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In this article we study the nonlinear Robin boundary-value problem —A Pl = flx,u) in Q, |Vul? )2 (Qu/ov) + Bx)|ul? @2, =0
on 0Q. Using the variational method, under appropriate assumptions on f, we obtain results on existence and multiplicity of

solutions.

1. Introduction

The aim of this article is to analyze the existence of solutions
of the following problem:

A pu=f(xu) inQ,

@)

|V P2 Ou +B () PP ?u=0 ondQ,

ov
where O ¢ RN (N > 2) is a bounded smooth domain,
Ou/0v is the outer unit normal derivative on 0Q, p is a
continuous function on Q with p~ := inf_5p(x) > 1, and
B € L®(0Q) with f~ = inf,zoB(x) >0and f: QxR —
R is a continuous function. The main interest in studying
such problems arises from the presence of the p(x)-Laplace
operator div(|Vu|?®2Vy), which is a natural extension of
the classical p-Laplace operator div(|Vu|?2Vu) obtained
in the case when p is a positive constant. However, such
generalizations are not trivial since the p(x)-Laplace operator
possesses a more complicated structure than p-Laplace oper-
ator; for example, it is inhomogeneous.
We make the following assumptions on the function f:

(Hp): f: QxR — R is a continuous function and there
exist two constants C;, C, > 0 such that

If (,9)] <CL+ G 15" V(x,5) e QxR, (2)

where g(x) € C(Q) and 1 < g(x) < p*(x) for all
x € Q.

(H,): the following limit holds uniformly for a.e x € :

fim 09

simeo s|P"

= +00; 3)

(Hy): f(x,s) = o(|s|P® 1) as s — 0 and uniformly for x €
Q.

(H;): there exist two positive constants ¢; and ¢, such that

G (6s) <ql (0t <ol (xt), YO<s<t, (4)

where { (x,s) = f(x,s)s — p”F(x,s) and {,(x,s) =
f(x,8)s — p"F(x,s).
By the famous Mountain Pass lemma we state the first result.
Theorem 1. Suppose that the conditions (H,)-(H;) withq~ >

p* hold. Then problem (1) has at least a nontrivial weak solu-
tion.

Assume the following hypotheses:
(Hy):

F(x,s)
im — =
|s|—0 |5|P

00; (5)
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(Hs): f(x,0) = 0, and there exists § > 0 such that
p F(x,s) — f(x,s)s > 0 for every x € Qand|s| < &
where F(x,s) = [ f(x,t)dL.

(Hg): f(x,=s) =—f(x,s),forx € Q,s e R.

We are now in the position to state our second theorem.

Theorem 2. Suppose that p : QO — R is Lipschitz continuous
function. Under the assumptions (H,) and (H,)-(Hg), problem
(1) has a sequence of weak solutions {u,,},, such that [u,,| e ) —
0asn — oo.

For the next theorem we assume that f satisfies the
following conditions:

(H,): f(x,s) >0forall x € Qands > 0 with f(x,0) # 0.

(Hg): f(x,s)isnondecreasing with respecttos > 0,Vx € Q.

Theorem 3. iuppose that the conditions (H,), (H,), and (Hg)
with p € CY(Q) hold. Then problem (1) has a positive solution.

Nonlinear boundary-value problems with variable expo-
nent have received considerable attention in recent years. This
is partly due to their frequent appearance in applications
such as the modeling of electrorheological fluids [1-4] and
image processing [5], but these problems are very interesting
from a purely mathematical point of view as well. Many
results have been obtained on this kind of problems; see for
example [6-13]. In [9], the authors have studied the case
fou) = |ulf *)-2y, they proved the existence of infinitely
many eigenvalue sequences. Unlike the p-Laplacian case, for
a variable exponent p(x) (# constant), there does not exist
a principal eigenvalue and the set of all eigenvalues is not
closed under some assumptions. Finally, they presented some
sufficient conditions that the infimum of all eigenvalues is
zero and positive, respectively.

In [14], the authors obtained results on existence and
multiplicity of solutions for problem (1) in the case g~ > p*,
under (H;) and the following Ambrosetti-Rabinowitz type
condition:

[t| > M = 0 < uF (x,t) < f (x,0)t,
(AR)
Ju > p*, M >0 such that x € Q.

Here, we notice that (H;) is much weaker than the (AR)
condition in the constant exponent case.
Very recently, the authors in [15] studied the following
problem:
-A in Q,

P € AOF (x, u)

(6)

5, 0 _
[Vul 6 a_u +Bx) [uf?u=0 ondQ,
vV

where A is a positive parameter, F(x,t) is locally Lipschitz
function in the t-variable integrand, and 0F(x, t) is the subd-
ifferential with respect to the ¢-variable in the sense of Clarke.
They claim that problem (6) admits at least two nontrivial
solutions.
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In the first result, we consider problem (1) when the
nonlinear term is superlinear at infinity but does not satisfy
the (AR) type condition, used in [14, 16], which is necessary
to ensure the boundedness of the Palais-Smale (PS) type
sequences of the associated functional. To overcome these
difficulties, we will use the Mountain Pass Theorem [17] with
Cerami condition (C) which is weaker than Palais-Smale (PS)
condition.

In the second result, a distinguishing feature is that we
have assumed some conditions only at zero; however, there
are no conditions imposed on f at infinity, which is necessary
in many works. Finally, in Theorem 3, applying the subsuper
solution method we get a positive solution of problem (1).

This article is organized as follows. First, we will introduce
some basic preliminary results and lemmas in Section 2. In
Section 3, we will give the proofs of our main results.

2. Preliminaries

For completeness, we first recall some facts on the variable

exponent spaces LF®(Q) and W"?*)(Q). For more details,
see [18, 19]. Suppose that Q2 is a bounded open domain of R™
with smooth boundary 9Q and p € C, (Q), where

c+(§)={pec(§), inf p (x) > 1}. )
x€Q

Denote by p~ = inf __5p(x) and p* = sup__5p(x). Define
the variable exponent Lebesgue space L? @ (Q) by

' Q) = {u Q)

(8)
—> R is measurable and J |u|p(x) dx < +oo} ,
Q
with the norm
it des o [ |47 dx <1 )
u =mt4q7>0; - x < .
#lpco { JQ T }

Define the variable exponent Sobolev space W™ (Q) by

WD Q) = {u € IPY (Q) : [Vu| € PP ()}, (10)

p(x)
)dx < 1} ,
(11)

We refer the reader to [11, 18] for the basic properties of the
variable exponent Lebesgue and Sobolev spaces.

with the norm

lull = inf {T > O;J (
Q

lull = |Vulp(x) + |ulp(x) .

p(x) u

T

Vu
T

Lemma 4 (see [19]). Both (LP™(Q), || () and (W™ (),
Il - II) are separable and uniformly convex Banach spaces.
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Lemma 5 (see [19]). Holder inequality holds, namely,

J luv|dx < 2 (1] oy 1V] (2

¢ (12)
Vu e P9 Q), ve L@ (Q),

where 1/ p(x) + l/p'(x) =1.

Lemma 6 (see [18]). Assume that the boundary of Q) possesses

the cone property and p € C(Q) and 1 < q(x) < p*(x) for x €
Q, then there is a compact embeddinng’P(")(Q) — LI9(Q),

where
Np(x) . _
P )= {N——p(x)’ PG <
+00, if p(x)=N.

(13)

Now, we introduce a norm, which will be used later.
Let B € L®(0Q) with 87 = inf,50B(x) > 0 and, for
u € WP (Q), define

lullg = inf {‘r
> O;J, < @
o\l T
gl}.

Then, by Theorem 2.1 in [16], | - II[; is also a norm on
WEP®(Q) which is equivalent to || - .

An important role in manipulating the generalized
Lebesgue-Sobolev spaces is played by the mapping defined
by the following.

p(x) p(x)

dx + Lﬂﬁ(x) El )do (14)

Lemma 7 (see [16]). Let I(u) = [ |Vul"™dx +

.[an B)[ulPXdo with B~ > 0. For u € W"(Q) one
has

||”||ﬁ <1 (=L,>1) e I(u) <1 (=1,>1);
lullg < 1= Nl < 1) < ullf; ;
lullg = 1= lully < 1) < llullf ;
[lu,, —u||/3 -0 I(u,—u) — 0.

We recall the definition of the following condition (C), see
[20].

Definition 8 (see [20]). Let X be a Banach space and | €
CY(X,R). Given ¢ € R, one says that ] satisfies the Cerami
¢ condition (one denotes condition (C,)) if

(i) any bounded sequence {u,} ¢ X such that J(u,) — ¢
and J'(u,) — 0 has a convergent subsequence;

(ii) there exist constants §, R, 8 > 0 such that
7" ||l = B

Vue T ([c-8,c+8]) with [lul > R.

(15)

If ] € CY(X, R) satisfies condition (C,) for every c € R, one
says that J satisfies condition (C).

Note that condition (C) is weaker than the (PS) condition.
However, it was shown in [17] that from condition (C) it is
possible to obtain a deformation lemma, which is fundamen-
tal in order to get some min-max theorems.

Theorem 9 (see [17]). Let X a Banach space, | € C'(X,R),
e € X,andr > 0, such that |le| > r and

b= inf] (> ] (0) 2] (@). 16)
If ] satisfies the condition (C,) with

¢ = infmax] (y (¢)),

y€l'te[0,1]

[= {y e C([0,1],X) | }/(0) =0,y(1) =e}.

Then c is a critical value of J.

17)

Here, problem (1) is stated in the framework of the
generalized Sobolev space X = whp (x)(Q).

The Euler-Lagrange functional associated with (1) is
definedasJ: X — Rin

B (x)

J () = J —(1 ) IVulP™ dx + J ey ulP® do
x x
Qp oQ p (18)
- J F (x,u) dx.
Q
One says that u € X is a weak solution of (1) if

J IVu|P¥ 72 Vuvy dx + J B(x) [ulP®% uy do

Q 20 (19)

—J f(x,u)vdx =0,
Q

forall v € X.
Standard arguments imply that J € C'(X, R) and

<]' (u),v> = J [Vu|P9 72 vy dx
Q
+ J B PP uvde  (20)
20

- J f (x,u)vdx,
Q

for all u, v € X. Thus, the weak solutions of (1) coincide with
the critical points of J.

3. Proof of Main Results

For simplicity, we use C;, i = 1,2,..., to denote the general
positive constants whose exact values may change from line
to line.

Noting that J is the sum of (S, ) type map and a weakly-
strongly continuous map, so J' is of (S,) type. To see that
Cerami condition (C) holds, it is enough to verify that any
Cerami sequence is bounded.



Proof of Theorem 1. We check the assumption of compactness
of the Mountain Pass Theorem as in the following lemma.

Lemma 10. Suppose that (H,)-(H;) hold. If ¢ € R, then any
(C), sequence of ] is bounded.

Proof. Let {u,} be a (C), sequence of J. If {u,,} is unbounded,
up to a subsequence we may assume that

J (4,) — ¢
]l g — oo, (1)

7' @)l s — 0.

Let w, = ||un||glun, then {w,} is bounded in X; up to a
subsequence we have
w, —w inX,

w, — w in 119 (), (22)

w, (x) —mw(x) aexel.

If w # 0, we have ]'(un)un = 0; that is,

J |Vun|P(x)dx+J ,B(x)|un|p(x)dcr
Q 20

(23)
- J f (x,u,) u,dx = 0.
Q
Dividing (23) by ||Un||§+, we get
[ fou)th oo ”
@

On the other side, using (H,) and lemma of Fatou we obtain

L flouy)uy

Pt = J flot)u, |wn|p+ dx
el o

i (25)

— 00;
we obtain a contradiction.
If w = 0, since w,, — 0 in L19(Q) and |F(x, )| < C(1 +

[£]9)), by the continuity of the Nemitskii operator, we see that
F(,w,) — 0in LY(Q) as n — +00; therefore,

lim J F(x,w,)dx =0. (26)
o

n—0o0

We choose a sequence {t,,} € [0, 1] such that

J (tyy) = max J (tu,). 27)
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Given m > 0, since for n large enough we have
lu, 5 2mp*)/P € (0,1), using (26) with R = (2mp*)"/*",
we obtain

T (t,) > J(iun> -] (Rw,)
et

RPX) ()
- JQ p(x) (|an| )dx

RP™) p(x) (28)
+Lgp(x)/3(x)<|w”| )

- J F(x,Rw,) dx
o

RF
> — - J F (x, Rw,) dx > m.
o
That is, J(t,u,) — +00, but J(0) = 0, J(u,) — c; we see that

t, € (0,1) and (J'(t,u,), t,u,) = to(d/db)l,_, J(tu,) = 0.1t
yields

J (tnun) - I%]I (tnun) - t,u, — +o0o. (29)

Therefore,

j (L - L_) |thun|P(x) dx
a\p(x) p

[ (55— 2 ) Bl do
aQ

p(x) p~ (30)

e (o ot () = F () )
— +00,

so we get

L <%f (x,tu,) (t,u,) - F (x, tnun)> dx — +0o. (31)

Appropriately, we have

= u —l'u ‘U
](un)_]( n) p+] ( n) n

1 _L p(x)
(m p+>ﬁ(x) |u, | do (32)

+ JQ (%f(x,un) u, —F(x,un)>dx

> JQ <i+f(x, u,)u, — F (x, un)>dx.
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From (Hj), there exist two constants ¢, and ¢, such that
T) > [ (5 o), F () ) dx
a\p’
so| (of ) -Fu))ds @)
Q\p

> ¢ j (i_f (x, t,u,) t,u, — F(x, tnun)> dx.
o\p

Hence, J(u,) — +00, which is impossible and thus (u,,),, is
bounded in X.
We will show that ] possesses the Mountain Pass geome-

try.

Lemma 11. Under the conditions (H,)-(H,), there exist r > 0
and T such that J(u) > T when ||u||ﬁ =r.

Proof. In view of (H,) and (H,), there exists C; > 0 such that

1
|F (x, t)| < — |t|P(X) + Cl |t|4(x) ,
2p*
(34)

for (x,t) € QxR

Therefore, for |u]| p<1lwe have

J(u) 2 % J IVulP) dx + % J B () [P do
P o P Jaa

- J |u|P(X)dx—CIJ |1 dx
2pt Ja Q

G, j p(x) G, J p(x)
> —= \% dx + — do
T Q| ul x 2 aQﬁ(x)lul (35)

X C * 3
G J 1 dz 2 gl G

+ C -+
P L2 q-p
2l (52 - Catulf ).
Since p* < g, the functiont — (C,/2 p+—C3tq__P +) is strictly
positive in a neighborhood of zero. It follows that there exist
r > 0and 7 > 0 such that

Jw =21t YueX:|u|=r. (36)

To apply the Mountain Pass Theorem, it suffices to show
that

J (tu) — —co as t — +00 (37)

for a certain u € X.
Let u € X \ {0}; by (H,), we can choose a constant

A > (7 pee)IVulPPdx + [, (Bx)/p(x)|ul”¥do)/
jQ [ul?" dx, such that

F(x,t)> Alt| uniformly in x € Q. (38)

Lett > 1 be large enough; we have

J (tu)

tP(x)
- J vl dx + J
0Q

p(x)
7B (x) P do
a p(x)

p(x)
- J F (x,tu) dx
Q

([ L gt B&) b0 >
<t <JQ ) [Vul” dx + LQ ) [u|"* do

- J F (x,tu) dx — J F (x,tu)dx
[tu|>C, |tu|<C,

([ 1 e B(X) o) >
<t <J-Q ) [Vul™ dx + Iaa ) [u|* do

—Atp+j |ulp+dx—J
Q

|tu|<C,

(39)

F (x,tu)dx

+ AP J lul? dx

[tu|<C,

+ 1
<t? <J — |Vu|p(x) dx+J

LSS da>
o p(x) a0 p(

x)
— A J |u|p+ dx +Cy,
Q

where C; > 0 is a constant, which implies that

J (tu) — —0co0 as t — +00. (40)
It follows that there exists ¢ € X such that |e|| p > and
J(e) < 0. According to the Mountain Pass Theorem, ] admits
a critical value ¢ which is characterized by

c= iyrgt:;g]] (y®), (41)

where
T={yeC(0,1],X):y(0)=0, y(1) =e}.  (42)
This completes the proof. O

Proof of Theorem 2. The main idea (developed by Wang [21])
is to extend f € C(Q x (—¢, €), R) to an appropriate function
]7 € C(QxR,R) in order to prove for the associated modified
functional J the existence of a sequence of weak solutions
tending to zero in L™ norm. Therefore, it is worth recalling
the following proposition.

Proposition 12 (see [22]). Let ] € C'(X,R), where X is a
Banach space. Assume that ] satisfies the (PS) condition and is
even and bounded from below, and J(0) = 0. If for any n € N,
there exists a k-dimensional subspace X,, and p, > 0 such that

sup J <0,

(43)



where S, = {u € X : |lull = p}, then ] has a sequence of critical
values ¢, < 0 satisfying ¢, — 0 asn — oo.
We need to state the following results.

Claim 1. When J(u) = J'(u) - u = 0, then u = 0.
Indeed, suppose that u # 0. Thus

L F (x,u)dx

1 B (x)
= | ——=vulfPdx+ | == uP® do,
.[Q p(x) LQ p(x) (44)

j |Vu|P(x)dx+J B() [ul?™ do
Q 0Q

= J- f(x,u)udx.
Q
Then we obtain

P J F(x,u)dx
Q

o ([ gy BX) o >
p (L ) |Vul” dx + LQ ) [ul" do | (45)

< J f(x,u)udx,
Q

which contradicts the assumption (Hs).

Claim 2. There exist > 0 and f € C(Q) x R) such that f is
odd and

fxt) = f(x1)

P Ft) - fxt)t>0, V(xt)eQxR, (47)

for |t| <&, (46)

p F(x,t)— f(x,t)t =0, for [t|>& (ort=0), (48)

where F(x,t) = Iot ]‘(x, s)ds.

In fact, let us define F(x, t) = h(f)F(x, t) +C, (1 —h®)|t)P
where C, is a positive constant and h is a cut-off function
presented as follows:

Lo < 2
h(t) = 2

0, if |t| =9,
49
W)t <o, 49
4
W@l <-=.
@] < 3
For [t| < §/2, (46) easily holds.
On the other hand, we have
f(xt) = 21?(x t)
bl - at bl
=h (t)F(x,t) + h(t) f (x,t) (50)

+C =R (1) ~CH 1.
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It is easy to check that for [¢t| > § we have

pF(x,t)=Cp |t . (51)

Hence, (48) is satisfied. In the rest, from (H,), we can choose

d > 0 small enough to get F(x,t) > Clltlpi when t € [6/2, 0]
and the formula (47) holds since K’ ()t < 0.

Claim 3. The associated modified functional J satisfies the
Palais-Smale condition.

In fact, by Claim 2, it is easy to see that Jisevenand ] €
C'(X,R). For [lull; > 1, we have

- 1
J= J — |Vu|p(x)dx+J
Q 20

POY o g
p(x) px

(x)

- J F (x,u) dx
? (52)

> L (J Vul?™ dx + j B0l do )
P \a 20
-A J |u|P7 dx.
Q

Because X — L? (Q) with A is a positive constant, 7 is
coercive, that is, ] — +00 as IIuIIﬁ — +00. Hence, to verify

that J satisfies (PS) condition on X, it is enough to verify that
any (PS) sequence is bounded. Hence, by the coercivity of J,
any (PS) sequence is bounded in X.

Next, we modify and extend f(x,u) to get f(x,u) €
C(Q x R) satisfying the assertions of Proposition 12.

For any k € N we have k independent smooth functions
e; for i = 1,2,...,k, and define the subspace X, :=
spanfe;, ..., e}

From Claim 2, for |ju| p < 1 wecan obtain

j< L (J Vul?™ dx + J B0l do )
p Q oQ
. (53)
- cj lul? dx < — lullfy - CJ [ulf dx.
Q P Q

By (53) and as it is well known that all norms in X, are equiv-
alent, for sufficiently small p, and suitable positive constant
C we obtain

sup 7 < 0. (54)

XS,

As a consequence of this fact, we observe that the conditions
of Proposition 12 hold and thus there exists a sequence of
negative critical values ¢ for the functional J such that ¢, — 0
as k — oo.

Afterwards, for any u, € X satisfying J(4;) = ¢ and
7’(uk) = 0, {u;}; is (PS), sequence of J. Passing, if necessary,
to a subsequence still denoted by {1}, we may suppose that
{ug}y has a limit.
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From Claims 1 and 2 it is clear that 0 is the only critical
point when the energy is zero and thus {u;}; converges to 0.
It follows from [23, 24] that

{uk}k eC (5) N
|”k|L°°(Q) —0 (55)
as k — oo.

So in view of Claim 2, we have |u|cq) < 8/2. Thereby, the
sequences {1}, are solutions of problem (1). O

Proof of Theorem 3. Firstly, we recall the definition of sub-
supersolution of problem (1) as follows. We call u € X a
subsolution (resp. supersolution) of (1) if, for every v € X
withv > 0,

J IVu|P¥ 72 Vuvy dx + J B () |ulf 2 uvdo
Q 20
(56)
< (resp. ) J f (x,u) vdx.
Q

Lemma 13. Let p € C'(Q). Suppose that f satisfies the
subcritical growth condition (H,) and the function f(x,t) is
nondecreasing in t € R. If there exist a subsolution u, €
W) N L®(Q) and a supersolution v* € WHP¥(Q) n
L°(Q) of (1) such that u, < V0, then (1) has a minimal solution
u and a maximal solution v in the order interval [u,, W] (e,
Uy Su<ve< W ).

The proof of Lemma 13 is built on the fixed point theory
for the increasing operator on the order interval (see e.g.,
[25]) and is similar to that given in [26] for the p(x)-Laplacian
case.

According to Proposition 2.2 in [15], the mapping I' :
X — X" such that for all u, v in X; (I'(w),v) =
_[Q [VulPO2vuvvdx + IaQ B [ulPP2uvdo is a strictly
monotone, bounded homeomorphism, and consequently we
have the following.

Proposition 14. Let g € C(Q) with 1 < g(x) < p*(x) for
x € Q, then for g € LAV (or g € C(Q)), the
problem

“Apu=g (x), in Q;

) B (2)
VP07 4 B () P u =0, on 90,
Y
has a unique solution u in X.
Let us consider the following problem:
(%)
V92 %4 B ) ™2 = 0, on a0,

ov

with M > 0. By Proposition 14, the strong maximum prin-
ciple [27] and the result of regularity in [28], problem (%,)
has a unique positive solution u; such that u,(x) > 0 for each
x € Q.

Taking M = sup 5 f(x,t), forany v € X with v > 0 we
have

L |V1/11|P(x)72 Vu,Vvdx + LQ B(x) |1,11|P(X)72 uvdo
(57)
= J Mvdx > J f(x,uy) vdx.
o o

Hence, u, is a positive supersolution of problem (1).
Obviously 0 is a subsolution of (1). By Lemma 13, (1) has
a solution u € [0, u;]. O
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