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We obtain characterizations of compactness for resolvent families of operators and as applications we study the existence of mild
solutions to nonlocal Cauchy problems for fractional derivatives in Banach spaces. We discuss here simultaneously the Caputo and
Riemann-Liouville fractional derivatives in the cases 0 < &« < land 1 < « < 2.

1. Introduction

The nonlocal initial conditions were introduced to extend
the classical theory of initial value problems. Nonlocal condi-
tions describe more appropriately some natural phenomena
because they consider additional information in the initial
conditions.

The existence of mild solutions to semilinear Cauchy
problems with nonlocal conditions has been studied by
several authors in the last two decades. See, for instance, [1-4]
and the references cited therein.

On the other hand, many authors have studied recently
the existence of mild solutions to abstract fractional differen-
tial equations with nonlocal conditions by using the theory
of resolvent families of operators as well as some fixed point
results. See [5-18] and the references therein for more details.

Let A be a closed and linear operator defined on a Banach
space X, ug,u; € X,and T > 0 and suppose that f, p,
and g are suitable continuous functions. In what follows, we
will denote by D and D the Caputo and Riemann-Liouville
fractional derivatives, respectively. Now, for t € [0,T],
we consider the following nonlinear fractional differential
equations with nonlocal conditions

Dfu(t) = Au(t) + f (£, u (1)),

u (0) = p (u) + uy,

Du(t) = Au(®) + f (t,u(t)),

(2)
(G1oa * 1) (0) = p () + 14y,
incase 0 < a < 1;and
Dffu(t) = Au(t) + f (t,u(t)),
u(0) = p (1) + uy, (3)
u' (0) =q(u) +u,
D*u(t) = Au(t) + f (t,u(t)),
(Gaa * 1) (0) = p () + ug, (4)

(gz—a * u)’ 0) = q (u) + Uy,

incasel < a < 2.
By using the Laplace transform, it is easy to see that the
mild solutions to problems (1)-(4) are, respectively, given by

u(t) =8y, () (ug + p (w))

t (5)
+ J Spo (t—5) f(s,u(s))ds,
0

U (t) = Sy (1) (g + ()

t (6)
. j Sun (= 5) f (s () ds,
0
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incase 0 < « < 1;and

u(t) = Sy (t) (g + p (W) + S5 (8) (g +q (1))

+ Jt Sea (E=3) f (s,u(s))ds,
’ ?)
u (t) = er,(xfl (t) (uO + p (u)) + SOC,Dt (t) (ul + q (u))

+ J-t Suo t = 5) f (s,u(s))ds,
0

in case 1 < a < 2. Here, for o, f > 0, {S; 3(t)}s is
the resolvent family generated by A (see definition below,
Section 2).

The existence of mild solutions to problems (1)-(4) has
been studied by many authors in the last years. For example,
in case 0 < a < 1, we refer the reader to [8, 9, 17, 18] (for the
Caputo fractional derivative) and to [10] (for the Riemann-
Liouville fractional derivative), that is, problems (1) and (2),
respectively. On the other hand, in case 1 < « < 2, the
existence of mild solutions to the Caputo fractional Cauchy
problems with nonlocal conditions (3) has been considered
in [12, 19] and the references therein, and, to the best of our
knowledge, nonlocal Riemann-Liouville fractional Cauchy
problem (4) has not been addressed in the existing literature.

A common assumption in many of the above-mentioned
papers to obtain the existence of mild solutions to problems
(1)-(4) is that A generates a compact analytic semigroup
{T(t)};s0> or A generates a compact fractional resolvent
family {S,;(t)},5o (see the definition below) because the
compactness of {T'(t)},5 (or {S, ;(t)};5() allows applying, for
example, the Krasnoselskii fixed point theorem.

According to the variation of constants formulas (5)-(7),
we observe that if we have compactness criteria of Sa,ﬁ(t)
(for suitable & and f3), we will be able to apply some fixed
point techniques to obtain the existence of mild solutions to
problems (1)-(4). For example, to prove the existence of mild
solutions to problem (3), the authors in [12, Theorem 1.2]
assume that the operators S, | (£), S, ,(¢),and S, ,(t) generated
by A are compact for all ¢ > 0. However, there are not
completely clear conditions on A implying the compactness
of S, 1 (), S 2(t), and S, ,(t) for all £ > 0, because there are no
compactness criteria for S, g(t), when «, 8 > 0. Therefore, we
notice that the compactness of S, 5() gives a powerful tool to
obtain existence of mild solutions to problems (1)-(4).

The compactness of S, 4(t) is well known in some special
cases. For example, if & = § = 1, then S, ; (¢) is compact for all

t > 0if and only if S, ; () is norm continuos and (A - A)lis
compact forall A € p(A), because {S ;(t)};, corresponds to a
C,-semigroup. See [20, Theorem 3.3, Chapter 2]. If o = 3 = 2,
then S, ,(t) is compact for all £ > 0 if and only if A2 -A)!
is compact A € p(A), because {S,,(t)};5, is the sine family
generated by A; see [21]. In case 0 < « < 1, the compactness of
S,1(t) has been studied by using subordination methods; that
is, the operator A is supposed to be a generator of a compact
semigroup; see [22]. On the other hand, if A is an almost
sectorial operator and the resolvent (A* — A)™" is compact
for all A € p(A), then S_(t) is compact for all t > 0 (see
[23]), and, very recently, it was proved that if S , () is norm
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continuous, then S, | (t) is compact for all £ > 0 if and only if
A*—A)tis compact for all A € p(A). See [24, 25]. Finally, in
case 1 < « < 2, the characterization of compactness asserts
that S, ,(f) is compact for all t > 0 if and only if (A* — A) s
compact for all A € p(A); see [25, Theorem 3.5].

In this paper, we study the existence of mild solution to
nonlocal fractional Cauchy problems (1)-(4). Our approach
relies on the compactness of resolvent family {S, 4()};5, for
suitable «, > 0, as well as some fixed point techniques. We
remark that we study simultaneously the nonlocal fractional
Cauchy problem for the Caputo and Riemann-Liouville
fractional derivatives.

The paper is organized as follows. Section 2 gives the
preliminaries. Section 3 is devoted to the norm continuity and
compactness of S, g(t) for £ > 0. Here, we give characteriza-
tions of the compactness of S, 5(t) for t > 0 for suitable &, >
0. In Section 4 we study nonlocal fractional Cauchy problems
for the Caputo fractional derivative. We give some results
on the existence of mild solutions to problems (1) and (3).
Section 5 treats nonlocal fractional Cauchy problems for the
Riemann-Liouville fractional derivative. Here, we study the
existence of mild solutions to problems (2) and (4). Finally,
Section 6 is devoted to some applications.

2. Preliminaries

Let (X, || - |I) be a Banach space. We denote by (X)) the space
of all bounded linear operators from X into X. If A is a closed
linear operator on X, we denote by p(A) the resolvent set of
Aand R(\, A) = (A— A) ! the resolvent operator of A defined
forall A € p(A).

We recall that a strongly continuous family {S(t)},., ¢
PB(X) is said to be of type (M, w) or is exponentially bounded,
if there exist two constants M > 0 and w € R such that
IS@®)|l < Me** forall ¢ > 0.

Now, we review some results on fractional calculus. For
y > 0, define

!
., t>0

9u®) = 1T () ®)
0, t<0,

where T'(-) is the Gamma function. We define g, = &, the
Dirac delta. For u > 0, n = [p] denotes the smallest integer n
greater than or equal to . As usual, the finite convolution of

f and g is defined by (f * g)(t) = Iot f(t—s)g(s)ds.

Definition 1. Let « > 0. The «-order Riemann-Liouville
fractional integral of u is defined by

t

Ju(t) = J o (t = s)u(s)ds,

0

t>0. 9

Also, we define J%u(t) = u(t). Because of the convolution
properties, the integral operators {J*},., satisfy the semi-

group law: J4JB = J%*P for all o, B=0.
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Definition 2. Let « > 0. The a-order Caputo fractional
derivative is defined as

Dju(t) = Jg (t - 5)u® (s)ds, (10)
0
where n = [«].

Definition 3. Let « > 0. The a-order Riemann-Liouville
fractional derivative of u is defined as

n t

Du(t) := % L Gnoo (E =) u(s)ds, (11)
where n = [«].

We notice thatif « = m € N, then D} = D™ = d"/dt™.

Throughout this paper we use the notation of D; and
D to the a-fractional derivative of Caputo and Riemann-
Liouville, respectively.

Example 4. If o, 5 > 0, then
(i) J" = (C(B + 1)/T(ec + B+ 1),
(ii) D* = (D(B + 1)/T(ax + B+ D)tPF ™ = D¥tP.
(iii) Dfe” = p*t* e, 5_4(pt).

We observe that the Riemann-Liouville derivative opera-
tor D” is a left inverse operator of J* but not a right inverse,
that is,

D*J*u(t) =u(t),

OtDOt —
(J*D*)u(t) =u(t) W)

n-1
k
- z (gn—a * M)( ) (0) Yat+1+k-n (t) >
k=0

n = [a]. On the other hand, the Caputo derivative operator
Dy satisfies

DY u(t) = u(t),
n-1 X (13)
T*DE)u) = ut) - Y u® (0) gy (®).

k=0

If we denote by f (or Z(f)) the Laplace transform of f, we
have the following properties for the fractional derivatives:

. n-1
Du(l) = 2N) = Y (G * ) @OV, (14)
k=0

. n-1
D?‘u (A) — oca (A) _ Zu(k) (0) A(X—l—k, (15)
k=0

where n = [a]and A € C. Fora,3 > 0 and z € C, the
generalized Mittag-Leftler function is defined by

o0

k
z
ey p (2) = Zm (16)

k=0

The Laplace transform Z of the Mittag-Leffler function
satisfies

ap

_ A
Lt eqs (pt*)) V) = so—,
A=p (17)

peC, Red > |p|'".
Definition 5. Let A be closed linear operator with domain
D(A), defined on a Banach space X, and «, 3 > 0. We
say that A is the generator of an (a, )-resolvent family, if
there exist w > 0 and a strongly continuous function S, 4 :
[0, 00) — AB(X) such that {Sa)ﬁ(t)} is exponentially bounded,
{AY : Re A > w} C p(A), and, forall x € X,

(A k= J e, 5 (O xdt, Red>w. (18)
0

In this case, {Sa,8(H)}isg is called the (a, B)-resolvent family
generated by A.

We notice that Definition 5 corresponds to the concept of
(a, k)-regularized families introduced in [26]. In fact, if a =
g and b = gp, then the function t — S, 5(t) is a (g, gp)-
regularized family. Moreover, the function S, 4(t) satisfies the
following functional equation (see [27, 28]):

S (5) (G * Sap) () = (G * Sap) () Surp (5)

= gl; (S) (g“ * S‘X)ﬁ) (t) - gﬂ (t) (gzx * S(x,ﬁ) (S) >

for all t,s > 0. On the other hand, if an operator A with
domain D(A) is the infinitesimal generator of the («, 8)-
resolvent family Sa,ﬁ(t), then for all x € D(A) we have

(19)

S, 5(t)x— 1) x
Ax = lim wp (%~ (0
=07 got+[3 (t)

(20)

For example, the case S| | (t) corresponds to a C,-semigroup
and S, (t) is a cosine family, whereas S, ,(t) is a sine family.
Finally, if B = 1, then S, (¢) is the a-resolvent family (also
called the a-times resolvent family) for fractional differential
equations. We notice that, in the scalar case, that is, when A =
pI, where p € C and I denotes the identity operator, then by
the uniqueness of the Laplace transform S, g() corresponds

to the function tﬁflea,ﬁ(pt“). Finally,let0 < ¢ < land 8 > .
Define {S{X,[;(t)}t20 by

Sap () f (s) = L f(s=1)@up o (t,r)dr, (21)

where s € R,, f € L'(R,), and the function ¢,,(t,7) is
defined by

Pap (t7) =7 Wy (~1t7%), a>0, b0, (22)
where W_,,(z) = Y2 (z"/n!T(-an + b)) (z € C) denotes

the Wright function. Then, {S(,"ﬁ(t)}t20 is an («, 3)-resolvent

family on the Banach space X = L'(R,) generated by A =
—d/dt. See [29, Example 11].
The proof of the next result follows as in [26, 27].



Proposition 6. Let «, 3 > 0 and let {S(,"ﬁ(t)}t20 c %B(X) be
an («, B)-resolvent family generated by A. Then the following
holds:

1 Sa,ﬁ(t)x € D(A) and Sa)ﬁ(t)Ax = ASa)ﬁ(t)x for all
x € D(A)andt > 0.

(2) Ifx € D(A) and t > 0, then
t

Sap () x = gg(t) x + J G (t =5) AS, 5 (s) x ds. (23)
0

(3) Ifx e Xandt > 0, then fot g“(t—s)S%ﬁ(s)x ds € D(A),
and

t

Sap®)x=ggt)x+A J 9o (t =5) Se 5 (s) x dls. (24)

0

In particular, Sa,p(O) = gﬁ(O)I.
Finally, we recall the following results.

Theorem 7 (Mazur theorem). If K is a compact subset of a

Banach space X, then its convex closure conv(K) is compact.

Theorem 8 (Krasnoselskii theorem). Let C be a closed convex
and nonempty subset of a Banach space X. Let Q, and Q, be
two operators such that

(i) ifu,v € C, then Qu + Q,v € C,
(ii) Q, is a mapping contraction,

(iii) Q, is compact and continuous.

Then, there exists z € C such that z = Q,z + Q,z.

Theorem 9 (Schauder’s fixed point theorem). Let C be a
nonempty, closed, bounded, and convex subset of a Banach
space X. Suppose that T : C — C is a compact operator. Then
I has at least a fixed point in C.

Theorem 10 (Leray-Schauder alternative theorem). Let C be
a convex subset of a Banach space X. Suppose that 0 € C. If
I': C — Cis a completely continuous map, then either T has
a fixed point or the set {x € C : x = AI'(x), 0 < A < 1} is
unbounded.

3. Continuity and Compactness of S, ﬂ(t)

In this section we study, for all + > 0, the norm continuity
(continuity in (X)) and the compactness of S, (0 for given
a, > 0.

Proposition 11. Let « > 0 and 1 < f < 2. Suppose
that {S, g(£)}is is the (e, B)-resolvent family of type (M, w)
generated by A. Then the function t — S, g(t) is continuous
in B(X) forallt > 0.
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Proof. Let1 < 8 < 2. Observe that, for allRe A > 0,

L (Sup) M) =21"F (A% - A

_ %A‘H (A - A)"! (25)

= Z(gp1 * Suy) (V).

We conclude by the uniqueness of the Laplace transform that
Sa’ﬁ(t) = (gﬁ,1 %S, 1)(t), forall £ > 0. Take 0 < £, < t,. Then

Stx,ﬂ (tl) - Szx,/3 (tO)

= (9,871 * S(x,l) (tl) - (gﬁ—l * Soc,l) (to)

t
= J;o gﬁ71 (tl - T') S(x,l (T') dr (26)

* J [9p-1 (81 = 1) = g1 (b = 1)] Sy () r
=1 +1,.
Since 8 > 1, we have gg(0) = 0 and we obtain
t
0= J, gt (=) S0 ] r

, (27)
<M L gpr (t, —1)edr = Me“’tlgﬁ (t, —to),

and therefore ||| — O ast; — ¢,.
On the other hand,

t()
Il < [ g (6= 1) = g (o = D) ISs )]l
)
< Mewtl J 'gﬁ—l (tl — 1’) - gﬁ—l (tO - 7’)' dr (28)
0

to
= Me™" L 'gﬁ_l (ty—ty+1)~gpg (r)| dr.

Since 1 < B < 2 we obtain that the function r — gg_,(r) is
decreasing in [0, co) and therefore 9p1(r)—gp(t,—to+1) >
0, for all » > 0, obtaining

to
< wt _ 3 d
L] < Me Jo [gﬁ—l (r)—gp1 (i —to + 1’)] r 00

= Me" [gﬁ (t)) = gp(t1) + gp (1, - to)] :
Therefore, |L|| — 0 ast; — t,. We conclude that Sa)ﬁ(t) is
norm continuous, for 1 < 8 < 2.

On the other hand, if § = 2, then, by the uniqueness of
the Laplace transform, we obtain that

Sz ()% = (g * Sq) (6) x = L S, (Nxdr.  (30)
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for all x € X. Take 0 < ¢, < t;. Then

ty
“Sa,z (t)) x - Sa2 (to) x|| < L ||Soc,1 (r) x|| dr

< Me“" ||x|| (t, - t,),

for all x € X. Therefore [|S,,(t;) — Su(t)Il — Oast; —
to. O

Lemma 12. Suppose that A generates an («, [3)-resolvent
Jamily {S, s(£)}so of type (M, w). If y > O, then A generates
an (a, B + y)-resolvent family of type (M/w?, w).

Proof. By hypothesis we get, for all t > 0,
t
g+ Su) O 4 [ -9 s

t
< M | g, ()¢ ds (32)
0

Me™"
W’

< Me* Jo gy (s)e ¥ds =

Therefore ( 9y * Sa, ﬁ)(t) is Laplace transformable and, for all
A > w, we have

| o -
“C[(gy*sa,ﬁ)(/\)Zﬁ)‘ P -a)”

= B (ho - 4)7! (33)
= L (Sapey) V).
We conclude that A generates an (a, 3 + y)-resolvent family
of type (M /w?, w). O

Definition 13. We say that the resolvent family {S,, g(t)};5o <
HB(X) is compact if, for every t > 0, the operator S, 4() is a
compact operator.

In what follows, we will assume that {S, 5(t)};5 is strongly
continuous for all «, 3 > 0.

Theorem 14. Let o« > 0, 1 < B < 2, and {S, 5(t)};5y be an
(ar, B)-resolvent family of type (M, w) generated by A. Then the
following assertions are equivalent:

(1) Sy p(t) is a compact operator for all t > 0.

(ii) (p - A lisa compact operator for all y > ',

Proof. (i) = (ii) Suppose that the resolvent family {S, 5(¢)};5¢
is compact. Let A > w be fixed. Then we have

AF (- A = j NS, 5 (1) dt, (34)
0

where the integral in the right-hand side exists in the Bochner
sense. Because {S,(t)};,, is continuous in the uniform

operator topology (by Proposition 11), we conclude that (A% —
A)~! is a compact operator by [30, Corollary 2.3].

(ii) = (i) Lett > 0 be fixed. Assume that 1 < 8 < 2. Since
B > 1, it follows that gp1 € L%OC[O, 00) and therefore, by [31,
Proposition 2.1], we obtain

—_

w+iN
lim — A S, )(A)dA
Neveo 277i J.w—iN ¢ (g'/H ) “’1)( : (35)

= (Gp1 # Su1) () = Sos (),
in %(X). Therefore,

1 Atya—B (ya -1
J— —A - , ,
- Le AP A) A =S, 5(), >0, (36)

where I' is the path consisting of the vertical line {w +is : s €
R}. By hypothesis and [30, Corollary 2.3], we conclude that
Sa,p(t) is compact for all « > O and 1 < f3 < 2. Now, we take
B = 2. Observe that in %(X) we have

1 w+iN N, ——
lim — S YA dA = S V(t
Nl—1>1c1>0271i L—iN ¢ (91 * ""1)( ) (gl * a,l)( ) (37)

=82 (£)s

by [3L, Proposition 2.1], and as in case 1 < 8 < 2 we conclude
that S, ,(t) is compact for all £ > 0. O

By Theorem 14 we have the following corollary.

Corollary 15. Let 1 < a < 2 and {S, ,(t)};5o be an («, «)-
resolvent family of type (M,w) generated by A. Then the
following assertions are equivalent:

(i) Sy q(t) is a compact operator for all t > 0.

(ii) (u — A)™" is a compact operator for all y > w''*.

Proposition 16. Let 1 < a < 2, and {S, | (t)} 5 be the («, 1)-
resolvent family of type (M, w) generated by A. Suppose that
S,1(t) is continuous in the uniform operator topology for all
t > 0. Then the following assertions are equivalent:

(i) Sy,1(t) is a compact operator for all t > 0.
(if) (u - A lVisa compact operator for all y > ',

Proof. (i) = (ii) Suppose that that the resolvent family
{S4,1(8)};50 is compact. Let A > w be fixed. Then we have

AT - ) = L NS, (1) dt, (38)



where the integral in the right-hand side exists in the Bochner
sense, because {S,,(t)};5, is continuous in the uniform
operator topology, by hypothesis. Then, by [30, Corollary
2.3], we conclude that (A* — A)™" is a compact operator.

(i) = (i) Let ¢ > 0 be fixed. Since 1 < « < 2, it follows
thatg, , € L{OC[O, 00) and therefore, by [31, Proposition 2.1],
we obtain

w+iN .
: At
1322027‘[1’ L-iN ¢ (gZ*“ * Sot,a—l) A dr (39)

= (gz—a * S(x,oc—l) (t) = Sa,l (t) >

in %B(X). Therefore,
L I ML A dA =S, (1), £>0,  (40)
2mi Jr ’

where I' is the path consisting of the vertical line {w +is : s €
R}. By hypothesis and [30, Corollary 2.3], we conclude that
S,,1(t) is compact. O

Proposition 17. Let 3/2 < a < 2 and {S, 4 (t)};5o be the
(a, — 1)-resolvent family of type (M,w) generated by A.
Suppose that S, ,_|(t) is continuous in the uniform operator
topology for all t > 0. Then the following assertions are
equivalent:

(i) Sy -1(t) is a compact operator for all t > 0.

(i) (u— A)™" is a compact operator for all u > w''®.
Proof. (i) = (ii) It follows as in the proof of Proposition 16.

(ii) = (i) Let t > 0 be fixed. Since « > 3/2, it follows that
Ga-3)2 € L{OC[O, 00) and therefore, by [31, Proposition 2.1], we
obtain

1 w+iN 2
lim — J e

N—oo0 2771

g %8 1) dA
woiN (gzx 3/2 oc,1/2)( ) (41)

= (%—3/2 * Sa,l/Z) (t) = Sqa-1 () >
in B(X). Therefore,

1 j M A A =S, (), (42)
2mi Jr ?

where I' is the path consisting of the vertical line {w +is : s €
R}. By hypothesis and [30, Corollary 2.3], we conclude that
Sea1(t) is compact. O

The proof of the next result follows similarly to Proposi-
tion 16, because for 1/2 < « < 1 we have

] 1 w+iN I S
3 5 o € 0 S O 43)

= (goc—l/Z * S:x,l/z) () = Spe (1)

in $(X) and t > 0 by [31, Proposition 2.1].
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Proposition18. Let1/2 < & < 1and{S, ,(t)};s, be the (o, o)-
resolvent family of type (M, w) generated by A. Suppose that
Saa(t) is continuous in the uniform operator topology for all
t > 0. Then, the following assertions are equivalent:

(i) Sy q(t) is a compact operator for all t > 0.

(i) (u — A)™" is a compact operator for all y > w''®.

Remark 19. Let gy > 0 be fixed. If ¢y < a < 1, then by [31,
Proposition 2.1] we have

o

“(Gue * Sye )(A)dA
€ (Guy * Sus,) »

= (g"‘_so * S"‘)so) (t) = Soc,:x (t) >

1 w+iN N
lim — J e

N—oo 27T

in B(X). Therefore, as is Proposition 18, if « > ¢,, where
g > 0, A generates the (a, a)-resolvent family {S, ,(£)};5¢
of type (M, w), and S, ,(t) is norm continuous for all t > 0,
then S, ,(¢) is a compact operator for all ¢ > 0 if and only if
(A* — A)"" is a compact operator for all > '/%. The same
conclusion holds if &, < « < 2, where ¢, > 1 is fixed and
{Spa1(t)}isg is the (&, & — 1)-resolvent family of type (M, w)
generated by A, which is norm continuous for all t > 0.

4. Nonlocal Fractional Cauchy Problems:
The Caputo Case

In this section we consider the nonlocal problem for the
Caputo fractional derivative

Diu(t) = Au(t) + f (t,u(t)), tel=1I0,T],
u(0) + p (1) = uy, (45)

u' (0) +qu) = u,

upu; € X,1 < a <2, T > 0,and A is a closed linear
operator defined on X which generates the («, 1)-resolvent
family {S, ; (t)},5o- The nonlinear function f: [0, T]xX — X
is continuous and the nonlocal conditions p,gq : C(I, X) —
C(I, X) are also continuous functions. We recall also that the
derivative D; denotes the Caputo fractional derivative.

The mild solution to problem (45) is given by

u(t) =Sy (t) (g — p (W) + S5 (1) (1 — q (w))
¢ (46)
+ J Sea(t=5) f(su(s))ds, te[0,T].
0

By the uniqueness of the Laplace transform, it is easy to see
that the mild solution to fractional nonlocal problem (45) can
be written as
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u(t) =Sy, (t) (ug — p (W)
+ (gl * Soc,l) (t) (ul —-4q (Li)) (47)

# [ @ #8) €= 9 Fsut ds,

0

forallt € [0,T].
We assume the following:

(H1) The function f satisfies the Carathéodory condition;
that is, f(-,u) is strongly measurable for each u € X
and f(t, ) is continuous for each t € I := [0, T].

(H2) There exists a continuous function p : I — R, such
that

If w| <u@)lul, Vtel, ueC(,X). (48)

(H3) The functions p,q : C(I,X) — C(I, X) are continu-
ous and there exist L » L q>0 such that

lp@) —pW| <L,lu-vl,
la ) —q )| < L llu—v, (49)
Yu,v € C(I, X).

We have the following existence results.

Theorem 20. Let 1 < « < 2. Let A be the generator of an
(e, 1)-resolvent family {S,, | (t)};¢ of type (M, w). Suppose that
(A*—A) " is compact forall A > w'®. If (Me*T Jo® ) |ull T <
1 and (Me“’TLp +(M/w)e® L ) < 1, then, under assumptions
(H1)-(H3), problem (45) has at least one mild solution.

Proof. Let B, := {u € C(I, X) : |lull < r}, where

r

_ M (Jug| + o @) + M/w) e (] + g Go)]) GO
1 - (Me“T /1) ”M"oo T '

On B, we define the operators I'}, I, by

(Tye) (8) 3= Sy (1) [g = p ()]

+(g) * Sa,l) ) (u, —qw)),

teloTl o

t
() (0= [ (s #80) =9 f (s () s,
te[0,T],
and u € B,. We shall prove that I' := I’ + I, has at least one

fixed point by the Krasnoselskii fixed point theorem. We will
consider several steps in the proof.

Step 1. We will see that if u,v € B,, then I''u + I,v € B,.In
fact, by Lemma 12 we have

I(Tyu) () + (T,v) @)
< [Ses O g = p )]
+ (g1 * Ser) O] [lu1 — q W)

[ Mg s =917 vl as
wt M wt
< M (Juof + I 0D + e (Jou + Ja 60

# [ Mes * S €= 9N 1F vl ds

< Me“T (|luo| + | )])

M

T
+ ;e (”ul || + “q (u)") (52)

o [ e s
< Me“" (o] + I Go)])

M o
M (| + o)

Mre® 1 s
+ F JO e u (S) ds

< Me“" (Jug| + | p W)])

M Mre“T
+ e (] + la @) + == oo T
=T.
Hence INu + I,v € B, for allu, v € B,.

Step 2.T) is a contraction on B,. In fact, if u, v € B,, then

It @ =Ty O < S0, @ 2 ) = p W]
*+ (g1 * o) O lg @) g ]

< Me“’tLp lu—v|
(53)

M
+—e""Llu—v]
w

M
< (MewTLp + —ewTLq> =] .
w

Since (Me“TL (M Jw)e“TL ) < 1, we conclude that I} is a
contraction.



Step 3. T, is completely continuous.
Firstly, we prove that T, is a continuous operator on B,.
Let u,,u € B, such that u,, — u in B,. By Lemma 12 we get

[T, )= Tt O] = | gy * S0) =9

Me“’t

NS (su, (8)) = f(s,u(s)] ds <

wT

: L e f (s, (9)) = f (ssu ()] ds < Af

(54)

j 19 (Ju, O] + I ) ds < z”‘f‘i

. J: p(s)ds.

We notice that the function s + u(s) is integrable on I. By

Lebesgue’s dominated convergence theorem, Jot I f(s,u,(s) -
f(s,u(s))llds — 0as n — co. Since 1, — u we obtain that I,
is continuous in B,.

Now, we will prove that {I,u : u € B,} is relatively
compact. By the Ascoli-Arzela theorem, we need to show
that the family {[,u : u € B,} is uniformly bounded and
equicontinuous, and the set {I,u(t) : u € B,} is relatively
compact in X for each t € [0,T]. In fact, for each u € B,
we have (as in Step 3) that |Tu| < (rMe“’T/w"‘_l)II‘MIIoo and
therefore {I,u : u € B,} is uniformly bounded.

In order to prove the equicontinuity, let u € B,, and take
0<t, <t <T.Observe that

I e) = e )] = [ s *Su0) 1=

t,
~fsu (S))“ ds + Jo "((goc—l * Soc,l) (tl - 5) (55)

- (91 * Sa,1) (tz - 5))f(5)“(5))" ds =1,

+I,.

Observe that, for I;, by Lemma 12 we have

I <

“u(s) lu(s)lds

Me“T (h
w(x*l €
2

Mre
w*”

el (81 - 22),
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and therefore lim, _,, I; = 0. For I,, we have

I < J: 1(Gas * Sar) (81 = 5)

_(ga 1 * Socl) =S " "f(S u(s))" ds

t
< | "B I(ger #5009
0

(57)
(o * Sa) (¢ —s||||u(s>||ds<rj2u<s>

: "(goc—l * Soc,l) (tl - S)

= (o1 * Sa) (8 ||d$
Observe that

w() ”(goc—l * S(x,l) (ty =) = (Gor * S(x,l) (t, - )”

wT (58)
u() e L' (ILR),

<2 w(x—l
and, by Lemma 12, (g, * S, )(t) = S,,(t) forallt > 0
Moreover, by Proposition 11 we have that S, ,(¢) is norm
continuous and therefore if £, — t,, then (g,_, * S, )(t; —
$) = (Go1 * Sq )ty —s) — 0 in B(X). We obtain by
Lebesgue’s dominated convergence theorem thatlim, _,, I, =
0. Therefore, {I,u : u € B,} is an equicontinuous family.
Finally, we prove that H(t) == {T,u(t) : u € B,}isrelatively
compact in X for each ¢ € [0, T]. Obviously, H(0) is relatively
compact in X. Now, we take t > 0. For 0 < € < t we define on
B, the operator

(50 0 = | (ger*S0) €9 fuo)ds. ()

The hypotheses implies the compactness of (g,_; * S, )(t) =
Sea(t) for all t > 0 (by Lemma 12 and Theorem 14) and
therefore the set #, = {(gy_1 * Sy )t — 5) f(s,u(s)) : u €
B,, 0 < s <t —¢}is compact for all ¢ > 0. Then conv(¥*,)
is also a compact set by Theorem 7. By using the mean-value
theorem for the Bochner integrals (see [32, Corollary 8, page
48]), we obtain that

(Lyu) (t) € teonv (),

Therefore, the set H,(t) = {(IGu)(t) : u € B,} is relatively
compact in X for all € > 0. Now, observe that

[(Tyu) @) = (Tu) @)

vt € [0,T]. (60)

= L_a [(Ges # Sat) =) f(ssu]ds ¢y

Mre®T

wa—l

t
J e “u(s)ds.
t—¢e

Since the function s > e “*u(s) belongs to L' ([t - &,t],R,),
we conclude by the Lebesgue dominated convergence theo-
rem that

lm (1) ) — (50) )] = 0. )
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Therefore the set {I,u(t) : u € B,} is relatively compact in
X for each t € (0,T]. By the Ascoli-Arzela theorem, the set
{IL,u : u € B,} is relatively compact. We conclude that T,
is a completely continuous operator. Hence, by Krasnoselskii
Theorem 8 we have that I' = T} + I, has a fixed point on B,,
which means that nonlocal problem (45) has a mild solution
and the proof of the theorem is finished. O

The proof of the following result uses the Schauder fixed
point theorem. We notice that here we will assume that S, , ()
is continuous in the uniform operator topology for all > 0.
Moreover, we have a weaker condition on the parameters M,
w,and T.

Theorem 21. Let1 < « < 2. Let A be the generator of an («, 1)-
resolvent family {S, | (t)};so of type (M, w). Suppose that (A* —
A)7tis compact for all A > w'e, S,1(t) is continuous in the
uniform operator topology for all t > 0, and Me“™ |ul| ., T < 1.

Then, under assumptions (H1)-(H3), problem (45) has at least
one mild solution.

Proof. We define the operator I : C(I, X) — C(I, X) by
(Tu) (1) = Sy (1) [14g = p ()]

+ (g * Stx,l) () (4, —q W)

t (63)
[ G S =9 fuon s,

tel=1[0,T].
Choose
r
" (ol + 2 @) + M/w) e ( Ilulll +la@l) (64)
1 - (Me“T /1) |u] . T
Let B, = {u € C(I,X) : |lull < r}. We shall prove that I :

B, — B, has at least one fixed point by the Schauder fixed
point theorem. As in the proof of Theorem 20 it is easy to see
that I sends B, into B,, and I' : B, — B, is a continuous
operator.

We claim that {Tu : u € B,} is relatively compact.

Indeed, as in the proof of Theorem 20, it is easy to see that
{Tu : u € B,} is uniformly bounded. On the other hand, to
see the equicontinuity, let u € B,, and take t,,¢, € I with
0<t,<t; <T.Wehave

||Fu (t;) —Tu (tz)” "(Socl (t) Sa1 (t2)) (1
—p @)+ [1((g1 * Se1) (81) = (g1 * Se1) (£2))
= @)+ [ Uger* Sua) 0 -)
’ (65)

f (s ()] ds + Lz 1((ur * Sur) (11— 5)

(91 % S1) (t,=9)) f(ssu(s))|ds =1, + 1,

+I; + 1.

Observe that for I; we have

I < ||Ser (81) = Set ()] | (g — g )] - (66)

By hypothesis, using the norm continuity of S, , (t), we obtain
thatlim, _, I; = 0.
Lemma 12 implies (g, * S, ;)() = S,,(t) forall ¢ > 0 and

by Proposition 11 we have that (g, * S, ,)(t) is continuous in
9% (X), and hence

L < ”(91 * Soc,l)(tl) -

_)0,

0 Y (”))“

(g1 * Sa,l) (tz)" "(“
(67)

ast; — t,. On the other hand, I;,I, — O ast, — t, asin the
proof of Step 3 in Theorem 20. Therefore, the set {I't : u € B,}
is equicontinuous.

Finally, we will prove that {Tu(t) : u € B,} is relatively
compactforallt € [0, T]. Clearly, {Tu(0) : u € B,}isrelatively
compact. Now, we take ¢ > 0. For each 0 < & < ¢, we define
the operator

(T°u) (1)
- (68)
—Sal(s)-[ (ot * Sa1) t —s—€) f (s,u(s)) ds.

The hypothesis and Proposition 16 show that S, () is
compact for all ¢ > 0 and therefore the set H,(t) := {(Tsu)(t)
u € B,} is relatively compact in X for all € > 0. Now, observe
that

Sur (©) L_ (Gos * Say) (E—s—€) f (5,1(s)) ds

- L_ (Gus * Sur) (= 9) f (su(s)) ds

(69)
t—¢e
sr «[0 "Sa,l (8) (goz—l * Soc,l) (t - S§— 8)

- (gotfl * Soc,l) (t- S)" g (s) ds.

By Proposition 11, (g,_; * S, ;)(t) is norm continuous for all
t > 0 and therefore

"Soc,l (8) (ga—l * Sa,l) (t -5 5)

(70)
— (ot * S1) (t=5)| — 0, ase — 0.
On the other hand, since
ISes (€) (Got * Say) (= =€) = (Gay * Seiy) (£ =)
M2 eZwT MewT (71)
< e—w(~+£) + e_w.
w* ! w* 1

and the function s — (M2e*T/w* e @+ 4+ (Me®T/
w*1)e™ belongs to L' (I, R, ), we conclude by the Lebesgue
dominated convergence theorem that

hm

w1 (€) J (o1 * Se1) (t—s—€) f (s,u(s))ds
(72)

t—¢
—L (Gus * Sun) (=) f (5,20 (s)) s =
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As in the proof of [24, Theorem 4.1], we get

S0 @ [ (ar #Su) =50 f () ds
73

lim
e—0

[ G # S €9 f suead <o

and therefore the set {jot(goﬁ1 * Sp )t —8)f(s,u(s))ds : u €
B,} is relatively compact for all t € (0,T]. The compactness
of Sy 1(t) and (g, = S, 1)(t) = S,,(t) (by Lemma 12 and
Theorem 14) imply that {T'u(t) : u € B,} is relatively compact
in X for each t € (0,T]. By the Ascoli-Arzela theorem, the
set {Tu : u € B,} is relatively compact. We conclude that I
is a compact operator on B,. Hence, by Schauder Theorem 9
we have that T has a fixed point on B, and therefore nonlocal
problem (45) has a mild solution. O

Remark 22. We notice that the norm continuity of S, , (t) for
0 < a < landt > 0 follows, for example, if {S, ,(t)};s, is
analytic (see [24, Lemma 3.8]) or if A is an almost sectorial
operator (see [23, Theorem 3.2]).

Now, we consider the nonlocal problem for the Caputo
fractional derivative

Diu(t) = Au(t) + f (tu(t)), tel=1[0,T], o0
74
u(0) + p (u) = uy,

u, € X,1/2 < « < 1, T > 0, and A is a closed linear
operator defined on X which generates the («, «)-resolvent

family {S, . (£)},50-
The mild solution to problem (74) is given by

u(t) =Sy, (t) (ug — p(w))

¢ (75)
+ J Sea(t—=5) f(ssu(s)ds, te[0,T].
0

It is easy to see (by using the uniqueness of the Laplace
transform) that the mild solution to problem (74) can be also
written as

u (t) = (glftx * Sot,oc) (t) (”0 - P (u))

t (76)
+ J- Seot—=5) f(s,u(s))ds, te[0,T].
0

The proof of the following result follows similarly to
Theorem 20 and therefore we omit it.

Theorem 23. Let 1/2 < o < 1. Let A be the generator of an
(e, a)-resolvent family {S, ., (t)} ;s of type (M, w). Suppose that
(A*—A)"" is compact for all A > w''®, and S, ,(t) is continuous
in the uniform operator topology for allt > 0. If Me“™ |ull ., T <
1 and (M/wl_"‘)e“’TLp < 1, then, under assumptions (HI)-
(H3), problem (74) has at least one mild solution.
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5. Nonlocal Fractional Cauchy Problems:
The Riemann-Liouville Case

In this section we consider the nonlocal problem for the
Riemann-Liouville fractional derivative

D*u(t) = Au(t) + f (t,u(t)),

tel0,T],
(77)
(Ga-q * 1) (0) + p (1) = uy,

(Gra * 1) (0) +q () = uy,

where uy,u; € X,1 < a < 2,and A is a closed linear operator
defined on X. Assume that A generates an («, @ — 1)-resolvent
family given by {S, , (t)};s,- Taking Laplace transform in
(77) we obtain by (14) that

u (t) = SOL,OL*] (t) (uO - P (Ll)) + Sa,oc (t) (ul - q (u))
¢ (78)
+J Suu(t—9) f(su(9)ds, te[0.T].
0

The uniqueness of the Laplace transform implies that the mild
solution u to problem (77) is also given by

U (t) = Seuy () (g — p (1))
+ (g1 * See1) () (uy —q (1)) 79)

t
" L (G2 * Suwr) (= 5) f (s () ds,

forallt € [0,T].

Theorem 24. Let 1 < « < 2. Let A be the generator of an
(o, a—1)-resolvent family {S,, ,_, (t)};59 of type (M, w). Assume
that the resolvent (A — A)™" is compact for all A > w'/®. If
(Me“"L, + (M/w)e*"L,) < 1 and (Me"" /w)llullo,T < 1,
then, under assumptions (H1)-(H3), problem (77) has at least
one mild solution.

Proof. Let B, := {u € C(I, X) : |lull < r}, where
r

_ M (Jug + o @) + M/w) €T (] + g Go)])  EO)
1- (Me“’T/w) ||‘u||00 T '

On B, we define the operators I'}, I, by

(Ty10) (8) = St () [ig = p ()]
+ (91 * Saact) () (1 — g W),
t€[0,T], (81)
(Lu) (1) = L (91 * Saac1) (t =) f (s,u(s)) ds,

tel0,T],
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and u € B,. We shall prove that I := I’ + I, has at least one
fixed point by the Krasnoselskii fixed point theorem. We will
consider several steps in the proof.

Step 1. We will see that if u,v € B,, then Tyu + I,v € B,.In
fact, by Lemma 12 we have

"(rlu) () + (L,v) (t)"
< "Sa,a—l (t)" "”0 - P (M)"
+ "(gl * Soc,oc—l) (t)” ”ul -9 (Ll)"

# [ 100 Saac) €= 9N 1F v ol s
th M wt
< M (Juo| + I @) + 5 (el + Ja @) g,

Mre®
w

+

¢
J e u(s)ds
0

< Me™ (Jluo + [lp )

Mre“T

w

M o
+ e (Ju] + la @) + lelleo T

=r.
Hence INu + I,v € B, forallu,v € B,.

Step 2. T, is a contraction on B,. In fact, if u, v € B,, then

Ty () - Ty ()
< [Saact O |p @) = p W)

* S t —
+[(g1 * Saacr) O |9 0) =g W) )

M
< Me“ L, llu—v|+—e"L, |lu—v|
w

M
< <Me“’TLp + —ewTLq) flu—v|.
w

Since (Me“TL T (M Jw)eTL ) < 1, we conclude that T’ is a
contraction.

Step 3. T, is completely continuous.

As in the proof of Theorem 20 it is easy to see that I, is a
continuous operator and the set {I,u : u € B,} is uniformly
bounded.

To prove the equicontinuity, let u € B,, and take 0 < t, <
t, < T. Observe that

ITou (t,) - Tu ()] < Jtl (91 * Saar) (81 =)
Soulds+ | 1o 7 Sua) (-9 (s

— (g * er,tx—l) (ty =) f (s,u (S))" ds=1I,

+ I,.

11
To estimate I; we notice that
wT ty
I < L e Cu(s) u(s)ds
' (85)
Mre“T
< W “M"oo (tl - t2) >
and therefore lim, _,, I; = 0. For I, we have
t
L [ 1o Sea) (-9
— (91 * Saa-1) (12 = 5)" "f (s,u (5))" ds
2]
< [ B, * Se) (-9
0 (86)
t
(01 * Seat) (=@ ds < 7 [ "o
: "(91 # Syt (t =)
- (gl * Soc,oc—l) (t2 - S)" ds.
Observe that
#() (g1 * Saa-1) (t1 =) = (91 * Saar) (E2 =)
T (87)
MLyl aLm),
w

and, by Lemma 12, (g; * S, 1)(t) = S, (t) forallt > 0.
Moreover, by Proposition 11 we have that S, ,(¢) is norm
continuous and therefore if £, — t,, then (g, * S, , 1)(t; —
s) = (g1 * Suo )ty =) — 0 in B(X). We obtain by
Lebesgue’s dominated convergence theorem thatlim, _,, I, =
0. Therefore, {I,u : u € B,} is an equicontinuous family.
Finally, the compactness of (g, * Sy, 1)(t) = S, 4(t) for
allt > 0 (by Lemma 12 and Theorem 14) implies that {T,u(t) :
u € B,}is relatively compact in X for each t € [0, T] (as in the
proof of Theorem 20). We conclude that T, is a completely
continuous operator and, by the Krasnoselskii theorem, the
operator I' = T} + T, has a fixed point on B,, which means that
nonlocal problem (77) has at least one mild solution. O

In the next result, we consider a weaker condition on the
parameters M, w, and T. However, we need to assume here
the norm continuity of S, ,_,(t) for 3/2 < o < 2.

Theorem 25. Let 3/2 < « < 2. Let A be the generator of an
(o, a—1)-resolvent family {S,, ,_, (t)};59 of type (M, w). Assume
that (\* — A)™" is compact for all A > @'/® and Seu1(t) is
continuous in the uniform operator topology for all t > 0. If
(Me“’T/w)HyIIOOT < 1, then, under assumptions (H1)-(H3),
problem (77) has at least one mild solution.
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Proof. On B, we define the operator

Tu(t) =Sy 1 () (ug — p ()

+ (gl * er,a—l) (t) (ul —-9q (u)) (88)
t
+[ @ S -9 e as

where t € [0, T] and

r

_ M (o] + o @) + /) e (| + Ja @) B
1- (Me“’T/w) ||(4||OO T '

The proof follows the same lines of Theorem 21. We give here
only the details on the relative compactness of {I[,u(t) : u €
B.} in X for each t € [0,T]. Theorem 14 implies that (g, *
Sea1)t) = S, (t) is compact for all ¢ > 0 and therefore the

set {fot(g1 * Sy q 1)t = 5)f(s,u(s))ds : u € B,} is relatively
compact for all t € [0, T] (as in the proof of Theorem 20). On
the other hand, the hypothesis and Proposition 17 imply that
S 1(t) is compact for all £ > 0 and thus the set {Tu(t) : u €
B,} is relatively compact for all ¢ € [0, T]. The existence of a
fixed point to I', and therefore of a mild solution to problem
(77), follows from the Schauder theorem. O

Now we discuss the existence of mild solutions to the non-
local fractional Cauchy problem for the Riemann-Liouville
fractional derivative in case 0 < « < 1:

Du(t) = Au(t) + f (t,u(t)),
t€[0,T], (90)
(gl—a * u) 0) + P(u) = Uy,

where 1, € X and A is a closed linear operator defined on X.
We assume that A generates an («, «)-resolvent family given
by {Se«(t)}is0- By using the Laplace transform in (90), it is
easy to see that

u(t) = Spq () (ug — p ()
t (91)
+ J Sea(t=15) f(ssu(s)ds, te[0,T].
0

Theorem 26. Let 1/2 < « < 1. Let A be the generator of
an («, ev)-resolvent family {S,, ,(t)};5o of type (M, w). Assume
that (\* — A)™" is compact for all A > '*, and S, (t) is
continuous in the uniform operator topology for all t > 0. If
Me“’T||;4||OOT < 1and Me“’TLP < 1, then, under assumptions
(H1)-(H3), problem (90) has at least one mild solution.

Proof. Let

M (o] + [ @)
SRS T P >
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If we define on B, the operators I}, T, by

(rlu) (t) = S(x,(x (t) [uo - P (Ll)] , LE€ [O»T] >

t (93)
(Lu) (t) = L Saa (t=3) f(s,u(s))ds, tel0,T],

for u € B,, then, as in the proof of the previous theorems,
it is easy to see that if u,v € B,, then INu + I,v € B,, and
I, is a contraction on B,. Moreover, I, is continuous on B,,
{I,u : u € B,} is uniformly bounded, and {T,u : u € B,}isan
equicontinuous family. Finally, by the compactness of S, ,(t)
(see Proposition 18) and by using a similar method as we did
in the proof of Theorem 20 (Step 3), we prove that H(t) =
{Tu(t) : u € B,} is relatively compact in X for each t € [0, T].
Thus, by the Ascoli-Arzela theorem, the set {T,u : u € B,}
is relatively compact and hence I}, is a completely continuous
operator. By the Krasnoselskii theorem, we conclude that I' =
I, +T, has a fixed point on B,, and therefore nonlocal problem
(90) has at least one mild solution. O

6. Applications

In this section, we give some applications. As consequence of
the previous results, we have the following results.
Consider the semilinear problem

Diu(t) = Au(t) + 7 f (t,u(t),

tel:=1[0,T],
(94)
u (0) + p (1) = uy,

u' (0) +q(u) = u,

where uj,u; € X, J>™* denotes the Riemann-Liouville
fractional integral operator, f : [0,T] x X — X, and p,q :
C(I, X) — C(I, X) are continuous.

Let A be the generator of an (a,1)-resolvent family
{S4,1(8)};50- Then it is well known that the mild solution of
(94) is defined by means of the variation of constant formula

u(t) = Sy, (t) [ug — p ()]

+ (gl * Sa,l) (f) [”1 - q(u)] (95)

+ L (91 % Se1) (t=5) f(s,u(s))ds, tel.

We remark that the case 0 < o < 1 was recently studied in [25,
Section 4]. On the other hand, we notice that the case u' (0) =
0 and g = 0 has been recently studied in [33, Section 4] by
assuming the relative compactness of the set # = {S,,(t —
s)f(s,u(s)) : u € C(I,X), 0 < s < t}. Proposition 16 shows
that S, ;(¢) is compact for all ¢ > 0 and by using the Leray-
Schauder alternative theorem (see Theorem 10) it is easy to
prove (as in Theorem 21 and [33, Theorem 4.4]) the following
result. We omit the details.
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Theorem 27. Let 1 < a < 2. Let A be the generator of an
(e, 1)-resolvent family {S,, | (t)},5¢ of type (M, w). Suppose that
A*—A)tis compact for all A > 0'*, and Sy1(t) is continuous
in the uniform operator topology for all t > 0. Then, under
assumptions (HI1)-(H3), problem (94) has at least one mild
solution.

Now, we consider the Riemann-Liouville fractional
Cauchy problem

D*u(t) = Au(t) + J** f (t,u (1)),

t e[0,T],
(96)
(Ga—a * 1) (0) + p (1) = ug,

(e 1) (0) +q () = uy,

where 1y, u; € X, 1 < « < 2,and A is a closed linear operator
defined on X. Assume that A generates an («, « — 1)-resolvent
family given by {S, , ;(t)};5o. The mild solution to problem
(96) is given by

u (t) = S(X,Oc—l (t) (uo -p (u)) + Sa,a (t) (ul -q (u))
: 7
#[ -9 feunds teoT),
0

which is equivalent (by the uniqueness of the Laplace trans-
form) to

U(t) = Sper (1) (g — p ()
+ (gl * S(x,zx—l) (t) (ul -9 (Ll)) (98)

+ jo (G50 * Samr) (t = 5) f (5,14(5)) ds,

forallt € [0,T].

Proposition 17 shows that S, ,_,(¢) is compact for all ¢t >
0 (and 3/2 < a < 2) and by using the Leray-Schauder
alternative theorem it is easy to prove (as in Theorem 25
and [33, Theorem 4.4] and [25, Theorem 4.1]) the following
existence result. We omit the proof.

Theorem 28. Let 3/2 < « < 2. Let A be the generator of an
(o, a—1)-resolvent family {S,, ., (t)};5 of type (M, w). Assume
that the resolvent (A* — A)™" is compact for all A > w"* and
S a1 (t) is continuous in the uniform operator topology for all
t > 0. Then, under assumptions (H1)-(H3), problem (96) has
at least one mild solution.
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We end this section with an example.
Example 29. Consider the following problem:
aZ
Diu(t,x) = Wu(t, x)+ f(tu(t x)),
(t,x) € [0,1] x [0, 7],
(99)

u(t,0)=u(t,m)=0, te[0,1],

u(0,x) + iaku (t,x)=uy(x), xe€l0,7],
k=1

where 1/2 <« < 1,a, € R,andn € N. Let X = L2([0, 7])
and consider the operator A : D(A) ¢ X — X defined by
D(A) = {v € X : v € H*([0,7]), v(0) = v(m)} and, for
u € D(A), Au = 0*u/ox>.

It is well known that A generates a compact and analytic
(and hence norm continuous for all t+ > 0) C,-semigroup
{T(t)};5o on X such that [T(#)| < 1 forallt > 0. Since A
generates a C,-semigroup, that is, an (1, 1)-resolvent family,
we obtain by [29, Corollary 14 and Theorem 3] that A
generates the («, &)-resolvent family {S, ,(t)},5, defined by

()
Spa (B) x = j Pap (t,5)T (s)xds, t>0, x€X, (100)
0

where @, , is the stable Lévy process of order a defined by
(22). Since T'(t) is norm continuous, it is easy to see that S, (t)
is norm continuous for all > 0 and the positivity of ¢, , (see
[29, Theorem 3]) implies that S ,(t) is of type (1, 1). On the
other hand, the compactness of T(t) implies that (A" — A) is
compact.

We notice that problem (99) can be written in the abstract
form of (74). Define the functions f : [0,1] x D(A) — X and
p:D(A) - X by

3 e tu (t, X)
S ) = U a6

" (101)
p)(x) =) aqu(tx).
k=1

Assume that ZZ:I la;| < 1/4. We observe also that in this case
we have u(t) = e'/(4+1t), T=M=w=1,and L,= lullo, =
1/4 (see Theorem 23).

It is easy to check assumptions (H1)-(H3) and the
hypotheses in Theorem 23 and therefore problem (99) has a
mild solution.

Analogously, we can consider the Riemann-Liouville case

2
D*u(t,x) = aa—u (t,x)+ f(tu(t,x)),

2
(t,x) € [0,1] x [0, 7],

u(t,0)=u(t,m)=0, te[0,1],

(102)
(1o * 1) (0,%) + Y @ (t, %) = 1y (x)
k=1

x € [0,7].
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Under the same assumptions, we have by Theorem 26 that
problem (102) has a mild solution.

6.1. Conclusions. In this paper, we obtain conditions implying
the compactness of the family {S, 5(£)};5o- As a consequence,
we obtain several results on the existence of mild solutions
to nonlocal fractional Cauchy problems to the Caputo and
Riemann-Liouville fractional derivatives.
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