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We study the existence and nonexistence of the positive solutions for the integral boundary value problem of the fractional
differential equations with the disturbance parameter a in the boundary conditions and the impact of the disturbance parameter a
on the existence of positive solutions. By using the upper and lower solutions method, fixed point index theory and the Schauder
fixed point theorem, we obtain sufficient conditions for that the problem has at least one positive solution, two positive solutions
and no solutions. Under certain conditions, we also obtain the demarcation point which divides the disturbance parameters into
two subintervals such that the boundary value problem has positive solutions for the disturbance parameter in one subinterval

while no positive solutions in the other.

1. Introduction

In this paper, we are concerned with the existence and
nonexistence of positive solutions for the boundary value
problem of the fractional differential equations

“D°u(t) = f(tu(t), te],

myu (0) — nlu’ (0) =0, 0

myu (1) + nzu' 1) = J: gs)u(s)ds+a,

where ] =[0,1],1<8<2, feC (xR, R"), m; >0, n >
0, mi+n’ >0,i=1,2, geC (J,R"),disturbance parameter
a € R*, and ©D? is the Caputo fractional derivative of order
d.

In the recent decades, since fractional differential equa-
tions have been applied widely and successfully in the
description of complex dynamics, they have been regarded as
a valuable tool being used in the fields to handle viscoelastic,
physics, chemistry, electrical engineering, biology aspects,
and so forth; see [1-12] and references therein. And besides,
the boundary value problems for the differential equations

appear in many applications; see [13-16]. As a result, the
boundary value problems for the fractional differential equa-
tions are one of the most active fields in the researches
of nonlinear differential equations theories and plenty of
meaningful achievements have been gained in the related
fields; see [1-8, 17-29] and the references therein. Due to
that the boundary value problems with the integral boundary
conditions include two-, three-, and multipoint boundary
value problems as special cases and they can better describe
the actual phenomenon; more and more emphases have been
put on the researches of them; see [19, 20, 30-34] and the
references therein.

At the same time, while using the methods of the differ-
ential equations to solve the actual problems, it is inevitable
that there always exists disturbance which will have great
influence on the existence of the solutions. In paper [35,
36], the authors studied nonlinear nonlocal boundary value
problem with nonhomogeneous boundary conditions

u' @)+ f(Lu@),u' () =0, te(01),

w© - Y aut) =1y,

i=1


http://dx.doi.org/10.1155/2014/131548

()~ Y bu(t) = A,
i=1
(2)

where they discussed the impact of disturbance parame-
ters A;,A, on the existence of the solution and obtained
some meaningful conclusions. And then, the authors further
studied the 2nth order nonlinear nonlocal boundary value
problem with nonhomogeneous boundary conditions; see
[37].

The purpose of this paper is to study the impact of
the disturbance parameter a on the existence of positive
solutions and obtain sufficient conditions for the boundary
value problem (1) to have at least one positive solution, at least
two solutions, and no solutions. Under certain conditions, we
obtain that there exists a constanta™ > 0, which separates R*
into two disjoint subintervals M = [0,a™] and N = (a”, +00)
such that the boundary value problem (1) has at least two
positive solutions for each a € (0,a"), at least one positive
solution for a = 0 and a = a*, and no positive solutions for
a € N. The main tools we applied are the upper and lower
solutions method, fixed point index theory, and the Schauder
fixed point theorem.

This paper is organized as follows. In Section 2, we
introduce the basic definitions and the basic properties of
the integral kernel. In Section 3, we study the comparison
principles and the basic lemmas. In Section 4, we consider
the existence and nonexistence of the positive solutions of
the boundary value problem (1), and we study the impact
of the disturbance parameter a on the existence of positive
solutions.

2. Preliminaries

In this section, we give some basic definitions and lemmas
which play an important role in our research.

Definition 1 (See [2, 3]). Let § > 0, for a function u
(0,+00) — R. The Riemann-Liouville fractional integral
operator of order § of u is defined by

8 1 J ! 5-1
Fut)=—=| (t-9" u(s)ds 3
®) =1 ) 0( )" ul(s) (3)
provided the integral exists.

The Caputo derivative of order § for a function u
(0,+00) — R is given by

1 J’ o™ ()

Crd. i
Dutt) = I(n-a) Jo (t -0t

ds, (4)
provided the right side is pointwise defined on (0, +00),

wheren=[0]+1landn-1<8 < n.
If 8 = n, then “D°u(t) = u™(t).

Definition 2. Let AC[0, 1] be the space of functions u which
are absolutely continuous on [0, 1]. We denote AC"[0, 1] by
the set of functions # which have continuous derivatives up to
order n—1 on [0, 1] such that u™ ™ € AC[0,1]. In particular,
AC'[0,1] = ACI0, 1].
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Lemma 3 (See [2]). If u € AC"[0,1], then the Caputo
fractional derivative CD‘Su(l‘) exists almost everywhere on
[0, 1], where n is the smallest integer greater than or equal to

d.

Lemma 4 (See [2]). Suppose § > 0 and u € AC"(]). Then

°Dou(t) =ut)+c+at+ot’ +-+c, ",
® (o ()
ck=”k—'(), k=0,1,2,...,n-1,

where n is the smallest integer greater than or equal to §.

Definition 5. One says u is a solution of the boundary value
problem (1) if u € ACE()), CD‘Su(t) € C(J) and satisfies
(1). One says u is a positive solution of the boundary value
problem (1) if u is a solution of the boundary value problem
(1) and u(t) > 0and u(t) # Ofort € J.

Throughout this paper, we assume the following condi-
tions hold.

(HI) p>0, g>0and n,((§ - 1)n; — (2 - 8)m,) > 0, where
p =mym, +myn, + myn,,

1 (6)
p- fol (n, + mys) g(s)ds

y:

(H2) There exists a function ¢ € AC*(J,(-0,0]) and
€p%¢ € C(J) such that myc(0) —nlc'(O) =0, myc(1)+

nzc'(l) > —1and fol g(s)c(s)ds < 2.

(H3) f(-,u) is monotonically increasing with respect to u
and f # 0.

For y e C(J]), firstly we consider the boundary value
problem

Duty=y(t), teJ,

myu (0) — nlu' (0) =0, )

1

myu (1) + nzu' (1) = JO g(s)u(s)ds.

Lemma 6. Suppose (H1) holds. Then the boundary value
problem (7) has the unique solution

1
u(t) = L H (t,s) y(s)ds, (8)

where the function H is given by

H(t,s)=G(t,s)+h(t,s), )
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where
G(t,s)
L
pr (6)
(n, +myt) (mz(l —) e, (-1 (1 - 5)5_2)
—p(t —5)6_1, 0<s<t<l,
X
(n, +myt) (m2(1 —) e, (6-1)(1- 5)672) ,
0<t<s<l,
(10)

1
h(t,s) =g (n, +mt) L g ()G (r,s)dr. (11)

Proof. According to Lemma 4, —CD‘Su(t) = y(t) is equivalent
to the following equation:

u(t) = -I°y (t) + ¢ + ¢ t, (12)

where ¢, = u(0), ¢, = u'(0).
By the boundary condition m1,u(0) — nlu'(O) = 0 and

myu(l) + nzu'(l) = fol g(s)u(s)ds, we can show
mcy —ny¢ =0,
myco + (my +1y) ¢ (13)

1

= J g(s)u(s)ds+m216y(1) +n215_1y(1).
0
Hence, we can obtain
1
G = m (J g(s)u(s)ds +m216y(1) + nzlsfly(l)),
p \lJo
1
¢ = m (J g(s)u(s)ds+m218y(l) +n21571y(1)).
p \Jo
(14)

It follows the definition Riemann-Liouville fractional
integral that

t

_ o1
u(t) = F((S)Jo(t $)° y(s)ds

ny +mygt

PT (0)

1
X <J my(1 — 5)6_1)/ (s)ds (15)
0

+ Jl n,(6-1)(1 —5)872)/(5) ds>
0

¢t (!
+”1+—””11 g (s)u(s)ds,
0
that is,
1

u(t) = L G(t,s)y(s)ds+ %mlt J-Ol g(s)u(s)ds. (16)

We multiply by the function g on both sides of (16),
integrate from 0 to 1,

1 1 1
J g(s)u(s)ds:J' g(s)(j G(s,r)y(r)dr)ds
0 0 0

1
. IO g(s)u(s)ds
p

= J: <J-1 gr)G(r,s) dr)y(s) ds

0

J-l (n, + mys) g(s)ds
0

1
d 1
PR IOUOB g0 s
0

p
17)
and we can easily get
1
J g(s)u(s)ds
0
_ p
p— Iol (n, + mys) g(s)ds
(18)

X Ll <J-O1 g(r)G(r,s) dr> y(s)ds

=pg J: (Ll g(r)G(r,s) dr> y(s)ds.

So,

u(t) = LIG(t,s)y(s)ds+ m o+ mt

- pg Ll (J: g(r)G(r,s) dr) y(s)ds (19)

= JIG(t,s)y(s)d5+ th(t,s)y(s)ds,
0 0

where h(t,s) = g(n, + mt) .[01 g(r)G(r, s)dr.
Hence,

1
u(t) = J H (t,s) y (s) ds. (20)
0
It follows from (12) that
u ()= -1y (1)

my ! ) 5-1
+7(J0g(s)u(s)ds+m21 y (1) +n,I y(l)).
(21)

We can obtain u € AC*(J) and *D’u(t) € C()). O

Similarly, we can obtain the following lemma.



Lemma 7. Suppose (H1) holds and a € R. Then the boundary
value problem

Dut)=0, tej,
myu (0) — nlu' (0) =0, (22)
myu (1) + nzu' (1) = J-Ol gs)u(s)ds+a
has the unique solution
u* (t) =ga(n, +myt). (23)

Lemma 8. Suppose (HI) holds. Then the solution u € AC3())
and °D°u(t) € C(J) of the boundary value problem (1) is
equivalent to the solution u € C(]) of the integral equation

1
u(t) = J-o H (t,s) f (s,u(s))ds +ga(n, + mt),

te].
(24)

Proof. If u € AC?(J) and CD‘Su(t) € C(J]) is the solution of
the boundary value problem (1), by Lemma 4, —CD‘Su(t) =
f(t,u(t)) is equivalent to the equation

u(t) = -I°f (Lu () + ¢ + g, (25)
where ¢, = u(0), ¢, = u'(0).

For convenience, we denote y(t) = f(t,u(t)).
Similar to the proof of Lemma 6, we can obtain

1
G = % (L g(s)u(s)ds +m216y(1) + nZI‘Hy(l) + a),

my (! s -1
¢ = 7<L gs)u(s)ds+myI°y (1) + n,yI y(1)+a>-

(26)
Substituting ¢, and ¢, into (25), we can obtain
1
u(t) = J G(t,s) y(s)ds
0 27)
L mtmt Jlg(s)u(s)ds+ (m +m1t)a.
0

We multiply by the function g on both sides of (27),
integrate from 0 to 1, and get

Jlg(r)G(f’,S)dT>y(s)ds

0

Ll gs)u(s)ds=gp J: <
(28)

1
+ga J (n, +mys) g (s)ds.
0

Sinceg = 1/(p - J‘Ol(n1 +m;s)g(s)ds), we have

u(t) = J.ol H(t,s) y(s)ds+ga(n, + myt). (29)
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That is,

u(t) = Ll H(t,s) f (s,u(s))ds +ga(n, +mt). (30)

On the other hand, if u € C(J) is the solution of the
integral equation (24), we have

u' (1) = Sy L (t—5)°2f (s,u(s)) ds
1
G5 Jy (a1 -9

+1, (8- 1) (1-5)°7) S

x f(s,u(s))ds

+gm, J: (Jl g(r)G(r,s) dr> ds + gam,.

0

It is easy to see that u' e AC()).

Hence, u € AC*(J) and ‘Dlue c()).

We can easily verify that u satisfies the boundary value
problem (1).

Therefore, u € AC*(J) and “D°u(t) € C(J) is the solution
of the boundary value problem (1). O

Lemma 9. Suppose (HI) holds. Then the functions G, h, and

H have the following properties;
(1) G € C([0,1] x [0,1)), 0 < G(t,s) < (((my +ny)(m, +
n,(8 - 1)))/T(8)p)(1 - s)sizfor (t,s) € [0,1] x [0,1)

and there exists a constant 0 < y, < 1 such that for
s€[0,1)

r?eljn G(t,s) =y rrtlea]x G(t,s); (32)
(2) h(t,s) = 0 for (t,s) € [0,1] x [0, 1) and there exists a
constant 0 < y, < 1 such that for s € [0, 1)

r?el]n h(t,s) =1y, Il;leajx h(t,s); (33)

(3) H(t,s) = 0for (t,s) € [0,1] x [0,1) and fors € [0,1)
r?ei]nH (t, ) = )/HtleanH (t,s), (34)

where y = min{y,, y,}.

Proof. (1) By the expression of G(t, s), it is easy to see G €
C([0,1] x [0, 1)).
Since (H1) holds, we can show that for (¢, s) € [0, 1]x[0, 1)

(n, +my) (my +n, (8- 1))
pr'(8)
For0 <t < s < 1, it follows
nn, (6—1)(1-35)°72
YO
n,(1 —5)°2
ECH

G(t,s) < (1-5)°72  (35)

G(t,s) >

(36)
(m-1)-2-80)m,).
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For 0 < s <t <1, by (10), we have

aGa(i, s) _ ﬁ (ml (m2(1 _ gt
1, (6 -1)(1 - s)‘”)
(37)
-p@-1)(t-9"7),
o’°G(t, i
ag 2 - PF1(5) (_P ©-1)@-2) (-5’ 3) > 0.
It is easy to see that
oG (t,s)
tnel[i)f] ot
B oG (t,s)
VR P
L o-1 6-2
= o) (m1 (mz(l—s) +n, (8 —1)(1-5) ) (38)

P @-1)1-9"7)

o2
:mZST;))(ml(l—s)—(ml+nl)(8—l)).

(H1) implies that (m; + n;)(8 — 1) > m,. By (38), we have
max; () (0G(t, s)/0t) < 0. Hence,

mirlllG (t,s) =G (1,s)
S,

tel

(1 - 5)572
)

ny(1 - s)‘s_2
oL (8)

((ny+my) (-1 -my(1-5))

((ny +my) (6-1)—my).
(39)
For (t,s) € [0,1] x [0, 1), we can show that
ny(1 - s)‘s_2
G(t,s) = W

from (36) and (39).

We denote y, = n,((n; +m)(§ - 1) —m,)/(n; + m)(m, +
1,(8 — 1)). It is obvious that 0 < y; < L.

By (35) and (39), for (¢, s) € [0, 1] x [0, 1), we have

((ny+my)(6-1)-my) >0 (40)

my ((ny +my) (8- 1) —my)
YO

S ny ((ny +my) (8- 1) —my)

- P (5) (41)

) pl (8)
(n, +my) (my +n, (6 - 1))

(152

minG (¢, s) =
te]

-G (t,s) =y,G(t,s).

Hence, min,;G(t,s) = yymax,;G(t, s).
(2) By the expression of h(t, s), see (11), it is easy to see
h(t,s) > 0 for (t,s) € [0,1] x [0,1) and

nt1€1jnh (t,8) =7, n}:ljxh(t, s) forse0,1), (42)
where y, = n,/(n; + m,).

(3) By (1) and (2), we have H(t,s) > 0 for (t,s) € [0, 1] x
[0,1) and

min H (¢,s) = min (G (t,s) + h (t, s))
te] te]
>minG (t,s) + minh (¢, s)
te] te]

>y, maxG (t,s) + y, max h (¢, s)
te] te]

(43)
>y <maxG (t,s) + max h (t, s))
te] te]
>ymaxH (t,5).
te]
O

For the sake of the reader, we state the fixed point index
theorem and Schauder’s fixed point theorem which will be
used later.

Lemma 10 (See [38]). Let P be a cone of a real Banach space
E, Q be a bounded open set in E, and 0 € Q. Suppose A :

PNQ — Pisacompletely continuous operator. If Au# pu for
anyu € 0QNPand p > 1, then

i(A,QNP,P)=1. (44)

Lemma 11 (Schauder’s fixed point theorem, see [39]). Let E
be a real Banach space, and let Q) C E be nonempty closed
bounded and convex; A : Q — Q compact. Then A has a
fixed point.

3. Comparison Principle and the
Existence of Solutions

Definition 12. Let o € AC*(J) and CpPla € C(J]). One says
that « is a lower solution of the boundary value problem (1),
if

““DPa(t) < f(t,a(t) + p, (), te],

(45)
mya (0) — nltxl (0) =0,
where
0,
1
mya (1) + mya’ (1) < J g(s)a(s)ds+a,
0
i
Po () = 1 (“D°cv)) ( L g(s)a(s)ds

+a - mya (1) - nya (1))

mya (1) + mya’ (1) > Jl g(s)a(s)ds +a.
0
(46)



Let B € AC*(J) and “D°B € C(J). We say that f8 is an
upper solution of the boundary value problem (1), if

DB 2 f(LBWO) +ap(t), te],

(47)
m, B(0) —n, B (0) =0,
where
0,
1
B (1) + mp (1) > L 9()B(s)ds +a,
1
25 (6) = - Cotew)( [ g pwds

ra-mB(1)-mp (1)),

1
m, (1) +n2/3'(1) < L g(s)B(s)ds+a,
(48)

where c(t) is defined in (H2).

The following comparison principle will play a very
important role in our main results analysis.

Lemma 13. Let (HI) hold. Suppose that u € ACA()), PPy ¢
C()), and satisfies

-“D’u () > 0,
m,u (0) — nyu' (0) =0, (49)
myu (1) + nyu' (1) = Ll g(s)u(s)ds.
Then u(t) > 0 fort € J.
Proof. Denote
-“Du(t) = y(t), (50)

then y(¢) > 0 fort € J. Leta > 0 such that
1
myu (1) +myu' (1) = J gs)u(s)ds+a. (51)

0

By Lemma 8, we can get that the boundary value problem

Dlut)=y), te],
myu (0) — nlu' (0) =0, (52)
myu (1) + nzu' (1) = Ll g)u(s)ds+a
has unique solution
u(t) = J: H(t,s)y(s)ds+u" (1), (53)
where u”*(t) = ga(n, + m;t) and t € J.
It follows that u(t) > 0 for t € J from Lemma 9. O
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Lemma 14. Let (HI) and (H2) hold. Suppose that u € AC()),
Du € C(J), and satisfies

-“D°y ) - (CDBC (t))

(54)
myu (0) — nlu' (0) =0,
1
myu (1) + nzu' (1) < J g(s)u(s)ds.
0
Thenu(t) = 0 fort € J.
Proof. Let
1
v () = ut) +c(t) (L 9(s)u(s)ds
(55)

—m,u (1) — nzu' (1) ) .

Since (H2) holds, we have ¢(t) < 0 fort € J, m,;c(0) -
nyc'(0) = 0, mye(1) + nyc'(1) = ~1,and [ g(s)e(s)ds < 2.
Hence, by (54), we have

u)=>v(t), forte],
Dy (1)

= —CDau (t) _ (CDSC (t))
X <,[1 g (s)u(s)ds —myu (1) - nyu' (1)> >0,
0
myv(0) — nlv' (0)
= mu (0) — nu’ (0)
1
+ (J g(s)u(s)ds —myu (1) —mu' (1))
0
X (mlc(O) - nlc’ (0))
=mu(0) - nlu' (0) =0,
m,v (1) + nyv' (1)
= myu (1) + nyu' (1)

+ (JOI g(s)u(s)ds —myu (1) - nzu' (1))

X (mzc(l) + nzc' (1))
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> myu (1) + nzu' (1)

_ <Jl g(s)u(s)ds—myu(l) —nzu' (1))

0

1
=(-2) <L g(s)u(s)ds —myu (1) - nyu' (1)>
+J1g(s)u(s)d5
0
> Jlg(s)c(s)ds
0

X <Jl g(s)u(s)ds —myu (1) —nzu' (1)>

0

1
+J g(s)u(s)ds
0

1
= Jo g(s)v(s)ds.
(56)

In view of Lemma 13, v(¢) > 0 for t € ], which implies that
u(t) > 0. O

We can easily obtain the following lemma from the
definition of u*, where u” is defined by Lemma 7.

Lemma 15. Suppose (HI) holds. u is a positive solution of the
boundary value problem (1) if and only ifw = u—u" is a positive
solution of the boundary value problem

—Dw(t) = f(bw®) +u" (), te],

mw (0) — mw' (0) =0, (57)

1
myw (1) + nzw' (1) = L g(s)w(s)ds.

Let E = C(J) be the Banach space with the norm |lul| =
maxt€I|u(t)|,

P={ueE:u(t)>0forte]}, (58)
and let
Po={ueE:u®) =0, u(t)>ylul fortej}  (59)
be cones in E, and P, C P, where y is defined by Lemma 9.

Lemma 16. Suppose (HI1) holds. If w is a positive solution of
the boundary value problem (57), then

min w ®) = ylwl. (60)

Proof. By Lemma 6, we can show that the solution w of the
boundary value problem (57) satisfies

w(t) = J-ol H(t,s) f (ssw(s) +u” (s))ds. (61)

7
In view of Lemma 9(3),
minw (t) = min Jl H(t,s) f(s,w(s) +u” (s))ds
te] te] Jo
> jl ymax H (t,s) f (s,w(s) +u” (s))ds
0 te] (62)
> yma}le H(t,s) f (s,w(s) +u” (s))ds
te] Jo
=ymaxw(t) =y fw].
L]

We defineT: P — E by

Tw(t) = Ll Hts) f(sw(s)+u’ (s))ds.  (63)

By Lemma 16, we have T : P — P,. Since f and H are
nonnegative, then u is a positive solution of (1) if and only if
w € P is a fixed point of the operator T.

Theorem 17. Suppose (H1), (H2), and (H3) hold and there
exist a nonnegative lower solution « and an upper solution 3
of the boundary value problem (1) such that « < 3. Then the
boundary value problem (1) has at least one solution u such that
a<u<p

Proof. Let
FtB®), u>p,
Ftbu=1f(tw, ab)<uspl), (64)
fta®), u<a(f).

We consider the boundary value problem

Dut)=F(t,u(t)), te],

myu (0) —nu' (0) =0, (65)
1

myu (1) +n2u' (1) = JO gs)u(s)ds +a.

By Lemma 15, u is a positive solution of the boundary

value problem (65) if and only if w = u — u” is a positive
solution of the following boundary value problem:

—“Dw(t) = F(t,w(t) +u" (t)), te],
myw (0) — nlw' (0) =0, (66)

1

myw (1) + nzw' (1) = L g(s)w(s)ds.

We define T : P — Eby

Tw(t) = Ll H(t,s)F(s,w(s) +u* (s))ds.  (67)



Then wis a solution of (66) if and only if w is a fixed point
of the operator T. It is easy to see T : P — P,.

Next we can prove that T is completely continuous.

Let D ¢ P be a bounded set, and there exists a constant
M, > 0 such that [|lw| < M, for w € D. Because F
is continuous, there exists a constant M; > 0 such that
max,; ,plF(s, w(s) + u*(s))| < M,. We have

1 1
[Tw ] <M, | He.9ds< Mmax | Hesds. (68
0 € 0

So T(D) is uniformly bounded.
We denote

G, (t,s) = (n, +myt)

b
Pr (8)

X (my(1 =9+, (6 -1 (1-9"7),

1 [--9)"" 0<s<t<l,
Gz(t’s)_m{o, 0<t<s<l,
(69)
z(s) = 1
pr (6)
x (my(1=9)"" 41y (8- 1) (1-9)°7)
1
+§J-O g(r)G(r,s)dr.
Hence,
H(t,s) =G(t,s) +h(t,s)
=Gy (t,s)+ G, (t,s) + h(t,s) (70)

=(ny +mt)z(s) + G, (t,5),

where h(t, s) is defined by (11).

Since G,(t, s) is continuous on J x J, we have G, which is
uniformly continuous on J x J. It implies that for any € > 0,
there exists §; > 0, when ¢,,t, € J; whenever |t, — t;| < &,
and s € J, we can obtain

€
G, (ty,s) = G, (t,8)| < —. 71
|G, (t, 2 (t19))] M, (71)

By (H), it is easy to see _[01 z(s)ds#0. We take 0 < §, <
min{8,, &/(2M, (m, + 1) [ z(s)ds)}.
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Therefore, ast,, t, € J,whenever |t,—t,| < §;andu € D,
we can show that

.Tw (t) - Tw (tl)'

Jl (H(tys)—H(t,s))F(ssw(s)+u"(s))ds
0

1
<M, L |H (t,5) — H (t,,5)| ds )

1
<M, L my |t, —t,|z (s)ds

1
+ M, J |G, (t5,5) = G, (t;,5)|ds < .
0

Thus, we have proved T is equicontinuous.

By Arzela-Ascoli theorem, we know that T(D)is relatively
compact.

We can easily show that T is continuous since F is
continuous. Hence, T is completely continuous.

Since F is bounded and T is completely continuous, we
can get T has at least one fixed point w by Schauder fixed point
theorem, that is, there exists a solution w of the boundary
value problem (66).

Then u = w + u” is a solution of the boundary value
problem (65).

Finally, we prove a(t) < u(t) < B(t), fort € J.

We can prove that if each solution u of the boundary value
problem (65) satisfies a(t) < u(t) < S(t) fort € J,thenuisa
solution of the boundary value problem (1).

Let v(t) = u(t) — aft), for t € J.

If mya(1) + nzoc'(l) < jol g(s)a(s)ds + a, since f(t,u) is
monotonically increasing with respect to u and « is a lower
solution of (1), we have

D% (t) = -°D°u(t) + D ()
>F(t,u(t) - f (t,a(t) =0,
myv (0) — nyv' (0)
= myu (0) - mu' (0) — (my (0) — mya’ (0)) =0,
m,v (1) + nyv' (1) (73)

= (myu (1) + mu' (1)) = (mya (1) + ma’ (1)),

> (Ll g(s)u(s)ds + a) - <Ll g(s)oc(s)ds+a>

1
_ J 9(s) v (s) ds.

0

It follows that v(¢) = 0 on J from Lemma 13.
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If mya(l) + nzoc'(l) > Jol g(s)a(s)ds + a, we have

—-“p°y ) - (CDBC (t))

X <J1 gs)v(s)ds —myv (1) - nzv' (1))

0

=-Du(t) - (“D’c (1))
1
X <J-O g(s)u(s)ds—myu(l) - nzu' (1)>
- (-CD% ®) - (“Dc(t))
1
X <J g(s)a(s)ds —mya(l) - nzcx' (1)>>
0
>F(tu(t) - (“Dc(t))
1
X <L g(s)u(s)ds—myu(l) - nzu’ (1))
- <f (t,a(®) + (‘D (1))
1
X <J-o g(s)a(s)ds+a—-mya(l) - nzoc' (1))
1
Cpyd
—( D c(l‘))(J'0 g(s)a(s)ds
-mya (1) — nzoc' (1) >>
=F(tu(t) - f (La(t).

(74)
By (H3), we can get F(t, u(t)) — f(t, «(t)) > 0, that is,
Dy (t) - (“D°c (1))
X <J01 g(s)v(s)ds —myv(1) - nyy' (1)) >0. 7
So,
myv (0) — nyv' (0)
= (mu (0) - mu' (0)) = (M, (0) - ma’ (0)) = 0,
m,v (1) + nyv' (1)
= myu (1) + myu' (1) = (myar (1) + mya’ (1)) (76)

< Jolg(s)u(s)ds+a—(Jlg(s)oc(s)ds+a>

0

1
= L g(s)v(s)ds.

It follows that v(¢) = 0 on J from Lemma 14.

Hence, we show «(t) < u(t) on J.

Similarly, we can get u(t) < 3(¢) on J.

Therefore, each solution u of the boundary value problem
(65) satisfies a(t) < u(t) < B(¢) fort € J. Thatis, F(t,u(t)) =
f(t,u(t)), and u is a solution of the boundary value problem
. O

Theorem 18. Suppose (H1), (H2), and (H3) hold:
(1) if there exists a constant a > 0 such that the boundary
value problem

““D°u(t) = f(tu(t), te],

myu (0) —nyu' (0) =0, 77)
1

myu (1) +n2u' 1) = L g u(s)ds+a

has a positive solution u(t), then for each a with 0 < a < a,
the boundary value problem (1) has a positive solution u and
u* <u <u, whereu®(t) = ga(n, + myt) fort € J;

(2) if there exists a constant a > 0 such that the boundary
value problem (77) does not have positive solutions, then for
each a > a, the boundary value problem (1) does not have
positive solutions.

Proof. (1) Letu™(t) = ga(n, + m;t) fort € J. By Lemma 15,
w = u —u" is a positive solution of the boundary value
problem

“Dwt) = f(tw®)+u" (), te],

myw (0) — nlw' (0) =0,

1

myw (1) + nzw' (1) = L gs)w(s)ds,

which implies " < .

Since u*(t) = ga(n, + myt) > ga(n, + myt) = u*(t), we
take o = u” and S = u.

We can easily verify that o and f3 are a lower solution and
an upper solution of the boundary value problem (1) and « <

By Theorem 17, we have that the boundary value problem
(1) has a positive solution u and u™ < u < u.

(2) If there exists a constant a, > a such that the boundary
value problem (77) has a positive solution, by (1), we can show
that for each a with 0 < a < a,, the boundary value problem
(1) has a positive solution. So, the boundary value problem (1)
has a positive solution, for a = a, which is a contradiction.

Therefore, if there exists a constant @ > 0 such that
the boundary value problem (77) does not have positive
solutions, then for each a > g, the boundary value problem
(1) does not have positive solutions. O
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4. Impact of Disturbance Parameter a on
the Existence of Solutions

For convenience, we give the following notations:

t’u . . . t)u
[ :limsupmaxf( ), feo :11m1nfm1nf( ),
u—+oo t€J u u—+00 teJ u
t:u . . . t’“
£° = lim sup maxf( ), fo= hmlnfmmf( ).
u—o te] u u—0 te] u

(79)

We can see that IOI max,;H(t, s)ds # 0 from (HI) and we
denote 1 = 1/( [, max,;H(t, $)ds).

Lemma 19. Suppose that (HI) holds, f., > n/y* and Q ¢
[0,+00) is a bounded set. Then for each a € Q, there exists
a constant T such that the solution u of the boundary value
problem (1) satisfies ||u|| < T.

Proof. Since Q0 € [0,+00) is a bounded set, there exists a
constant o such that each a € ), and we have 0 < a < 0.
Since f,., > n/y’, there exists a constant r > 0 such that

f(tu)> %u (80)

foranyt € J,and u > r.

By Lemma 15, u is a positive solution of the boundary
value problem (1) if and only if w = u — u" is a positive
solution of the boundary value problem (57).

In view of Lemma 16, min,;w(t) > yllwl. We can get
lwll < r/y. Otherwise, if [[w| > r/y, we have

lw®) +u" @)= w@)|=ylwl>r (81)

for t € J. Hence,
w(t) = Jl H(ts) f(ssw(s)+u” (s))ds
0

1
> 12 J H(t,s) |[w(s) +u” (s)|ds
vl (82)

1
2
RA L max H (1) ds
= Jwl,

which is a contradiction.
We take 7 = (r/y) + go(n, + m;) + 1, then

lull < llw] + "] < ; +go(m+m) <t (83)

O

Theorem 20. Suppose (HI1) holds. If one of the following
conditions is satisfied, then the boundary value problem (1)
does not have positive solutions:

Abstract and Applied Analysis

) fy >n/y* a = 0and ais small enough;
() fo > 1/y* a > 0 and a is large enough;
(3) there exist constants K; > 0 and K, > r]/)/2 such that

f(tu) > K, +Kyu (84)
for (t,u) € ] x [0,+00), and a > 0.

Proof. (1) If there exists a > 0 and a is small enough such that
the boundary value problem (1) has a positive solution u, we
have that w = u — u" is a positive solution of the boundary
value problem (57) by Lemma 15, and min,;w(t) > y|lwl|| by
Lemma 16.

Because liminf,, _, ymin,;(f(t,u)/u) = f,, there exists a
constant ; > 0 such that

ftu) > ’;—’j (85)

foranyt € J,and0 <u <r,.
We take a > 0 and a is small enough such that

0<|w®)+u" @) =w(t)+ga(n +my)<r,  (86)
for t € J. Hence,

w(t) = JIH(t,s)f(s,w(s) +u” (s))ds

0

1
> lzyj mE}xH(t,s)(w(s)+u* (s))ds
o0 te

Y (87)

1
> 1.2 ||w||J max H (t, s) ds
’y o teJ

= wl,

which is a contradiction.

(2) If there exists a constant @ > 0 and 4 is large enough
such that the boundary value problem (1) has a positive
solution #, we have that W = @i — @i" is a positive solution
by Lemma 15.

By liminf, , , min,;(f(t,u)/u) = f,, there exists a
constant 7, > 0 such that

ftu) > Z—Z (88)

foranyt € J,and u > r,. We take @ > r,/gn,, then
@@ +a" @)= |a" ()| =ga(n +mt)>r, (89)

fort € J. Hence,

D) = JIH(t,s)f(s,w(s) £ () ds

0

1
2 .yj max H (t,s) (@ (s) + @" (s)) ds
o0 te€J

a (90)

1
/.
2 by 181 || maxH e 9)ds
@l

which is a contradiction.



Abstract and Applied Analysis

(3) Since there exist constants K; > 0 and K, > r1/ )/2 such
that

f(t,u)> K, +Kyu (91)

for (t,u) € J x [0, +00), we have
w(t) = Jl H(t,s) f(s,w(s)+u” (s))ds
0

>y Jl rrtlea}xH(t, $) (K + Ky (w(s) +u” (s)))ds

’ (92)
1
ZQmeJmmngm
o0 teJ
> |wl,
which is a contradiction. 0

Theorem 21. Suppose (HI) holds.

1) If0 < f° < u, then the boundary value problem (1) has
at least one positive solution when a > 0 and a is small
enough.

(2) If0 < f*° < #, then the boundary value problem (1)
has at least one positive solution when a > 0.

Proof. (1) Because lim sup,, _, ;max,;(f(t,u)/u) = fO, there
exists a constant r; > 0 such that

f(tu) <nu (93)

foranyt e J,and 0 <u <r,.
Let D = {w € P: |lw+u”|| <}, where u™(t) = ga(n, +
myt) for t € J. So gan, < u™(t) < ga(n, + m;) fort € J.
Let0 < a < r/ga(n, + m,), then D#0.
For any w € D, we have

0<Tw(t) = Jl H(t,s) f (sw(s)+u”(s))ds
0

<n Ll ntlng (t,s) |lw(s) +u” (s)|ds o)

¥ 1
<w+ufn-~

<.

That is T(D) ¢ D. By the Schauder fixed point theorem, we
can get that T has at least one fixed point on D. In view of
Lemma 15, u = w + u” is a positive solution of the boundary
value problem (1).

(2) Since limsup,, _, ,  max,;(f(t,u)/u) = [, there
exist constants 7, > 0 and € > 0 such that

ftu) < (fC+e)u (95)

forany t € J and u > 7,, where € satisfies f +¢€ < .
Let M = maxX ,cjxjo7,1.f (£, 4). We have

ftu) <M+ (f*+e)u for (t,u) €] x[0,+00). (96)

1

We choose r, > max{r,, M/(n - (f* +¢€))}and D =
fwe P:lw+u®|| <r,}, whereu™(t) = ga(n, +m,t) fort € J.
Then, for any w € D,

0 < Tw ()
= Jl H(t,s) f (s,w(s) +u” (s))ds
0
< Jl meny(t,s) (M+(f+e)|w(s)+u (s)])ds
0 te

(97)
<M+ Jw+u| (77 +€))-

|~

s((n—(f°°+€))rz+rz(f°°+e))'%

=1,.

That is T(D) < D. By the Schauder fixed point theorem, we
can get that T has at least one fixed point on D. In view of
Lemma 15, u = w + u” is a positive solution of the boundary
value problem (1). O

Theorem 22. Suppose that (HI), (H2), and (H3) hold. If 0 <
f° < nand f, > nly* then there exists a constant a* €
(0, +00) with the following properties.

(1) a* separates [0,+00) into two disjoint subintervals
M =[0,a"]and N = (a*, +00).

(2) The boundary value problem (1) has at least two positive
solutions for each a € (0,a"), has at least one positive solution
fora = 0anda = a*, and does not have positive solutions for
eacha € N.

Proof. We have the following four steps to prove the conclu-
sions of Theorem 22.

Step 1. Let
A = {a € [0, +00) : The boundary value problem
has at least one positive solution} . 9
By Theorem 21(1), we have A # 0.
For each @ € A, denote
A@={a:0<ac<a}. (99)

Then, in view of Theorem 18, A(@) < A if and only if
acA.

It follows that A is a bounded set from f,, > 5/y* and
Theorem 20(2).

Let M = |z, A(@), then M is a bounded set. Hence, the
set M has the supremum; we denote a* = sup M and we have
a* > 0 from Theorem 21.

Step 2. We prove that the boundary value problem (1) has at
least one positive solution when a = a*.

Since a* = sup M, there exist {g,} ¢ M and g, < a* such
thata, — a” ask — +oo.
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Let u;, be a solution of the boundary value problem (1)
with a replaced by g;. By Lemma 8, the boundary value
problem (1) with a = a, is equivalent to

1
u (t) = J H(t,s) f (s,u (s))ds
0 (100)

+ga (ny +myt), k=12,....

In view of Lemma9, {1} is uniformly bounded and
equicontinuous. By Arzela-Ascoli, {1} has a convergent
subsequence; we also denote {ukm}, and {ukm} converge to u.

By Lebesgue dominated convergence theorem, we can get

u(t) = JOI H(t,s) f (s,u(s))ds+ga" (n, +mt). (101)

Hence, u is a positive solution of the boundary value
problem (1) with a = a*.

Step 3. By Theorem 18, when 0 < a < a*, the boundary value
problem (1) has at least one positive solution. That is, M =
[0,a"].

Let N = (a*,+00). Then a” separates [0, +00) into two
disjoint subintervals M = [0,a"] and N = (a”, +00); we have
that the boundary value problem (1) has at least one positive
solution for each a € M and does not have positive solutions
for eacha € N.

Step 4. We prove the boundary value problem (1) has at least
two positive solutions when a € (0,a").

For each a € (0,a"), there exist a, a € M, such that 0 <
a<a<a.

Letu be a solution of the boundary value problem (1) with
a replaced by a. By Theorem 18, the boundary value problem
(1) has a positive solution u; with u; < u.

Similarly, let u be a solution of the boundary value
problem (1) with a replaced by a and u < u;. Hence, u <
u; <u.

In fact, we can easily show thatu < u; < froma <a<a
and (H1).

Let « = u and 3 = . We can easily verify o and f3 are a
lower solution and an upper solution of the boundary value
problem (1), respectively, and e < f3.

We choose d € N, thena < a” < a.

DefineK : [a,a] x P — Eby

K (k,u) = gx (n, + myt) + Jl H(t,s) f (s,u(s))ds. (102)
0

Let
FEBW®), u>p®,
F(t,tu)= 4 f(t,u), at)<u< B, (103)
fta(t), u<a(t),
and define K : [a,a] x P — E by
K (i, u) = gr (n, + myt) + Jl H(t,s)F(s,u(s))ds. (104)
0

Abstract and Applied Analysis

Similar to the proof of Theorem 17, we can prove K and K
are completely continuous for each k € [a,a]. By Lemma 8, u
is a positive solution of the boundary value problem (1) if and
only if u = K(a, u).

By Lemma 19, there exists a constant 7 such that the fixed
point u of K satisfies |lu|| < 7 for each x € [a,a].
Let

Q={ueP:|ul<t,a)<u<p@®),te]}. (105)
Clearly, Q) is a nonempty open-bounded subset of P.

Since F is bounded, there exists a constant R > 7 > 0
such that |[K(x,u)] < R for any (x,u) € [a,a] x P. Let
B(O,R) = {u € E : ||lu|]| < R};itis obvious that @ ¢ PN B(6, R)
and u %yﬁu foru € PN 0OB(O,R), and u € [0, 1]. Hence, by
Lemma 10, for each x € [a, a], we have

i (K (k,u),PNB(6,R),P) =1. (106)

Because K does not have a fixed pointon PN(B(6, R)\Q),
then for each x € [a, a],

i(K (x,u),Pn (B(6,R)\Q),P) =0. (107)

We notice that K|, = K, by the excision property of the fixed
point index, (106) and (107), for each x € [a, a], we have

i(K(x,u),PNQ,P)

=i(K(x,u),PNB(6,R),P) (108)
~i(K(,u),Pn(B@O,R)\Q),P) =1.
Since a € N, we have K(a,u) # u for any u € P. So,
i(K (@ u),PNB(6,R),P) =0. (109)
We define H : [0,1] x PN B(6,R) — Eby
H(t,u) =K ((1-t)a+ta,u). (110)

It is obvious that H is completely continuous.

We can prove H(t, u) + u for (t,u) € [0, 1] x PN 0B(9, R).

Otherwise, if there exists (ty, u,) € [0,1] x P N 0B(6, R)
such that H(¢t,, u,) = u,, that is

K((1-ty)a+toduy) =ugp |up| =R (111)

Hence, 1 is a solution of the boundary value problem (1) with
areplaced by k = (1 —t,)a + tya. We can get |lu,| < 7, which
is a contradiction.

According to the homotopy invariance of the fixed point
index and (109), it follows that

i(K(a,u),PNB(O,R),P)
=i(H(,u),PNB(O,R),P)
112)
=i(H(,u),PNB(6,R),P)

=i(K(@u),PNB(,R),P)=0.
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By the additivity property of the fixed point index, (108)
and (112), we obtain

i (K (a,u),PNB(6,R)\ Q,P) =-1. (13)

Therefore, the boundary value problem (1) has a solution

u, in PN (B(6,R) \ Q) and u; #u, from u; € Q. That is, the

boundary value problem (1) has at least two positive solutions.

O
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