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We establish some new existence theorems on the positive solutions for nonlinear integro-differential equations which do not
possess any monotone properties in ordered Banach spaces by means of Banach contraction mapping principle and cone theory

based on some new comparison results.

1. Introduction

In this paper, we consider the existence of the unique positive
solution and at least one positive solution for the follow-
ing initial value problem (IVP) of the nonlinear integro-
differential equation of mixed type in ordered Banach spaces
E:

u' (1) = g(tu(t), (Tu) (t),(Su) (1), Vtel,
¢))

u(©0) =uy  u' (0)=u,

where I = [0,a](a > 0), g(t, u(t), (Tu)@®), (Su)(t)) = f(t,

u(t), u(t), (Tu)(t), (Su)(t)), ug,u; € E, f e C[IXxPXPxPx

P, P], and f is nonincreasing with the second variable wu(t),

with f is nondecreasing with the third variable u(t). P is a

positive cone in ordered Banach spaces E, and

(Tu) (t) = Jt k(t,s)u(s)ds,
o @)
(Su) (t) = J h(t,s)u(s)ds, tel.
0

In (2),k € C[D,R"] and h € C[D,, R"], where D = {(t,s) €
RxR:0<s<t<a},D,={(t,s) e RxR:(t,s) e IxI},R"
denotes the set of nonnegative real numbers, and R denotes
the set of real numbers. In the special case when f does not

contain the third argument, Guo [1] proved the minimal and
maximal solution of the following initial value problem:

u'=f(t,u,Tu), tel, u(ty)=xp (3)
under some stronger conditions. He used the topological
degree theory and the monotone iterative technique. When f
does not possess any monotone assumption, the problem of
proving the existence results is an interesting and important
question. The aim of the paper is to study this kind of prob-
lem. By means of Banach contraction mapping principle and
cone theory based on some new comparison results, we
obtain some new existence theorems of the solutions for the
initial value problems of the nonlinear integro-differential
equations of mixed type which does not possess any mono-
tone properties in ordered Banach spaces. The new results
obtained are quite general and are used to generalize,
improve, and unify many recent results of [2-8]. Their results
assert the existence of one solution, the minimal and max-
imal solution using monotone iterative technique with the
stronger conditions. Our method is different from the meth-
od of mixed monotony, and the results obtained in the paper
are new even if the space E is finite dimensional.

Inspired and motivated greatly by the above work, the aim
of the paper is to consider the existence of positive solutions
for the boundary value problem (1) under simpler conditions.
The main results of problem (1) are obtained by making use



of new fixed point theorem. More specifically, in the proof of
these theorems, we establish new comparison theorem and
construct a special cone for strict set contraction operator.
Our main results in essence improve and generalize the
corresponding results of [1, 9-12]. Moreover, our method is
different from those in [5, 10, 13].

The rest of the paper is organized as follows. In Section 2,
we present some known results and introduce conditions to
be used in the next section. The main theorems are formu-
lated and proved in Section 3.

2. Preliminaries and Lemmas

In this section, we will state some necessary definitions and
preliminary results.

Definition 1. Let E be a real Banach space. A nonempty closed
set P C E is called a cone if it satisfies the following two
conditions:

(1) z € P, A > 0 implies Az € P;

(2) z € P, —z € P implies z = 0, where 0 denotes the zero
element of E.

A cone is said to be solid if it contains interior points,

P+6. The positive cone P is said to be generating if E = P—P;
that is, every element y € E can be represented in the form
y = x—z, where x, z € P. Every cone with nonempty interior
is generating. A cone P induces a partial ordering in E given
byu <vifv—u e P.Ifu < vandu#v, we write u < v; if

cone P is solid and v — u € P, we write u < v.

Definition 2. A cone P C E is said to be normal if there exists
a positive constant v such that |x+ y[| > v,Vx, y € P, ||x]| = 1,

Iyl = 1.

Proposition 3. A positive cone P is called normal if and only
if there exists N > 0 such that 0 < x < y implies ||x|| < N| y|.
The norm on E is called monotone if 0 < u < v implies ||lul| <
Ivll. The cone P is said to be normal if and only if there exists
an equivalent monotone norm on E.

For further details on cone theory, one can refer to [2, 14].

Let P ={u € C[I,E] : u(t) = 0 for t € I}, where C[I, E]
denotes the Banach space of all continuous mappingu : I — E
with norm |ull = max{u : t € I}. It is easy to see that P is a
cone in C[I, E], and so it defines a partial order in C[I, E] by
u < vifand only ifu(t) < v(t) for allt € 1. Given a cone P, the
dual of P is defined as P* = {¢ € E* : o(u) > 0 for u € P},
where E* is the dual of E.

Let k, = max{k(t,s) : (t,s) € D}, hy = max{h(t,s) :
(t,s) € Dy}. Forany H c C[I,E] and t € I, let

H@) ={u(t):ueH},
(TH) (t) = {(Tu) (t) : u € H}, (4)
(SH) (£) = {(Su) (t) : u € H}.
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Definition 4. Let E be a metric space and S be a bounded

subset of E. The measure of noncompactness Y(S) of S is
defined by

Y (S) = inf {6 > 0 : S admits a finite cover by sets
(5)

of diameter < &} .

Definition 5. Anoperator B: D — E is said to be completely
continuous if it is continuous and compact. B is called a k-
set-contraction (k > 0) if it is continuous, bounded, and
Y(B(S)) < kY(S) for any bounded set S ¢ D, where Y(S)
denotes the measure of noncompactness of S.

A k-set-contraction is called a strict-set-contraction
it k < 1. An operator B is said to be condensing if it is
continuous, bounded, and Y(B(S)) < Y(S) for any bounded
set S ¢ D with Y(S) > 0.

Obviously, if B is a strict-set-contraction, then B is
a condensing mapping, and if operator B is completely
continuous, then B is a strict-set-contraction.

Definition 6 (see [15]). Let E be a Banach space, and let A :
E x E — E. The mapping A is said to have the mixed
monotone property if A(x, y) is monotone nonincreasing in
u and is monotone nondecreasing in v; that is,

for any uj,u, € E, u; <u, = A(u;,v) 2 A(uy,v),
vi<u, = A(u,v) < A(u,v,).

(6)

Definition 7 (see [15]). A couple point (x, y) € E x E is said
to be a coupled fixed point of the mapping A: ExE — Eif
u=A(u,v)and v = A(v, u).

for any v,,v, € E,

Lemma 8 (see [2, 14]). A positive cone P is normal and
generating if and only if there exists a positive constant T > 0
and y,z € P such that x = y — z for all x € P and
Iyl < zlxll, llzll < 7l

The following lemma plays a key role for improving the
main results.

Lemma 9. Let P be a normal generate cone, and let A :
P x P — P be a nonlinear operator. If there exists a positive
bounded linear operator L : P — P such that r(L) < 1 and

L(s-F+7-)) < Alx) - A7)
<L(x-X+y-y), (7)
Vx, X, y,y€P, x2X, y<,

then A has a unique positive fixed point x*, and for any x, € P,
let x,, = A(x,_1,x,,) (n=12,..),x, > x* (n > 00).

Proof. Since r(L) < 1, thenr(L) = limn_,OOIIL”III/n < 1. Thus,
there exists a natural number 7, and 0 < « < 1 such that

|2 < o™. (8)
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Since P is generate, it follows from Lemma 8 that there exist
7>0, y,z € Psuchthatx = y — zand

Iyl <zlxl, Nzl <zlxl, VxeP. )

Then | y+z| <27 || x ||, V x € P.Supposethatx, y,z € Pare
not in the same line for any 0 < x — y < z. Letu; = (1/2)(x +
Yy—2),Uy = X—Y+2,u; = —x+y+z. Thenu,,u,,u; € Pand
x>y >u, x—u; = (1/2)u,, y—u; = (1/2)us, u, +u; = 2z.
It follows from (7) that

L L
—Sth < A(x,x)— A(up,x) < S (10)

L
) (uy +u3) < A(uy, x) = Ay, 1)

L (11)
< 5 (uy +u3),
L L
—5us <A(y,u)-A(y,y) < S s (12)
By virtue of (10) + (12) — (11), we have
L L
(U +uy) <AXx)-A(y,y) < = (uy +us),

2 2 (13)

—-L-2z<A(x,x)-A(y,y)<L-2z.

We first define the operator A : P — P as the following Ax =
A(x,x), x € P.Letw = 2z. Then -Lw < Ax — ny < Lw.
Since L is a positive bounded linear operator, then Lu € P. By
induction, it is easy to see that

L"w<A'x-A"y<L'w, L'weP. (14)

Since w € P is arbitrary and n, is taken as in (8), we get

From 0 < « < 1 and Banach contract principle, we know that
A™ has the unique positive fixed point x* in P; that is, x* is
the unique positive solution of operator equation x = A(x, x).
And for any x, € E, let x,, = A(x,_;,x,_;) (n=1,2,...), we
have ||lx, — x*[| = 0 (n = ©0). O

Ay — Z""y“ <L|x-y|<a™|x-y|. (15

Remark 10. The results of Lemma 9 obtained are quite general
and are used to improve, generalize, and unify many results
of Chen [13], Guo [9], Krasnosel'skii and Zabreiko [16],
Zhang [11], Su et al. [10], and Liu [12]. Not only do we
obtain the existence and uniqueness of fixed points for
mixed nonmonotone binary operators in ordered Banach
spaces, but we also solve the difficult open problem that
nonmonotone binary operator has unique fixed points under
some weaker conditions.

Lemmall (see [17]). Let E be a Banach space and H c C[I, E]
if H is a countable set of strongly measurable functions y :
I — E such that there exists ¢ € L[I,R"] such that ||y(t)|l <
o(t), t € I, y € H. Then Y(H(t)) is Lebesgue integrable on I,
and

Y<{Ly(s)ds:y c H}) < ZLY(H(S))ds. (16)

Lemma 12 (see [1, 18]). Let H < CI[]J, E] be bounded and
equicontinuous; then Y(H(t)) is continuous on I, and

Y(LH(S) ds) < LY(H (s)) ds. 17)

Lemmal3 (see [2,19]). Let X be a Banach space, K ¢ X closed
and convex, and F : K — K continuous with the further
property that for some x € K we have B ¢ K countable. B =
co({a} N F(B)) implies that B is relatively compact. Then F has
a fixed point in K.

Lemma 14. Assume that m € C[I, R"] satisfies

t t+a

m(t)SMJ m(s)ds, tel, (18)

ty

m(s)ds+M*J

to

where M > 0 and M* > 0 are constants. Then m(t) = 0 for
t € I provided one of the following two conditions hold:

(i) M > M* (M) —1);

(ii) a(M + M™) < 1.

Proof. Suppose that (i) holds. Let p(t) = _[t m(s)ds; then

to
p(ty) =0, p'(t) = m(t) = 0, fort € I. From (18), we know
that

PO)y<Mp(t)+ M p(ty+a), tel. (19)

. —M(t—
Since e Mt

) > 0, we have
!
(p (t) e_M(t_t")) <M p(ty+a)e ™ tel (20)

Integrate from ¢, to t; noticing p(t,) = 0, we have

t
0<p(t)e ™ < J M*p(ty +a)e Mg
t

0

(21)
M* _
by p(t0+a)(1—eM(t t")), tel
Hence,
0<p® <M plty+a) (MW -1), tel (@)
M
We claim that

p(ty+a)=0. (23)

Otherwise, p(t, + a) > 0; then we take t = t;, + a in (22), we
obtain M < M*(eM“*) _ 1), which contradicts assumption
(1).

Therefore, from (22) and (23), we know that p(t) =

_[: m(s)ds = 0. Consequently, m(s) =0a.e.ont € I.

Let us suppose now that (ii) holds. Then

ty+a

m(t)s(M+M*)J m(s)ds, tel. (24)

to



It follows by integrating the above inequality that

tota

Jt0+am(s) ds<a(M +M*)J m(s)ds,  (25)
t

to

which, by assumption (ii), implies that J’:Wl m(s)ds = 0 and

so m(t) = 0 a.e. on I. The proof of Lemma 14 is therefore
complete. O

Lemma 15 (see [2,19]). H c C'[I, E] is relatively compact if
and only if each element y(t) € H and y'(t) € H are uniformly
bounded and equicontinuous on I.

3. Main Results

We are now in a position to prove our main results concerning
the unique positive solution and at least one positive solution.

Theorem 16. Suppose that P is a normal solid cone whenever

t € I; thereexists M > 0, y1, 7, ¥, € Py 25, 1, < 7,
such that

f(t7)’1))’2’T)’1’SJ’1) _f(tjp?z’:[?psﬂ)
2_M[)’l_%‘*?z_)’z‘*T)’l_T?l]’
f(t’yl’yz’Tyl’S}’l) _f(t’yl’yZ’TTl’Syl)

SM[y1—71+72—y2+Ty1—771].

(26)

(27)

Then IVP (1) has the unique positive solution x™ in C?[I, P].

Proof. Define operator A : C[I, P]xC[I,P] — C[I, P] as the
following:

AU, v) =uy +tu,

t
+J (t=3s)f(s,u(s),v(s),
0

tel.
(28)

(Tu) (s), (Su) (s)) ds,

Then u € C?*[I,P] is a solution of IVP (1) if and only if
u € C[I, P] is a fixed point of A; that is, u = A(u,u) for any
u,v,u,v € C[I,P],u > u, v < v.From (26) and (28), we know
that

A(u,v)— A(u,v)

E—Majt [(u-u)+@-v)+T (u-1u)]ds
0

- t t (29)
> —Ma [(l+a)J‘ (u—ﬁ)ds+J (ﬁ—v)ds]
0 0
2—Ma(l+a)J-t(u—ﬁ+V—v)ds,
0
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Au,v) - Au,v)

=l

<

aJ't [(u-u)+(v=v)+T (u-u)lds
0

(30)

IN

Ma[(l+a)r(u—ﬁ)ds+£(7—v)ds]

0

t
SMa(1+a)J (u-—u+v-v)ds.
0

From (29) and (30), for any u,v,u,v € C[LI,Pl,u > u,v <V

we know that
-Lu-u+v-v)<Auv)-Auv)<Lu-u+v-v),
(31)

where
t

(Lw) (t) = Ma (1 + a) J w(s) ds. (32)
0

Now we prove that r(L) < 1, for t € I. From (32), we know
that

(L) (DIl = Ma (1 +a)t |Jull. (33)

Denote 7 = Ma(1 + a). From (32) and (33), we get

| o] <n [ @

(34)
t ’12t2
<7 lull J sds = —|lull, Vtel
0 2!
By induction, for any natural number n, we have
ntn
(L") )] < ’7”' lull, Vtel,
e (35)

[L7u| = max (L") ()| < lull .

n!
Therefore, r(L) = lim,, _, JIL"*|""" =0 < 1.

Since P is normal solid cone in C[I, E] and P is generate,
by virtue of Lemma 9, we know that A has a unique positive
fixed point x* in P; that is, IVP (1) has a unique positive
solution x* in C*[I, P] ¢ C*[I, E]. O

Remark 17. 'The conditions of Theorem 16 cannot be obtained
by Chen and Zhuang [3], Lakshmikantham et al. [8], and Sun
and Liu [20]. We obtain a unique positive solution of IVP (1).
The conditions imposed on nonlinear term f are sharper, and
the result is new.

Denote M'(R) = sup{ll f(t, u, v,w, 2)|l : (t,u,v,w,2) €
I x By x By x By x Bg}, Bg = {x € P: ||x|| < R}.

Theorem 18. Assume that f: IXPXxPxPxP — P satisfying
the following conditions.

(H,) For any R > 0, f is uniformly continuous on I x By x
By x By x By and

—M'(R)

lim

R—o00

where a, = max {1, aky, ahy} .
(36)

< (aao)_l,
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(H,) There exists L > 0 such that

Y (f(t,B(t),B(t),(TB)(t),(SB) (1)) -
<MY (B(1) + A, Y ((TB) (1) + A;Y ((SB) (t))

for any bounded set S ¢ C[I,P] ¢ C[L,E], t € I, and 2(A, +
Ayaky) > 0, 2A3h4a > 0 with 2a(A, + Ayak, + Ajahg) < 1.

Then IVP (1) has at least one positive solution in C*[I,P] c
C’[I,E].

Proof. We first define the operator F : C[I,P] — C[I, P] by
the formula

(Fu) (t) = uy + tu,

+ L (t—=9) f(su(s),u(s),(Tu)(s),(Su)(s)ds,

tel
(38)

It is easy to know that u is a solution of IVP (1) if and only if
u is a fixed point of F.

It follows from (H,) that there exist 0 < r < (aa,)”" and
R, > 0 such that

M' (R) .

2 r, for R>ayR;. (39)

Let

R" = max {Ry, (Jug] + a s ])) (1 - aar) '},
(40)
B;(R*")={ueCI[LP]:|ull <R"}.

Then for any u € B;(R"), we have

lul = R <ayR*,  |Tull < ak [lull < ak,R™ < aR",

ISull < ahy lull < ahyR* < aR".
(41)

It follows from (38) and (39) that

IFull < |Juo|| + a ||| + aM’ (a,R*)
(42)
< |luo| + a|luy|| + aa,R*r < R”.

Set K = Co(B;(R")). Then F is a continuous operator from K
into K. It is easy to see from (38), (H,), and the normality of
Pthat K c B;(R") is uniformly bounded and equicontinuous
onl.

Let B ¢ K ¢ CII, P] be any countable subset satisfying
B = co({u(t)} n (EB)(t)) for any t € I. By applying Lemma 12,
we get

Y(B®) =YB®) = Y (FB) ()
t
<2 L Y (B(s)) + A,Y (TB) (5))

+A;Y ((SB) (s))] ds

<2 jt [)\IY (B(s)) + A,k JSY(B (1) dr

0 0

tyt+a

+ Ashy J

0

Y (B(1)) dr] ds
2, J:Y(B (s)) ds

+2A,k, Jt (t—s)Y (B(s))ds
0

tot+a

. 2A3h0tj Y (B(s)) ds

0

< (21, +2M,ak,)

t tyt+a
y I Y (B(s)) ds + 2\5ah, J Y (B(s)) ds
0 0

= MJtY(B (s))ds
0

tota
+M*J Y (B(s))ds =0,
0

(43)

where M = (24, + 2A,ak,), M* = 2A;ah,. Thus, by Ascoli-
Arzela theorem, B is relative compact in X = C[L E]. It
follows from Lemma 14 that F has a fixed point x* € K =
co(F(B;(R"))) which is a solution of IVP (1). This completes
the proof of Theorem 18. O

Remark 19. The conditions imposed on nonlinear term do
not possess any monotone properties. The results of the paper
cannot be obtained by making use of the fixed point theorems
on decreasing and increasing operators or mixed monotone
operators.
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