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The problem of packing spheres in Orlicz sequence space I, , equipped with the p-Amemiya norm is studied, and a geometric

characteristic about the reflexivity of I, , is obtained, which contains the relevant work about I (p > 1) and classical Orlicz spaces
I, discussed by Rankin, Burlak, and Cleaver. Moreover the packing constant as well as Kottman constant in this kind of spaces is

calculated.

1. Introduction and Preliminaries

The packing constant is an important and interesting geomet-
ric parameter for studying the geometric structure, isomet-
ric embedding, noncompactness, and reflexivity in Banach
spaces [1-4]. Let X be a Banach space. We denote by B(X) the
unit ball of X and by S(X) the unit sphere of X. The packing
constant P(X) of X is the real number such that if r < P(X),
then an infinite number of spheres of radius r can be packed
in B(X), and if r > P(X), only a finite number of spheres can
be done. It began in the 1950s studying the packing constant of
special sequence spaces. Burlak et al. [1] proved that P(I') =
P(I%®) = 1/2 and P(*) = 1/(1 + 2" YP) for 1 < p < co.
Rankin found P(I%) and P(I¥) (p > 1) in 1955 and 1958, re-
spectively. In 1976, Cleaver discussed Orlicz sequence space
I3, equipped with the Orlicz norm under a strong condition,
and he found upper and lower bounds of P(lg,). In 1983,
Ye investigated Orlicz sequence space lg, equipped with the
Luxemburg norm and obtained a formula for P(l) [5].

In this paper, an analogue for Orlicz sequence spaces
equipped with the p-Amemiya norm is illustrated, and some
useful definitions and lemmas are presented.

Definition 1 (see [1]). The packing constant of a Banach space
X is defined by

P (X) = sup {r > 0 : there exists {x;}, ), [|x] <1-7,

It is obvious that P(X) = 0, if dim X < co.

)

xi—xj| 22 forijeN,i#j}.

Lemma 2 (see [2]). Let X be an infinite-dimensional Banach
space. Define

K (X) = sup {inf{"xn =X :nEm}:{x,} o, C S(X)} ,

2)
which is called the Kottman constant of X. Then
K(X)
PX)= ———.
) K(X)+2 ®)

It is known that 1 < K(X) < 2. Due to Riesz lemma, it can
be summarised that K(X) > 1 for any infinite-dimensional
Banach space X. Finite-dimensional spaces have Kottman
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constant equal to zero. Furthermore, Elton and Odell in [6]
proved that if X is an infinite-dimensional Banach space, then
there exists an ¢ > 0 such that K(X) > 1 + . Consequently,
1/3 < P(X) < 1/2. Hudzik proved that P(Y) = 1/2 and
K(Y) = 2 for every nonreflexive Banach lattice Y [7].

Recall that a Banach space X is said to be P-convex (see
[2]) if P(n, X) < 1/2, for some n € N, n > 2, where

P (n,X) = sup {r > 0 : there exist {x;}/, [[x]| <1-7,
(4)
"xi —xjH > 2r for iq&j}.

Kottman [2] has proved that any P-convex Banach space
is reflexive.

The packing problem in Orlicz sequence spaces was in-
vestigated in [8-11]. The packing constant for Musielak-
Orlicz sequence spaces and Cesaro sequence spaces have
been calculated in [12, 13].

For any map ® : R — [0, co], define

ap = max{u>0:®(u) =0},

©)

by = max{u>0:d(u) < oo}.

A map O is said to be an Orlicz function, if ©(0) = 0; ® is not
identically equal to zero; it is even and convex on the interval
(=bg, by) and left-continuous at by,.

For every Orlicz function @, we define its complementary
function ¥ : R — [0, co] by the formula

Y (v) =sup{ulv| - D (u):u=>0}. (6)

The complementary function ¥ is also an Orlicz function.
The convex modular Iy, is defined on I° (the space of all real
sequences) by I (x) = 210:1 ®(x(i)) for any x = (x(i)).

Definition 3 (see [14-16]). The Orlicz sequence space is
defined as the set

lp = {x = (x(i)) : I (Ax) < 0o, for some A > 0}.  (7)

The Luxemburg norm and the Orlicz norm are expressed as

Ixllg = inf{A >0: 1, (’—A‘) < 1},
1 ®
Ixllg = }(‘lgﬁ (1 + Iy (kx)),

respectively. The Orlicz space equipped with the Luxemburg
norm and the Orlicz norm are denoted by Iy and I,
respectively.

Forany 1 < p < coand u > 0, define

(1+u?)"?, for 1< p< oo,
max {1, u},

sp (u) = { €

and define sq,’P(x) =g ° Ip(x) forall 1 < p < co. Note that
the functions s, and s, , are convex. Moreover, the function
s, is increasing on R, for 1 < p < 0o, but the function s is
increasing on the interval [1, co) only.

for p =00
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Definition 4 (see [17,18]). Let 1 < p < co. For any x = (x(i)),
define the p-Amemiya norm by the formula

1
k

Illa,p = inf -5, (k). (10)

The Orlicz space equipped with the p-Amemiya norm will be
denoted by Iy, ,.

It is known that ||x[lg; = lxlg and [xllge = Ixle. If
1 < p <00, x#0, then

Lo 1 1 o
Sl < lxllo < Il < 2P lxlle < 2770l ()

(See [17].)

Let p, be the right-hand side derivative of @ on [0, by)
and put p,(bp) = lim, ;- p, (u). Define the function «
l,, — [-1,00] by

P

157 () Iy (p, (IxD) -1, 1< p< oo,
ocp(x)= -1, p=o00, I, (x) <1,
Iy (py (IxD)) p=00, Ip(x)>1
(12)

and the functions k;, : I, — [0,00) and k" : I, —
[0, c0) by

k; (x) = inf {k >0:a, (kx) = O} ,  (withinf ¢ = c0),

k;* (x) = inf{k >0:a,(kx) < 0}.
(13)

It is obvious that k;(x) < k;*(x) for every 1 < p < co and
x €lgp.
Set K(x) ={0 <k <oo: k;(x) <k< k;*(x)}.

Definition 5 (see [14]). We say an Orlicz function @ satisfies
the A,(0)-condition (® € A,(0), for short) if there exist
constants K > 2 and u,, > 0 such that ®(x;) > 0 and

O (2u) < KO (u) for every |u| < u,. (14)

For more details about Orlicz spaces, we refer the reader
to [15, 16, 18, 19].

Lemma 6 (see [20]). Assume that ® € A,(0), 1 < p < o0.
Then, for any L > 0 and € > 0, there exists § > 0 such that for
any x, y € I° there holds the implication

(I (x) < L) A (I (y) < 8) = |15 (x + y) - I5 ()| < &.
(15)
2. Main Results

Assume that @ € A,(0),1 < p < co. Then, forany x € S(lcp)p)
and k > 1, there exists a unique d,.; > 0 such that

kx kP -1
P _
I(D (dx’k) = (16)
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Set
d,=inf{d ; :k>1},
17)
d = sup {dx tx €S (lq),p)}.
Thend, > 1and 1 < d < 2. Denote
K =inf {k:k e K, (x),llxle, = 1},
(18)

K" =sup{k:keK,(x),lxl, =1}

In the sequel, the packing constant [, , is calculated, and
the main results of this paper are proposed.

Theorem 7. If ® € A,(0), 1 < p < 00, then K(ly, ,) = d and
P(lgp) = d/(d +2).

Proof. For any & > 0, there exists x € S(lg,,
d-egsod, ; >d—eforallk > 1. Define

) such thatd, >

x" = Zx (i) epr1aiyyy V€N, (19)

i=1

Then {x"} have pairwise disjoint supports and ||x”||¢)p =
||x||q,,p =1(meN).Foralln#mandallk > 1,

()
()
(”"f( )

)

Then [1x" — X",y = infyo(1/K)(1 + 50" — x™)F >
d — ¢, so we have K(l, ,) > d, since e is arbltrary

In the following, K(ly,,) < d will be illustrated as an
important part of our results

For any sequence {x,} C S(lq,,p), which means that x,, =

(20)

(x,(0)); IIxHIIQP = Z,o:ol xn(i)eillq),p = 1, forany n € N, then
{IIxn(i)eiIIQP}n is bounded for all i € N.

Since {||xn(1)eI||¢)P}n is bounded, there exists a subse-
quence {x1 } € {x,} such that {||x1 (Dey ||
but{llx1 (2)62” } is bounded, so there ex1stsasubsequence
{x, } < {xy } such that {[lx, (2)e2|| }n
a similar way, using the diagonal method, we can find a
subsequence {xnn} C {x,} such that, for any i € N,

{1, (el )

_is convergent. Denoting ellg,, = s; and

} is convergent,

is convergent. In

setting ||xnn(i)e;||®P — basn — 00, then lx, ()] — b./s;

asn — ooforalli e N.
Letx = (b/s;); Ixnnl = (Ixnn(i)l)i,and z, = Ixnnl—x. Then

z,(i)— 0asn—o00 VieN,

X, ) > sep (x,,) -

(21)

sep (2,) = sep (

Since @ € A,, then x € S(l, ). For any € > 0, there exists
iy € N, such that | Zf:ioﬂ x(i)eillq)p

x(i)asn — oofori=1,...

< &. Moreover, Ixnn(i)l —

,iy- So we have

ol = Hz (1, 0] -0,

@,p
1
(|x, ] - x®)e; (22)
=1 @,p
(o)
Z |xnn (i)' e; + &,
i=ip+1 ,p

and, consequently, lim sup, [z, » < 1+e.
For the above ¢ > 0, since Iy, ,, is order continuous, there

exists i; € N such that | Zio:,-lﬂ an(i)ei"q,P < eforn = 1.

Take n, > n, such that || ¥iL, zn, (el

there exists i, > i, such that || Z?:Oiz+1 an(i)ei”q;P

< &. And for n,,
< ¢&. Then

sep (2,) < ||2n, — 2n, op
il i2
< ern (ie; — Z z,,(i)e;
i=1 i=ij+1 op
[ee]
+] Yz, (e;
i=i; +1 op (23)
[oe)
+ Z z,,, (i)e;
@,p i=iy+1 @,p
Zan (i)e; — z znz(i)ei + 3e.
i=i;+1 ,p
Take n; > n, such that || Z?: 1 Zn, (e op <& and for n5, there

exists i3 > i, such that || ZESH Zp, (i)eillq)p < &. Then

“an ™ Zn, @,p

Zznl (i)e; - Z z,,(i)e;

i=i,+1

D,p

(e

+ Z z, (ie;

i=ij+1 ,p

" i

O,p

(o)

+ Yz, (0e;

i=i+1 op




4
i iy
< Zznl (i)e; — Z z,, (i)e; + 3¢,
i=1 i=iy+1 op
“Z”z - Z”3 @,p
) I3
<| Y z,(e— )z,
i=i;+1 i=iy+1 ,p
iy 00
+1 Yz, el +| Dz, Ge;
i=1 op  |li=i+1 op
iy 00
+ Zzn3(i)ei + Z z,,(i)e;
i=1 op =it op
i2 i3
< Z z,,(i)e; — Z z,,(1)e; + 4e.

i=i;+1 i=i,+1 op

(24)

Analogously, we can find by induction a subsequence {z,, }

of {z,} and {i;} ¢ Nsuchthatn, <mn, < --- < m < -+,
i} <i, <--- < <--- suchthat, forany k € N,
fe1
Zznk(z‘)ei <&
i=1 D,p
o0
Z an(i)ei <e,
i=igt1 op
ik
"zn1 - nk"@p Zznl (ie; — z an(l)ei + 3¢,
i=ip_;+1 ®,p
i ik
||an ~Zn o, < Z z,, (i)e; — Z z, (el  +4e,
=iy +1 =i +1 op
V1<I<k.
(25)

Since || Y7 z,(i)e; ”CDp <l+s]| Zl I znk(i)eillmp/(1+e) <

1 for all k € N. Therefore, for any I,k € N,

[
<(l+e¢)
Zzl i+l Z”I (1) € Z;k i +1 znk (l) ;
o Oely, S5 0,
+ 4e.
(26)
. i X
Setting y, = X5 41 2, (Dei/l i - znk(z)ei”% (for all
k € N), then

{ym} <S(loy)>  supp(y) Nsupp(y,,) =¢.  (27)
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In this way, we get

K(lq)’p) < sep(x,) < sep(z,) < sep (zn,_)
(28)

< 1+ |y = illo, +4e

For any € > 0, by the definition of d, there exists k,, > 1
such thatd, , < d+¢ whered, , satisfies the equality
Bk yuld, )= (kb =1)/2F (meN).

Setting [|y,, - yll = A,y and taking k,,; € K, ((y,, = y)/A),
we have

1= ym Vi
Aml Q,p
1/p
_ - p Ym =N
- km1<1+1® <kml< At >>>
1/p
1 Vm i ))) >
=—1 I e I
1 (0 (ko (32 ) 10 (o (22
(29)
Then
1/p Vm N
(kﬁtl_ 1) =Iq) <kml<rw>>+1® <kml(A_ml>>
(30)

Now we obtain that A, < max{d
max{d d )’zkal}’ we have

J/m’kml’d}'l’kml}' If not, /\ml >

Imokm?
(31)

whence

This is a contradiction. Hence,

1y = yilloy = An < max{d, o .d, . }<d  (33)
So K(lq,,P) < (1 + &)d + 4&; we get K(lq,,P) < d due to the
arbitrariness of ¢. O
Theorem 8. If ® ¢ A,(0), 1 < p < oo, then K(lq,)P) =2.

Proof. Denote

I, —{x€l®p hm I€0,...,0,x(n+1), o0
34

x(1+2),. o, =0}
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Since @ ¢ A,(0), then I, # 4 ,; so for & > 0, according to
Riesz lemma, there exists x, € S(l, ,) satisfying dist(x, [,) >
1 — &. Then we have

[(0,...,0,x, (n+ 1),x£(n+2),...)||®’p >1-e  (35)

lim ||(0,...,0,x, (n+ 1),...,x£(m),0,...)||®)P >1-—g¢,
(36)

there exists a subsequence {n;} ¢ Nsuch thatn, <n, <--- <
n < --- and

[(0,...,0,x, (n; + 1),...,x8(nl-ﬂ),O,...)”(D’p >1-e

(37)
Let
xp= (=%, (1),...,—x,(n),x. (n, +1),...,
x, (), x.(n, +1),...),
(38)
= (. (1),..x. (), —x. (n, +1),...,
-x, (ny),x, (ny +1),...).
Then for any m, [ € N,
—
=2|(-..,0,x. (1, +1),...,x,(n,),0,...,
0,x (g +1) 5000 (m), 0, )| (39)

>2[(0,...,0,x, (1,1 +1),...,x, (nm),o,...)||®,P
>2(1-¢).
Due to the arbitrariness of € > 0, we have K (lq))P) =2. O
Lemma9. If @ € A,(0) N V,(0), 1 < p < oo, then
1<k <k" < oco. (40)

Proof. (1) Since ® € A,(0) and the norm convergence and the
modular convergence are equivalent, there exists ¢ > 0 such
that

inf Iy (x)=c>0. (41)

o, p=1

For any x € S(lq))p) and k € Kp(x), we have
1 1/
1= lxlo, = (1415 (k) (42)

sok=(1+I2(kx))""" > 1; then

i i /p
K = f k= £ (1417 (k 1
Ieloy=1 ||xﬁﬂpzl( & (kx)
(43)

inf (1+12(0)" 2 (1+¢)"" > 1.

clo,p=1

(2) If © € V,(0), then there exists « > 1 such that

(=0 ().

For any x € S(lq),P) and k € Kp(x), wehave 1 < k' < k <
k;*(x); then for any & € (0,k" — 1), we get

up, (u) = ad (u),

1> 127" (k- &) %) Iy (p, (I(k — &) xI))

215 () Iy (py (Ik =€) x]))

N (45)
> P YW (p, (16k - &) x ()D)
i=1

> W (p, (k- x @), (Vi=1,2,..;

whence |(k — €)x(i)| < q+(‘{’_1(l/cp_1)). Moreover, according
to the Young inequality

12 157 (k= &) %) Iy (p.. (10 = ) x1))

=YW (p, (k=) x (D))
i=1

2" itk =) x @) p, Ik - &) x (D))
i=1 (46)
~® ((k - &) x (i)}

>cP M (a-1)Ig (k- €) x)
> P (- 1) (k- ) Iy (x)
>cF(a-1)(k-¢),

since ¢ > 0 is arbitrary, we deduce that k < 1/(a — 1)c? <
00. ]

Ye et al. [21] have proved that Orlicz function space as
well as Orlicz sequence space equipped with the Luxemburg
norm is P-convex if and only if it is reflexive; that is, ©
satisfies the suitable A ,-condition and V,-condition (i.e., the
A ,-condition at zero in the sequence case). We will prove now
an analogous result for Iy, , in terms of P(lg, ,).

Theorem 10. If® € A,(0)NV,(0), 1 < p < oo, then P(llD,p) <
1/2.

Proof. It ® € A,(0), then due to Lemma 6, for any ¢ > 0,
there exists § > 0 such that

6kll
(I (x)Sl)/\(I (y)<—)
@ @ 2(2-9) (47)

:>I£(x+y)Slg(x)+s((k')P—1),



where k" = supik : k € Kp(x), ||x||¢,P = 1}. According to
Lemma 9, k" < co. Set inf”x”q),}’:llq;(x) =c¢>0.1fK(ly,) =
2, then there exists x € S(Iy, ,) such thatd, >2-6,s0d, >
2-0forallk e Kp(x).

Since € V,(0), we can find 6 > 1 such that

o2)s how. (s (v (1)

(48)
Let us notice that
I( ) ” ok - ok
2(2-9) 20-0)" op 22-0) 22-0)
(49)
Thus,
K1 kx P(k_x>
2k _Iq)(dxk)<1® 2-9
_Ip(ig Skx )
S\ 2 202-9)
k '
<ip(5) oK) -1)
(50)
< L p_
(20)PI o (kx) + e (kP - 1)
L g p_
= 207 (kP =1) +e(kP - 1)

:(ﬁ +s>(kp—1);

we have 1/27 < 1/(20)? +e&. Since ¢ is arbitrary, we obtain 6 <
1; this is a contradiction. Therefore, K (lq,,P) < 2and P(lq),p) <
1/2. O
Corollary 11. If X = I (1 < p; < 00), then

1

1Y _ »l/p1 P\ _
K1) =2"h, P(l )_1+21—(1/p1>‘ (51)
Proof. For any x € I,
iy _
Iclop = (pr = )77 )77 P
(52)

=(p - 1)_1/1)%1’1/?_1/171@71 (Ip ()

where ®(u) = [u|'/p, and 1/p+ 1/q=1,1/p, + 1/q, = 1.
In fact, since ®(u) = |u|”*/p,, then ©(||x;»,) = I(x) and

O (u) = (pyu) /P Set
1 1+ ke ”x"lm '
kP y2!

(53)

f k)= (1 +18 (kx)) =
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By f'(k) = 0, we get ky = (p, — 1)/ p!/P11/|1x]| .. Since

f"(ko) < 0, we have

Il = }ggk(l 15 (k)" = (f (ko))"
(54)
= (Pl - 1)—1/pq1pi/p—1/pl llll;:
Seta = (p; — 1)71/1"111)%/?_1/})1. From the equation

K -1 zlg(k_X):q,p(l k. ):q,p( k )

2p dx,k (04 dx,k Dp (de,k
(55)
we deduce that d,.,, = (k/a)(@ ((? - 1)/22)"?)) " There-

fore,

K("")=d= sup infd,,

lxllg,,=1K>1

1/p\\ !
_Lior k<®1<<kp;1> ))
ak>1 2 (56)

_ 1/pq,  -1/p Upiin
= -1 2
(pr-1) 2 k>1 (kP -

1)1/PP1

=2'/h,

We have K(I7') = 211 So P(IP) = 1/(1 +2)7" P for 1 <
Py < 00. O
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