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We consider hybrid (Szész-beta) operators, which are a general sequence of integral type operators including beta function, and we
give the degree of approximation by these Szdsz-beta-Durrmeyer operators.

1. Introduction

The Lupas-Durrmeyer operators were introduced by Sahai
and Prasad [1] who studied the asymptotic formula for simul-
taneous approximation, and many mathematicians have
given different results for the Durrmeyer operators (see [2-
6]). Now we consider here a sequence of linear positive
operators, which was introduced by Gupta et al. [7] as follows.
Let n and f3 be positive integers. For f € C[0, co) satistying
[ f@®)/(1+ 6P dt < oo,

B[00 = Y 5k ) | by £ (01,
k=0 0

@
x €[0,00), n+p+1>0,
where f is a positive integer,
e (n2)F 1 £
= B b t) = >
Snk (x) e k! n,k( ) B(k + 1;”) (1 + t)n+k+l
Bk+1,m) = Lk DI0)

T'(k+n+1)"
(2)

Let 0 < p < oo. For a function f on [0, 00), we define the
norm by

1/p
<J |f(t)|pdt> , 0<p<oo,
[0,00)
”f"LP([O,oo)) = (3)
sup |f @l p=oo.
0,00

Recently Jung and Sakai [8] investigated the Lupas-
Durrmeyer operators and studied the circumstances of
convergence. Motivated with the idea of Jung and Sakai
[8], we give the degree of approximation by Szasz-Beta-
Durrmeyer operators in this paper.

2. Basic Results

Lemma 1 (cf. [7]). Let o, m, n, and r be integers with m > 0,
r>l,andn+ o >m:

Rn,m,r (“; X) = an,k (.X) j bn+vc,k+r (}’) ()’ - x)mdy' (4)
k=0 0

Then one has

(i) R (sx) = 1 and R
)/ (n+a-1),

w1 (%) = ((Fa+ Dx + 7+



(ii) form > 1

m+a-m-1)R, .1, (x)= xR:l,m)r (a; x)

+(2m-a+)x+m+r+1)R,,,, (x) )
+mx(x+2)R, 1, (X),
(iii)
. — 1 . 6
Rn,m,r ((X, X) =0 (W) nm,r (OC, X) , ( )

where g, ., .(&; x) is a polynomial of degree <m such that the
coefficients of g,,,, (& x) are bounded independently of n.

Proof. LetR,,, .(x) = R, (& x). Then (i)

nM,T

Rn,O,r (X) = an,k (X) J bn+0c,k+r (y) d)/ = an,k (x) =1
k=0 0 k=0

(7)
Using
J- xb,, (x)dx = ket 1,
0 ’ n-1

= (8)

stn’k (x) = nx,

k=0
we see that

Rn,l,r (x) = an,k (x) JO bn+oc,k+r ()/) (y - x) d)/
k=0

s k+r+1 (—~a+1)x+r+1
:an,k(x) -x= .

n+a—1 n+a—1

k=0

)

(ii) Using xs;)k(x) = (k - nx)s, ;(x), we obtain

X (R:l,m,r (x) + mRn,mfl,r (x))

= Y x5, (%) J burajerr (¥) (v = x)"dy
k=0 0

= Y o0 [ m b, () (- )y
. (10)
Since we know that
Y (14 9) byggerr (9) = (kb7 =+ 0+ 1) ) brnr ().
k-nx=(k+r-(n+a+1)y)

—r-(a+)x)+(n+a+1)(y-x),
(11)
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we have
(k - nx) bnﬂx,kﬂ’ (y)
=) (1 + y) br’1+(x,k+r ()’) - (1’ - (‘x + 1) x) bn+a,k+r (}’)

+ (Tl+(X+ l)bn+oc,k+r (y) (y—X).
(12)

Then substituting (12) into (10), we consider the following:

X (R;,m, (x)+mR, ., (x))
= Y s (%) J (y(1+9) bhgerr ()
k=0 0
- (T' - ((X + 1) x) bn+zx,k+r (y)

+ (71+(X + l)bn+o¢,k+r (y) (y_x))

x (y - x)"dy
=A+A,+A;.
(13)
Then since we see
L Y (14 9) by (0) (v = x)"dy
= J ((y—x)2+(1+2x)(y—x)+x(l+x))
0
x br,l+o¢,k+r (y) (y - x)mdy
[ i ) -0y
©o ! m+1
+(1+2x) L bvagerr () (= %)" dy (14)

(o)

#2142 | i (0) (=)

== (m + 2) j-O bn+rx,k+r (J’) (y - x)m+ldy
(29 m+ D) | braeer () (= )"y

- X (1 + X) m JO bn+¢x,k+r (y) (y - x)m_ldy’

we have
A= Yo @ [ 7)Y, ) =)y
k=0
=-=(m+2)R, 1, ()= (1+2x)(m+1)R, . (x)

-x(1+x)mR,,_,,(x).
(15)
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Here the last equation follows from integration by parts.
Furthermore, we easily see

Ay+Ay=—(r-(a+1)x)R,,, (x)
(16)
+(n+a+ 1R, 0, ().
Therefore, we conclude
x( — (x)+mR,, 1, (x))
==(Mm+2)Ry 1, (x) = (1 +2x) (m+ 1R, (x)
-x(1+x)mR,,, ,(x)
~r-(@+Dx)R,,, x)+(n+a+ 1R, .\, (X)
=(m+ta-m-1)R, ., (x)
-(@Cm-a+)x+m+r+1)R,, (x)

-x(1+x)mR, 1, (x).

(17)
Consequently, (ii) is proved.
(iii) For m = 1, (6) holds. Let us assume (6) form > 1. We
note
R (mzo(—i——)’ (x)
n,m,r n[(er])/z] gn,m,r > (18)

!
gn,m,r (X) € ‘@m—l
So, we have, by the assumption of induction,

m+a-m—-1)R, .., (ax)
1 ,
=0 ( altm1)]2] > %G (¥)
2 1 1)O ! (19)
+((m—oc+ )x+m+r+ ) <W>
X gn,m,r ('x)

1
+mx(x+2)O (m> Gnm-1r (X).

Here, if m is even, then

m+1 m m+2 m+2
[ ]+1=—+1= =[ ],
2 2 2 2
(20)
m m m+2 m+2
[—]+1:—+1: :[ ]
2 2 2 2
and if m is odd, then
m+1 m+1 m+2
25212 [252),
2 2
(21)

m m-—1 m+1 m+2
[_]+1: i1= :[ ]
2 2 2 2

Hence we have

1
Rn,m+l,r (X) =0 (W) Inm+1,r (X) > (22)

and here we see that g,,,,,.(x) is a polynomial of degree
<m + 1 such that the coefficients of g,, ,,, ,(x) are bounded
independently of n. 0

Lemma 2 (cf. [7]). Letn, B, and r be integers with v > 0. Let
f € C™[0, 00) satisfy for a positive integer &

|F7 @0 @ +1). (23)

Then one has, forn+ 3 —r > 6,

/\n,ﬁ,r(Bn,ﬁ [f])(r) (x)
= s (24)
= an,k (X) J bn+ﬁ—r,k+r (y) f(r) (y) dy’
k=0 0
where
(1)
/\n,ﬁ,r = m (25)
Proof. Using
™ (): (n+/3_1)! i(>( 1) ()
et Br ferr \Y (n +B-r- 1)! < n+fke+i >
(26)
we have
(B.s )(r (x) = ZS(” (x) JO b (v) £ (v)dy
-y Z( )( 1 (-1 s (%)
i=0 k=i
<[ s ) £ )y
e o0 oo T r
- ,;05””‘ () L ;(’)
X( 1) ( 1) n+fk+i (y)f(y)dy
(n +p-r—-1)I X
g B
xjo DB s () £ () dy
ank (x)
Mg k=
<[ g 01 0)
(27)
O



3. Main Results

Theorem 3. Let 0 < p < oo, and let § and r be nonnegative
integers. Let n and [ be integers withn + f —r > 0. Let f €

C*[0, co) satisfy

|7 @ <o) (x+1),

(28)
|F7Y )] <o) e+ 1)
Then one has uniformly, for f and n,
An,ﬁ,r(Bn,ﬁ [f]) f(r) (x)’ ( ) (X + 1)5+2
(29)

Proof. Let |t — x| < eand x < & < t. By the second inequality
of (28),

170 - £ @) = 1t - x| £ @)

<O |t—x|[(x+1)

(30)

5+2

Lete =n"", 0 <v < 1. Then using Lemma 2 and

an,k (x) L bn+/3—r,k+r (}/) f(r) (x)dy = f(r) (x), (31)
k=0

we have

/\n,ﬁ,r(Bn,ﬁ [f])(r) (X) - f(r) (x)‘

- nk (x) (J bn+ﬁ—r,k+r (t) .f(r) (t) - f(r) (x)| dt
k=0 |t—x|<e

+ Lt— I bn+ﬁ—r,k+r (t) |f(r) (t) - f(") (X)| dt>‘

=E, +E,.

From (30) and Lemma 1, we have

El =0 (1) zsn,k (.X) j bn+ﬁ—r,k+r (t)
k=0

|t—x|<e

x |t — x| (x + 1)°72dt

<O(1)e|Ryo, (B-7%) (x+ 1> =0 (1) e(x + 1)°*
(33)
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Next, we estimate E,. By the use of the first inequality in (28),
we have

E,=C

@ [ B ©
k= |t—x|>e

(|7 O] |77 G0l dt

C nk (x) J
k=0 |t—x|=¢

(34)

bn+ﬁ—r,k+r (t)

< (t+1)°+(x+1)°)dt

320 () (t—x) (x+

Now using (f+ 1)5 =((t-x)+x+ 1)5 =
1)6_i and the notation

CRS 65

0, 1i:even,

we have

CZS" k (x) J bn+[3—r,k+r (t)
k=0 x|ze
2 ) ilt—x (@ S5—i
(B et o)
i=0 €
+Czsn,k (x)J
k=0

|t—x|>e

b

porier O () e 1

= E,| + E,,.
(36)

Then, withe =n"",

E, <C <i <?> |Ruis iy (B=15%)) (é)w(x + 1)6i>

i=1

) v(i)
CZ; ( ) ( [(+(i)+1)/2] >
i=

X |gn,i+<i),r (/3 - x)| (x + 1)84

1 6+1 1 541
(37)
Here for i > 1, we get
Y1
[%]"’@21‘% (38)
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because Proof. For f € CU"*[0, c0), we have
4 (i Sy icodd =@ 0 (=)
[’+<12>+1]—v<i)= ‘ ) (45)
% -, i:even, + J (y —u) "2 (w) du,

|7 = 52

1 2
Ey <C|R,,, (B r;x)|<;> (x+1)°

(39)

s O( [31/2] ) |9n,2,r (B-1; x)| (é)z(x + 1)6 £ C“f(HZ) (x )¢2y (x)”L L [000)
n

X ((L+0 + (14 9)™) (y - %)
< O(H[3/2] ) |gn,2,r (ﬁ -1 x)| (x + 1)6 B

From (45), (46), and Lemma 2, we get

sO( ! )(x+1)8+2

nl- (r)

An,ﬁ,r(Bn,B [f]) (x)

inall t
rnalyese = £+ £ () Ry (B 1)
1 6+2
E —_— 1 . 40 & o0 47
,<0(o ) D (40) S J b (47)
k=0 0
From (32), ,
@ " x J (t —u) f(Hz) (u) du dt,
An,ﬁ,r(Bn,ﬁ [f]) (x) - f ' (x)| x
(41) © «© ! (r+2)
< O( )(x L1y O( >(x +1)% Z S (%) j b prksr () J (t—uw) 77 () dudt
If we put v = 1/3, then we get < 'lf(r+2) (x) ¢2y (X)"Lm[o)w)
(B [71)” )= 77 0] < 0 (5 ) e )2 x (<1 + 207 Ry, (B=15%)|
(42) N
- +) S () J Busporierr (£) (L + 1) (2 — x)zdt> .
k=0 0
(48)
In the following, we let ¢(t) = 1/(1 + 1), t € [0, 00).
Using (1 + 1% < C((t - x)* + (1 + x)*), we obtain
Theorem 4. Let r and y be nonnegative integers. Let n and 3
be int, ith —r>2p+1 Let f € C"?o, ti o o0
e integers withn+ —r > 2y+1. Let f [0, o) satisfy e J Broprinr () (14 0P (¢ - x)2dt
- 0
||f(r+1) (x) ¢2y+1 (x)"Lm[O’OO) < 00, 0 2
(43) <C ('Rn,2y+2,r (ﬁ - r;x)' +(1+x) ! |Rn,2,r (ﬁ - x)l) :
172 () 6 ()| < oo (49)

L, [0,00)

Therefore, we have
Then one has uniformly, for f and n,

An,ﬁ,r(Bn,ﬂ [f])(r) (X) — f(T) (X) ¢2(Y+1) (X)

p |f(r+1) (x) 27! (x)| |R,1, (B—15x)| ¢ (x)

N C“f(r+2) (x) ¢% (x)"Lw[O’OO)

+“f(r+2) (x) ¢” (x)"Lw[o,oo)) : X Ry (B=13%)| ¢ (x)

¢ (x)

Mg (Bug 1) )= £ (0

o) (I e @, ., @9

(1+x)%



S8 VAR oSN O] NI

)| 627 (x)
<O (%) |f(r+1) (x) ¢2y+1 (x)| |gn)1’r (ﬁ - x)| ¢ (x)

X 'Rn,Z(y+1),r (ﬁ -

o1l e ol
X |Gpay (B=13%)| °7V (x)
Lo () 67 G, oy

X 'gn,Z(yH),r (B-1 x)| ¢2(y+1) (x).

2y
c>0)(1 + x)

(50)

For x € [0,00), we have |g,,.(8 -
(1 + 221G, (B - 1;:0)|¢* 7V (x) <
73 x)|¢2(”+1)(x) < C. Hence

n ,r(B [f]) ( )_

o)1 @ W], e

P @6 @), n):

rnx)lplx) < C,
G, and |gn,2(y+1),r(ﬂ -

$" (x)

(51)
O

Let us define the weighted modulus of smoothness by

k
w (first) = swp [ ONO, gy £20 k=12
(52)
where
ALf(x) = f(x+h) - f(x), (53)

N f(x)=f(x)=2f (x+h)+ f(x+2h). (54)

Theorem 5. Let r and y be nonnegative integers. Let n and 3
be integers with n + 3 — v > 2y + 2. Then one has, for [ €
C'([0,00)),

(b (B 1) @0 - 7 ) 972 (0|

00 ([0,00))
<ol e (£ ) v (5797 1))
Vi i Vi
(55)
To prove Theorem 5, we need the following theorem.

Theorem 6. Let r and y be nonnegative integers. Let n and 3
be integers withn + B —r > 2y. Let f € C([0, 00)) satisfy

“f(r)¢2y|'Loo([0,oo)) < 0. (56)
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Then one has uniformly, for n, f, and x € [0, c0),

An,ﬁ,r(

s 1) @ @] < C|f ¢ )

L, ([0,00))
(57)

Proof. Using (1 + »)* < C((1 + x)*" + (y — x)*"), we have

nk (x) J bn+ﬁfr,k+r (y) (1 + y)zydy’
k=0 0

(o8] oS
C n,k (x) J bn+,8—r,k+r (y)
k=0 0

X ((1 +x)7 +(y- x)zy)dyi

<C (Rn,O,r (ﬁ - x) ¢_2y (X) + Rn,2y,r (ﬁ - X)) .
(58)

Therefore, by Lemma 1 (6), we have

nk (x) J;) bn+ﬁ—r,k+r (y) (1 + y)zydy‘
=0 (59)

SC(gb 2y(x)+O< )gnzy,(ﬁ—r;x)).

Since | gn,ZW(ﬁ -7 x)¢2y(x)| is uniformly bounded on [0, c0),
we have with Lemma 2 and (59)

/\n,ﬁ,r(Bn,ﬁ [f])(r) (x) ¢2}’ (X)|

<1550 [ B ) (4 )Py 0
k=0 0

x| £ (x) ¢ (x)“Loo([OPO))
< C"f(r) (x) ¢” (x)”Loo([o,oo))'
(60)
Therefore, we have the result. =

The Steklov function [ f],(x) for f € C([0, 00)) is defined
as follows:

(], )
h2 by
;=%J' ZJ 2[zf(x+s+t)—f(x+2(5+t))]d5dt’
0 0
x=0, h>0.
(61)

Then for the Steklov function [ f],(x) with respect to f €
C([0, 00)), we have the following properties.

Lemma 7 (see [8, Lemma 2.4]). Let f(x) € C([0,00)), and let
n(x) be a positive and nonincreasing function on [0, 00). Then
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(i) [f1n(x) € C*([0,00)),
(ii)

h
0,60 = £ G, oy <2 (i ) (62)

(i)
IEAACOLTES! M.
4 (. B\ @ 7 (x)
S <f”7’ 2) 7 (x + h2) h o (fin )n(x+h)
(63)
(iv)
IEPCOLTED) A
(64)

4

< [2w2 (f;n;§> + }sz (f;n;h)]-

Now, we prove Theorem 5.

Proof of Theorem 5. We know that, for f(x) € C"([0, 00)),

17 0 =[], @),
10 ) = [£7], @) (65)
A5 @) =[] 0.

Then first, we split it as follows:

[ (s L) 0 72 0 ) 77

L (10,00))

M (Bug Lf = 1)) () 67772 (¢

<

L, ([0,00))
(R (Bus [11))” 0= 417 )

> ¢2y+2 (x)

Lo ([0,00))

(17 - £ )4

wo([0:00))
(66)

Then for the first term, we have, using Theorem 6, (62), and
(65),

n,ﬂ,r(Bn,ﬁ [f - [f]h])(r) (x) ¢2y+2

L ([0,00))

<Al - [ @l @, ©

L, ([0,00))

Ca, (7577 (x)3h).

7
Here, we suppose 0 < h < 1, and then we know that
d(x+h)
(68)

P _
$Cc+h/2)

For the second term, from Theorem 4, (65), (63), and (64) of
Lemma 7,

(b (Bus [L£1)” @0 - 11 ) 97 (x
() (I @er @,
A e @, o)
<O(2) (b ) (5720).

(69)
Therefore, we have

(b (B [072,))” 0= £ ) 677 )]

<0(3) (e

Lo ([0,00))

00 ([0,00))

(f(r) 2p+1, h) + hlz (f r), ¢2y h))

w, (f(r); ¢2y+2; h) )
(70)
If we let h = 1/+/n, then
(r) (0 2y+2
(s (B 1) 0= ) 62 0
L (r). 2y+1.i> (r), 2y_i>)
<C<ﬁwl<f ’¢ )\/ﬁ +w2<f ’¢ ’\/ﬁ ’
(71)

because w,(f7; ¢+ 1/4/n) < w,(f75 4751/ /). O
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