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We study a nonlinear evolution partial differential equation, namely, the (2+1)-dimensional Boussinesq equation. For the first
time Lie symmetry method together with simplest equation method is used to find the exact solutions of the (2+1)-dimensional
Boussinesq equation. Furthermore, the new conservation theorem due to Ibragimov will be utilized to construct the conservation

laws of the (2+1)-dimensional Boussinesq equation.

1. Introduction

Nonlinear evolution equations (NLEEs) are broadly used as
models to represent physical phenomena in numerous fields
of sciences, especially in biology, solid state physics, plasma
physics, plasma waves, and fluid mechanics. It is therefore of
paramount importance that exact solutions of such NLEEs
are obtained. However, finding exact solutions of NLEEs is
an onerous exercise and only in certain distinctive cases one
can explicitly write down their solutions. Nevertheless, in
the last few decades important progress has been made and
many powerful and effective methods for obtaining exact
solutions of NLEEs have been suggested in the literature.
Some of the important methods found in the literature
include the Darboux transformation method [1], the inverse
scattering transform method [2], Hirota’s bilinear method [3],
Jacobi elliptic function expansion method [4], the sine-cosine
method [5], the auxiliary ordinary differential equation
method [6], Lie symmetry analysis [7-11], the F-expansion
method [12], and the exp-function expansion method [13].
In this paper we consider one such NLEE, namely, the
(2+1)-dimensional Boussinesq equation given by

2
Upp = Uy = Uyy — OC(L{ )xx —Uxxx = 0, ¢))

which describes the propagation of gravity waves on the
surface of water; in particular it describes the head-on

collision of an oblique wave. The (2+1)-dimensional Boussi-
nesq equation (1) combines the two-way propagation of the
classical Boussinesq equation with the dependence on a
second spatial variable, as that occurs in the two-dimensional
Kadomstev-Petviashvili (KP) equation. This equation pro-
vides a description of head-on collision of oblique waves
and it possesses some interesting properties. The unknown
function describes the elevation of the free surface of the fluid.
Moreover, (1) involves the two dissipative terms u,, and u,
in addition to the fourth-order spatial derivative u,.,.., that
represents the dispersion phenomenon. Unlike the standard
Boussinesq equation, which is completely integrable, that
admits multiple solitons solutions, (1) is not integrable and
gives two soliton solutions at most. It is to be noted that if we
delete the dissipative term Uy, from (1), we obtain the stan-
dard Boussinesq equation. The standard Boussinesq equation
arises in many physical applications such as nonlinear lattice
waves and iron sound waves in plasma and in vibrations in
a nonlinear string. It is used in many physical applications
such as the percolation of water in porous subsurface of a
horizontal layer of material. See also [14].

In [15] the authors used a generalized transformation
in homogeneous balance method and found some explicit
solitary wave solutions of the (2+1)-dimensional Boussinesq
equation. Applied homotopy perturbation method was used
in [16] to construct numerical solutions of (1). Extended



ansitz method was employed in [17] to derive exact periodic
solitary wave solutions. Recently, the Hirota bilinear method
was used in [18] to obtain two soliton solutions.

Lie group method is one of the most effective methods
to find solutions of nonlinear partial differential equations
(PDEs). Originally, developed by Sophus Lie (1842-1899) in
the latter half of the nineteenth century, this method is based
upon the study of the invariance under one parameter Lie
group of point transformations and it is highly algorithmic
[7-9].

In the study of PDEs, conservation laws play a vital role
in their solution process and the reduction of PDEs. Conser-
vation laws have been broadly used in studying the existence,
uniqueness, and stability of solutions of nonlinear PDEs (see,
e.g., [19-21]). They have also been used in the development
of numerical methods (see, e.g., [22, 23]). Exact solutions (by
exploiting a double reduction method) of some classical par-
tial differential equations have been obtained using conserved
vectors associated with the Lie point symmetries [24-26].

In this paper, for the first time, Lie group analysis in
conjunction with the simplest equation method [27, 28] is
employed to obtain some exact solutions of (1). In addition to
this, conservation laws will be derived for (1) using the new
conservation theorem due to Ibragimov [29].

2. Solutions of (1)

In this section we obtain exact solutions of (1) using Lie group
analysis along with the simplest equation method.

2.1. Exact Solutions Using Lie Point Symmetries. In this sub-
section we first calculate the Lie point symmetries of (1) and
later use the translation symmetries to construct the exact
solutions.

2.1.1. Lie Point Symmetries. The symmetry group of the (2+1)-
dimensional Boussinesq equation (1) will be generated by the
vector field of the form

0
R=¢' ,
R @)
where Ei, i = 1,2,3 and 1 depend on x, y, t and u. Applying
the fourth prolongation pr® R to (1) we obtain an overdeter-
mined system of linear partial differential equations. Solving
this resultant system one obtains the following five Lie point

symmetries:

0 0 0
R, = ] R, = 3,0 R; = )
' ox > ot > oy
0 0
R4 a +ta (3)

0 0 0 0
= 2at— — ax— — 20y — + (1 + 2au) —.
R; octat ax=— ocyay+( + 200u) 3

We now utilize the symmetry R = R; + R, + cR;, where cisa
constant, and reduce the Boussinesq equation (1) to a PDE in
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two independent variables. Solving the associated Lagrange
system for R, we obtain the following three invariants:

f=y-d,

Now treating 0 as the new dependent variable and f and g
as new independent variables, the Boussinesq equation (1)
transforms to

g=t-x, 0 =u. (4)

(1-¢%) 0 +2c0;, + 206, + 2000, + 0,0, =0, (5)

which is a nonlinear PDE in two independent variables. We
now use the Lie point symmetries of (5) and transform it to
an ordinary differential equation (ODE). The equation (5) has
the following three symmetries:

d 0
Y r = T
dg > of

L = (20cf 2afc )if + (occf - ctag +(xg) aag (6)

0
00

The combination of the first two translational symmetries,
I' = I + oI, where v is a constant, yields the two invariants

z=f-vg y=0, (7)

which gives rise to a group-invariant solution ¥ = y(z), and
consequently using these invariants, (5) is transformed into
the fourth-order nonlinear ODE

I =

(c +2c%a0 - 2a0)

209°y"? + (1 -t - ch)t// + 20’ yy" + 0" = 0. (8)
Integrating the above equation four times and taking the
constants of integration to be zero (because we are looking for
soliton solutions) and reverting back to the original variables,
we obtain the following group-invariant solutions of the
Boussinesq equation (1):

u(x, y,t) =

sech2 [@ (B + z)] , 9)

2

where B is a constant of integration and

A +2vc—-1 2«

A =TT 4= 2
! y 27 32 (10)

z=vx+y—(c+7)t

It is worth noting that the obtained solitary wave solution
u(x, y,t) is a regular soliton in the form of a bell-shaped
soliton.

2.2. Exact Solutions of (1) Using Simplest Equation Method.
In this section we employ the simplest equation method [27,
28] to solve the nonlinear ODE (8). This will then give us the
exact solutions for our Boussinesq equation (1). The simplest
equations that we will use in our work are the Bernoulli and
Riccati equations.
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Here we first present the simplest equation method and
consider the solutions of (8) in the form

M .
F(z) = Y A{(G(2)), (1)
i=0

where G(z) satisfies the Bernoulli and Riccati equations, M

is a positive integer that can be determined by balancing

procedure,and A, ..., A, are parameters to be determined.
The Bernoulli equation

G (2) = aG (z) + bG* (2), (12)

where a and b are arbitrary constants has the general solution
given by

G =a { cosh [a(z + C)] + sinh [a (z + C)] }
~ " |1-bcosh[a(z+C)] - bsinh[a(z +C)]
(13)
and represents a solitary wave solution.
The Riccati equation considered in this work is
G (z) = bG* (2) + aG (z) + d, (14)
where a, b, and d are arbitrary constants. Its solutions are
a 0 1
|
G (z) b 2btan 29(z+C)
a 0 1
G(2) = —5 - o tanh (562 (15)

. sech (0z/2)
C cosh (6z/2) - (2b/6) sinh (8z/2)’

with 6% =
integration.

a®> — 4bd and C is an arbitrary constant of

2.2.1. Solutions of (1) Using the Bernoulli Equation as the
Simplest Equation. The balancing procedure gives M = 2 so
the solutions of (8) are of the form

F(z)=Ay+A,G+A,G. (16)
Inserting (16) into (8) and using the Bernoulli equation (12)
and, thereafter, equating the coefficients of powers of G' to
zero, we obtain an algebraic system of six equations in terms
of Ay, A, and A,, namely,
~1200*A,b* - 20av° A%b” = 0,
~336v"A,ab’ - 36av” Alab - 247" A | b*
— 2400’ A, A0 =0,
- Ala2 + 2vA1a2c - vA1a4 + Alazc2
- 2av2A1A2a2 =0,
~ 16av’ A%’ + 12vA,b°c — 6av’ A%b’
— 60V A ab’ — 12a0” A A b* - 330v* A,a’b?

— 42av* A abA, + 6A,b°c* — 6A,b% = 0,

—15v*A,a’b + 8vA,a’c — 3A ab - 4A,a>
+4A,a°C — 4’ Ala” — 6’ Ay A ab - 16V A,a*
+6A abcy — 8av’ Ay A,a® + 3A,abc’ = 0,
—18av° A, A,a" — 100y’ A’ab — 4arv* A A b
+10A,abc® + 4vA b°c + 20vA,abc — 2A | b°
+2A,b° - 2000 Ay A,ab — 10A,ab

~130v* A,a’b - 500* A a’b” = 0.
17)
With the aid of Mathematica, solving the above system of

algebraic equations, one possible solution for A, A,and A,
is

—(1 e ch+a2v4)

Ay =

2002 ’
2
A = —6aby ) (18)
o
_6b2 2
A, =20
o

Thus, reverting back to the original variables, a solution of (1)
is

u(t, x,y)
3 cosh [a(z + C)] +sinh [a(z + C)]
= Ao+ Aa { 1-bcosh[a(z+ C)] -—bsinh[a(z + C)] }
A 2{ cosh [a(z + C)] + sinh [a (z + C)] }2
24 1-bcosh[a(z+C)]-bsinh[a(z+C)]) "’

(19)

where z = vx + y — (¢ + )t and C is an arbitrary constant of
integration, which represents a solitary wave solution.

2.2.2. Solutions of (1) Using the Riccati Equation as the Simplest
Equation. The balancing procedure yields M = 2 so the
solutions of (8) take the form

F(z)= Ay + A,G+ A,G. (20)

Inserting (20) into (8) and making use of the Riccati equation
(14), we obtain algebraic system of equations in terms of A,
A}, and A, by equating the coefficients of powers of G’ to
zero. The resulting algebraic equations are

~1200*A,b* - 20av° A%b* = 0,
- 36av’ Alab - 336v* A ab’ - 247" A | b*

- 2400’ A, Ab =0,



- 32av°A%bd - 6av* A%b® - 2400* A,b°d

+6A,b°C7 + 12A,b%cy - 6A,b°

~12a7°AyA b - 42av° A | A,ab — 16av’ Ala®

- 60v*A ab’ — 3304,a°b” = 0,
~16v*A,bd’ — 14v* A, a’d” + 2A jacdy
— Ayad + 4A,cd’v + A ac’d - 8v* A abd’
+2A,8d* —v* A’ d - 200* Ay A ad
—4ar* Ay A,d® - 20c1/2A21d2 —2A,d*> =0,
24 ,b*F - 280¢v2A22ad — 20av” A, A,ab
~ 3600 A, A,bd — 18av* A, A,a” — 10av’ Al ab

—10A,ab + 10A,abc” + 4A b’cy — 40v* A b’ d

—4av° AyAb* - 500" A a’b” + 20A,abcy — 2A,b°

—130v* A,a’b — 440v* A, ab’d = 0,
2A,a’cv - 6A,ad —v* A a*
+12A,acdy - 6(xv2A21ad +6A,ac’d
+Aa’c — 120" A | A,d® - 4av* A A bd
—120v*A,abd” + 4A bedy - 200 A A a°
—12av°AyAyad — 16v* A b*d® — A a”
-30v*Aya’d — 2A bd + 2A,bc*d

-22v*A,a’bd = 0,
— 8o’ AyA,a’ + 3A,abc” — 8A,bd

+6A abcy — 3A,ab — 6av* A A ab

- 136v* A, b7 d* - 4A,a° - 120cva22d2

+8A,a°cy — 16av” A A,bd — 232v* A,a’bd
2 42 4, 3

—8av"ATbd + 16A,bcdv — 15v" A a’b

~16v*Aya* — 60v* A ab’d + 8A,bc*d

+4A,a°c* - 300’ A | A, ad - 4ocv2A21a2 =0.

Solving the above equations, we get

—8bdvt —a®vt + P+ 2cv -1
Ay =

>

292

—6abr* —6b*9?
A = av’ A, - v,
04 04

(21)

(22)
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and consequently, the solutions of (1) are

u(t,x,y)
a 0 1
= AO +A1 {—% — %tanh [50(Z+ C)]}
‘A {-ﬁ 9 anh [1e(z+C)]}2
2l 26 20 2 ’
u(t,x,y)
a 0 1
—AO+A1 —%—z—btanh<zez>
N sech (0z/2)
C cosh (0z/2) — (2b/0) sinh (0z/2)
a 0 1
+A2 _Z_b - %tanh<502>

N sech (0z/2)
Ccosh (0z/2) — (2b/0) sinh (0z/2) | ’

(23)

where z = vx + y — (c + v)t and C is an arbitrary constant of
integration.

The solution (16) is a solitary wave solution in the form of
a kink solution.

3. Conservation Laws for (1)

In this section we obtain conservation laws for the (2+1)-
dimensional Boussinesq equation (1) using Ibragimov the-
orem [29], but first we give some definitions and notations
which we will utilize later.

3.1. Fundamental Operators and Their Relationship. Let us
consider a kth-order system of PDEs of n independent varia-
bles x = (x',x%,...,x") and m dependent variables u = (u,
u?, ..., u™), namely,

E, (%, u, ), - .. a=1,...,m  (24)

) =0,
Here u;), U, ..., Uy denote the collections of all first,
second, .. ., kth-order partial derivatives; that is, u{ = D;(u®),
ui = D;D;(u®),..., respectively, with the total derivative
operator with respect to x* defined by

0 0 « O

o
D. ’ _au"‘ + Uy _au?‘

Izﬁ +---, i=1,...,n. (25)
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The Euler-Lagrange operator, for each «, is defined by

0
o Z( 1 1 s >
6“ s>1 aullz2 i (26)

a=1,...,m,
and the Lie-Backlund operator is given by

0

i o 27
a rlaa E’rl E‘d) ( )

x=82

where o/ is the space of differential functions. The operator
(27) can be written as

i 0 « 0 « 0
X:§@+na—+2(%,au , (28)
>1 iy

where

& = Dy (W) + 8,

, (29)
o o o
. =Dy Dy (W) + Ejuﬁln_is, s> 1.
Here W* is the Lie characteristic function defined by
a_ o plo«
W*=n"-8tu i (30)

We can write the Lie-Backlund operator (28) in characteristic
form as

X =ED;+W* aia
(1)

104
s>1 iy

0
£ YD, Dy (W) =0
The Noether operators associated with a Lie-Backlund sym-
metry operator X are defined as

1
ouf

N =8 +w*

g .
+ZDi1"‘DiS (W“) Su"‘—’ i=1,...,n,

s21 )iy

where the Euler-Lagrange operators with respect to deriva-
tives of u”™ are obtained from (26) by replacing u® by the
corresponding derivatives. For example,

1) o}
ou a P s; O auwz s (33)
i=1,...,n, a=1,...,m,

and the Euler-Lagrange, Lie-Bicklund, and Noether opera-
tors are connected by the operator identity

X+D; (&)= (34)

The n-tuple vector T = (T*, T%,...,T"), T € o, ji=1....n
is a conserved vector of (24) if T* satisfies

DiTi I(ll) = 0, (35)

which defines a local conservation law of system (24).
The system of adjoint equations to (24) is defined by

E, (%, v, ..oty V) =0, a=1,...,m, (36)
where
. 8 (v"Eg)
Ey (%, 1,5 Uy Vi) = s 37)
a=1,....,m, v=v(x)

andv = (v',v%,...,v™) are new dependent variables.

The system of (24) is known as self-adjoint if the substitu-
tion of v = u into the system of adjoint equations (36) yields
the same system (24).

Let us now assume the system of (24) admits the symme-
try generator

0
X=8—" +n"—. 38
E ax’ o ou* (38)

Then the system of adjoint equations (36) admits the
operator

; 0 o 0 a O
Y=o vy

Ox! i oue
=< [, 9]

(39)

where the operator (39) is an extension of (38) to the variable
v* and the /\% are obtainable from

X (E,) = ALE,. (40)

We now state the following theorem.

Theorem 1 (see [29]). Every Lie point, Lie-Bécklund, and non-
local symmetry (38) admitted by the system of (24) gives rise
to a conservation law for the system consisting of (24) and the
adjoint equation (36), where the components T' of the con-
served vector T = (T%,..., T") are determined by

j oL
T =&L+ w —+ YD, D, (W) ———,
i s>1 iiyiyeei (41)
i=1,...,n,
with Lagrangian given by
L=vE, (x,u...,ug). (42)



3.2. Construction of Conservation Laws for (1) . In this sub-
section, we obtain conservation laws of (2+1)-dimensional
Boussinesq equation

2
Upp = Uy — Uy — 2000y = 20Ul — Uy, = 0. (43)

Recall that (43) admits the following five Lie point symmetry
generators:

0 0 0
R = <> R = = R = <>
' ox 2ot T oy
0 0
Ry =y2 412,

0 0 0
R, = —Zata —Xao - 2(xya + (1 + 2aum) 3
We now find five conserved vectors corresponding to each of
these five Lie point symmetries.
The adjoint equation of (43), by invoking (37), is

E* (t) XoUs Vs ooy Unyerns Vxxxx)
1 2
=5, [v (Un — Uy — Uy, — 200, (45)
_2cxuuxx - uxxxx) ] =0,

where v = v(t, x, y) isa new dependent variable and (45) gives

Vit = Vxx = Vyy = z‘xuvxx T Vixxx = 0. (46)
It is obvious from the adjoint equation (46) that (43) is
not self-adjoint. By recalling (42), we get the following

Lagrangian for the system of (43) and (46):
L=v (utt Uy — Uy — Z(xui - 2auu,, — uxxxx) . 47)

(i) We first consider the Lie point symmetry generator
R, = 0/0x. It can be verified from (39) that the operator Y, is
the same as R, and the Lie characteristic functionis W = —u,.
Thus, by using (41), the components T%, i = 1,2,3, of the
conserved vector T = (T*, T?, T?) are given by

1
T =u.v, —vu,,

2
T =vu, —vu,, —u

yy ~ UiV = 200U,V

(48)
T U Vixx T Vaxlax = Valbaxno

3

T° = —uwv, + v,
Remark 2. The conserved vector T contains the arbitrary
solution v of the adjoint equation (46) and hence gives an
infinite number of conservation laws.

The same remark applies to all the following four cases.
(ii) Now for the second symmetry generator R, = 0/0t,
we have W = —u,. Hence, by invoking (41), the symmetry
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generator R, gives rise to the following components of the
conserved vector:

1_ 2
T = —vuy — Vi, — 20V15 = 200UV = Vidgyo + UV

2 _
T = —uv, + 2avuu, — 200UU,V, — UV,

+ VU + 200UVU, + Vi Uy — Vil F Vi

3
T = -vu, +vu,.

(49)

(iii) The third symmetry generator, R, = 0/dy, gives W =

—u, and the corresponding components of the conserved

vector are
" =vu, -
= ViU, — Vi,
2
T = —uyv, +2avu, U, — 200UV, — UV + Vi,
F20UVU, + ViU, = Vil + Vikyys
T = vu, — vu, — 20> — 20uvid, — vu —u,v
- tt XX X XX XXXX vy
(50)

(iv) For the symmetry generator R, = y0/0t + t0/dy the
components of the conserved vector, as before, are given by

Th = - - -2 >
= =Y VUyy — YVU,, = 200V
= 200UVl = YVl T YUY,
+tu, v = vu, —tviy,
2
T = —yu,v, + 20yvuu, — 200yun, v,
= YUVixx =tV Uy, + 20tV U, — 20tuv,u,,
- tuyvxxx T YVl t zayuvutx T YUy Vax (51)
F VU, + 200UVU ), EU Ve = YVl
- tvxuxxy T YVlix T tvuxxxy’
T = tvuy, — tvi,, — 20tvid,
= vy, — VU, — 20tV
= 2atuvi,, —

PVlyx — YVyUy

—tvyuy, Vit yviy,.

(v) Finally, for the symmetry generator

0 0 0 0
Ry = _2mfa - "“a - 2(xy@ + (1 + 2am) 50 (52)

the value of Y; is different from R; and is given by

0 0 0 0 0
Y, = —2¢xta - Xao - Zay@ + (1 + 2am) R

(53)
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In this case the Lie characteristic function is W = 1 + 2au +
2atu, + xau, + 2ayu,,. So using (41), one can obtain the
conserved vector T whose components are given by

1 2, 2
T =2atvu,, +2atvu,,, + 4a"tv,

2
+ 4o tvu,, + 20EVU o — Vs

— 20y, — 20tu, v, — XQU YV, = 200U, vy
+4avu, + xavidg, + 2000V,

2
T = —xavuy + xavu,, + 20xuvi,,

2 2
+v, tdauv, + v, H4auTY,

+ 2auv,,, — 8atvu, u, + 2atu, v,

2 2
+ 4o tvu,u, + 4o tun v, + 200U,V

2
+ XUV, + 20 XUUL YV, + XOULV,

- 80c2yvuxuy +2ayu,v, + 4<x2yvuxuy
+ 4oc2yuuyvx + 20001, Ve — 208V, (54)
= Savu, = 2ayvi,, — 4cx2tuvutx

2 2 2
— 100 uvu, — 20" xuvi,, — 4o yuvi,,

= 30UV, — 200UV, — XOUL Y,

= 200Y Uy Vi + 2008V, Uy +AXV, U

+ xav, u

xUxxx T 20‘)’quxxy - 2“tvutxxx

= 5avi,,, — Zocyvuxxx},,

T° = —2ayvuy, + 20yvu,,, + 4o’ yvui

2
AT YVl + 2000 VU + Y,

+ 20y, + 20U v, + Xau, v, + 20U, v,

— 4avu, — xavu,, — 2atvi,,.

4. Conclusions

In this paper, for the first time, Lie symmetries as well as the
simplest equation method were used to obtain exact solu-
tions of the (2+1)-dimensional Boussinesq equation (1). The
solutions obtained were solitary waves and nontopological
soliton. It is obvious from the analysis we conducted that the
(2+1)-dimensional equation gives rise to a variety of solitary
wave solutions that ranges from kink to soliton solutions. The
obtained kink and soliton solutions are regular solitons given
in the form of hyperbolic tan or the sech® form. Moreover,
the conservation laws for the (2+1)-dimensional Boussinesq
equation were also derived by using the new conservation
theorem due to Ibragimov [29].
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