a > 0) and
satisfies the conditions

supF, (t) <0,

teR
[IF, ((+ - Tx)) dx @D
lim inf > —00,
g+oo D)
for each
Ae (0,
(82)
| )
2T (Co/Cy)’ liminfy o (supyycFy (1) /82) )
the problem
u™ (x) - pu (x) +a (x) u(x)
€ A(OF, (u(x)) + OF, (u(x))), x€[0,T]\Q,
A " — I ! ,
(“ (xk)) 1k (” (xk)) (83)

-A (“”I (xk)) = Ly (u(xy)) s
k=1,2,...,m,
w0 =u" ) =uT=u"(T)=0

has an unbounded sequence of classical solutions in X.

Proof. Set F(t) = F,(t) + F,(t) for all t € R. Assumption (C2)
along with the condition

jOT F, (E (x2 - Tx)) dx ~ (84)

o FE(+" = x))dx (!

Abstract and Applied Analysis

yields
lim sup j()T F (E (x2 _ Tx)) dx
E—+oo D)
= lim sup '[OT F (E (xz ~ Tx)) dx + JoT B (E (x2 - Tx)) dx (85)
§=+00 D)
= +00.

Moreover, assumption (C1) together with the condition

sup F2 (t) <0 (86)
teR
ensures
su F (1) su F, (t)
lim inf HSET 2 g et P L (87)
E—+00 62 E—+00 EZ
Since
1

liminfy ., (SuP|t|s§F (t) /fz)
(88)
1

> >
lim inff—>+oo (SupmggFl (t) /62)

by applying Theorem 14, we have the desired conclusion. [

Remark 19. We observe that in Theorem 12 we can replace
& — +oo with &€ — 07, and then by the same argument
as in the proof of Theorem 12, but using conclusion (c) of
Theorem 7 instead of (b), problem (1) has a sequence of
pairwise distinct classical solutions, which strongly converges
to 0in X.

We end this paper by presenting the following example.

Example 20. Let T = m, p = 1, and a(x) = |[sinx| + 1
for every x € R. Thus, a is a continuous positive even 27-
periodic function on R. Now let F(s) = —|s| for all s € R and
G(x,s) = x(1 — coss) for all (x,s) € [0,77] X R. Hence, F is
locally Lipschitz function and

{1}, ifs<0,
OF (s) = {[-1,1], ifs=0, (89)
{-1}, if s >0.

Therefore, (F1) and (F2) hold, and also we can simply see that
(G1) and (G2) hold. Moreover, let Q = {r/3,27/3}, I;;(x) =
I,(x) = x(1 + x), and I, (x) = L,(x) = x° for every x € R.
Thus, (I1) is satisfied. An easy computation shows that

(x - xz) dx + J‘ln (x2 - x) dx)

(C2/2) & (47 + /3 + m°/30) + 2 Zi:l ( . I (s) + fog(xifnxk) Ly (s) ds>

§(2x,—m)
(90)

E(rr3/3 -2+ 1/3)

T (C2/2) & (4m + 73 + 7°/30) + (27/9) 128
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for some & € R. So,

SupItISEF (t) -

T =0,

f; F (Ex2 - Ex) dx
D)

lim inf

§—0*
(o1

lim sup = +00.

E—0*

Also

T 2
J x(1—cost)dx = 7T;(l—cost)zo vVt e R,
0

. SUPj foﬂ x (1 —cost)dx
lim

E—-+0* {2 (92)

m* . supy (1 —cost) 2
—_— hm _—_—m —

& 4

Hence, taking Remark 19 into account, the problem

2 E-+0"

1™ (x) = u'" (x) + (2 + sin x) u (x)

€ AOF (u(x)) + uoG,, (x,u),

x € [0,7] \ {g,z?ﬂ},

3) n)’ >
s(«'(3)) =4 (F) (=4 (F))

u@) =u" ) =u@) =u"(m)=0

for A € (0,00) and y € [0, ZCf/Cgﬂs) has an unbounded
sequence of pairwise distinct classical solutions in H>(0, 1) N
H, (0, ).
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