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The strong convergence of a hybrid algorithm to a common element of the fixed point sets of multivalued strictly pseudocontractive-
type mappings and the set of solutions of an equilibrium problem in Hilbert spaces is obtained using a strict fixed point set condition.
The obtained results improve, complement, and extend the results on multivalued and single-valued mappings in the contemporary

literature.

1. Introduction

Let X be anonempty setandlet T : X — X be a map. A point
x € X is called a fixed point of T if x = Tx. If T : X — 2%
is a multivalued map then x is a fixed point of T if x € Tx.
If Tx = {x} then x is called a strict fixed point of T. The set
F(T) ={x € D(T) : x € Tx} (resp., F(T) = {x e D(T) : x =
Tx}) is called the fixed point set of multivalued (resp., single-
valued) map T, while the set F(T) = {x € D(T) : Tx = {x}}
is called the strict fixed point set of T

Let X be a normed space. A subset K of X is called
proximinal if for each x € X there exists k € K such that

lx—kl =inf {Jx - y|: y e K} =d (., K). (1)

It is known that every closed convex subset of a uniformly
convex Banach space is proximinal. We will denote the family
of all nonempty closed and bounded subsets of X by CB(X),
the family of all nonempty subsets of X by 2%, and the family
of all proximinal subsets of X by P(X), for a nonempty set X.

Let H denote the Hausdorft metric induced by the metric
d on X; that is, for every A, B € CB(X),

H (A, B) = max 1sup d(a,B),supd (b, A)} . 2)

acA beB

Let X be a normed space. Let T : D(T) ¢ X — 2% be
a multivalued mapping on X. A multivalued mapping T :
D(T) € X — 2% is called L-Lipschitzian if there exists L > 0
such that for all x, y € D(T)

H(Tx,Ty)<L|x-y|. 3)

In 3) if L € [0,1) T is said to be a contraction while T
is nonexpansive if L = 1. T is called quasi-nonexpansive if
F(T) ={x e D(T) : x € Tx} # @ and for all p € F(T),

H(Tx,Tp) < |x - p| - (4)

Clearly every nonexpansive mapping with nonempty fixed
point set is quasi-nonexpansive. T is said to be k-strictly
pseudocontractive-type of Isiogugu [1] if there exists k €
(0, 1) such that, given any pair x, y € D(T) and u € Tx, there
exists v € Ty satisfying |lu — v|| < H(Tx, Ty) and

H (T Ty) < [x -y +kJx-u-(-n)F. ©

If k = 1in (5), T is said to be pseudocontractive-type,
while T is nonexpansive-type if k = 0. Every multivalued
nonexpansive mapping T D(T) ¢ X — PX)is
nonexpansive-type. In a real Hilbert space H, T : D(T) <
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H — CB(H) is said to be k-strictly pseudocontractive of
Chidume et al. [2] if there exists k € (0, 1) such that for all
x,y € D(T)

B reTy) s e ekfe-u- G-,
YueTx, veTy.

If k = 1, T is said to be pseudocontractive. It is easy to see
that every k-strictly pseudocontractive mapping T : D(T) <
H — P(H) is k-strictly pseudocontractive-type.

Let H be a real Hilbert space with inner product (., -)
and norm | - |, respectively, and let C be a nonempty closed
convex subset of H. Given an operator A : H — H and a
closed convex set C, the variational inequality problem is the
problem of finding x* € C such that (x — x™, A(x")) > 0,
for all x € C. This variational inequality problem is usually
denoted as VIP(A, C).

Let F : C x C — R be a bifunction, where R is the set of
real numbers. The equilibrium problem for F: CxC — R is
to find x € C such that

F(x,y)>0 VyeC. (7)

The set of solutions of (7) is denoted by EP(F). Several
algorithms were introduced by authors for approximating
solutions of equilibrium problems for a bifunction (or finite
family of bifunctions) (see, e.g., [3] and references therein).
Given a mapping A : C — H, let F(x, y) = (Ax, y — x) for
all x, y € C; then z € EP(F) if and only if (Az, y — z) > 0 for
all y € C; that is, z is a solution of the variational inequality
VIP(A, C). Numerous problems in physics, optimization, and
economics are reduced to the problem of finding the solutions
of (7) (see, e.g., [4-6] and the references therein).

The purpose of this work is to first establish closed and
convexity property for a strict fixed point set of a multivalued
strictly pseudocontractive-type mappings. Second, establish
with a strict fixed point set condition a strong convergence
of a hybrid algorithm to a common element of the fixed
point sets of two multivalued strictly pseudocontractive-type
mappings and the set of solutions of an equilibrium problem
in Hilbert spaces. The obtained results extend, complement,
and improve the results on equilibrium problems as well as
multivalued and single-valued mappings in the contempo-
rary literature.

2. Preliminaries

In the sequel, we will need the following definitions and
lemmas.

Definition 1. Let T : X — 2 be a multivalued mapping; for
each x € X, Prx is defined by

Pr(x)={yeTx:|x-y|=d(xTx)}. (8)

For solving the equilibrium problems for a bifunction F : C x
C — R, let us assume that F satisfies the following conditions:

(A1) F(x,x) =0forall x € C.
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(A2) F is monotone; that is, F(x, y) + F(y,x) < 0, for all
x,y €C.

(A3) Foreachx, y,z € C,lim, | F(tz+(1-t)x, y) < F(x, y).

(A4) For each x € C, y — F(x,y) is convex and lower
semicontinuous.

Lemma 2 (see [4]). Let C be a nonempty closed convex subset
of a real Hilbert space H and F : C x C — R a bifunction
satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists
z € C such that

F(Z,y)+l(y—z,z—x)20, VyeC. 9)
r

Lemma 3 (see [6]). Let C be a nonempty closed convex subset
of areal Hilbert space H. Assume that F : CxC — R satisfying

(Al)-(A4). Letr > 0 and x € H. Define T, : H — 2¢ by
T, (x) = {zeC:F(z,y)+l(y—z,z—x> 20},
r (10)
Vy € C.
Then the following hold:
(1) T, is single valued.
(2) T, is firmly nonexpansive; that is, for any x, y € H,
IT,x ~ T, ylI> < (T.x - T,y,x — y).
(3) F(T,) = EP(F).
(4) EP(F) is closed and convex.
Lemma 4 (see [7]). Let C be a nonempty closed convex subset
of a real Hilbert space H and F : C x C — R a bifunction
satisfying (Al)-(A4). Let r > 0 and x € H. Then forall x € H
and p € F(T,)
o~ Tl + [Tx-sf < [p-F.

Lemma 5. Let H be a real Hilbert space, and let C be a
nonempty closed convex subset of H. Let Po be the convex
projection onto C. Then, convex projection is characterized by
the following relations:

(i) x" =Po(x) © (x—x",y-x") <0, forall y € C.
(ii) lx = Poxl® < llx = yII* = lly — Pex|®.
(iii) llx = Poyll* < llx = yI” = [1Pcy - vl

3. Main Results

Proposition 6. Let K be a nonempty subset of a real Hilbert
space H. And let T : K — P(K) be a k-strictly pseudo-
contractive-type mapping such that F(T) is nonempty. Then
F(T) is closed and convex.

Proof. Let {x,},2, € F(T) such that {x,,} 2, converges to x €

K. We show that x € F(T). Let u € Tx be arbitrary:
I = ull < [l = x| + [}, -
< |x - x,| + H(Tx,, Tx) 12)

< ||x - xn" + ||x - xn" + \/%Hx —uf.
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Taking limits as n — ©o, we have that |lx — ul| < VEl|lx = ul.
Hence, x = u € Tx. Since u was arbitrary, we have that Tx =
{x}.

We now prove that F(T) is convex. Let p,, p, € F(T) and
z=ap, +(1 —a)p, and thenz — p, = (1 - a)(p, — p;) and
z=py=alpy = p):

d*(z,Tz) < ||z —ul*, VueTz
= ||ocp1 +(1-a)p, - u"2
= ap—uf’ + (1 - ) | p, —u’

—a(l-)|p, - o

Now, k-strictly pseudocontractive-type condition on T and
a strict fixed point condition on p; and p, imply that, for all
u € Tz, |lu-p,ll < H(Tz, Tp,) and H*(Tz, Tp,) < [llz—p, >+
kllz — ul*]. and |ju — p.ll < H(Tz,Tp,) and H*(Tz, Tp,) <
[z = p,|I* + kllz — u||*]. It then follows that

d*(z,Tz) < |lu-z|*
= alpy—ul* + (1 - ) [ p, — v’
—a(l-a)|p, - pi’
<aH* (Tz,Tp,) + (1 — a) H* (Tz, Tp,)

(14)
—a(t-a)|p - palf
<aflz-pil* +kllz - ul’]
+(1-a) [z pf +kliz - ull’]
—a(l-)|p -l
In particular, for each u € Prz,
d* (2,T2) < a ||z - py|* + kd® (2. T2)]
+1-a)[|z- po| + kd® (2. T2)]
—a(l-a)|py - polf 15)

= ||0cpl +(1-a)p, - 2“2 + kd? (z,Tz)

= kd* (z,Tz).
Hence, d(z,Tz) = 0. Since Tz is proximinal, there exists w €
Tz such that [|[w — z|| = 0; consequently, z € Tz. Also, if
v € Tz, then

v =zl = |v-ap, + (1 - ) py|°

<allz-pi| +klz - vl
, (16)
+(1-a) [z - pa| +kllz - vI’]

—a(1-a)|p, - po| =klz-vI
which shows that z = v. Thus, Tz = {z}. ]

We now prove a strong convergence of multivalued
version of the hybrid algorithm considered in [8] to a
common element of the set of fixed points of two k-strictly
pseudocontractive-type mappings and the set of solutions of
an equilibrium problem in Hilbert spaces. As a corollary, we
obtain a hybrid algorithm for finding common elements of
the set of fixed points of two multivalued strictly pseudo-
contractive mappings of [2] and the set of solutions of an
equilibrium problem, with a strict fixed point set condition.

Theorem 7. Let C be a nonempty closed convex subset of a
real Hilbert space H, let f : C x C — R be a bifunction
satisfying (A1)-(A4), and let S, T : C — P(C) be two strictly
pseudocontractive-type mappings with contractive coefficients
Ay and A,, respectively, such that F = F(T)NF(S)NEP(f) # @.
Let {x,} be a sequence generated from an arbitrary x, € C as
follows:

x, € H,

C, =G

x; = Pexy,

Do = e+ (1- ) (B, + (1= B,)2,],

u, € C such that 17)

1
F(un’y)+ 1’_ <y_un’un_yn> =0, Vy €C,

n
Cn+1 = {Z € Cn : “Z - Mn”2 = "Z - xnnz} 4
Xn+1 = Pcmxo’

where v, € Tx, and z, € Sx,. {a,}2, and {B,}r2, are
sequences in [0, 1] satisfying

(i) o, = max{A;,A,},

(ii) lim inf, , (1 - &)1 - B)(a, — A;) > 0 and
lim inf, , (1 -a,)(x, —A,)B, >0,

(iii) {r,,} ¢ [a, 00) for some a > 0.

Then {x,} converges strongly to p € Prx,.

Proof. Observe that C,, is closed and convex for all n > 1;
therefore P, x, is well defined and note that u,, = T, y,.

Next we show that F ¢ C,, foralln > 1.F ¢ C; = Cis
obvious. Suppose F ¢ Cy, set w, = B,v, + (1 - ,)z,, and
then using Lemma 3, for all g € [, we have

2
la-wl’ = |a-T. 2 <la-»l*
= [lg = [ogex + (1 = o) [Bevie + (1 = By) Zk]]“z
= |lg = [y + (1 — o) wk]"2 (18)
2 2
= oy [l — gl + (1 = o) i — 4|

— o (1 - o) [y - wk”2 .



Also,

lw - ‘1”2 =[1Bevic + (1= Br) 2 - ‘Z”Z
= Belvi - ‘Z||2 +(1-B) |z - ‘i"z (19)

=B (1= B) [lve - zk"2'

Using (19) we obtain from (18) that

la =’
< o [z =gl + (1 =) Be v - all’
+(1=a) (1= ) 2 - al’
= (1= ) Be (1= B) v -zl
— o (1= o) [ = wil”
< flxi - qll” + (1 - o) BeH? (T, Tq)
+(1-ap) (1= B) H (x4, Tq)
(20)

— (1= o) B (1= Be) i - Zk||2

— oy (1= o) [y - wk"2

< o |~
+ (1= o) Be [l = all” + As i = vil]
+ (1= ) (1= Bo) [l = all” + A e = 2]
—(1-a) Be (1= ) I - 2l

— oy (1 - o) [Joex — wk"2 .
Also,
[k — wk”2 = [lxx = [Bevee + (1= ), Zk]"2

= Bl = vl + (1= ) |xe - z]* @D

=B (1= B) [lve - Zk||2-
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Using (21) we obtain from (20) that
lg - wel® < [o + (1= o) B+ (1 - o) (1= B)]

e =l + (1= o) Bedy — e (1= ) B

'||xk—"k||2
+[(1 =) (1= Be) Ay — o (1 - o) (1= By)]
N -zl

(22)

+[(1 = 0o) (1= Be) Bro = (1 = o) (1= Be) By
W=zl = e = al” = B (1= e) (o = 1)
e = vill” = (1= ) (1= Be) (e = 1))
o=zl = (1= o)’ (1= Be) B v =zl
< e —all*-
This shows that g € C;;. It then follows that F ¢ C, for all
n > 1. From x,, = P x, we have from Lemma 5(i) that
(x, = y,x9—x,) 20, VyeC,. (23)
Since F ¢ C,, for all n > 1, we have
(x,—qxy—x,) >0, VqeF. (24)

Using Lemma 5(ii) we obtain

2
e, = %ol = [P, x0 = o] < o — 4l = la - .l

(25)

< Jxo - all

for each g € F ¢ C, and for all n > 1. Consequently
the sequence {x,} is bounded, and so are {z,} and {v,}.
Furthermore, since x, = Pgx, and x,,; = Pc X, €
C,.1 € C, then from definition of P we have [x, — x,| <
lx,.1 — %ol for all n > 1. Therefore the sequence {||x,, — x|} is
nondecreasing. It then follows that lim,,_, [lx, — x,ll exists.
From the construction of C, we have that C,, ¢ C, and
Xy, = Po %o € C, for any integer m > n. It also follows from
Lemma 5(iii) that

2
"xm - xn”2 = ||xm - PC,,xO"
< % = o - "Pcnx0 - x0||2 (26)
= [t = xoll* = e = %ol

Letting m,n — oo in (26), we have |x,, — x,|| — 0. Hence
{x,} is a Cauchy sequence. Since H is Hilbert and C is closed
and convex we can assume that X, = p € Casn — 00;
that is, lim,_, llx,, — pll = 0. We now show that p € F(S). In
particular when m = n + 1 in (26) we obtain

lim |x,,, - x,| = 0. (27)

n—o00
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Also, since x,,,, € C,,,, we obtain

ni1>
It =l < s = 2] - (28)
It then follows from (27) that
lim [Jx,,,; = u,] = 0. (29)
Combining (27) and (29) we obtain
lim [x,, —u,| = 0. (30)

n—o00

It follows from lim,,_, [|lx,, — pll = 0 and (30) that
Jim lu, — pf| = 0. (31)
Setting n = k in (22) we have
=l < %, - all

- ﬁn (1 - ‘xn) (“n - AZ) ”xn - Vn”Z

(32)
—(1-a,) (1= B,) (@, = A,) %, - 2,
~(1-a,) (1-B) Bulva -zl
Observe that
la =" - llg - )
= el = asal* = 2 (g %, — ) (33)
< e = sl el + all) + llall 6, = 22, -
It then follows from (30) that
lim g - x| - g — ] = 0. (34)

n—00

Using lim inf,_, (1 - «,)(1 - B)(«, — A;) > 0 and
lim inf, , (1 — «,)(«, — A,)B, > 0 we obtain from (32)
that lim,,_, . [Ix,, — v,ll = 0 and lim,_, _||x,, — 2, = 0. Hence
p € F(S) N F(T). It remains to show that p is in EP(f). Now
from (32)

“q_yn" < “q_xn"' (35)

Also, using u,, = T,n y,» Lemma 4, and (35) we have

2
Trnyn - yn“

2
“un - yn“ =

<la-yl’ - la-T.0|

(36)
2
<la-xl"-la-T,
=lla=yull* = la-u|’-
It then follows from (34) and (36) that
lim "un - yn" = 0. (37)

n—o0

5
Consequently, we obtain from (31) and (37) that
lim ||y, - p] = 0. (38)
From the assumption thatr,, > a > 0,
fim 1= 20l _ o, (39)
n—00 Ty
Since u,, = T, y, implies
1
f(un’y)"'r_(y_un’un_yn) >0, (40)

n

we have from (A2) that

“un B yn“2 > 1

r, Z(y_un’un_yn>2_f(un’y) (41)

> f(y,u,), VyeC.

By taking limit as n — oo of the above inequality and from
(A4), (31), and (38) we have f(y,p) < 0,forall y € C. Let
t € (0,1) and for all y € C, since p € C, we have that y, =
ty + (1 —t)p € C. Hence f(y,, p) < 0. It follows from (Al)
that

0=foy)<tf (ypy)+ A =1) f (¥ p)

<tf (o 9)s

that is, f(y,,y) = 0. Letting t | 0, from (A3) we obtain
f(p,y) = 0forall y € Csothat p € EP(f). Hence y € FF.

Finally we show that P = Prx,. By taking the limits as
n — oo in (23) we have

(42)

(p-gqxo—p)=0, VqeF. (43)
It then follows from Lemma 5(i) that p = Prx,. This
completes the proof. O

Corollary 8. Let C be a nonempty closed convex subset of a
real Hilbert space H, let f : C x C — R be a bifunction
satisfying (A1)-(A4), and let S,T : C — P(C) be two strictly
pseudocontractive mappings with contractive coefficients A,
and A,, respectively, such that F = F(T) N F(S) N EP(f) # @.
Let {x,} be a sequence generated from an arbitrary x, € C as
follows:

x, € H,

c =C

x, = Poxg,

Y = 0%, + (1= ) [Byv, + (1= B,) 2],

u, € C such that (44)
F(u,, ) + rl (¥ —tptty = y,) 20, VyeC,
Con={z € Cptz—u,| < |-}

Xpt1 = Pc,,ﬂxo:



where v,, € Prx, and z, € Pex,. {a,}02, and {B,},2, are
sequences in [0, 1] satisfying

(i) o, = max{A,, A},

(ii) lim inf, , (1 — &, )(1 = B ), — A;) > 0 and
lim inf, , (1 - a,)(a, —A,)5, >0,

(iii) {r,,} < [a, 00) for some a > 0.
Then {x,} converges strongly to p € Prx,,.

Proof. The proof follows easily from Theorem 7. O
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