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We investigate the Hélder regularity of the local time of the fractional Ornstein-Uhlenbeck process X = {X[, t > 0}. As a related
problem, we study the collision local time of two independent fractional Ornstein-Uhlenbeck Xt = {Xfi", t > 0},i=1,2with

respective indices H, H, € (0, 1).

1. Introduction

The Brownian motion and the Ornstein-Uhlenbeck process
are the two most well-studied and widely applied stochastic
processes. The Einstein-Smoluchowski theory may be seen as
an idealized Ornstein-Uhlenbeck theory, and predictions of
either cannot be distinguished by the experiment. However,
if the Brownian particle is under the influence of an external
force, the Einstein-Smoluchowski theory breaks down, while
the Ornstein-Uhlenbeck theory remains successful. It is well
known that a diffusion process X = (X,),., starting from x €
R is called Ornstein-Uhlenbeck process with coefficients v >
0 if its infinitesimal generator is
2
= lvzd— - xi. 4]
2 dx? Tdx

The Ornstein-Uhlenbeck process (see, e.g., Revuz and Yor
[1]) has a remarkable history in physics. It is introduced to
model the velocity of the particle diffusion process, and later
it has been heavily used in finance, and thus in econophysics.
It can be constructed as the unique strong solution of Itd
stochastic differential equation

L

dX, =-X,dt +vdB,, X,=x, (2)

where B is a standard Brownian motion starting at 0.
Recently, as an extension of Brownian motion, fractional
Brownian motion has become an object of intense study, due
to its interesting properties and its applications in various sci-
entific areas including condensed matter physics, biological
physics, telecommunications, turbulence, image processing,
finance, and econophysics (see, e.g., Gouyet [2], Nualart [3],

Biagini et al. [4], Mishura [5], Willinger et al. [6], and ref-
erences therein). Recall that fractional Brownian motion B
with Hurstindex H € (0, 1) is a central Gaussian process with
Bé{ = 0 and the covariance function

E[BB] = 2 [+ 1~ e - o] )

for all t,s > 0. This process was first introduced by Kol-
mogorov and studied by Mandelbrot and van Ness [7], where
a stochastic integral representation in terms of a standard
Brownian motion was established. For H = 1/2, B coincides
with the standard Brownian motion B. B is neither a sem-
imartingale nor a Markov process unless H = 1/2, and so
many of the powerful techniques from stochastic analysis are
not available when dealing with B It has self-similar, long-
range dependence, Holder paths, and it has stationary incre-
ments. These properties make B an interesting tool for many
applications.

On the other hand, extensions of the classical Ornstein-
Uhlenbeck process have been suggested mainly on demand of
applications. The fractional Ornstein-Uhlenbeck process is
an extension of the Ornstein-Uhlenbeck process, where frac-
tional Brownian motion is used as integrator

dX, = -X,dt +vdB}', X, =x. (4)

Then (4) has a unique solution Xf{ ={XH,0 <t < T}, which
can be expressed as

t
X =t <x + vJ eSdBf> , (5)

0



and the solution is called the fractional Ornstein-Uhlenbeck
process. More work for the process can be found in Cheridito
et al. [8], Lim and Muniandy [9], Metzler and Klafter [10],
and Yan et al. [11, 12]. Clearly, when H = 1/2, the frac-
tional Ornstein-Uhlenbeck process is the classical Ornstein-
Uhlenbeck process X with parameter v starting at x € R. An
advantage of using fractional Ornstein-Uhlenbeck process is
to realize stationary long range dependent processes.

The intuitive idea of local time L(t, x) for a stochastic pro-
cess X is that L(t, x) measures the amount of time X spends at
the level x during the interval [0, ¢]. Moreover, since the work
of Varadhan [13], the local time of stochastic processes has
become an important subject. Therefore, it seems interesting
to study the local time of fractional Ornstein-Uhlenbeck
process, a rather special class of Gaussian processes.

In this paper, we focus our attention on the Holder reg-
ularity of the local time of fractional Ornstein-Uhlenbeck
process.

The rest of this paper is organized as follows. Section 2
contains a brief review on the local times of Gaussian pro-
cesses and the approach of chaos expansion of the Gaussian
process. In Section 3, we give Hélder regularity of the local
time. In Section 4, as a related problem, we study the so-called
collision local time of two independent fractional Ornstein-
Uhlenbeck X = {Xfl",t > 0},i = 1, 2 with respective indices
H,, H, € (0,1).

2. Preliminaries

2.1. Local Times and Local Nondeterminism. We recall briefly
the definition of local time. For a comprehensive survey on
local times of both random and nonrandom vector fields, we
refer to Alder [14], Geman and Horowitz [15], and Xiao [16-
18]. Let X(t) be any Borel function on R with values in R.
For any Borel set B ¢ R, the occupation measure of X is
defined by

ug(A) = A {t € B, X (t) € A}, (6)
for all Borel set A € R, where A, is the one-dimensional
Lebesgue measure. If y5 is absolutely continuous with respect
to the Lebesgue measure A, on R, we say that X(f) has a local
time on B and define its local time L(B, x) to be the Radon-
Nikodym derivative of pg. If B = [0,t], we simply write
L(B,x) as L(t,x). If I = [0,T] and L(t, x) is continuous as
a function of (t,x) € I x R, then we say that X has a jointly
continuous local time on I. In this latter case, the set function
L(-, x) can be extended to be a finite Borel measure on the
level set (see Adler [14, Theorem 8.6.1])

XN (x)={tel:X(t)=x}. (7)

This fact has been used by many authors to study fractal
properties of level sets, inverse image, and multiple times
of stochastic processes. For example, Xiao [16] and Hu [19]
have studied the Hausdorft dimension, and exact Hausdorft
and packing measure of the level sets of iterated Brownian
motion, respectively.
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For a fixed sample function at fixed ¢, the Fourier trans-
form on x of L(t, x) is the function

ftu) = J e L (t,x)dx. (8)
R
Using the density of occupation formula we have
t .
ftw = [ ¢ as (9)
0

We can express the local times L(, x) as the inverse Fourier
transform of f (¢, u), namely,

1 oo ! iu(X(s)—x)
L(t,x)= e J L ds | du. (10)

It follows from (10) that for any x, y € R, ¢, t + w € [0,T] and
any integer n > 2, we have (see, e.g., Boufoussi et al. [20, 21])

E(L(t +h,x) - L(t,x))"

:%J J efixz;lzluiE(lzjl J J)
@m)" Jittrwr Jre (11)
n n
X Hdu des I
=1 =1
and for every even integer n > 2,

L(t+hy)+L(t,y))"

1 T ivwn iyus
= W J'[t)Hw]” JRn U [e xuj e l}’w]

j=1

E( 1 X)) )Hdu Hds
L=l

(12)

E(L(t+h,x)—L(tx)—

The concept of local nondeterminism was first intro-
duced by Berman [22] to unify and extend his methods for
studying local times of real-valued Gaussian processes. Let

= {X(#),t € R,} beareal-valued, separable Gaussian proc-
ess with mean 0 and let T' ¢ R, be an open interval. Assume

that E[X(t)*] > 0 forallt € T and there exists 8 > 0 such that
E[(X ()~ X (®)’] >0, (13)

fors,t € Twith0 < |s—t] < 6.
Recall from Berman [22] that X is called locally nonde-
terministic on T if for every integer n > 2,

lim inf V, >0, (14)

e—>0t,~t)<e
where V,, is the relative prediction error as follows:

_ Var (X (t,) = X (t,) 1 X(t,),.... X (t,y )
" Var (X (t,) = X (t,-1)) ’

and the infimum in (14) is taken over all ordered points ¢, <
t, < .-+ < t,in T with t, — t; < e. Roughly speaking, (14)

(15)
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means that a small increment of the process X is not almost
relatively predictable based on a finite number of observa-
tions from the immediate past.

It follows from Berman [22, Lemma 2.3] that (14) is
equivalent to the following property which says that X has
locally approximately independent increments: for any pos-
itive integer n > 2, there exist positive constants C, and §
(both may depend on n) such that

wr( S, x() - x(6.)

(16)

n
- 03w var X (1) - (t,.)].

=1
for all ordered points 0 = t, < t; <t, < --- < t, in T with
t,—t; < §andall u; €R (1 £ j < n). We refer to Nolan [23,
Theorem 2.6] for a proof of the above equivalence in a much
more general setting.

For simplicity throughout this paper we let C, stand for

a positive constant depending only on the subscripts and
its value may be different in different appearances, and this
assumption is also adaptable to C, Cy.

2.2. Chaos Expansion. Let Q) be the space of continuous R'-
valued functions w on [0, T']. Then Q is a Banach space with
respect to the supreme norm. Let # be the o-algebra on Q.
Let P be the probability measure on the measurable space
(Q, F). Let E denote the expectation on this probability
space. The set of all square integrable functionals is denoted
by L*(Q, P), that is,

E(F*) = JQ |F (0)|*P (dw) < c0. (17)

We can introduce the chaos expansion, which is an
orthogonal decomposition of L*(Q, P). We refer to Hu [24],
Nualart [3], and the references therein for more details. Let
X = {X,,t € [0,T]} be a Gaussian process defined on the
probality space (Q, #, P). If p,(x) is a polynomial of degree
nin x, then we call p,(X,) a polynomial function of X witht €
[0, T]. Let &, be the completion with respect to the L*(Q, P)
norm of the set {p,(X;) : 0 < m < n,t € [0,T]}. Clearly,
P, is a subspace of L*(Q, P). If €, denotes the orthogonal
complement of &, | in P,, then L*(Q, P) is actually the
direct sum of €,,, that is,

L’ (,P) =P, (18)
n=0

Namely, for any functional F € LZ(Q, P), there are F,, in G,
n=0,1,2,...,such that

F= OZO:F (19)
n=0

The decomposition equation (19) is called the chaos expansion
of F, and F,, is called the nth chaos of F. Clearly, we have

E(|F) = iE(;FnF). (20)

Recall that Meyer-Watanabe test function space % (see
Watanabe [25]) is defined as

U = {F €L’(Q,P):F= OZO:Fn, inEﬂFnlz) < oo} :
n=0

n=0

(21)
and F € L*(Q, P) is said to be smooth if F € %.

Now, for F € L*(Q, P), we define an operator T, with u €
[0, 1] by

(o]
LF:=Yu"F, (22)
n=0

Set ®(u) := I ;F. Then ©(1) = F. Define ®g(u) := (d/du)
(1®@)|1*), where ||F||* := E(|F|*) for F € L*(Q, P). We have

Qg (u) = in uVHE(an|2). (23)
n=1

Note that [@w)[> = E(Ow)) = ¥, EW"|F, ).

Proposition 1. Let F € L*(Q,P). Then F € % if and only if
D (1) < co.

Consider two independent fractional Ornstein-Uhlen-
beck X™ = {XtH", t > 0}, i = 1,2, with respective indices
H; € (0,1). Let H,(x) and x € R be the Hermite polynomials
of degree n. That is,

1 .2 no
H,(x) = (-1)"=¢" /Za—e x12 (24)
n! ox"
Then,
2 ()
=N 1H, (%), (25)
n=0

forallt € € and x € R, this implies that

exp (g (X[ - X[ )+ S0t var (X[ - X[*))

(26)
S §(x" - x*)
= Y o (t,E)Hn<T,£) ’

where i = V=1 and o(t,&) = \/Var(Xf‘ - Xf{z)EZ for £ € R.
Because of the orthogonality of {H,(x), x € R}, , we will
get from (19) that

o (EEXEY
t, —_—
(iu)"o" (t,§) H, oD (27)

is the nth chaos ofexp(iuf(XfI1 - Xfiz) +(1/2)u*8? Var(Xf{1 -
B%)) forall t > 0.



3. Local Time of Fractional
Ornstein-Uhlenbeck Process

In this section, we offer the Holder regularity of the local time
of fractional Ornstein-Uhlenbeck process.

Theorem 2. Let {Xf, t > 0} be the fractional Ornstein-Uhl-
enbeck process. Then, for every t € R" and any x € R, there
exist positive and finite constants C, and C, such that

. L(t+h,x)—L(tx)
lim sup su = <
n—o % h'"H(log log (k™))

L(t+hx)—L(tx)
<C .S.
T

C, as (28)

lim sup sup
h—0 xt

Proof. Lett > 0 be a fixed point. Following the Fourier ana-
lytic approach of Berman [26], we have

E[L(t+hx)-L(tx)]"

1
- @2n)”
x (30)
X Elexp|iYu, (xF-xH
j[t,t+h]" JR” < p(; ]( S t>>>
xnduj ds]-.
j=1 j=1

Let AX" = X" — X s > 0,and denote by R(s,, 5,, - .-, 5,,) the
covariance matrix of (AXSI, el AX?) for different s, ...,s,,
then we have

det R(s},85--.55,)
= Var (AX[) Var (AXT | AXTT) - (31)

, AXIL ).

S,

Var (AX]' | AXT, ...

By Yan et al. [11], one can write the fractional Ornstein-Uhl-
enbeck process starting from zero as

t
X?:vj F(t.u)dB, 0<t<T, (32)
0

where B is a standard Brownian motion with B, = 0, and for
O<ucx<t

1 _ _
F(t,u) = (H— 5>KHe tytH
(33)

t
X j sH2 (s —wyF32eds,
u
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with 1/2 < H < 1,k = (2HT((3/2) - H)/T(H + (1/2))T(2—
2H))1/2, and

F(t,u) = KHul/ZfH

t
« <_eft J' (s — w)H 121125 4
u

2
——€
1-2H

t
XJ (s — u)H—l/ZSH—3/Zest> )
(34)

+ tH—l/Z(t B u)H—1/2 +

with0 < H < 1/2.
Foranyr,s € [t,t + h] such that r < s, we have

Var (AX? | AXZI,u < r) > Var (AX? - AX? | B,,u< r)
= Var(X? —Xf | B,,u < r)

= Var (X | Bus<r),
(35)

where the last equality follows from the fact that X! is meas-
urable with respect to o(B,,, u < r). Moreover, we can write

X?:VJ F(s,u)dBu:vJ F(s,u)dBu+vJ F (s,u)dB,,.
0 0 r
(36)

Hence, by using the measurability of Ior F(s,u)dB, with
respect to 0(B,,, u < s), we have

N
Var(Xf | Bu,uSr) =Var<vJ. F(s,u)dB, | Bu,uSr)

r

= Var <v r F(s,u) dBu>
> Cy(s— r)ZH,
(37)

where, to obtain the second equality, we have used the fact
that j: F(s,u)dB, is independent of o(B,,u < s) (by the
independence of the increments of the Brownian motion).
Combining (31), inequation (35), and inequation (37), we
have

L 2H
det R(sp,53,-..,5,) 2 Cp[ [(s;-5;4)" >0, (38)
j=1
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where s, = 0. Hence, the change of variable V = RY*U, U =
(uy,...,u,) implies that

J E (exp <iiuj (X? - Xf))) du;
n j:1 J j:1
= J E (exp <iiujAX?>> . du; (39)
R j i

j=1

=

~ 2m)"?
(detR (s;,55...»5,)) """

Hence,
E[L(t+h,x)-L(tx)]"
n!
- (27_[)11/2
1
x 1/2
t<s;<<s,<t+h (det R (81,85 ...,5,))

ds,---ds,

n! 1 1

- n/2 H
(2m) t<sy <<s,<th ] (Sj _ 5];1)

ds,---ds,

ra-Hy"

n! n(1-H)
Fr(1+n(l-H)

<C
H(zﬂ)n/z

(40)

Following from Stirling’s formula, we have n!/T'(1 + n(1 -
H)) < A"n!", n > 2, for a suitable finite number A. So

(41)

Lit+hx)-Ltx)\" . H
E( LA <Cnl™.

Following, we first prove that for any K > 0, there exists a pos-
itive and finite constant B > 0, depending on ¢, such that for
sufficiently small u

Bhl—H
P(L(t+h,x)—L(t,x)2 - )Se(K/”). (42)
u

First consider u of the form u = 1/n. By Chebyshev’s inequal-
ity and inequation (41), we have

P (L (t+h,x)-L(t,x) > Bhl_HnH)

SE(L(t+h,x)—L(t,x)>”

Bhl-HpH
C” 1 nH
S B ( —> n!™ (by Stirling’s formula) (43)
n

n
< C—(Zrm)H/ 2o Hn
Bn

= exp(n(log(%) —H) + % (logn+log2n)).

Choose B > C and n, large such that for any n > n,, to
dominate (43) by e ). Moreover, for u sufficiently small,
there exists n > n, such that u,,; < u < u, and sincen > 1,
n/(m + 1) = 1/2. This proves inequation (42).

On the other hand, if we take u(h) = 1/ log log(1/h) and
consider h,, of the form 27", then inequation (42) implies

n

H
P<L(t+hn,x) -L(t,x) 2 Bh,lfH<loglog<hi>> )

-2
<n°~,

(44)

for large n. So, following that Borel-Cantelli lemma and mon-
otonicity arguments, we have

H
L(t+h,x)—L(t,x>SB<loglog(hi>> as. (45)

hl—H

This completes the proof of inequation (28). we can obtain
inequation (29) in the similar manner. O]

4. Existence and Smoothness of
Collision Local Time

In this section we will study the so-called collision local time
of two independent fractional Ornstein-Uhlenbeck X =
{Xfl",t > 0},i = 1,2. It is defined formally by the following
expression:

T
o= | o (xth-x")a, (46)
0

where §, is the Dirac delta function. It is a measure of the
amount of time for which the trajectories of the two pro-
cesses, X, and X}2, collide on the time interval [0, T]. The
collision local time for fractional Brownian motion has been
studied by Jiang and Wang [27]. We shall show that the ran-
dom variable ;- exists in L*. We approximate the Dirac delta
function by the heat kernel

1 2 1 ixE —e(F2
e J et gz, (47)
2me 2 Jr

Ps (X) =

For ¢ > 0 we define

T H,
€£,T = J p(—: (Xt !

) - X;")dt

(48)
-5 J TJ S XE) e @ g gy,
21t Jo Jr

and a natural question to study is that of the behavior of £, 1
as ¢ tends to zero.

Theorem 3. For H; € (0,1), i = 1,2. Then £, converges in
LZ(Q, F,P), as ¢ | 0. Moreover, the limit is denoted by €,
then €, € L*(Q, %, P).



Proof. First we claim that £, ;- € L*(Q, &, P) for every & > 0.

By (48) we have

E(£;)

_ L J I TJ Bt =X in(e - x(®)
an? )} o Jre
(49)
2 2
x g (@ ))/Z)df dndsdt

. ~(1/2)0% _~((E+n")/2)
= ||| e D g ay s,
47 ) o Jr2

where ¢ denotes the variance of random variable &(X}" —
X7y + p(xt - X!, that is,

o” = Var (§ (X" - X;%) +n (X - xI2)). (50)

According to the property of local nondeterminism (see The-
orem 3.1in [11]), we have

o® = Var (§ (X - XI") - £ (X% - xIP)
+H(E+m) (X - X))
>C[8((t -9+ (t-5)"")

+(&+ 11)2 (52H1 + sZHZ)] .

(51)

Thus, we have

N ~(1/2)0% _~(e(E+7)/2
e ” J e e TIEAE dn ds dt
TT 0 JrR?

IA

JTJ ! J ¢ O (= = G (48] dn ds dt
0 JoJr2

T (t
—of ] [(e-97 e -™)

X (SZH] +52H2)]_1/2dsdt

T (t
< CJ J (t - S)—(l/z)(H1+H2)S—(I/Z)(HI+H2)dS dt < oo,
o Jo

because of H; € (0, 1), which yields

E(£2;) < oo, (53)

forall € € (0,1].

Abstract and Applied Analysis

Second, we claim that the sequence {€,;, € > 0} is of
Cauchy in L*(Q, %, P). For any 6, & > 0 we have

E (|€S,T - ee,Tiz)

L”T J' Eeis(xf" —XT) pin(xt - xT)
an? )} o Jre

2 2
. (e—(S/Z)E _ o8 )

x (&7 O G dy ds dt

IN

1 ((le_pI21E]? 2
Lsup(1 - e o)
47 EeR

T
x ” j D9 g i ds d.
0 Jr2
(54)
Thus, dominated convergence theorem yields
E(|e.r - €o|") — 0, (55)

ase — Oand 6 — 0, which leads to £, is a Cauchy
sequence in L*(Q, %, P). Consequently, lim, _, (£, 1 exists in
L*(Q, &, P). This completes the proof. O

For the increments of collision local time we have the fol-
lowing.

Theorem 4. Let H,,H, € (0,1) and § = min{H,, H,}. Then
the collision local time € satisfies the following estimate:

E(|6, - &) < Cyy p, (t =), (56)
foralls,t, s <t
Proof. For any 0 < r,[ < T we denote
ory = Var (§(XP - XB) 4 (X - X7)). (57)

Then the property of local nondeterminism (see Theorem 3.1
in [11]) yields

ol 2 C[E((r =D + (r - 1))

+(&+ r])2 (ZZH1 + ZZHZ)]

for a constant C > 0. It follows from (48) that for0 < s <t <
T

(58)

E (les,t - gs,SIZ)

2 (' /2002 e/ DE )
= 7 )ZJ J drdlj e meTtE T dE dn
T s Js R?

t r
CJ drj (r =PI Pl

<C(t-s)7.

(59)
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Thus, Theorem 3 and Fatou’s lemma yield

E(le, - e)
=E (shi%m’f - €$’s|2> (60)
- 2 22
< llr?ngfE (|€€)t -, ) <C@t-s)"%.
This completes the proof. O

Let A, = Var(ijll - Xfiz) fort > 0 and
po = E[(X{" = X7 (xIh - xI2))], (61)
for s, t > 0.

Lemma 5 (An and Yan [28]). For any x € [-1,1) we have

|
anan” == (62)
n=1 i

where 2n-2)!'=1-3-5---Q2n-1)and Cn-1)!'=2-4.
6--(2n-2).

By Cauchy-Schwartz’s inequality, we have pi ;< AL
Hence,

-3/2
P _ P, Pu ( 1 )1/2
(/\S/\t - pszt)3/2 ASAt A’SAt As)‘t

_i(Zn—l)!! P2, "( 1 )1/2
S Len-2M\ A, ) \AA, )

n=1

forallt,s > 0and s#t.

Below, we consider the smoothness of the collision local
time. Our main object is to explain and prove the following
theorem.

Theorem 6. Let ¢, T > 0 be the collision local time process
of two independent fractional Ornstein-Uhlenbeck X =
{Xf{",t > 0}, i = 1,2, with respective indices H; € (0, 1). Then
Cr is smooth in the sense of the Meyer-Watanabe if and only if

1
min {H}, H,} < 3 (64)
Proof. By Yan et al. [11], we have
2
AtAs ~ Pst
g (SzH1 N SZHZ) ( 2H t2H2)

1

- (£ 4+ 2 — P (65)

w2 P PR

= (52H1 + SZHZ) [(t st - 5)2H2] ,

7
where the notation F = G means that there are positive
constants ¢; and ¢, so that

G (x) < F(x) <6G(x), (66)

in the common domain of definition for F and G.
Hence, following Theorem 2 in An and Yan [28], we have

I Z (PLIAN, — p2)*)dsdt < oo if and only if
min{H,, H,} < 1/3. Therefore, in order to prove Theorem 6,
it only needs to prove: for T' > 0, £; is smooth in the sense of
the Meyer-Watanabe if and only if

T 2 2 \~3/2
JJ ps,t(/\t/\s - Ps’t) dsdt < 0o. (67)
0
In fact, for € > 0, T > 0 we denote

), (68)

O, (T, 8.r) = E (| alur

and O(u, T, ;) := E(IFWZTIZ). Thus, by Proposition 1 to
prove that (67) holds if and only if ®g(1) < co. Clearly, we
have

T
H H
ee,T = JO Pe (Xt ' _Xt z)dt
1 T e oHL Hy 2
- _J J SEXTXI) | e g gy
2 Jo Jr
_ L JT J’ o128 Var(x - x12)
2 Jo Jr
2 o0
x e-(l/Z)sE Zinan (t, &) H,
n=0
E(xth - xp®
% M dEdt
o (t,)
(o)
= ZF,,.
n=0
(69)
Notice that
g, (1)
< 2
_ S (e )
n=0
(o]
- ZL
= an?

x E HJOT JRZ exp (—%g (|§|2 + |’7|2))
x a" (t,&) 0" (s,17)

-exp <—% (8 Var (X" - X;*)

+ ;12 Var (Xf(1 - X?Z)) )



=)

o (t,8)

n (X0 -x:*)

Z (2n— 1)!

I
(e

cexp (= (8 var (X[ - Xi) +2)

+ r]2 Var ((Xf‘ - XHZ)

N

=X (- X))

+e))x3)) dEd;ydsdt],
(70)

for all T > 0, where we have used the following fact: For two
random variables X, Y with joint Gaussian distribution such

that E(X) = E(Y) = 0 and E(X?) = E(Y?) = 1 we have (see,
for example, Nualart [3])
0, m#mn,
EH,(X)H,_(Y))= 71
(H, (O H,, (V) l'[E(XY)]”, m=n. 7D
n!
We obtain
S (T (n+1/2))%2%+
O (1) =
o, (1 r; 4 (2n—1)!
T
<] A dsdt
0((A;+e) (A +e))
1 @n-1)N
= Lo @n-2) 72)

T ps,t
X “ ey dsdt
0 (A, +¢) (A +e))

dsdt,

_ 1 T Ps,t
) ” 0 (A +€) (A +) - p2)"

where we have used the following equality:
& (var (XM - x™®) + ¢
J’ EZrleXp<_ ( ( t2 t ) ) dE
R

o1/ (n

-
(73)
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Hence, we have

1" Pl
lim g, (1) = ” —mdsdt, (74)
(AA: = pd)

for all T > 0. This completes the proof. O
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