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We derive closed formulas for the energy of circulant graphs generated by 1 and y, where y > 2 is an integer. We also find a formula
for the energy of the complete graph without a Hamilton cycle.

Let 1 < y; < --- <y, be integers. The circulant graph C"¥¢
generated by y,,...,y, on n vertices labelled 0,1,...,n — 1
is the 2D-regular graph such that, for all v € Z/nZ, v is
connected to v + y; mod n and to v — y; mod n, for all i =
L,...,d. The adjacency matrix A = (A;;) of a graph on n
vertices is the 7 x n matrix with rows and columns indexed by
the vertices such that A;; is the number of edges connecting
vertices i and j. Let Ay, k = 1,...,n, denote the eigenvalues
of the adjacency matrix. The energy of a graph G on n vertices
is defined by the sum of the absolute values of the eigenvalues
of A; that is,

E@G) =) M. 1
k=1

The energy of circulant graphs and integral circulant graphs
is widely studied; see, for example, [1-4]. It has interesting
applications in theoretical chemistry; namely, it is related to
the r-electron energy of a conjugated carbon molecule; see
[5]. In the following theorem, we give a formula for the energy
of circulant graphs with two generators, 1 and y, y > 2. The
formula is interesting as # is larger than y.

Theorem 1. Let D, (x) denote the Dirichlet kernel. The energy
of the circulant graph C.,” is given by

E(C,) =4 (Dln/6J (%) + D) (4n )) - @

n

Fory > 3, the energy of the circulant graph C~Y is given by

e 2mm
> Dicmeqan (=,
1=0

E(C)=4 )

méefl,y} 3)

yi2l=2 2mm
- Y Digimey-m) ,
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where | x] denotes the greatest integer smaller than or equal to
x and [ x| denotes the smallest integer greater than or equal to
X.

Proof. The adjacency matrix of a circulant graph is circulant;

it follows that the eigenvalues of C>" are given by A, =
2 cos(2mk/n) + 2 cos(2myk/n), k = 0,...,n— 1 (see [6]). The
energy of C>" is then given by

cos<%)+cos(ﬂ>’. (4)
n n

Let y = 2. The two roots of the equation cos x + cos(2x) = 0
for x € [0, 1] are 7/3 and 7r. We write the energy as

( 27k > ( 4k )l
cos| — ) +cos| —
n n

n—-1

E(c) -2

k=0

[n/2]-1
E(C%)=4+4 )
k=1
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[n/2]-1
-4 Z <cos <@> + cos<ﬂ>> .
k=1n/6]+1 h n
(5)

The sum of cos(kx) over consecutive k’s can be expressed in
terms of the Dirichlet kernel; namely,

D,(x)=1+ Zzn:cos (kx) = sin ((n +1/2) x)

, (6)
& sin (x/2)
As a consequence,
2 Z cos (kx) = D,, (x) - D, (x). 7)
k=n+1
The energy of C'* is thus given by
21 4
E (Crll)z) = 4D|_n/6J (-) + 4D|_n/6] <_)
n n ®)

21 4
301 () 200 ().

The formula then follows from the fact that, for odd n,
D,_1y2(2nm[n) = 0form = 1,2, and, forevenn, D, , ,(2r/
n)=1and D, ,_;(47/n) = -1.

[y/2]-2

E(C,")=2 )

2mm
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Hence,

E(GY)= )

21 2mtm
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me{Ly}
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[y/21-2

2tm
-4 ) Dt(zm)n/(z(y—l)n(—n ) (1)
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2nm

The formula follows from the fact that Dy, , (21m/n) = 0 for
m=1,y.
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Lety > 3. For odd y, the y solutions of the equation cos x+
cos yx = 0 for x € [0, 1] are given in the increasing order by

m/(y+1),m/(y—1),3n/(y+1),3n/(y = 1),...,(y =2)m/(y -
1), ym/(y + 1). For even y, they are given by 7/(y + 1), m/(y —

1)3 37-[/())+1)1 3”/(]/_1)) e (Y_?’)”/(Y_l); (Y—l)”/(y+1)> TT.
Let n be odd. We split the sum over k of cosines to group the
positive terms together and the negative terms together. The
(n-1)/2
E(CY)=4+4 )

energy is given by
< 2mk > ( 2myk )‘
cos| — | +cos| ——
= n n

[n/(2(y+1))]
21tk 2myk
=4+4 Z (cos<—>+cos< Y ))
n n
k=1

[y/21-2  [Q21+3)n/(2(y+1))] 2k

+4 Z Z cos| —
120 k=L@I+1)n/Qy-1)]+1 n

+ COs ( Zﬂyk >>
n

fy/21-1  [QH+1n/Q2(y-1))] 2k
-4 Z Z cos| —

120 k=LQI+1)n/Qp+1)]+1 n

+ COS(ZT[Yk>> .
n

Writing the above relation in terms of Dirichlet kernels, we
have

)

2mm 2mtm
(D L(@L+3)n) 2y +1))) ( . ) ~ Dyt -] ( ) )

n n

(10)

2nm 2mm
- (DI_(ZHI)n/(Z(y—l))J (_n > = Dty < » ))) :

Let n be even. As for the case when n is odd, we write the
energy as follows:

E (Crll))’) = 4 (1 + 8}10dd)

"l ( 21k > ( 2myk >‘
COS| — | +cos| — N
n n

+4 z
k=1

where 8, 49 = 1 if y is odd and 0 otherwise.

For even y, relations (9), (10), and (11) also hold. The
theorem then follows from the fact that D,,,(27r/n) = 1 and
D,,;,(2my/n) = 1. For odd y, we have

In/Caiys1)
27k
E(C)=8+4 Y (cos (%)
k=1

e E)
n

(12)
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(a) Energy of C2® (crosses) and of K,, (circles) with respect to n (b) Energy of Ci’s)z) with respect to y
FIGURE I: Energy of circulant graphs.
lv/21-2  1(21+3)n/Q2(y+1)] 2myk
2mk
+4 Z Z (cos(—) +COS( n
120 k=l @I+ 1)n/Q(y-1)]+1 n
n/2—1
2k
<27T)/k)> -4 Z <COS(—n )
+ cos k=[(2[y/2]-D)n/2(y+1))+1
n
2myk
+ .
[y/212 L@ Dn/Qly-1)] O\
2mk
-4 Z Z cos P (13)
1=0  k=[(QI+1)n/(2(y+1))]+1
Expressing it in terms of Dirichlet kernels, we have
2mmy VA 2mm 2mm
Dijegrm =, )+ Diarsmewen =, ) = Plesomee-mi =,
me{l,y} 1=0
(14)

[y/2]-2

1=0 n

The theorem follows from the fact that D, ,_;(2nm/n) = 1
form=1,y. O

A graph is called hyperenergetic if its energy is greater
than the one of the complete graph K,,. The eigenvalues of
the adjacency matrix of K,, are given by n — 1 and —1 with
multiplicity n — 1, so that its energy is given by E(K,) =
2(n—-1).

Figure 1(a) shows how the energy of C." grows with
respect to n for y = 8. We see that it is not hyperenergetic

2nm 2tm 2nm 2mm
B Z (Dt(zlﬂ)n/(z(yfl))J <_) = Dyarenmsay) (T )) = Do (T) + Dyary21-nmieg)) <T )) :

and that the energy grows more or less linearly with respect
to n. Figure 1(b) shows the energy of C.? with fixed n as y
varies. We observe that the energy stays more or less constant
independently of y.

As a consequence of the theorem, we can carry out the
sum of the Dirichlet kernels when the number of vertices is
proportional to 2(y — 1)(y + 1).

Corollary 2. Given integersy > 3 and o > 1, the energy of the

circulant graph C 4

2a(y-1)(p+1) 1S &iven by

E(C o) =4 (sin(ﬂn’l([y/ﬂ+1/(206(1/—1)))/(V+1))sin([y/21 mm/ (y +1))

me{l,y}

sin (mm/ (2a(y — 1) (y + 1))) sin (mm/ (y + 1))

(15)

sin (mm ([y/2] - 1+1/ Q2a(y + 1))/ (y - 1)) sin (([y/2] - 1) nm/ (y - 1)) )
sin (mm/ (2a(y = 1) (y + 1))) sin (mm/ (y — 1)) ’



Proof. Leta > 1 and K > 0 be integers. The sum over k of
Dirichlet kernels of index (2k + 1)a is given by

K Cosin((2k+1)a+1/2)x)
I;)D(zkﬂ)a (X) = ];) sin (x/Z) ’ (19

By multiplying the summation by sin(ax)/ sin(ax) and using
the trigonometric identity 2 sin 0 sin ¢ = cos(0 — ¢) — cos(0 +
¢), we have

K
ZD(2k+l)a (x)
k=0

_ cos(x/2) —cos (2K +2)a+1/2) x) a7)
B 2 sin (x/2) sin (ax)

sin ((QK +2)a+ 1) x/2)sin (K + 1) ax)
sin (x/2) sin (ax) ’

The corollary then follows by applying the above relation first
witha = a(y — 1), K = [y/2] - 1 and second with a = «(y +
1), K =[y/2]1-2,and x = 2nm/n, m € {1, y}. ]

In [7], the author considered the graphs K, — H, where K,
is the complete graph on n vertices and H is a Hamilton cycle
of K,,, and asked whether these graphs are hyperenergetic. In
[4], the authors showed that the energy of K,, — H is given by

n-1

E(K,-H)=n-3+)
k=1

1+2cos<@>‘ (18)
n

and that as n goes to infinity, it is hyperenergetic. In the
following proposition, we give a formula for it for all n > 3.

Proposition 3. For alln > 3, the energy of K,, — H is given by

stk -m=2(n-5-(|2]-[2]))

_sin ((\n/3] + 1/2) 2m/n) — sin ((|2n/3] + 1/2) 27t/n)
sin (77/n) '

Proof. We have

1+2cos(%>|
n
[n/3]
= Z <1+2cos<%>>
k=1 n
3 (aen(2))
- Z 1+2cos| —
k=ln/3)+1 n (20)
n—1
+ Z <1+2cos(%>)
k=12n/3]+1 n
2n n 271
=n-2-2([ )= |5]) + 200 ()

27 27
2D ()0, (1),
n n

n—-1

>

k=1

Since D,_,(2m/n) = —1, the proposition follows. O
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By elementary analysis, one can show that E(K,, — H) —
2(n-1) isincreasing in n. As a consequence, we find that K, —
H are hyperenergetic for all n > 10. This has been previously
found in [4].
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