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In this paper we established some vector-valued inequalities of Gronwall type in ordered Banach spaces. Our results can be applied
to investigate systems of real-valued Gronwall-type inequalities. We also show that the classical Gronwall-Bellman-Bihari integral
inequality can be generalized from composition operators to a variety of operators, which include integral operators, maximal
operators, geometric mean operators, and geometric maximal operators.

1. Introduction

It is well known that the Gronwall-type inequalities play
an important role in the study of qualitative properties of
solutions to differential equations and integral equations. The
Gronwall inequality was established in 1919 by Gronwall [1]
and then it was generalized by Bellman [2]. In fact, if

u(t)Sr]+J:g(s)u(s)ds, 0<t<h, (1)

where #7 > 0 and u, and g are nonnegative continuous func-
tions on [0, b], then

u(t)Snexp<th(s)ds>, 0<t<h. (2)

0

This result plays a key role in studying stability and asymp-
totic behavior of solutions to differential equations and
integral equations. One of the important nonlinear general-
izations of (1) and (2) was established by Bihari [3]. Assume
that 0 < k < 5 < C, u and g are nonnegative continuous
functions on [a, b], and r is a positive increasing continuous
function on [0, 00). Bihari showed that if

u(t)§n+th(s)r(u(s))ds, a<t<hb, 3)

and j: g(s)ds < Jnc r(s)'ds, then

u(t) <G (G(q)+th(s)ds> <C, a<t<b, (4

where G(x) = _[: r(s)'ds, x > k. By choosing r(s) = s,
inequality (4) can be reduced to the form (2). Many results on
the various generalizations of real-valued Gronwall-Bellman-
Bihari type inequalities are established. See [4-12], [13,
CH.XII], [14-16], and the references given in this literature.

Another direction of generalizations is the development
of the abstract Gronwall lemma. These results are closely
related to the fixed points of operators. See [17, 18], [13,
CH.XIV], [19], [20, Proposition 7.15], and the references given
in this literature.

Inequality (3) can be written in a general form

t
u(t)§n+Jg(s)A[u](s)ds, a<t<hb, (5)
where A is a positive operator on continuous functions. If A
is a composition operator defined by A[u](s) = r(u(s)), then
(5) is reduced to (3). We show that if A belongs to the class
F of operators which is defined in Section 5, then we have an
upper estimate of u which is similar to the form (4). It is worth
pointing out that the class & includes integral operators

T[f]® = j k()7 (f () ds, )
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maximal operators

M[f] () = sup J k(t,s)r(f(s))ds, (7)

a<x<t Jx

geometric mean operators

61110 =exp| ——— [ kt.9logr () ds ).
|, k@ s)ds Ja

(8)
and geometric maximal operators
glr1m
1 t
= sup exp| ——— J k(t,s)logr (f(s))ds |.
a<x<t L k(t,s)ds Jx

)

We discuss these operators and the class & in Section 5. We
extend the Gronwall-Bellman-Bihari inequality (3) and (4) to
the form (5) and the operator A in (5) is generalized from a
composition operator to the class # of operators.

The aim of this paper is to investigate vector-valued
inequalities in ordered Banach spaces. Under suitable con-
ditions we have estimates for u which are similar to (4).
By restricting our results to Euclidean spaces we study
systems of real-valued Gronwall-type inequalities. For the
one-dimensional case, real-valued inequalities of the form (5)
with A € F are discussed.

Throughout this paper, let R™ = [0, 00), I = [a, b], where
-00 < a < b < oo, letY,,...,Y, be Banach spaces, Y =
Y, x---xY,;and Y be an ordered Banach space with an order
cone K (see [20, Definition 71]). We denote by C(X,, X,) and
C'(X,, X,) the space of continuous operators and the space
of continuously Fréchet differentiable operators, respectively,
from X, into X,.

2. Preliminaries

For f € C(I,Y), the integral of f on I and the derivative of f at

to €I, which are denoted by j: f(t)dtand f'(t,), respectively,
can be defined as generalizations of the usual definitions of
integral and derivative for real-valued functions. One may see
[20, Sections 3.1 and 3.2] for the definitions and properties of
the integral and derivative. In particular, if f'(t) exists for all
t € I, where f '(a) and f '(b) are defined by one-sided limits,

and iff' is continuous on I, then f(b) — f(a) = Jj f’(t)dt. If
we define F(t) = .[; f(s)ds forallt € [a,b], then F'(t) exists
forallt € (a,b) and F'(t) = f(t). See [20, Propositions 3.5
and 3.7]. By defining

K={f:feClY), f) e KVtelI} <C(LY), (10)
we see that C(I,Y) is an ordered Banach space with sup-
norm | - ||, and the order cone K. If f < gin C(I,Y), then
[! fwyde < [ gty
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By [21, Theorem 7.1.9] we see that, for t € (a, b), the Fréchet
derivative Dg f(t) exists if and only if f '(¢) exists and

(Dgf () (h) = hf' (t)

Here we denote by (D f(t))(h) the value of Dg; f(¢) at h.
Fory, eY,i=1,...,n,lety = (y,...,¥,) € Yand we
define [yl = IIyIIIY1 +oet IIanIYn. Then | - ||y is a norm and
Y, with coordinatewise linear operations, is a Banach space.
IfY,...,Y, are ordered Banach spaces with ordered cones
K,,...,K,, respectively, then Y is an ordered Banach space
with an order cone K; x --- x K. It is easy to see that a

sequence of points y™ = ( yi’”), ces yf,'")) in Y converges to

Vh e R. )

apoint (¢, ...,c,) € Yifand only if yl.(m) converges to ¢; in Y;
foreachi =1,...,n For f; € C(1,Y;),i = 1,...,n, we define
f#) = (fi(t),..., f,(t)). Then f € C(I,Y).If f](t),..., fi(t)
all exist for t € I, then the derivative of f at t exists and
1@ = (f{@®),..., £1t).

Let X, Y, and Z be Banach spaces, and U, V are nonempty
open subsets of X, Y, respectively,andlet g : U — Vand f:
V' — Z. Suppose that g is continuous and Fréchet differen-
tiable at a point z € U and that f is continuous and Fréchet
differentiable at the point g(z) € V. Then f o g is continuous
and Fréchet differentiable at z, and

Dg (f°g)(2) =Dgf(g(2))°Dgg(z). (12)

Let X,, X, and Y be Banach spaces, and A is a nonempty
open subset of X; x X,, and let f : A — Y be given by
(x1,%,) = f(xy,x,). For (z,,2,) € A, let A, ={x; € X : (xy,
z,) € A} and let g(x;) = f(x,,2,) forall x, € A,.Itis
clear that A, € X, isopenandg : A, —» Y.Ifghasa
Fréchet derivative at z;, then we define the partial Fréchet
derivative of f at (z,,z,) with respect to the variable x,
to be Dy, f(z1,2,) = Dgg(z)); it is a linear operator of
X, into Y. The derivative Dg , f(z,, z,) is defined similarly.
If f is Fréchet differentiable at (z,,z,), then f is Fréchet
differentiable with respect to both variables at (z;, z,) and

(Dg f (2152,)) (%1, x,)) = (D&T,lf(zl’zz)) (x1)
+ (D%,zf (21,2,)) (x,)

for all (xy,x,) € X, x X,. Moreover, f is continuously
Fréchet differentiable in a neighborhood of (z;,z,) if and
only if all partial Fréchet derivatives are continuous in a
neighborhood of (z;, z,). Similar results hold for maps of the
form (x,,...,x,) — f(x,...,x,).

Notation. Here we give notations used in this paper for
reader’s convenience. u € C(I,Y), ® : C(I,Y) — C(I,Y),
FeC'(IxY,Y)S :C(IY) — C(I,Y),i=1,...,nand
S:C(,Y) » CY(I,IxY)is defined by

S[ul () = (£, [ul (©),...,S, [u] (1),
T,:C(I,Y) — C(I,Y),

eeC (V,Y), i=0,...,n

(14)

i=0,...,n U, e C(I,Y),
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3. Some Vector-Valued
Gronwall-Type Inequalities

In this section we consider vector-valued inequalities of the
form

Oul<FoS[u] inC(LY). (15)

Theorem 1 gives an estimate of # which is similar to the form

(4).

Theorem 1. Let L, € Y. Suppose that F(S[u](a)) < L, and
 is bijective and is of monotone type, and suppose that there
exist monotone increasing operators T; : C(I,Y) — C(I,Y),
i=0,...,n such that forallt € I,

(Dg  F (S [u] (1)) (1) < T, [u] (1), (16)
(Do s F (S [u] (1)) (i) (9) < T; [u] (1),

i=1,...,n.

We also suppose that there exist € € C'(Y,Y) and U; € C(I,Y),
i =0,...,n, such that ¢ is bijective and monotone increasing
and is of monotone type, and fori =0,1,...,n,

(Dgt (FoS[u]) () (T [0 [FeS[ull] () < U, (1)

vVt el
(18)
If u satisfies (15), then
u<®'[vV] inC@Y), (19)

where V € C(1,Y) is defined by

n

vVt)=¢" (e (Lo)+ ) r

i=0 74

Ui(y)dy>, tel. (20)

Moreover, if there exists M € Y such that €(V(t)) < M for all
t € I, then

u<® '[N (M)] inCLY), (21)
where €71 (M) in (21) is the constant function in C(I,Y) with
value €71 (M).

Proof of Theorem 1. Let &, = F o S[u] € Cl(1,Y). By (15) we

have @[u](t) < «,(t) for all t € I. By the chain rule we see
that, fort € (a,b) and h € R,

ha, (1) = (Dga, () (h) = (1)) (h)
= (D&F (S [u] (1) > DS [u] (1)) (h) .

(Dg (F oS [u))

Since S[u] € C'(I,I xY), (DgS[u]®))(h) = hS[u]'(t) and
we see that

hat, (£) = (DgF (S [u] (1)) (hS[u]' (1))

= (D1 F (S [u] (1)) (h)
1)) (hS,[1]' (1))
Sulul' (1))

+ (Dng (S[u

ot (D F(S[u] 1)) (h
=h(Dg F(S[u] (1)) (1)

+h(Dg,F (S [u] (1)) (S, [u]' ()

++ W (D F (S [u] () (S,[u' (1))
(23)

This implies
a, () = (Dg, F (S [u] (£) (1)
+(Dg,F (S [u] () (S1[u' (1)) (24)

+ (Do iy F (S [u] (1)) (S,[u) () -

Since @ is bijective, we write ® ' [a,] to be the solution of
the equation ®[x] = «,. By ®[u] < «, in C(I,Y) and [20,
Proposition 7.37] we see that u < o [er,]. This shows that
T;[u] < Ti[CD_I[ocu]] fori =0,1,...,nand hence

t) < iTi [u] () < iT,. [0
i=0 i=0

Since € is monotone increasing, we see that D £( y) is positive
and hence monotone increasing for each y € Y. Therefore for
h>0,

[ ]]@®).  (@5)

h(eoa,) (t) = (Dg (€oa,) (1)) (h)
= (Df?“e (au (t)) ° D?‘xu (t)) (h)

= (Dt (o, (1)) (e, (1))
e ]] (t))

o' o, ]] (1))

< h(Dgt (o, (1)) (ZT (@
iDgE(oc ) (T, [@

< hiUi ).
i=0 (26)

Fora < d <t < b we obtain

n

Coa) - Coa)@ <Y [ U0 @

i=0



By lettingd — a and the condition «,,(a) < L,

n

Ll @) <e(t)+ Y [ Uy =L ®) @8

i=0 74

forallt € (a,b). Since € o o, and € o V are continuous on I,
inequality (28) holds for all t € I. This implies «,(t) < V()
for all t € I. Therefore ®[u] < o, < Vand u < @ '[V] in
C(LY).

Since £~' and @' are monotone increasing, it follows that
if 6(V(t)) < Mforallt € I thenV < ¢7*(M) in C(I,Y) and
we obtain (21). This completes the proof. O

In the following we consider two particular cases as exam-
ples of Theorem 1. We see that under these cases, conditions
in Theorem 1 can be reduced to more simpler forms.

InthecaseY, =Y, =--- =Y, =Y and F(t, y,...,y) =
Y, + -+ y,, we see that F o S[u] € C'(I,Y) is given by

FoS[ul() =F(Su](®) =Y S ul (), tel (29)

i=1

Moreover, Dg F(-) is the zero operator of I into Y and
Dg ;1 F(-) is the identity operator of Y into Y. We have the
following corollary.

Corollary 2. Let L, € Yandletu, ®,¢,S,T,U,i=1,...,n,
and S be given as in Theorem 1 withY, =Y, =--- =Y, =Y.
Suppose that ¥, S;[ul(a) < L, and

Sl () < T; [u] (1), (30)
(Dge <isj (1] (t)>> <T,. o isj [u]] ] (t)> < U, (1)
=1 =1
(31)
foreachi=1,...,nand forallt € I. If u satisfies
Ou] <)Y S[u] inCUY), (32)
i=1

then we have (19)-(21).

Remark 3. If K; C(,Y) — C(,Y) and S;[u](t) =
Lt K;[u](z)dz for each i = 1,...,n, then (32) is reduced to
the following integral inequality:

n t

D [u] (t) < ZJ K; [u] (z) dz,

i=1 -4

tel (33)

By [20, Proposition 3.7] the item S;[u]'(t) in (17) and (30)
can be replaced by K;[u](t). Moreover, if K; is monotone
increasing for each 7, then we can choose T; = K;,i = 1,...,n,
in Corollary 2 and condition (30) is redundant.
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Consider the case that Y,,...,Y, are ordered Banach
spaces, Y = Y,and F(t, y,..., ¥,) = (¥, .., ¥,)- We see that
FoS[u] e C'(I,Y) is given by

(FoSu) () =F(Sul®) = (S [ul(®),....S, [u] (1),

tel.
(34)

Moreover, Dg F(-) is the zero operator of I into Y and
Dg ;1 F(-) is the operator of Y; into Y such that for h € Y,

the ith element of (Dg ;,,F(-))(h) is h and the other elements
are zero.

Remark 4. Let ®; : C(I,Y) — C(I,Y;),i = 1,...,n, and
@ : C(LY) — C(I,Y) is defined by ®[u](t) = (D, [u](t),
..., O, [u](t)) for t € I. Suppose that each @; is injective and
is of monotone type. Suppose that for any w = (w,...,w,) €
C(1,Y), where w; € C(I,Y;), there exist v € C(I, Y) such that
®;[v] = w; for each i = 1,...,n. Then @ is bijective and is of
monotone type.

The following corollary can be obtained by Theorem 1.

Corollary 5. Let Ly, = (L,,...,L,) € Y andlet u, ¢, S,
i=1,...,n and S be given as in Theorem 1 with Y =Y. Let
D,,...,D,, © begiven as in Remark 4. Suppose that S;[u](a) <
L,i=1,...,n and there exist U; € C(I,Y) and monotone
increasing operators G; : C(I,Y) — C(L,Y;),i = 1,...,n,
such that

Si[ul' (1) < G; [u] (t), (35)

(D (FoS[ul) ) (T; [0 [Fe S]] (0) <U; (1),
(36)
fori=1,...,nand forallt € I, where T;[-](t) € Y and the ith

element of T;[-1(t) is G;[-1(¢) and the other elements are zero. If
u satisfies the systems

O [l () <S;ul (), i=1,....n (37)

forallt € I, then we have (19)-(21).

Remark 6. If K; C(,Y) — C(LY;) and S;[u](t) =
Lt K;[u](z)dz for each i = 1,...,n, then (37) is reduced to
the system of integral inequalities

t

@; [u] (t) < J K; [u] (z) dz,

a

tel,i=1,...,n. (38)

The item Si[u]'(t) in (35) can be replaced by K;[u](?).
Moreover, if K; is monotone increasing for each i, then we
can choose G; = K;,i = 1,...,n,in Corollary 5 and condition
(35) is redundant.

4. Systems of Real-Valued
Gronwall-Type Inequalities

In this section we apply results in Section 3 to obtain systems
of real-valued Gronwall-type inequalities. Consider the case
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Y=R"Y, =R,i=1...,nY =R"and K = {(xy,...,
x,) €R™:x;,>20,i=1,...,m}. Letuy; EC(IR)(D C(,
R") — C(LR),F, e C'(Ix RLR), & ¢ C\R™R),
i = 1,...,m, and u € C(I,R™), u(t) = (ul(t) Uy, (),
F e C'(IxR",R™),F = (F,,...,F,). Let S, : C(I,R™) —
CHI,R),i=1,...,n

Define ® : C(I,R™) — C(I,R™) by

O] (1) = (P W] (®),.... 0, (U] (1),

Then (15) can be reduced to the system

tel. (39)

O, [u](t) <(FoS[ul)(®), tel, i=1...,m (40)

Remark 7. Suppose that @; is injective and is of monotone
type for each i = 1,...,m. Suppose that for any w = (w,,

.,w,,) € C(I,R™), where w; € C(I,R), there exist v €
C(I,R™) such that ®,[v] = w; for eachi = 1,...,m. Then
® is bijective and is of monotone type.

Since

(D F (6155 ) (1) = (t Yoo du)s (A1)
and, for i = 1,...,n, the linear transform Dy ;,,F(t, yy, ...,
y,) : R — R™ can be represented by the m x 1 matrix

[(OF,/oy;)(t, ¥15--.» ¥,)], conditions (16)-(17) are reduced to

‘Z—f (S[u] (8) < T [u] (). (42)

oF, ) .
[a—k (S [u] (t))] Sl ) <T,[Wl@®), i=1....n,
Y,
(43)

where T; : C(I,R™) — C(I,R™),i =0,...,n, are monotone
increasing operators. Here the vector T;[u](t) in (43) is
written as a column matrix. In particular, if m = 1, then
F € C'(I x R",R) and (43) is reduced to

oF .

S @) S O ST WO, =1

(44)

Remark 8. Define £ € C'(R™,R™) by € = (¢,,...,¢,,). Sup-
pose that ¢, is injective and monotone increasing and is of
monotone type for each k, and, forany z = (z,,...,z,,) € R™,
there exist y € R™ such that £.(y) = z; for each k = 1,
...m. Then ¢ is bijective and monotone increasing and
is of monotone type. Moreover, the linear transform

Dge(&,,...,&,,) can be represented by the m x m Jacobian
matrix [Djfk(fl, coos&)] 1 < j, k < m. Hence (18) is reduced
to

(Dl (FeS[u) )] T, [0 [FeS[u]]] (1) <U, (1),

i=0,...,m,
(45)

where U; € C(I, R™). Here the vectors T,-[<D_1[F o S[u]]](t)
and U;(t) in (45) are written as column matrices.

Theorem 9. Let L, € R™ and the conditions of @,,...,D,,,
D be given in Remark 7. Suppose that F(S[u](a)) < L, and
there exist monotone increasing operators T; : C(I, R™) —
C(I,R™), i = 0,...,n, such that (42)-(43) are satisfied. We
also suppose that conditions for ¢,, ..., ¢, € in Remark 8 hold
and (45) is satisfied. If u satisfies the system (40), then one has
(19)-(21) with Y = R™.

Let¥, : C(I,R) — C(I,R),i = 1,...
®:C(I,R™) - C(I,R™) by

(] @®),.... %, [u

,m. If we define

@ [u] (1) = (¥, ml (), tel, (46)

then (15) can be reduced to the system

W [w] () < (FoS[u])(t), tel,i=1,....m (47)

Remark 10. Suppose that \¥; is bijective and is of monotone
type for eachi = 1,...,m. Then ® defined by (46) is bijective
and is of monotone type, and

o= AT, L8 [ ®) Vel

(48)

where f = (fi,...,f,) € C(,R™). In particular, the
function ®'[F o S[u]] € C(I, R™) is given by

O [FoS[ul] ()
= (% [FeSm]),... %, [E, oSl @) (49)
Vt e I.

Example 11. Define Yilu;](1) = y;(u;@)), where y; € C(R,
R). If Y is strictly increasing from R onto R, then V¥, is
bijective and is of monotone type, and (48) can be reduced
to

W (fa @) Vel
(50)

o [f1®) = (vi' (£ ®),...

where f = (f},...

Remark 12. Let I;
C'(R™,R™) by

€& 80) = (1)1 (€))- (51)
Suppose that [; is strictly increasing from R onto R for i =

1,...,m; then itis easy to see that ¢ is bijective and monotone
increasing and is of monotone type, and

CE,HE) = (T (E) L0 (E)). (G2)

Moreover, the Jacobian matrix [D jlk(f Leeos

s fm) € CU,R™).

e CYR,R),i = 1,...,m. Define ¢ ¢

&, isa diagonal
matrix with diagonal entries l,'((fk), k = 1,...,m. Hence
Dy €((F o S[u])(t)) in (18) can be represented by the m x m
diagonal matrix with diagonal entries I, ((F, o S[u])(t)), k =
1,...,m.



The following theorem can be obtained by Theorem 1.

Theorem 13. Let L,,...,L,, € R and the conditions of ¥,
.>¥,, © be given as in Remark10. Suppose that
Fi(S[ul(a)) < L; j = 1,...,m, and there exist monotone
increasing operators T; : C(I, R™) — C(I,R™),i=0,...,n,
such that (42)-(43) are satisfied. We also suppose that there
existlj € CI(R,IR),j =1,...,m, andU,-j e C(I,R),i = 0,
ooty jo= 1,...,m, such that conditions for I; and € in
Remark 12 hold, and (18) with U, = (Uy,...,U,,) are
satisfied. If u satisfies (47), then we have

uj(t)g‘l’j_l[Vj](t), tel, j=1,...,m,  (53)

where

thU,-j(y)dy), tel. (54)
i=0 Ja

v =1 (lj (L;)+

Moreover, if there exists My, ..., M,, € R such that lj(Vj(t)) <
M, forallt €1, j=1,...,m, then

w; () <Y (M;)] veel, j=1,...,m (55
where l;l(Mj) in (55) is the constant function in C(I, R) with
value ljfl (Mj).

Consider the particular case m = n and F;(t, y;,...,
Ym) = ¥j» j = L...,m of Theorem13. In this case (F; °
S[ul)(t) = S;[u](t) and (47) is reduced to

Y [u])(t) <S;[u] @), tel,i=1,....m  (56)
Assume that
S;ul(@ <L;, i=1,...,m (57)

We also assume that there exist monotone increasing opera-
tors G; : C(I,R™) — C(I,R),i=1,...,m, such that
Su] () <G [u] (), i=1,...,m. (58)

We also suppose that there exist [; € C'(R,R) and W, €
C(I,R),i=1,...,m, such that conditions for /; in Remark 12
hold and satisfy the following condition:

L (S 1]l )G [0 [FeS[ull] () W, (1), i=1,...,m,

(59)
where
O [FoSul] (1) = (%' [S, W] ®),..., %, [S,, [u] ()
Vtel.
(60)

Then Theorem 13 implies that if u satisfies (56) then we have
(53) with

t
AGES " <l]- (L;)+ L W, (y) dy>, tel. (61

Abstract and Applied Analysis

Remark 14. Condition (59) can be satisfied if there exist r; €
C(R,(0,00)),i =1,...,m, such that

G [0 [FeS]|(®) W, ()r (S ] (0), tel,
(62)

and we choose

t
li(t)=J- Lals, i=1,....,m, (63)
G 1 (S)

where ¢ is some constant. Moreover, Vi defined by (61)
satisfies lj(Vj(t)) <M, where

t
M; =£1;g{lj(Lj)+L\/\/j(y)dy}, j=1....,m
(64)

By a little modification of Theorem 13 we have Corollary
15.

Corollary 15. Let L,,...,L,, € R and the conditions of \¥,,
..., ¥, be given as in Remark 10. Suppose that (57) holds, and
there exist monotone increasing operators G; : C(I, R™) —
C(I,R), i = 1,...,m, such that (58) is satisfied. For i =
1,...,m, we suppose that there exist W; € C(I,R) and r; €
C(R, (0, 00)) such that (62) holds. Define I; by (63). Assume
that [,(—00) < L(Vi(t)) < I;(c0) for allt € I, where V; is defined
by (61). If u satisfies (56), then we have (53) and (55) with (64).

As an example we consider the system of integral inequal-
ities
t

Yj (uj (t)) <Lj+ L g;(s)A;[u] (s)ds, )

tel, j=1,...,m.

Herey; € C(R, R) is strictly increasing from R onto R, L j €
R, g; € C(I, R*), and Aj o C(, R™) — C(I,R). Assume
that for each j = 1,...,m, A is monotone increasing and
there exist w; € C(I,R) and rj€ C(R, (0, 00)) such that

Aj [(V/II o frreer ¥ °fm)] 1) <w; () r; (fj (t)), o
tel,
for all f,..., f,, € C(,R). Moreover, we suppose that

lj(—oo) < lj(Lj) + _[at gj(y)wj(y)dy < lj(oo) forallt € I,
where [ is given in (63). By Example 11 and Corollary 15 with

\Pj[uj](t) = Wj(uj(t))> Sj[u](t) = Lj + JZ gj(S)Aj[u](S)d5>
G; [u](t) = g]-(t)Aj[u](t), and Wj(t) = gj(t)wj(t), we have

ui(t) <y’ (1;1 (zj (L;)+ jt 9; () w; (y) dy)),

tel, j=1,...,m.

(67)
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5. A Real-Valued Gronwall-Type Inequality

In this section we establish a real-valued Gronwall-type ine-
quality which extends (3) from composition operators
Alu](s) = r(u(s)) to A € F. Consider the case m = 1 of
(65):

t

y(u(t) <L+ J g (s) Alu] (s)ds,

a

tel. (68)

Here u € C(I,R"), v € C(R",R") is strictly increasing and
y(00) =00,L >0,g € C(I,R"),and A : C(I,R) — C(I,R).
Let & be the class of operators A : C(I,R) — C(I,R)
such that A is positive and monotone increasing, and there
exist w € C(I,R") and r € C(R", (0, 00)) such that for all
increasing f € C(I,R"), we have

Alfl®O <cw®r(f®),

By some modification of results in Section 4 we have Theorem
16.

tel (69)

Theorem 16. Let L > 0 and u, y, g, and A be given as above.
Suppose A € F. LetI(t) = Lt(l/r(l,(fl(s)))ds, where0 < c< L

and t > c. Assume that [(co) > I(L) + f: g w(y)dy. If u
satisfies (68), then for all t € I we have

wo <y (1 10+ [ s0wmib))

a

<y’ (l‘l (l (L) + Lb g(yw(y) dy)) :

It is easy to see that if A € &, then A" € & form > 0.
IfA,,...,A; € F,then A = Hf:lAi € . Moreover, we
also have A = Zf;l bA; € F, where b, > 0. Hence the

1
class of operators & is closed under multiplication and

linear combination with nonnegative coefficients. This and
the following examples show that Theorem 16 can be applied
to a variety of operators A in (68).

Example 17. Let
Alfl@®) =r(f®), (71)

where r € C(R",(0,00)) is increasing. Then A € F with
w(t) = 1in (69). In this case and v = 1, Theorem 16 is
reduced to (3)-(4).

Example 18. Let
A [f] (t) = sup f (s). (72)

ass<t

Then A € & with w(t) = 1 and r(t) = 1 in (69).

Example 19. Let

t
TIf] @) = j k(ts)r (f (s)) ds, 73)

where k € C(I*,R") and r € C(R",(0,00)) is increasing.
Then T € F with w(t) = [ k(t, s)ds in (69).

Example 20. Let

t

1
G t) = R ESE—
[f]() exp<'[utk(t,s)d$ J;:

k(t,s)logr (f(s)) ds) ,

(74)

where k € C(I%,(0,00)) and r € C(RY, (0, 00)) is increasing.
Then G € & with w(t) = 11in (69).

Example 21. Let

t
ML= swp [ KG9r(Fo)ds 09

a<x<t Jx

where k and r are given as in Example 19. Then M € & with
w(t) = [ k(t,s)ds in (69).

Example 22. Let

glr1®
1 t
= sup exp| ———— J k(t,s)logr(f(s))ds |,
a<x<t Ix k(t,s)ds Jx
(76)

where k and r are given as in Example 20. Then & € # with
w(t) = 1in (69).
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