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We extend work by Pei-Ping and Gui-Xia, 2007, to a global optimization problem for more general functions. Pei-Ping and Gui-Xia
treat the optimization problem for the linear sum of polynomial fractional functions, using a branch and bound approach. We
prove that this extension makes possible to solve the following nonconvex optimization problems which Pei-Ping and Gui-Xia,
2007, cannot solve, that the sum of the positive (or negative) first and second derivatives function with the variable defined by sum
of polynomial fractional function by using branch and bound algorithm.

1. Introduction

The optimization problem is widely used in sciences, espe-
cially in engineering and economy [1-3]. In 2007, Pei-Ping
and Gui-Xia considered one global optimization problem in

[4]:

2. b (x)
min  w(x) = ch !
=8 (P)
st. g (x)<0, x€X,
where X = {x e RV | 0 < x, < x;, <X, < 00(i =

1,2,...,N)}, aj(x), bi(x), gi(x) are given generalized poly-
nomial. One has
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Sum of rations problems like (P) attract a lot of attention,
and the reason is that these problems are applied to various
economical problems [4].

Pei-Ping and Gui-Xia proposed the method to solve
these problems globally by using branch and bound algo-
rithm in [4]. In the above problem, the objective function
and constrained function are sums of generalized polynomial
fractional functions. We extend these functions to more
general functions like below:
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min  w(x) = Zhj( J(x))
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x € X,
where aj(x) > 0, bj(x) > 0, ck]c(x) > 0, dkj(x) > 0 x € X; that
is,
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(j=L2...P, j=1,2,....0, k=1,2,...,M),
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where Tj , Tj , Tkj’ Tkj are natural numbers, and 8 I B it /Skjt’

d a b c d
ﬁkj , are real constants not zero, and yj,;, y;;» Veje Vije 21€ real
constants.

We assume that hj(yj), hkj(J’kj)
ondly differentiable functions and monotone increasing or
monotone decreasing functions. We divide these functions to
monotone increasing or monotone decreasing as follows:

R — R are sec-

12 P ! .
h;>0 (j=1,...,K), h,<0 (j=K+1,...,P),

>0 (j=1L...K),

<0 (j=Ki+ Lo By).
3)

Furthermore, we assume the following conditions for the
second derivatives:

"

{hjeexp(2;)} <o,
>0, {hk] o exXp (ij)}” <0 (4)
(j=lL...P j=1,..,P k=1,...,M).

To solve the above problem (P0), we transform the problem
(PO) to the equivalent problems (P1), (P2) and transform
(P2) into the linear relaxation problem. We prove the equiv-
alency of the problems under above assumption, and we cal-
culate the equivalent problem using branch and bound algo-
rithm corresponding to [4-6].

For example, according to this extension at approach, we
can calculate the following global optimization problem:

. , xf+3x2—2x§+1
min  sin

x4 x,+2
2

—-X5 +2x; +2x

+cos| —2 =717 22

x, +2.5

x (5)

s.t. xf——l—lso
X

In this paper, we explain how to make equivalent relax-
ation linear problem from original problem in Section 2. In
Section 3, we present the branch and bound algorithm and
its convergence. In Section 4, we introduce numerical exper-
iments result.
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2. Equivalence Transformation and
Linear Relaxation

In this section we firstly transform the problem (P0) to the
equivalent problems (P1) and secondly transform (P1) to
(P2). Thirdly we linearize the problem (P2) corresponding to
(4].

2.1. Translation of the Problem (PO0) into (P1). For the prob-
lem (P0), we put new variables m;, lj, tk]: and s, 1, and the func-

tion p(l,m) and & (s, t) depending on h;, hy ; in the original
problem (PO0):

m.
lj

P
p(l,m) = Zhj(—]) (j=12,...,P),
i

Py, tk] .
Est)=Yhi| =) (j=1..
1 Nk

Since aj(x), b.(x), ckj(x), dk]:(x) are polynomials on closed
interval X, it is easy to calculate the minimums and maxi-
mums of the functions on X; we denote them by a @ b i b;,

ko i o i
Let H be the closed interval:

H:={(lm,st) e R |
a;<lj<aj b;<m;<bj, (7)

=J J

gkj < Skj < Cka, C_lk] < tkj’ < dk]} ,

where P, = 2(P + Yor, P).

Let Z;; be the following closed domain in X x H; that is,

Zy = {(x,l,m,s,t) € XxH |

Ek (S’ t) <0

lj —a;(x) <0,

(k=1,...,.M),
bj(x)—mjso
., K),

aj(x)—ljSO, mj—b]-(x)SO

(j=K+1,...,P), ®

Sk~ G (x) <0, dkj (x)—tkj <0
(j=1...Kpk=1...M),

Gj () =55 <0 4y —di;(x) <0

(j=Ki+1L...Pok=1,...,M)}.
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We give the problem (P1) on Z;. Consider
min p(l,m)
st. & (s,)<0, (k=1,....,M), (P1)
(x,I,m,s,t) € Zy.

Now we obtain Theorem 1 that proves the equivalence of (P0)
and (P1).

Theorem 1. The problem (P0) on X is equivalent to the prob-
lem (P1) on Zy,.
Proof. Let x* be the optimal solution for (P0); we denote

I;=a;(x"), m; =b;(x7),

. . . i 9)
im0, =y (),
and then
L b (x* P m*
Zh J ( ) _ Zh j ’
~ T\ a;(x*) LT\
J= ] j=1 j (10)

B fdg(e)\ B (1
2 ( - > th;<?>-
j=1 Gj () j=1 % ]

Furthermore let (xu, I omb, st tn) be the optimal solution
for (P1). Then by the restricted condition we have the follow-
ing:

forj=1,....,K,0 <! <a;(x*) and 0 < b;(x") < m’;
that is, 0 < by(x*)/a;(x*) < m}/I’;

P0<a(xu)<lﬁand0<mn_

forj=K+1,... ;

ty. ; 1t 1 #
b;(x*); that s, 0 < mj/lj <bi(x*)/a;(x");

forj =1,....,Kpandk =1,...,M,0 < sn] < ckf(x”)
and 0 < d, (xﬁ) < t s that is, 0 < d(x")/g(xF) <
II
kj/skj,
forj—Kk+l Pkandkz1,...,M,0<ck]<(xn)s
t (). ; t
k{ and 0 < t dk].(x ); that is, 0 < tkj/skj <
dk](x“)/ckj(x“)
Theconditionshj >0 (j= 1,...,K),orh; <0(j=K+
- P)and by > 0 (G=1...,K), or hi; < 0 (j = K +
., P,) lead to

b; (x*) m .
hj(cﬂ-(x”)) Shj<?> (j=1....,P),

4y (+') g ()
hkj' < ij (xn) < hk]f g
]

3
Therefore we obtain
P b, (x P m!
zh,( )< (%),
=\ Z\
(12)

Now,

that is, x* satisfied constant for (P0).
Since the optimal solution for (P0) is x”, we obtain

b; (x7) < b; (xn)
g (aj (x*)) <P <a]- (x“))’ "

SO

j=1 j=1 j j=1
. (15)
P m’ P m
i i
Zh]( I: ) <20 (T“)
j=1 ] j=1 j
For the optimal solution x™ of (P0), we denote
l;.‘ =a;(x), m; =b; (x7),
(16)

=65 (7)), = di ()

then

Pl =w(x), &) =g(x). W)
The element (x* 5, m™, ¥, t7) satisfies the conditions for Z ;.
Since (x*, 1}, m*, s, %) is the optimal solution for (P1), it
satisfies ZJ L hi( ﬁ/lf) < Z] L hymi ).

Hence Y7, h;(mt/I5) = 7 hy(m /I7); that is, the two
problems are equivalent. O

2.2. Translation of the Problem (P1) into (P2). We change the
variables by the logarithmic function log. Since x;, j, m;, 5,
tk] are positive, we can write x;, l], Mj> Syi th as exp(y,) are
N+ P.); that is, y; :=
Ins;,

using new variables y, (n = 1,..
ll’l xl’ yN+] =

and YN+2P+(M+k-1)P,+]

In l]’ yN+P+] :=In Mjs YN+2P+(k-1)P+] =
=1In ty-



The closed domain Z,; corresponds to the following S°,

where
"= {y e RN*Pun |
Inx;, <y <Inx,
Ing; < yy,; <Inaj,
Inb; < ynipyj < Inbj,
ln(_Zka <

YN+2P+(k- 1P +j <lInc Ck]

Ind,; < yniopr sk np; S In dkj}
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Then the objective function p(l,m) and the restricted
functions are changed functions which are changed to p,(y)

and y,,(y) (m=1,...,M+2(P+ Zkle P)).
Now we put

Sy = {yem

Mm(y)ﬁO(m: 1,2,...,M+2<P+§Pk>>}.

(21)

(18)

Then the problem (P1) is transformed naturally to the follow-
ing problem (P2):

Using such transformation of variables, the objective function

and the restricted functions of (P1) are changed to the

following:

Zh< ) Zh o exp (Ynipij = Vnsj)»

By t, ¢

k
> hi| =
z ] Sk"
j=1 ]

By

= thj ° exp (yN+2P+(M+k—1)Pk+j - yN+2P+(k—1)Pk—j') >

j=1
Tf
I - a;(x) = exp (yn) -

t=

]t exp (ZYJtzyt )

T? b < b
bj (x) = m; = Zﬁjt €xp <Zthiyi> —&xp ()’N+P+j) >
t=1

i=1

Skj — %j (x) = exp (yN+2P+(k—1)Pk+j)

Tf N
ﬁ]t €xp <Z)}]t1yz >

t=1

T}j d J d
tj = ) Bl exp (me)
t=1 i=1

- €Xp (J’N+2P+(M+k—1)PK+ j) :

i (x) -

Now p(l,m), & (s, 1), lj - aj(x), bi(x) -
d;(x) — £} ;, are represented as

M Skj ~

N+P,

Tm sum
Z\I’mt ° exp ( Z Amtiyi> >
t=1 i=1
where A,,,;
,’nt(x) <0,and {¥,, ° exp(y)} > 0or{¥
Let f,.(y) be V¥,

DI A0 SAMELD SIS}

is real number and ¥, satisfies ¥/ (X)) > 0 or

ot oexp(y)} <0. e
o exp(y) and let pu,(y) be [ys Y,

min g ()
(P2)
st.  ye¢ Sz.

2.3. Linearization of the Problem (P2). The objective and
restricted function for (P2) are nonlinear. On Sg, We approxi-
mate y,,(y) to lower bounded linear functions, and we can
transform (P2) into the linear optimization problem. The
solution of it is lower bound of the optimal value on (P2). We

denote ;
Yo Vo ¥ ZN+j’ YN+ AN IN+prjp Y Nvapi(k1) DR+

INs2PHk-DBA P Ynsapr Mk )P+ > YN+2P+(Mrk-1)p+j 35 TIN-
imums and maximums for In x;, Inx;, In aj Ina;, In lzj, In bj,

Ings InGs Indys Indy; (j = 1,...,P, j = 1,..., Py k =
L M).

And we denote §7 ¢ Sﬁ; that is,

19)
S .= {y e RN Faum |
y <y <y <y <Y,
(i=1,...N+Py)},
. N+Pym
N
Ymt = Z /\mtiyi’
i=1
. N+Py,
S . —
th = min {AmtiZ?>Amtiy?} >
i=1
—Sq N+Psum
Ymt = Z max {Amtiy?’Amtiyiq} >
ck]:(x), i=1 -
M
<m: 0,1,2,...,M+2(P+ Zpk>, t= 1,...,Tm>.
k=1

Now, f,.(y) > Oor f (y) < 0,and f'(y) > 0 or
i () < 0, and f,,(Y, t) is monotonic convex function on

Y, . ] And there exist the upper and lower bounded
linear functions (Fst(qu) and G (Yst)) of fmt(qu



Abstract and Applied Analysis

We denote
_¢d o
qu (qu) _ fmt (Ymt) - fmt (th) (qu B qu )
mt mt ?f:t B Zth mt  —mt (23)

+ fmt (Zf:t) :

q

—s
As fmt(Y,S:t) is continuous on [qu Y

Y., Y,,] and differentiable on

—81 —51
(Zfzt, Y,.), there exists c,S:t € (Zfzt, Y,..), such that
_S‘Z Sq
, 5 fmt (Ymt> _fmt (th) (24)
fmt (Cmt) = —S4 s >
Ymt - th

by the mean value theorem.
Since £, .(y) > Oor f,.(y) < 0, fmt(YnS:;) is monotonic

. =1 . . .
function on [Zf:v Y], there exists the inverse function of

ot (Xf:t). Hence cf:t is uniquely decided, fn_qt1 (Yriqt), such that
s g
s . fmt (Ymt> - fmt (th)
mt = mt —S1 s > (25)
Ymt - th
and we define
S N
o o fmt <Ymt> - fmt (th) 5 5
mt( mt) = —S4 s ( mt _Cmt)
Ymt - th
sq
ot (Gt) (26)

By the definition, fmt(Y,iqt) > Lmt(YrS:t .
q

Forall y € §% p,(7) = 2% fuu) = 244 Ly ()

Let LS (y) = Y,7 L3 .(») (0<m < M+2(P+ Y5, P)).
Then L,(y) is a linear function which is lower function for
the convex enve.lope of .[/lo( y) on the rectangle.

(LRP (89)) is the linear problem of (P2) by the lower
bounded function of y,,(y):

min Lf)q (»)

st. IS (y)<0

M
<m= 1,2,...,M+2<P+ Zpk>>.
k=1

By the definition (LRP(S7)), any y in $? satisfying the
restricted condition of (P2) satisfy the restricted condition of
(LRP (87)).

(LRP (57))

Lemma 2. The value of (LRP (S7)) is less than the optimal
value for the problem (P2) on S7.

Proof. The definition of (LRP (S%)) implies the statement
naturally. O

Lemma 3. Assume that 87" ¢ §1 ¢ --- ¢ §° ¢ RN*Pwm, gnd
ﬂ;’io $7 = {y*}. Foreachm = 0,1,2,...,M + 2(P + Yor, P)
and t = 1,2,...,T,, lim,_, ,max,cqlFo,(y) = () = 0
and limq_,oomaxyesqIGth(y) - [ =0.

Proof. Let y7 := {y € 7 | min(A,,;;y%, A, ¥]) (i = 1,...,
N+ Pyl and 7 = {y € 81| max(hy% A7) (i =
1,...,N+P,)} -

Since (12,87 =
lim, _, o,y = lim,_, o,y = y".

Hence, Yy, — Y5 = TN1% 1,17 - 1) =% 0,
Now,

{y*}, the values y? and y? satisfy

|5 () = foe )

|Ff:t (Yrant) - fmt (Yriqt)

+fmt (Zf:t) - fmt (Y:Z) :

. q . q —S1
The function |F,Sm(y) - fm(| is concave on [ys Y, .l

—mt’>

therefore cys,; attains the maximum value of IF,S:t( V)= fr I
maxy g |F () = fone ()

FSZ ()’) = St ()’)'
= |Frant (Cfnqt) = St (CrS:t)

_ fmt (?f:t> - fmt (Xth)

max
yest

(S -v5) @

mt — —mt

+ font (Ziqqt) = font (Crsjt> .

We denote

N =51 s §1 81 s g4
Imt - Ymt - th’ Cmt = th + emtlmt

(0<85, <1).
(29)



. s
Since I),,

fmt <?f;t) - fmt (Zit)

— O0forqg — oo,

(6o = Yo)

mt  —mt

+fmt( ) fmt( )

9 g4 q
GSS YS

mt mt —mt )

_ fmt (Xfr‘:t-'—lfrft)_fmt (Zf:t)( s

N N N
th + Imt - th

+fmt( ) fmt( ef:t r:t)

_ St (stﬁlrsj) Jmt (—mt) (esq sq)

S 4 54 mt-mt
th + Imt - th

+fmt ( ) fmt ( ef:t ::t)

= [Fone (T + T ) 65 = Fone (Vo) 05+ foe (Yo
_fmt (Y + ef;t f:t)

q— 00 N Sq N 9
- ’fth 6 fmt (th) Gmt

+fmt( )fmt( )’ 0.

(30)
Thus
G (9) = Foe ()]
= |Gon (Vo) = e (Y2)
=51 _ 51
1= <Y;§a)_§§t U)o gy

+ o () = Fon (Vo) |-

On the other hand IGSqt(y - fme(¥)| is a convex func-
tion by the same argument, and we obtain the following

maxyesquijt(y) _fmt(y)l - Oforq — 00. O

Lemma 4. Under the same assumption of Lemma 3
maxyesqILfZ(y) - UM — 0 for q — oo and each m =
0,1,2,...,M+2(P+ Y Pp.
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Proof. Lemma 3 and the definitions LSVZ(y), U (y) imply
Lemma 4, standardly. 0

3. Branch and Bound Algorithm and
Its Convergence

In Section 2, we transformed the initial problem (P0) into the
equivalent problem (P2), and we make the linear relaxation
problem (LRP) of (P2) to find the approximate value of (P2)
easily. Now we get it by using branch and bound algorithm.

3.1. Branch and Bound Algorithm. We solve the linear relax-
ation problem on initial domain S° to get the linear optimal
value as lower bound of (P2) and upper bound of (P2). For
preparing to separate the active domains, we let the active
domains set be @, and active domain §10)  §° g presents the
times of the cutting domains and stage number and k presents
the number of active domains on stage g. If ST is active
domain, we divide $7® into half domains $1®, §102 and
linearize (P2) on each domain and solve the linear problems.
After the above calculations, we get the lower and upper
bound value of (P2). After the repeat calculations, we get the
convergence for the sequences of the lower and upper bound
values, and we get the optimal value and solution.

311 Branching Rule. We denote that $7% = {y | y1® <
Zn
yn a0 < y SN+ Psum} ¢ S°. We select the bran-
ching variable 7 such that i = n max{ yq(k yq(k),n =1,2,
—n
. N+P,

sum

intervals: [y, (549 +37%)/2] and [(Z?(k +719) 12,719,

,n—l

}, and we divide the interval | yq(k , 7?(k)] into half

3.1.2. Algorithm Statement

Step 0. Firstly, we let g be 0 and let k be 1. And we set an appro-
priate e-value as a convergence tolerance, the initial upper

bound V* = oo, and @, = S°W_We solve LRP(S""), and
we denote the linear optimal solution and optimal value by
7(8°) and LBy If 7(8°M) is feasible for (P2), then update
V* = up(7(8°M)) and we set the initial lower bound LB =
LBy ;). If V* — LB < ¢, then we get the e-approximate optimal
value i ( )7(SO(I>)) and optimal solution )7(80(”) of (P2), so we
stop this algorithm. Otherwise, we proceed to Step 1.

Step 1. For all k, we divide $7® to get two half domains, S
and $702, according to the above branching rule.

Step 2. For all k and each domain STV (= 1,2), we
calculate
L

m

p,0= Y q

T,

exp( sq(k )+ Zm Cot €XP (?f:ik)»

t=1,¢,,;>0 t=1,¢,,; <0
M
<m: 1,...,M+2<P+ Zpk)>,
k=1
(32)
g1k
where ¢, Ymt ,and Y are defined in Section 2.3.



Abstract and Applied Analysis

If there is the “ (v) that satisfy 4 (v) > 0 for some m €

{1,2,...,.M +2(P + Zk L PO, §1 w7 ; is infeasible domain for

(P2), then we delete the domain from @ . If 107 (v = 1,2)
are all deleted for all k, then the probfem has no feasible
solutions.

. gak)v Sq
Step 3. For left domains, we compute A, , , B,

_Sq(k)-v
Y, as defined in Sections 2.2 and 2.3. We solve the

LRP(S7™") by simplex algorithm, and we denote the
obtained linear optimal solutions and values by (y($1®),
LB, ).,)- Then if 7(81K)v) is feasible for (P2), we update
V" = min{V", uy((S™7)}. If LB, > V*, then delete the
corresponding domains from @,. If v* —LB ()., < € thenwe

(k)-v Sq(k)-v

,Y,, ,and

get the e-approximate optimal value p,(5(S7%")) and opti-
mal solution )7(Sq(k)"’) of (P2), so we stop this algorithm.
Otherwise, we proceed to Step 4.

Step 4. We update the index of left domains $7% to §771®);

then we initialize k. And we settle that @, is a set of s,
and go to Step 1.

3.2. The Convergence of the Algorithm. Corresponding to [4],
we obtain the convergence of the algorithm (cf. [4]).

Theorem 5. Suppose that problem (P2) has a global optimal
solution, and let y; be the global optimal value of (P2). Then
one has the following:

(i) for the case € > 0, the algorithm always terminates
after finitely many iterations yielding a global e-optimal
solution y* and a global e-optimal value V* for prob-
lem (P2) in the sense that

y €S, V=€ <y with V" =y (") (33)

(ii) for the case € — 0, we assume the sequence €, is
convergence tolerance, such that €, > €, >,...,> €, >
€401 >>...>> 05 that is, lim, €, = 0. And we
assume the sequence y,, is optimal solution of (P2) cor-
responding to €,,. Then the accumulation point of y, is
global optimal solution of (P2).

Proof. (i) It is obvious by algorithm statement.
(ii) We assume that the upper bound corresponding to €,
isV:
Ho (y:;) € [erj< ) Vn*] > (34)
¥, is the point sequence on bounded closed set, so y* has a

converge subsequence y,;. We assume that lim; _, . y,; = »";

then
V;i_enigyo(vr:‘)gv i — 00,

then ni — o0, so lim ¢,; = 0.
ni — 0o

(35)

V, is monotone decreasing sequence, so it converges. We

assume that lim, _, V" = y;:
llim (Vi = eni) < l.lingoﬂo (i) < ,IHEOV:‘ ;0 (36)

to(y™).

And y; < ‘ug* < pgys thatis, o (y™) = py . For Vm, p,, (y) < 0.
As p,,(y") is continuous, lim,, _, u,,,(y,) = u,,(y") <0. O

Ho(y) is continuous function, so lim; _, o yo(¥,;) =

4. Numerical Experiment

In this chapter, we show the numerical experiments of these
optimization problems according to the former rules. We
make the algorithms coded with MATLAB. In these codes,
we use MATLAB’s unique function code “linprog” to solve the
linear optimization problems.

Example 1. Consider
x%+3x2—2x§+1
X2+ x,+2

2
—X5 +2x; +2x
+cos| —2— 1 =2
x; +2.5

min h(x) = sin (

2 X1 (37)
st X -L-1<0
X

X2
+3—=-5<0
X1

X={x:1<x <31<x,<3}.

We set € = 0.0001. After the algorithm, we found a global
e-optimal value V* = 1.0748 when the global e-optimal

solution is (xl,xZ)T = (1.34977,1.64232).

Example 2. Consider

—xf +3x; + 2x§ +3x, +3.5
x +1

min exp (

—ex ar:
P x} = 2x, + x% — 8x, + 20

)
st x; — X <1 (38)
1

X1

2— +x,+<6
X3

2% +x, <8
X={x:1<x<31<x,<3}.

We set € = 0.0001. After the algorithm, we found a global
e-optimal value V* = 58.2723 when the global e-optimal
solution is (x,,x,)" = (1, 1.6180).

Example 3. Consider

. . x%+2x2—2x1+x§+1
min  sin

2
X tx5+2

3xf
+ cos

—3x2+2x1+x§+5
x} +2x3 + 10



. xf+3x2—2x§+2
s.t. sin 3
X7+ X, +2

2

—x5 +2x, +2x 39

+cos| —2—1 2 ) <2 (39)
x; +2.5

X={x:1<x<2,1<x,<2}.

We set € = 0.0001. After the algorithm, we found a global
e-optimal value V* = 1.09133 when the global e-optimal

solution is (xl,xz)T =(2,1).
Example 4. Consider

x%—2x§+8>

min  exp
(Zx% +x,+1

3x1—x§+5
+exp| — 5
xX{—x;+x5-3x,+10

st x]-2x,<1 (40)
X
x -2<1
X1

2x1+x§§6
X={x:15<x,<2,1.5<x, <2}.

We set € = 0.0001. After the algorithm, we found a global
e-optimal value V* = 3.9378 when the global e-optimal

solution is (x,, x,)" = (1.5,1.7321).

5. Concluding Remarks

In this paper, we proved that we can solve the nonconvex
optimization problems which [4] cannot solve that the sum of
the positive (or negative) first and second derivatives function
with the variable defined by sum of polynomial fractional
function by using branch and bound algorithm.
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