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We apply the averaging theory of first and second order to a class of generalized Kukles polynomial differential systems to study

the maximum number of limit cycles of these systems.

1. Introduction

One of the main topics in the theory of ordinary differential
equations is the study of limit cycles: their existence, their
number, and their stability. A limit cycle of a differential
equation is an isolated periodic orbit in the set of all periodic
orbits of the differential equation. The second part of the 16th
Hilbert’s problem [1] is related to the least upper bound on
the number of limit cycles of polynomial vector fields having
a fixed degree. This problem and the Riemann conjecture are
the only two problems on the list of Hilbert which have not
been solved. Here we consider a very particular case of the
sixteenth Hilbert problem. We study the upper bound of the
generalized Kukles polynomial system

==y, y=Q(xy) 1
where Q(x, y) is a polynomial with real coeflicients of degree
n.

Kukles [2], in 1944, introduced the differential system

X =-y,

y=x+ ayx’ + a,xy + a3y2 +ax + asxzy + a6xy2 + a7y3,

2)

and he gives the necessary and sufficient conditions in order
that this system has a center at the origin. This cubic system

without the term y° was also studied in [3] and the authors
called it reduced. In [4] a description of the bifurcation of
its critical period appears, and [5] presents the existence of
reduced Kukles systems with five limit cycles. In the paper
[6], the author studied the class of reduced Kukles systems
under the cubic perturbation

X =-y,
. a+1 2 2—-a 2 1 3
y=x- Xk o +eg(x,y),

g(x,y) = by y +byxy+ boz)’2 + blzx)’z + b21x2y + b03y3,
3)

where € > 0 is small and a > 2 is a constant.

In [7] the author proves that some cubic systems of form
(1) can have seven limit cycles. In [8], Chavarriga et al. studied
the maximum number of small amplitude limit cycles for
Kukles systems which can coexist with some invariant alge-
braic curves. Also they give a family of cubic Kukles systems

X =-y,

¥ =x+ Ay + abx® —a(a2 +3c—b/\)xy—2aby2
—bPex’ - b(b2 —a*c-2c"+ bc)t) X’y
- b (—a2 -3c+ b)\) xy? +by,

(4)
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with an invariant hyperbola h(x, y) = 1+abx—b*cx’~b’xy =
0 with b # 0, which coexist with one or two small amplitude
limit cycles. In [9] the author studied the maximum number
of limit cycles of the generalized polynomial Liénard differen-
tial equations by using the first and second averaging method.
In [10], Llibre and Mereu studied the maximum number of
limit cycles of the Kukles polynomial differential systems

X =y,

=—x= Y () + gl )y + B () 57 +dby),
k>1

)

where for every k the polynomials f,’f (x), gfn(x), and h;‘(x)
have degrees n, m, and [, respectively, d~ # 0 is a real number,
and ¢ is a small parameter.

In this work we study the maximum number of limit
cycles given by averaging theory of first and second order,
which can bifurcate from the periodic orbits of the linear
center X = y, y = —x perturbed inside the following class of
generalized Kukles polynomial differential systems:

X=y,
g=—x— Y (f¥x) + gy () y+H (x) ¥ + g5 (0)5),
k>1
6)

where for every k the polynomials f,’f (x), gfn(x), and hf(x)
have degrees n, m, and [, respectively, and ¢ is a small
parameter. We have considered the same polynomial gfn (x)as
the coefficient of y and y*. With this choice, we can apply the
first and second order of the averaging method. If we consider
the coefficients of y' fori = 0, 1,2, 3 as arbitrary polynomials,
it is difficult to apply the second order averaging method,
because to pass from the first order to the second order
averaging method, we must put the averaged function of the
first order F,,(r) (see (8)) identically null. In this case the
calculations of the averaged function of the second order
E,(r) (see (9)) become difficult. If we replace d’g by h;‘(x)
in the coefficient of y* of the differential systems (5), we can
apply the first order averaging method but it is not easy to
apply the second averaging method. To apply the second aver-
aging method, we must put F,,(r) = 0 which is equivalent to
cancel all coefficients of the polynomial F, (). The conditions
on the coefficient of F,;(r) make the calculations of F,,(r)
difficult. We have used the averaging method for looking for
the limit cycles of many classes of Liénard systems. Here we
do the same for Kukles differential systems. Comparatively,
with the results of the paper [10], we obtained more limit
cycles than the results of this paper. More precisely our main
result is the following.

Theorem 1. Assume that for k = 1,2 the polynomials f,]f (x),
g,kn(x), and h;‘(x) have degrees n, m, and I, respectively, with
n,m, 1 > 1. Then for |e| sufficiently small the maximum number
of limit cycles of the Kukles polynomial differential systems (6)
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bifurcating from the periodic orbits of the linear centre x =
¥, ¥ = =X, using averaging theory

(a) of first order is

(i) no limit cycle form = 1,
(ii) [(m + 2)/2] limit cycles form > 2,

(b) of second order is max{[n/2]+[(m+1)/2], [I/2] + [(m+
3)/2], [(m +2)/2]},

where [-] denotes the integer part function.

2. First and Second Order Averaging Method

In proof of our main result we use the averaging theory as it
is presented in [11]. Consider the differential system

x(t) = eF, (x,t) + 82F2 (x,1) + € R (x,1,€), 7)

where F,F, : DXR — R", R: DxRx(-¢f, &) — R"are
continuous functions, T-periodic in the first variable, and D
isan open subset of R”. Assume that the following hypotheses
(i) and (ii) hold.

(i) F,(-t) € CY(D) forallt € R, F,, F,, R, and D_F, are
locally Lipschitz with respect to x, and R is differentiable with
respect to €. We define

T
an=%Lawwm, (8)
T s
Fy (2) = % L [DZF1 2,5) - JO F,(z,t)dt +F, (2,5) | ds.
9)

(ii) For V. ¢ D an open and bounded set and for each
e € (—gp80) \ {0}, there exists a, € V such that F,(a,) +
F,y(a,) = 0 and dg(F, + €F,;, V,a,) # 0.

Then, for |e|] > 0 sufficiently small there exists a T-
periodic solution ¢(:, &) of system (7) such that ¢(0, ¢) = a,.

The expression dg(F,, + €F,;, V,a,) # 0 means that the
Brouwer degree of the function Fy, + ¢F,, : V. — R" at
the fixed point a, is not zero. A sufficient condition for the
inequality to be true is that the Jacobian of the function F,, +
eF, at a, is not zero.

If F,, is not identically zero, then the zeros of F,;, + €F,,
become mainly the zeros of F,,, for ¢ sufficiently small. In this
case the previous result provides the averaging theory of first
order.

If F,, is identically zero and F,, is not identically zero,
then the zeros of F,, + ¢F,, are mainly the zeros of F,, for
¢ sufficiently small. In this case the previous result provides
the averaging theory of second order. For more information
about the averaging theory see [12, 13].

3. Proof of Theorem 1

3.1. Proof of Statement (a) of Theorem 1. In order to apply the
first order averaging method we write system (6) with k =
1, in polar coordinates (r,0) where x = rcos6, y = rsin0,
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r > 0.If we take flx) = Y ax, gl (x) = Y7, bx', and

h (x) = Z; 0 lx system (6) can be written as follows:
7 = —&sinOP (r,0),
. € (10)
0=-1--cosOP(r,0),
r
where
P(r,0) = Za,-ricosiG + Zb,-r”%os@ sin 6
i=0 i=0
(11)

+ Zb r3cos'0sin’0 + Zcr cos'0 sin’0.

i=0

If we take 0 as a new independent variable, system (10)
becomes

dr
de—ssm@P(r 9)+o( )—sFl(r,9)+o(£2). (12)
By using the notation introduced in Section 2 we have that

2

Fyo () = % J sin 6P (r, 6) d6. (13)

0

We know that

2 . . 0
J cos'0sin’0d0O =
0 I,#0

it i odd or j is odd
if i is even and j even.

(14)

Let k be a positive integer. We define ev(k) as the largest
even integer less than or equal to k, and od(k) as the largest
odd integer less than or equal to k.

Hence
1 ev(m) CV(m)
FIO(T‘)=£Z 112r +_Z 114r . (15)
i=0
1 even i even
‘We obtain
F(r) = [b102+(b122+b104)r + (byly, + byL ) 1t

(m)
+ (bev(m ev(m),2 + bev(m) 2 ev(m) 2,4) reV "

+ bev(m) rev(m)+2] )
(16)
For the case m = 1, we obtain that
Fy(r) = . (102 +Ipr”)
(17)

b 3
= 2T (1 + —r2) .
2 4
There is no positive root for F,,(r).

For m > 2, the polynomial F,,(r) has at most [(m + 2)/2]
positive roots. Hence (a) of Theorem 1 is proved.

3.2. Proof of Statement (b) of Theorem 1. For proving state-
ment (b) of Theorem 1 we will use the second-order averaging
theory. If we write

i)=Y ax, fix)=)ax,
i=0 i=0
9 () =Y bx', g, (x) =) b, (18)
i=0 i=0
| !
h(x)=Yex', B (x)=)5x
i=0 i=0

then system (6) with k = 2 in polar coordinates (r,0), r > 0,
becomes

# = —esinOP (r,0) — £* sin 0K (r, ),

) c & (19)
0=-1--cosOP(r,0) — — cosOK (r,0),
r r

where

K (r,0) = Zﬁiricosie + Zl;irmcosiﬂ sin@
i=0 i=0
(20)

+ Zb 3 cos'Osin’0 + Zc r*2cos'0 sin®0.

i=0

Taking 0 as the new independent variable system, (19) can
be written as

r 2 3
%:sFl(r,6)+s Fz(r,9)+o(£), (21)

where F,(r,0) = sinOP(r,0) and F,(r,0) = sin0K(r,0) —
(cos 0sin 6/r)P*(r,6).

In order to apply the averaging theory of second order, F;
must be identically zero. Therefore from (16), F, is identically

zero if and only if b, = 0 for i even.
Now we determine the corresponding function

1 21 d 7]
%=EL[EEmWLE%@MHMW)ﬁ
(22)

For this we compute

d
EFI (T, 6)

n
= Z ia;r' " cos'0 sin O
=1
od(m) ) )
+ Z (i +1)br'cos'Osin’0

i=1
i odd



od(m) ) )

+ Z (i + 3) br'**cos'O sin*6
&
ilodd

I
. il ip . 3
+ Y (i+2)cr'" cos'6sin’6,
i

" 9
= Zajrjj cos’¢sin ¢ d¢p
0

od(m) . 0 )

+ Z bjr]Jrl J cos’ ¢ sin’¢p dp
j=1 0

j odd

od(m)

L )
+ Z byr’*? J cos’ ¢ sin*¢p dp
j=1 0
j odd

! R
+ Z cjr]+2 J cos’ ¢ sin’p dp
j=0 0

= iajrjji ! (1 - costG)
=0

od(m)

( oy jsin ((2k - 1) 6))
odm)  [(j*5)/2
+ Z bjr]+3 ( By j sin ((2k — 1)0)>
, (+6)/2
+ Z cjr]+2 <y1,j + Z Vi, j €08 ((2k - 3) 9))
k=2

U (j+5)/2
+ Z er“ (81,]. + Z 8y, j cos ((2k - 2) 6)),

k=2

(23)

where oy ;, By i» Vi, j» and &y ; are constants.
The integral jozn(d/dr)Fl (r, 0)(| 0" F,(r,$)d¢)dd will be

given in several lemmas.

Lemma 2. The integral

er (iiairi_lcosie sin 6> (Je F (r.¢) d</5> o (24)

o \i5 0
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is, in the variable r, the polynomial
ev(n) od(m) o ev(n) od(m) o
Z z ia,-bjr’“Aij + Z Z iaibjr”]”Bij, (25)
=2 j=1 =2 j=1

ieven jodd ieven jodd

where A;; and Bj; are real constants.

Proof. We have that

(a;)
J (Z iar' " cos'@ sin 0)
0 \i=1
(26)
i C1 .
. a.r’ - 1-cos’™0) |do =o,
($or i)
(by)
J <Z iar' ' cos'6 sin 6)
0 i=1
od(m) (j+3)/2 .
+ .
Z Z bir’ oy ;sin (2k - 1)0) | dO 27
j=1 k=1
j odd
ev(n) od(m) o
= Z Z iaiber]Aij,
=2 =1
1 even j odd
where A;; = _[0271 cos'f sin G(Z,(Cj:f)/z oy, ; sin((2k —
1)0))d0 # 0 fori > 2 even and j > 1 odd,
(C1)
J (Z iar' ' cos'0 sin 9)
0 \i=1
ev(l) ) (j+6)/2
Z cjr]+2 (%,j + Z Yi,j cos ((2k - 3) 9)) de
=0 k=2
j even
= 0,
(28)
(dy)
27-[ G . .
J <Z ia;r' " cos'0 sin 9)
0 \i=1
od) (45)/2
Y et <5l,j + ) &, cos((2k-2) 9)) do
=1 k=2
j odd
= 0’
(29)
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(el)

2 n i1 .
J Z ia;r" cos'Osin 0
0 \i=1

od(m) (j+5)/2

> Z bir]” By ;sin ((2k - 1)6) | do

j=1 k=1
j odd

(30)

n) od(m)

evte) o
= Z Z iaibjrl+]+23ij,

=2 =l
€N jodd

where B; = jo cos'0sin G(Z(]+5)/2 By, sin((2k -
1)0)dO) + 0 fori > 2 evenand j > 1 odd.

We have that the sum of the integrals (a,)-(e,) is polyno-
mial (3.6). This ends the proof of the lemma. O

Lemma 3. The integral

Jzn (i (i+1)br'cos'd sin26> <Jg F, (r,¢) d(/)) de
0o \f 0

i=0
©)

is, in the variable r, the polynomial

i+1
- Z 1 a; b 7‘ 1+]+1 2
1<ifod(m) ]
0<j<ev(n)
iodd and jeven
(32)
od(m) eu(l)

+ Y Y (i+1)berD,

i=1 j=0
iodd jeven

where I,

i+l and Dj; are real constants.

Proof. We have that

(a,)
2n [ od(m) o
J Z (i + 1) br'cos'Osin°0
0 i=1
i odd

n . 1
| Y-
e j+1

i+1 i+
== Z ?ajbz JI:+]+1 2>
1<i<od(m) J
0<j<ev(n)
i odd and j even

(1 - cosj+16)> de (33)

where I, .\, , = jzn(cosHjHG sin’0)dO # 0 for i odd
and j even.

5
(by)
2n [ od(m) o
J Z (i + 1) br'cos'0 sin’6
0 i=1
i odd
od(m) (j+3)/2 .
> Y by sin((2k-1)6) |d6 =0,
1 k=1
j odd
(34)
(Cz)
21 [ od(m) X X
J Z (i + 1) br'cos'0 sin°6
0 =
ilojd
ev(l) . (j+6)/2
Z i’ (%,j + Z Vi,j cos ((2k — 3)9)) de
=0 k=2
j even
od(m) ev(l)

z Z (z+1)bcr’+fr2
i=1 j=0

i odd j even

(35)

2 i .2
where  Dj; = JO cos'@sin“0(y,; +

]+e)/2 Vi,jcos((2k — 3)0))d0 # 0 fori > 1 odd
and] 0 even,

(dy)
2n [ od(m) o
J Z (i + 1) br'cos'@sin°60
0 i=
i oéd
od) (j+5)/2
Y or’t? (514 + ) 8, cos((2k-2) e)) do
= k=2
j odd
= 0’
(36)
(ez)
2 [ od(m) o
J Z (i + 1) br'cos'Osin°0
0 i=
i otid
od(m) (j+5)/2
> > brPBysin((2k-1)6) |d6=0.
=1 k=1
j odd

(37)



We have that the sum of the integrals (a,)-(e,) is polyno-
O

mial (32). This ends the proof of the lemma.

Lemma 4. The integral
on (1 ) ) 0
J Z (i +2) ¢r' ™ cos'@sin’0 (J F
0o\ 0

is, in the variable r, the polynomial

ev(l) od(m)

Z Z (i +2) b rl+]+2

i=0 j=1
ieven jodd
(39)

ev(l) od(m) o
+ Z (i +2) by F,,

1
]:1
n

RO

i

Y

where E;; and F;; are real constants.

Proof. We have that
(a3)

271 l . .
J (Z (i+2)¢r'cos'd sin30>

0 i=0

NE
(bs)

27-[ l . .
J <Z (i+2)¢r'cos'd sin30>
i=0

0

(40)

! ! (1 - cosﬁl@)) do =0,

od(m) (j+3)/2 )
> bty sin((2k-1)6) | db

= ket
j odd

(41)

ev(l) od(m

Z Z (i+2) b r’+’+2

i=0  j=1
i even ]Odd

j‘o cos'6 s1n3(9(z(1+3)/2
2 0evenand j > 1 odd,

where E; =
1)0)) # 0 fori >

i sin((2k —
(C3)

2" l . .
J <Z (i+2)¢r'tcos'd sin39>
0

i=0

(j+6)/2

R COS((Zk—3)9)> do
k=2

ev(l)

j+2
z er )}I,j +
=0

j even

(42)
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(ds)

2 l
J <Z 1+2)cr Lcos'@sin 9)
i=0

od(l)

Jj+2
Z cjr <81] +
i-1

j odd

(j+5)/2

> 8 ;cos ((2k - 2) 0)) do
k=2

:0’
(43)
(63)
an 1 ) .
J <Z (i+2)¢r T cos'd sin39>
0 \i=0
od(m) (j+5)/2 o
J+ ] . _
2 kzl by’ Bysin((2k=1)6) |do
j odd

ev(l) od(m)

_ . i+j+4

= Z Z (i+2) cibjr Ej,
=0 j=1
ieven jodd

where F; = J()Z cos 951n39(z(1+5 /2 By, j sin((2k —
1)0)) # 0fori > 0evenand j > 1 odd.

We have that the sum of the integrals (a;)-(e;) is polyno-
mial (39). This completes the proof of the lemma. O

Lemma 5. The integral

2n [ od(m) - 0
J z (i +3)br'cos'Osin0 (J F, (r,¢) d¢> de
0 = 0
iodd
(45)
is, in the variable r, the polynomial
i+3 i+2
- z ]brﬁﬁ' Ii+j+1,4
j+1
1<i<od(m)
0<j<ev(n)
iodd and jeven
(46)
od(m) ev(l)
+ Z Z (i+1) b FHIMH,
=1 j=0
iodd jeven

where I, ., , and H;; are real constants.
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Proof. We have that

(a4)

2 od(m) i .
J- Z (i +3) br' ™ cos'Osin0
0 ~
ilodd

. <i ajrj] ! ! (1 - cosj+16)> do
=0

i+3 i+j+2
=- > T:T%@r] Livjira
1<i<od(m)
0<j<ev(n)
i odd and j even

(47)

where I, i\, = _[Ozn(cos”jﬂe sin*0)d6 # 0 for i odd
and j even,

(by)

2r [ od(m) i .
J Z (i +3)br'"*cos'0sin"0
0 i=1

i odd

od(m) (j+3)/2

S Y bt sin(2k-1)6) | do =0,
j=1 k=1
j odd

(48)

(C4)

2nr [ od(m) i .
J Z (i+3)br' " cos'0sin"0
0 i=1

i odd

(j+6)/2

> Yejcos ((2k - 3)6)) d6
k=2

ev(l)

j+2
Z er '}/1‘]' +
j=0

j even
od(m) ev(l)
Z Z (1+1)bcr’+fr4 s
1 :
zlodd j even
(49)
h 2 i . 4
where  H;; = JO cos'fsin"0(y,; +
o ’zyk]cos((zk ~3)0))d6 # 0fori > 1 odd
and] 0 even,

(dy)
27 [ od(m) ' '
J Z (i + 3) br'**cos'Osin*6
0 P
i oéd
od® (j+3)/2
> o’ (51 > Bijcos((2k-2) 6)) d6
= k=2
j odd
= 0)
(50)
(64)
2 od(m) ' 4
J Z (i +3)br'*cos'Osin’0
0 “
i oc{d
(m) i+3)/2
YD b sin((2k-1)6) |d6 =o.
=1 k=1
j odd
(51)

We have that the sum of the integrals (a,)-(e,) is polyno-
mial (46). This ends the proof of the lemma.

From Lemmas 2-5 we have that

2m 0
J %Fl (r,0) <L Fy (r,¢)d¢) do

0

ev(n) od(m) ev(n) od(m)

Z z ial-br’”A + Z Z zabr’ﬂJr2
=2 j=1

ieven jodd i even i odd

i+ it
- 61 b r II+J+1 2
1<idod(m) )

0<j<ev(n)
i odd and j even

od(m) ev(l)
+ Z Z (1+1)bcr’+]Jr2

i Odd j even

ev(l) od(m)

+ Z Z (z+2)c,br’+]+2 E;

i=0  j=1
i even ]Odd

ev(l) od(m)
+ Z Z (i +2) by ™

i even j odd
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i+3 i+j+2 %) V)

- —abr L, ) J sin 6 cos 6
1sis§i(m) 100 i+ j+ + N — Za r'cos
0<j<ev(n)

i odd and j even
A 0 od(m)
od(m) ev . j+l j
. Z Z (z+1)bcr'+]+4 Z br cos’Osin@ | do
i Odd j even j Odd
52 6 cos 6
(52) +2J‘ sin 6 cos <Zarcos'9
0 r
Now we calculate the integral .[02 " E,(r,0)d0.
21 21 od(m)
J Fz(r,e)dezj sin 0K (r,0) do6 . Z br] Jcos’Osin’0 | do
0 0
(53) d q
_J’z” sin@cosGPZ(r,e)de. ]0
0 r 0 cosH
, +ZJ sin 0 cos <Zarcos€
First we calculate .[0 " sin 0K (r,0)d6. Noting that K(r,0) 0 r i=0
is given by (20), we have !
m no o (Z cjr”zcosje sin26> do
J sin 0K (r,0) do = Z ar' J cos'0sin 0 dO =0
0 = 0
2 s od(m)
m_oom sin 6 cos 0 il
+ Z br't! J cos'0sin’6 d6 2 L r IZ; b’ cos'0sin 0
i=0 0 i odd
(54)
+ Z br't? J cos'0'sin*0 do od(m) .
i=0 0 . Z bjr]+3cosj Osin’0 | d6
1 2 j=1
) no jodd
+ Z cr't? J cos'0sin’0 do.
i=0 0
27 §in @ 0 od(m) )
Hence +2 J- Smycosy Z br' ' cos'0sin O
0 r i=1
2 ev(m) ev(m) i odd
J sin 0K (r, 0) d6) = Z B, + Z B (55)

!
0 , .
i even i even : <Z cjr]+2cos’9 sin26> de
=0
Now noting that P(r, 0) is given by (11), we compute !

. 7 §infcos6 | °%
J smOcosGPz(r,e)de +2J. sy cosuy Z br'”cos@sm 0
0 r 0 r i=1
5 i odd
21 o3 2] 2] n X .
_ J' sin ¢ cos Z air'cosle 46 ! 42 . 2
0 r & . Z c]-r] cos’0sin“0 | dO.
=0
? (56)

27 s 0 0 od(m)
+ J Smycosy Z brcos'@sind | do

0 r

i odd Hence
0cosf [« ’
sin 6 cos
+ - crcos'Osin’0 | do s
L . <IZ 1 > J s1n6cosGP2 (r.0) do
0 r
2 >

2 s 0 0 od(m) ) ) =2 a; b 1’ Iz+]+1 2
+ J SIvcosy brcos'fsin’0 | do Osisev(n)

o r = 1<j<od(m)

i odd i even and j odd
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i+j+2
+2 Z aibj” g Liviira
0<i<ev(n)
1<j<od(m)
i even and j odd

i+j+2
+2 Z bicir™ Ly 14

1<i<od(m)
0<j<ev(l)
i odd and j even
i+j+4
+2 Z bicir ™ Ly i 6
1<i<od(m)
0<j<ev(l)
i odd and j even
(57)
From (55) and (57) we obtain
2 ev(m) ev(m)
— il - .
j Frnodo= Y B, + Y broI,
i=0 i=0
i even i even
-2 Z a;b; rHL, 12
0<i<ev(n)
1<j<od(m)
i even and j odd
i+j+2
-2 Z aibj” Ii+j+1,4
0<i<ev(n)
1<j<od(m)
i even and j odd
i+j+2
-2 Z bieir™ e a
1<i<od(m)
0<j<ev(l)
i odd and j even
i+j+4
-2 Z bier™ ' L6
1<i<od(m)
0<j<ev(l)
i odd and j even
(58)

Then F, is the polynomial

ev(n) od(m)
. i+j
Z iabir™' Ay
=2 =1
ieven jodd

on (T) = 2—

ev(n) od(m)
. i+j+2
+ Z Z mibjr By
=2 j=1
ieven jodd

i+1 i+
- Z . 1ajbr ]Il+]+12
1sisod(m) 1T
0<j<ev(n)
i odd and j even

od(m) ev(l)
+ Z Z (i+1)be; D,

i odd j even

ev(l) od(m)
+ Z Z (1 + 2) Clb rl+]+2 ij

i even ] Odd

ev(l) od(m)

+ Z Z (1+2)cbr’+]Jr4 E;

i=0  j=1
i even ]Odd

i+3 iti
jt2
ajbir Liijia

1<i<od(m) J
0<j<ev(n)
i odd and j even

od(m) ev(l)
+ Z Z (i+1) b rIMH,
i=1 j=0

iodd j even

ev(m) ev(m)

i+
-2 Z aibjr ]Ii+j+1,2
0<i<ev(n)
1< j<od(m)
i even and j odd

s
-2 Z aibj”w+ Ii+j+1,4
0<i<ev(n)
1<j<od(m)
i even and j odd
-2 Z bicjr1+1+21i+j+1,4
1<i<od(m)
0<j<ev(l)
i odd and j even

i+j+4
-2 Z biCj’" g Lijne
1<i<od(m)
0<j<ev(l)
i odd and j even

(59)

Note that in order to find the positive roots of F,, after
dividing by r, we must find the zeros of a polynomial in the
variable r? of degree equal to the max{((ev(n) + od(m) +2) -
1)/2, ((ev(l) + od(m) + 4) — 1)/2,((ev(m) + 3) — 1)/2}, we
conclude that F,; has at most max{[n/2] + [(m+1)/2], [I/2] +
[(m+3)/2], [(m+2)/2]} positive roots. Hence (b) of Theorem 1
is proved.
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