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We investigate some results about mean-inequalities involving a large number of bivariate means. As application, we derive a lot of
inequalities between four or more means among the standard means known in the literature.

1. Introduction

By (bivariate) mean we understand a map m between positive
real numbers satisfying the following double inequality:

min (a,b) < m(a,b) < max(a,b), Va,b> 0. Q)

As usual, we define continuous (resp., symmetric/ homo-
geneous) means in the habitual way. The standard examples
of such means are given in the following:

a+b
A(a,b) = ,
(a,b) 5
G (a,b) = Vab,
Hab) = 222,
a+b
2,32
C(a,b)zﬂ)
+b
b-a
L(a,b)= ———,
(@) logb —loga
b-a
P(ab)= ———
(a.b) 4arctan \/b/a -7

B b-a
" 2arcsin((b-a)/ (b+a))

b-a
T(a,b) = 2 arctan (b/a) — /2
B b-a
" 2arctan (b-a)/(b+a))
M (a,b) = b-a

2sinh  (b-a)/ (b+a)
(2)

with L(a,a) = P(a,a) = T(a,a) = M(a,a) = a, and they are
known as the arithmetic mean, geometric mean, harmonic
mean, contraharmonic mean, logarithmic mean, first Seiffert
mean [1], second Seiffert mean [2], and Neuman-Sdndor
mean [3], respectively. Other examples of means (not needed
here) can be found in the literature; see [4], for instance, and
the references cited therein.
The two means,

U@ = V2 arctan (b(b fa) /@)’
Ul(a,a) = a,
- ©)
viab) = V2 sinh™! ((b -a) /m) ’
V(a,a) = a,
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were introduced in [5] (see page 9 and page 24, resp.). These
two means are included in the so-called Seiffert type means
discussed in [6].

As usual, we identify a mean m with its value at (a, b) by
setting m = m(a, b) for the sake of simplicity. If m, and m,
are two means, we write m, < m, for meaning thatm, (a,b) <
m,(a,b) for all a,b > 0 with a # b. Two different means
my and m, are called comparable if m; < m, or m, < my
holds. As it is well-known, means A, G, H, L, P, M, and T are
mutually comparable with H < G < L<P <A< M<T.
Concerning means U and V wehave L < V < P < U <
M. However, the means U and A are not comparable; see
Section 5.

The notation m™ refers to the dual mean of m defined by
m*(a,b) = (m(a ', b)) foralla, b > 0. Asitis well-known,
if m is symmetric and homogeneous then so is m", with
m*(a,b) = ab/m(a, b) which we briefly write as m* = G*/m.

For over the last years, mean-theory has been the subject
of intensive research. It has been proved, throughout a large
number of works, that mean-theory is useful from theoretical
point of view and for practical purposes. The most interesting
subject in mean-theory is to investigate mean-inequalities
that occur in a primordial place in the literature. For instance,
many inequalities involving trigonometric/hyperbolic func-
tions can be derived from mean-inequalities in a simple
and fast way. As far as we know, published results about
comparison of the previous standard means concern mean-
inequalities involving only two or three means. Inspired by
an approach, recently introduced by the first author in [7], we
present here some results about inequalities involving a large
number of means. In particular, inequalities involving four or
more means among the standard means A, G, L, P, T, and M
are discussed. Inequalities involving the means U and V are
also obtained.

2. Background Material

In this section, we state some results that will be needed
throughout the following. We begin by recalling the following
result; see [7].

Theorem 1. Let m be a continuous homogeneous symmetric
mean. Then the binary map m° defined by m°(a,a) = a and

(@) = o jb/“m(l, D w

1

for all a,b > 0 with a # b is a continuous homogeneous
symmetric mean (called the integral mean-transform of m).

As example, we have A’ = H, G° = L,and H° = T. The
mean-map m — m° is pointwisely strictly decreasing; that
is, if m, and m, are two continuous homogeneous symmetric
means such that m, < m,, then we have m] > mJ.

As pointed out in [7], a continuous homogeneous sym-
metric mean will be called regular mean, for the sake of
simplicity. A regular mean m will be called o-regular if the
map x — m(x, 1) is continuously differentiable on (0, co) and
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the function f,, (called the generated function of m) defined
by

ful) = (221 G)

m(x, 1)

for all x > 0, with f,,(1) = 1, satisfies

min(l,%)gfm(x)Smax(l,%> (6)

for all x > 0. The previous means are regular and o-regular,
except C which is not o-regular (see [7, Examples 3.1, 3.2,
3.3]).

The following result has also been proved in [7].

Theorem 2. Let m be a o-regular mean with its generated
function f,,. Then the binary map r,, defined by

o (@b) = bf,, (JS) )

forall a,b > 0 is a regular mean with r;, = m.

If we denote by ., and ./, the sets of all regular means
and o-regular means, respectively, then the mean-map m —
m? is a bijection from .Z, into ./, and we can write (see [7])

(r7=m, r, € M,) =
(8)

(rp=m", med,).

With this, the following result, which will be needed
throughout the following, has been established in [7].

Theorem 3. The following relationships hold:

H = A,
L7 =G,
T°%=H,

A,a_<A+G)* _2G
\ 2 CA+G

Go_(AG+G2)”2 ©)
(5=

e <<A+G>*G>1/2 26\
B 2 \A+G)
e ((Arac\Y (26t \"
- 2 “\A2+AG)

where the notation m™ refers to the dual mean of m.

If, for m € M, we set

-0
E,(z) = mG , withz=>=2>1, (10)

D>
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it is easy to see that if m,;, m, € 4, then we have [7]
(F,, (2) > F,, (2), V2> 1) = m; <m,. (11)
Finally, we recall the following result; see, for example, [7].

Theorem 4. The following relationships are met:

FL(Z)zl)
FH(Z):Z’

1
F;(z) = —,
T (2) -

2
Fy(z) = —,
4@ z+1

Fg(2) = \jz;rl,

Fp (@) = \/zil’

(12)

2
F z=\j s
w (2) Z2+z
1 [z+1
F, z=—\/ s
v (2) 2\

Fy(2) = \jz;zl-
Using the previous result, it is easy to see that, forall z > 1,
we have
Fr(2) < Fpp(2) < Fy(2) < Fp(z) < F (2) < Fg(2)
< Fy(2), (13)
Fyi(2) < Fy(2) < Fp(2) < Fyy (2) < F (2),

which, with (11), immediately implies (simultaneously and in
a fast way) the known chains H < G < L <P <A <M<
Tand L <V < P < U < M, respectively. The previous
inequalities are graphically illustrated in Figure 1.

3. Some Needed Results

In this section we present some results that will be needed for
obtaining a lot of mean-inequalities involving four or more
means among the previously mentioned means. We preserve
the same notations as in the previous sections. We begin by
stating the following result.

Theorem 5. Let my,m,,...,m, be n regular means and
AAy,.s A, €(0,1) such that Y, A; = 1. Then one has

<ikimi) < i/li (m;)”. (14)
i1 i1

If moreover two different means among my,m, ..
comparable then (14) is strict.

.,m, are
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FIGURE 1: Curves of F,,,.

Proof. First, it is easy to see that )| A;m; is a regular mean.
By definition, for all a,b > 0, a # b, we have

(g2 )

1 (Vg 1
- A.(L—yﬁ
b—a ,[1 Z lml t2

i=1

(15)

This, with the linearity of integral, gives

(2 w0)

Taking inverse-sides of (16) and using the fact that the real-
valued function x +— 1/x is (strictly) convex on (0, c0),
generalized Jensen’s inequality asserts that

-1

SYA (e @b) . (6)
i1

n o n
<me> (a.b) < Y \m! (a,b). 17)

i=1 i=1
Now, if two means among m,,m,,...,m, are different and
comparable, say m;(a,b) < m;(a, b) for all a,b > 0 with
a # band some i # j, then the strict convexity of x — 1/x
implies that previous Jensen’s inequality is strict and the proof
is complete. O

For practical purposes, the following corollary is of
interest.

Corollary 6. Let m,,m,,...,m, and m be o-regular means.
Assume that, for some A, A,,...,A, € (0,1) such that
Yo A =1, the inequality

Y AiE,, (2) < F, (2) (18)
i=1

holds true for all z > 1. Then we have

n

m< Yy Am,. (19)



Proof. Since F,,(z) = m™° /G, with z = A/G, then (18) can be
written as follows:

dAm T <m™. (20)
i=1

This, with (14) and the fact that the mean-map m +— m? is
pointwisely strictly decreasing, yields

m=(m")" < <i/\im50> < i%’ (m;7)”
i=1 i=1 @)

Am;,

I
M=

1

which implies the desired result. O

The following example shows that the reverse statement
of the previous corollary is not always true.

Example 7. It is easy to see that the inequality
2 201\
Sxa2(5) = (22)
3 3 \2x

holds for all x > 0 with equality if and only if x = 1/2. This,
with the fact that G/(A + G)(a,b) # 1/2 for a # b, yields

1/2
H(25)+ () s (23)
3\A+G 3\ 2G

Writing this inequality in the form

2 2\ 1/2
() e o

we then obtain (by virtue of Theorem 3)
lA“7 + EG_‘I >L77. (25)
3 3
This, with the known inequality L < (1/3)A + (2/3)G (see,
e.g., [8, 9]), justifies our claim.

Theorem 8. Let m,,m,,...,m, be n regular means and
ApAgse.s A, €(0,1) such that Y-, A; = 1. Then there holds

(ﬁm?) > ﬁ (mf)A" . (26)
i=1 i=1

If moreover two means among m,,m, ..
then (26) is strict.

.,m,, are different

Proof. Clearly, H;’Zlm?" is a regular mean. Without loss of
generality, we can assume that a < b. By definition of the
integral transform-mean we have

((fp) o)

1 (b 1
= M1, = | dt.
b-a Jl l._[m’ < t2>

i=1

-1

(27)
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According to generalized Holder’s inequality for integrals, the
latter inequality yields

(Tt )

(28)
1 bla N 1\ VA A;
< 1= dat) .
(0 ()
Since Y, A; = 1 the last inequality becomes
o -1
- (29)

n 1 bla 1 Ai
< A 1,=)dt ,
<ll:[<b—ajl ml( t2> )

or again
-1

((ﬁm:‘:) (a,b)) < - ((rn:I (a,b))fl)Ai. (30)
i=1 i=1

Taking inverses of the two sides of this latter inequality we
find

i=1 i=1

(31)
=[])" ab).
i=1

Now, if the meansm,, m,, . .., m,, are not all equal then we can
see that Holder’s inequality is here strict, thus completing the
proof. 0

The following corollary is of interest for practical pur-
poses.

Corollary 9. Let m;,m,, ..
Assume that, for some A, A,,...,A, €
YA =1, the inequality

.,m,, and m be o-regular means.
(0,1) such that

n A
E, () <[] (E, ) (32)
i=1
holds true for all z > 1. Then we have
Hm?" <m. (33)
i=1

If moreover there exist two means amongm,, m,, . .., m, which

are different then (33) is strict.

Proof. In similar way as the proof of Corollary 6, we deduce
the desired result from the previous theorem. Detail is simple
and therefore omitted here. O

We end this section by stating the following remark.

Remark 10. Tt is worth mentioning that the mean-inequality
(33) is strict even if (32) is an equality, provided two means
among m;, m,, . .., m, are different.
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4. Inequalities Involving G, A, L, P, M, and T

This section is devoted to investigating some applications for
mean-inequalities. As already pointed before, we give mean-
inequalities involving some means among those recalled in
the previous introduction. Concerning mean-inequalities in
a geometric combination involving only three means,

GP < I?,
PM < A%,
AT < M?,
(34)
LT < A?,
LA < P?,
AG< P
have been proved in [10, 11]; see also [7]. Other inequalities

in geometric combination, such as (QA? )1/ S<eMc< (QA)I/ 2
can be found in the literature. Here Q refers to the quadratic

mean; that is, Q == Q(a,b) = \/(a? + b?)/2. In a parallel way,
mean-inequalities in a (convex) combination sum were the
subject of many published papers. See [12] and the related
references cited therein.

The following result gives more mean-inequalities involv-
ing only three means among G, A, L, P, M, and T.

Theorem 11. The following inequalities hold true:
L’M < P,
L’T < P,
G’M <L,
G'T< L, (35)
PT* < M,
GT* < M°,
P’T < A,

Proof. Let us prove the inequality LM < P°. Using
Theorem 4, simple observation leads to the fact that

2 2

2
2+z Az Vz+l

(FL (z))2 Fy (z) = Fy (2) = \/

2 2 3
2z+1\/z+1 :(FP(Z))

hold for all z > 1. This, with Corollary 9, yields the first mean-
inequality. The other mean-inequalities can be proved in the
same way. Detail is simple and therefore omitted here with
the aim of not lengthening this paper. O

Remark 12. In [13] the authors showed that P*TY™* < M if
and only if @ > 1/3. This means that the mean-inequality
PT? < M (previously mentioned) is the best possible.
Otherwise, it is worth mentioning that certain inequali-
ties of the above theorem can be deduced from those of (34).
As example, from PM < A%, that is, M < A*/P, one has
L*M < L*A*/P < P, since this latter inequality is equivalent
to LA < P?. However, our aim here is to show how to apply
the same procedure, described by the present approach, for
proving old/new mean-inequalities in a simple and fast way.

Similarly, we can find a lot of mean-inequalities involving
four means among the standard means G, A, L, P, M, and T..
For instance, we cite the following.

Theorem 13. The following mean-inequalities are satisfied:
P’AT? < M,
G°AT < L',
G’LT < P*, (37)
L’M’T < A°,
G'M® < LA

Proof. We show P*AT? < M” and G*M? < L’ A, for example.
The proofs of the other inequalities are analogue.
For all z > 1, we can easily verify that (by Theorem 4)

(Fp(2) Fo(2) (Fr (2)" = (Fy ()" 2 (Fy (). (38)

By Corollary 9 we immediately obtain the first inequality. For
the second one, we have

(Fg(2))’ Fy (2) (Fy (2))° = 1= (F, (2))°,  (39)

which by the same reason as previous implies GCGHM? < L’.
Now, getting H = G”/A in this latter inequality we then
obtain the second desired inequality. O

We left to the reader the routine task for obtaining
more inequalities in an analogous way. Similarly, inequalities
involving five means can be obtained as well. The following
result lists some of them.

Theorem 14. The following mean-inequalities hold:
G’MT < P’A,
G'PPAM? < L”
G2P*MAT < 1Y
GYAM’T? < L*, (40)
G'L’M’T < P’,
LPPM’T < A®,

G’PT < L*A.



Proof. We show G*MT < P?A and LP*M?T < AS, for
instance. For all z > 1, we can easily see that (always by
Theorem 4)

Fy (2) Py (2) Fy (2) = Fy (2) 2 (Fp (2)°, (4D
which, with Corollary 9, yields MTH < P°. Getting H =

G?/ A, we deduce the first desired inequality. The second one
can be similarly obtained from the following:

F, (2) (Fp (2)) (Fy (2))' Fr(2) 2 (Fa(2))°.  (42)

O

Concerning mean-inequalities involving all the six means
A,G,L,P,M, and T, we have the following result.

Theorem 15. The three following mean-inequalities hold:
G’ L*M’T < P°A,
GHPAMPT < 12°, (43)
GP’M’T < LM A.

Proof. We just show the first inequality, for example. In
similar way as previous, we have (forall z > 1)

(Fy (2)) (Fy (2)) Fy (2) Fy (2) = (Fyy (2))°

> (Fp (2)°,

(44)

from which we get M2L*TH < P°. Replacing H by G*/A we
obtain the desired inequality. O

We end this section by stating the following interesting
result.

Theorem 16. For every real number q > 1 we have
GAT LT < pY*, (45)

Proof. By Theorem 4, simple computation leads to

Fs (2) (Fo () (FL ()T = (Fp ()" (46)

for all z > 1. This, with Corollary 9, yields the desired mean-
inequality. O

Remark 17. Inequality (45) contains some known mean-
inequalities shown in the literature by different ways. In fact,
taking g = 1 it yields GA® < P* which is the last inequality in
(34). Writing it in the equivalent form

Gl/quJrl/qu—l/q < P2+1/q (47)

and then letting ¢ — co we find again AL < P?; see (34). For
q = 2, it gives GA’L < P°.
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5. Inequalities Involving U and V

As already pointed before, the means U and V satisfy the
following chain of inequalities:

(GAL<V<P<U<M(KT). (48)

We notice that means A and U are not comparable. In fact, in
[14] the authors proved that the double inequality

M, (a, b) <U (a,b) < M, (a, b) (49)

takes place if and only if p < 2log2/(2logm — log2) =
0.8684... and ¢ > 4/3, where M,(a,b) = [(a® +

b))/21"7, p # 0, and My(a,b) = +ab, is the pth-
power mean. Therefore, U and A are not comparable because
A(a,b) = (a+b)/2 = M(a,b).

For recent developments about means U and V we refer
the reader to [14-18]. As far as we know, mean-inequalities
involving three or more means and including U and/or V are
not investigated in the literature yet. Adopting the previous
approach, we can give a lot of mean-inequalities involving
U and V. We start with the case of convex arithmetic
combination.

Theorem 18. The following inequalities hold:

V<L+U,
2
AT (50)
U< 2
2
Proof. For all z > 1, we have (by Theorem 4)
z+1 1 11 1 11
F. = = -t > -+ ——, 51
v(@ \/2z \/2 2z 2 24z )

since the real-function x — +/x is strictly concave on (0, c0).
A simple verification leads to

1>1\/z+1_
vz oz Vo2

for all z > 1. This, with F; (z) = 1, gives

Fy (=) (52)

F,(z) > %FL (z) + %FU (2), (53)

which, with Corollary 6, yields the first inequality of (50). The
second inequality of (50) can be proved in a similar way. [J

Now, we give some inequalities in convex geometric
combination between three means including U and V.
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Theorem 19. The following mean-inequalities hold:
GU < V2,
VM < A%,
GV < I’
VM < U?,
(54)
VT < A%,
LU <P,
VAT < UP,
G'T <V’

Proof. We will show the inequalities GU < V? and VM < U?,
for instance. For all z > 1, it is easy to see that

F5(2) Fy (2) = (Fy (Z))z’

Fy (2) Fy (2) = (Fy (2)).

These, with Corollary 9, yield the desired inequalities. O

(55)

Inequalities involving four or more means including U
and V can be obtained in a similar way as previous. As
examples, we cite the following:

GV*P’ < L%,
GLU < V?,
G’LA < U*,
GUM < V7,
VeP*T < U°,
(56)
ViPT < M?,
VUT < A,
ViPM < AY,
GLVUA < P°,
GV M*T < LBA°.

Other more interesting examples are given in the follow-
ing result.

Theorem 20. The two inequalities
GUTT! < VI, (57)
GYAMPP T < Ul (58)
hold for each q > 1, while
GARUAT < 392 1+ (59)

is valid for every q > 0.

7
Proof. According to Theorem 4 we have (for all z > 1)
g+l
(Fs ) (Fy ()" (Fp ()" = (z - )
2z (60)

_ (Fv (Z))2q+2 > (FV (Z))3q+l ;

since 3g + 1 > 2q + 2 and Fy(z) < 1forall z > 1. This,
with Corollary 9, gives (57). Inequalities (58) and (59) can be
proved in a similar way. O

For particular cases of the parameter g, we can find again
some mean-inequalities among those stated in the previous
results. The following example explains this latter situation.

Example 21. (1) With g = 1, (57) gives GU < V* which is the
first inequality of (54). Writing it in the form

Tl—l/qGZUZ/q < V3+1/q (61)

and getting ¢ — oo we find G*T < V? which is the last
inequality in (54).

(2) With g = 0, (59) yields G*T < V*A while with g = 1
it gives G*'UT < V> A%, Writing (59) in the equivalent form

G2+2/qU2Tl/q < V3+2/qA1+1/q (62)

and then letting ¢ — 0o we obtain G*U? < V> A.
Other mean-inequalities can be deduced from (58) in a
similar way. We left it to the reader.

It is clear that whenever we have a mean-inequality
involving n + 1 means we can deduce from it a mean-
inequality involving only p < n means, provided the involved
n+ 1 means are mutually comparable. The following example
explains more precisely such situation.

Example 22. Let us consider the first inequality of Theo-
rem 15; that is, G'L>M*T < P®A. This, with A < T, implies
that GLM < P°.

As it is well-known, mean-inequalities could be good
tool for proving some inequalities involving trigonomet-
ric/hyperbolic functions whose proofs in a direct way present
serious difficulties. Let us observe this situation in the
following example.

Example 23. Let us consider (45); that is,
GAT'LT! <« Y1) yg> 1. (63)

(i) Letx € (0,7r/2) and seta = 1 +sinx, b = 1 —sin x. Simple
computation leads to

A=1,

G = cos x,

p- smx’ (64)
x

sin x

~ arctanh (sin x)~



Substituting these in the previous mean-inequality we obtain

x2* cos x < (sin x)7** (arctanh (sin x))7",
z\  (65)
Vg=>1, Vx € (0,5>.
(ii) Let x # 0 and a = €%, b = e *. We then have

G=1,

A = cosh x,

Lo sinhx) (66)

x
sinh x

arcsin (tanh x)’

which when substituted in the previous mean-inequality
yield

(cosh x)7*! (arcsin (tanh x))*?"" < x77! (sinh x)7™,

(67)
Vg =1, Vx> 0.
Now, take g = 1. Inequality (65) implies
x> cosx <sin’x, Vxe€ <0, g) (68)

while (67) yields
(cosh x)2 (arcsin (tan x))3 < (sinh x)3 , Vx>0 (69)

which are well-known inequalities. We left to the reader the
routine task for deducing trigonometric/hyperbolic inequal-
ities from mean-inequalities (57), (58), and (59).
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