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A higher-order convergent iterative method is provided for calculating the generalized inverse over Banach spaces. We also use this
iterative method for computing the generalized Drazin inverse a in Banach algebra. Moreover, we estimate the error bounds of

the iterative methods for approximating A(TZ)S ora’.

1. Introduction

It is well known that the outer generalized inverse has been
widely used in various fields, for instance, in statistics, control
theory, power systems, nonlinear equations, optimization
and numerical analysis, and so on (see [1-15]). Recently, in
[16], the authors discussed the iteration (1) for computing
A(;)S of a given matrix.

Throughout this paper, let X and Y be arbitrary Banach
spaces. Then, the symbol B(X, %) denotes the set of all
bounded linear operators from 2 to %, in particular,
B(X) = B, X). For any A € B(X, ¥), we denote its
range, null space, and norm by #(A), #(A), and [Al,
respectively. Further, we say that A is regular if there exists
an X € B(Y, ) such that AXA = A and that A hasa {2} (or
outer) inverse if there exists an X € B(¥%,Z) such that
XAX = X. If A € B(X), then we denote its spectrum and
spectral radius by 6(A) and p(A), respectively. Let the symbol
L ¢ X denote that L is a subspace of . If A € B(X, YY)
and L ¢ 2, then the restriction A|; of A on L is defined by
x> Ax,x € L.Let LLM ¢ & with Le M = . Then, the
symbol P; ,; stands for an operator that is called a projection
from & onto L if it is a bounded linear map from 2 onto L
and Pi v = Pp - It is well known that a closed subspace L of
a Banach space 2 is complemented in 2 if and only if there
exists a projection from & onto L.

Let A € B(X, %) be close; there exists a unique operator
X € B(Y,X) such that
(1) AXA=A 2) XAX=X

1
(3) (AX)" = AX

(4) (XA)* = XA.

Then, X is called the Moore-Penrose inverse of A, denoted by
X = A", It is well known that A is regular & R(A) is closed
o AT exists.

Throughout this paper, let o be a complex Banach algebra
with the unit 1. The symbols annl(a) and ann'(a), respec-
tively, stand for the left and right annihilators of a in /. Let
p € o be idempotent. Then, pof/p = {pap : a € d}isa
subalgebra of ¢ with unit p. Thus, for a € o, if there exists
an element b € pofp such that ab = ba = p, then we say that
a is invertible in p/p, and b is denoted by aI;; »- Recall that
an element b € o is the generalized Drazin inverse of a (or
Koliha-Drazin inverse of a), if the following hold:

bab =1, ba = ab,
2)

a (1l —ab) is quasinilpotent.

If the generalized Drazin inverse of a exists, then it is denoted
by a® (see [15] for more details). In particular, if b = a® and



a(l — ab) = 0, then b is called the group inverse of a and is
denoted by a,.

In [17], W. G. Li and Z. Li defined the iterative formula

AX + oo+ (1N Ax)!

k(-1
2
k=2,3,....

(3)

In [18], Chen and Wang extended the iterative method (3)
proposed by W. G. Liand Z. Li to compute the Moore-Penrose
inverse of a matrix. In [19], Liu et al provided the higher-
order convergent iterative method (3) in order to calculate

the generalized inverse A(T  of a given matrix. In this paper,
we will extend the iterative method proposed by W. G. Li and
Z. Li in [17] to compute the {2}-inverse, generalized inverse
A(.?)s over Banach space and also consider the iterative scheme
for computing the generalized Drazin inverse a in Banach
algebra.

The paper is organized as follows. Some lemmas will be
presented in the remainder of this section. In Section 2, we
consider iterative scheme of [19] to compute the generalized

inverses A(TZ)S in Banach space. In Section 3, we present
iterative formulas for computing the generalized Drazin

inverse a? of Banach algebra element a.
The following lemmas are needed in what follows.

Lemma 1 (see [14, Chapter 1]). Leta € <. Then

(i) o(a) is a nonempty closed subset of C.

(ii) (Spectral mapping theorem for polynomials) if f is a
polynomial, then

o(f(a)=f(o(). (4)

(iii) lim,, , ya" = 0 if and only if p(a) < 1.

Lemma 2 (see [15, Section 4]). Let X andY be Banach spaces,
andlet A € B(X, Y), T and S, respectively, be closed subspaces
of X and Y. Then, the following statements are equivalent.

(i) A has a {2}-inverse B € B(Y, X) such that Z#(B) = T
and /(B) = S

(ii) T is a complemented subspace of X, A(T) is closed,
Alp: T — A(T) is invertible, and A(T)® S =Y.

In the case when (i) or (ii) holds, B is unique and is denoted

o)

by Ar
Lemma 3. Suppose that the conditions of Lemma 2 are satis-

fied. Yhen, AA(TZS = Py and A(TZ,SA = Ppp, where T, =

/V(A A) Moreover, for any G € B(Y, ), PrpG=G e
%(G) CT; GPyms=G e H(G)>S.
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2. Higher-Order Convergent Iterative Method
for Computing the Generalized Inverse over
Banach Spaces

In this section, we will consider higher-order convergent iter-
ative method for computing the generalized inverse A(TZ)S over
Banach spaces. First, we deduce convergent conditions and

error bounds of our iterative methods.

Theorem4. Let A € B(L,Y),Y € B(Y,X), andletT ¢ X
and S ¢ Y both be complemented subspaces, respectively, with
RY) =T, ¥/(Y) = S. Define the sequence {X;.} in B(Y, )
in the following way:

X, = ay,

X = [ClT-CX At + (1) CUXA) ] X

(5)

it converges to X, and X, € A{2} with R(X) = T if and
only if p(aYA — P) < 1 for some scalar « € C \ {0}, where
t > 2 is an arbitrary positive integer, X, = lim Xy, and P is
projection from X onto T. Moreover,

(i) if /(X)) = S, then A(ZS exists if and only if p(aYA —
P)<1foraeC\ {0}

(ii) if V' (X) = S, then A(TZ)S exists.

In particular, 1f s exists, lim X = A(zs and q = ||laYA -

P|, then

@
4% - Tk” < ks ©

Proof. From (5), we obtain

[Cl-C X At + ()T CUX L, A) T Xy

= X, [CH - CIAX,, +---+ () C(AX, )]
(7)

Note that Z(X;) ¢ R(X,_,), k = 1 from (7). Similarly, it is
easy to prove that N(X;) 2 N(X;_,), k> 1.

Since R(X,) = R(aY) = T and /' (X,) = N (aY) =S,
then

R (X)) T, N (X)) DS, (8)

fork > 0.
From (5), we have

X A-T=(D)""X_A-1)
)

k
DY (X,A-T)" .

By (8), we get PX; = X;. Premultiplying (9) by P, then (9)
yields

X,A-P=(-1)"*"(X,A-P) . (10)
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Next, we will investigate the necessary and sufficient
condition for the convergent property of the iterative scheme
(5). Assume that lim X exists; denote by X, € A{2} and
R(XoA) =T.Then, B(X) = B(XpAX ) € R(XLHA) C
R(Xy) Thus, Z(X  A) = Tand X = T & N(XA); we
obtain X, A = Pry(x_a) @ projection from 2" onto T, and
XOOAXk = Xk by (8)

Since Pryix aXo = Xo and XA — Pryx 4 =

k
(-1 (XA = Pryx_a)" by (10). Thus,

0 = lim X, A - X0, A = lim X, A — Ppyx_a)

1 . a1)
=lim (1) (XpA - Pryx_n) -

and then p(aYA — Pryx_4) < 1.

Conversely, suppose that p(aYA — P) < 1 for some scalar
a € C\ {0}, where P denotes a projection from & to T and
X is complement. Then, lim X; A = P by (10), and therefore
lim; , X, = (Al;) ' and T = %(P) ¢ %(lim X}).

By (8), R(limX;) < T because T is close, and then
R(Xs) = T. Hence, we obtain lim X; Alim X; = lim X.
Thus, lim X € A{2}. Itis easy to know that if N(lim X, ) = S,
then lim X, = A(2> Thus, A T s exists.

Assume that A( )s exists. By (8), N(lim X;) > S because S
is closed complement. If y € N(lim X;) U AT, then y = Az
for some z € T. Thus, 0 = lim X,y = limX; Az = Pz =
z. Thus, y = 0. Therefore, N(lim X;) U AT = {0} and then

N(lim X)) = S by Lemma 2. Consequently, lim X = A(TZ)S

Since N(X,) = S, X, AADY =
(10) by A(z) yields

X} Thus, postmultiplying

k
X - A% = (-1)" (aYA - P)" ATL. (12)

Since AT <= = PA?. we have

.8
k
|A%; - x| = "((xYA - p) A(TZ}S"
< laYA - P|" A% (13)
— A
=4 ” T,S|| :
Hence, we get (6). ]
Similarly, we have the dual result as below.
Theorem 5. Let A € B(XL,Y), Y € B(Y, ), and let T C
X and S C Y both be closed, respectively, with Z(Y) = T,
N(Y) = S. Define the sequence {X;} € B(Y,X) such that
X, = Y,

Xi =Xy [CH - CAXy +-+ (-1)7'CHAX, ) |

(14)

it converges to X, and X € A{2} with /(X)) = S if and
only if p(@AY — Q) < 1 for some scalar « € C \ {0}, where

t > 2 is an arbitrary positive integer,
projection from % onto S. Moreover,

(i) if R(Y) = T, then ATS exists if and only if p(dAY —
Q) <1foraeC\{0}

(ii) if R(Y) =T, then A(T)s exists.

Xo =limX, and Qisa

In particular, zfATS exzsts, = A(zs andq = |« AY -Q],
then |AZ, — X I/IAZ) < 4" k >0

Remark 6. Now, we consider how to choose a suitable scalar
a € C\ {0} for the iterative scheme (5) such that it converges
more faster to A%

Since Z(YA) ¢ T and for any & € C \ {0}, p(P — aYA) =
p(P—a(YA)|) = max [1-au|(u € 0(YA)|). Therefore, p(P—
aYA) < lifand only if 0 ¢ o((YA)|r) and maxHG(YA)\{O}ll -
ap| < 1. Thus, there exists A, € (YA) \ {0} with |1 — a),| =
p(P — aYA).

Let Ay = [Ayl(cos 0 +isin0) and a = |a|(cos ¢ + i sin @),
where 0 = arg(A,), ¢ = arg(«). Then, p(P — aYA) = [Ioc/\(,|2 +
1 —-2]adyl cos(0 + (p)]l/z. Thus, p(P — aYA) < 1 if and only if
0 < |ady| < 2cos(6 + @) and 0 ¢ o((YA)|p).

Hence, by 0 ¢ o((YA)|;) and « satisfing 0 < |a| <
2cos(0 + @)/ p(YA), we have p(P — aYA) < 1. In practice,
once such a A, is determined, « is taken to satisfy arg(«) =
—arg(Ay) and 0 < |a| < 2/p(YA). If 0(YA) is a subset of R,
then we take « satistying 0 < |a| < 2/p(YA) and sgna =
sgn A, where A, € 0(YA), soas to ensure that p(P—aYA) < 1.

Assume that 0 ¢ 0((YA)|;) hold. In the following, we will
obtain the best value «,; such that p(P — aYA) minimizes for
achieving good convergence. Unfortunately, it may be rather
difficult. If 0(YA) is a subset of R and A ;, = min{A : A €
o(YA)|y} > 0 analogous to [8, Example 4.1], we can have

2

" Rt p (7) "

In practice, because p(YA) is not easily obtained, we often
utilize [|[YA| instead of it in the above inequations and (15)
to choose «, which is followed from p(YA) < |[YA].

3. Higher-Order Convergent Iterative Method
for Computing the Generalized Inverse over
Banach Algebra

In the section, we will investigate a higher-order conver-
gent iterative method for computing the generalized Drazin

inverse a? over Banach algebra.

Theorem 7. Leta € o, p € o be idempotents with ap = pa,

and y € of with (1 - p)y = y(1 — p) = y. Define the sequence

{xx} in of such that
Xg=ay, Vx, €,

+ (—1)t_lci(xk—1a)t_l] X1
(16)

1 2
X = [Ct -Cixa+---



where o € C\ {0} and t > 2. Then the iteration (16) converges
tolim x; and px, = 0 if and only if p(1 — p — aya) < 1. In this
case, assume that annl(y) N(-p)(1-p)=1{0}. Then

() a® exists and the iteration (16) converges to a® if and
only if ap is quasinilpotent in gf;

k
(i) ifg = (1 - p—aya) < 1, then |a? — x| < 4" Iyl -
lxll/llp + yall.

Proof. (i) By (1 - p)y = y(1 — p) = y and x;, = ay, it implies
that (1 — p)x, = x,. By induction on k, we have

(1-p)x,

=(1-p) [Ctl - Cka—la Tt (_l)t_lci(xk—la)t_l] Xi-1

= xk.
17)
By (16), we obtain
xa—1=(-1)""(x_a-1)
k : 1)
= (D" (xpa-1)".
From (17) and (18), we get
(1-p)(xa-1)=xa—(1-p)
(19)

= 1) (xpa— (1- )

The right-hand side of the last equality of (19) implies that
k
0= lim (-1 (xpa - (1 -p). (20)
— 00

By (20), we easily have p(xga—(1-p)) = p(1 - p—aya) < 1.

Conversely, assume that p(1- p—aya) < 1. Since pa = ap
and(1-p)y=y(1-p)=y,(1-p-aya) € (1-p)d(1-p),
and then ya is invertible in (1 — p)&/(1 — p). We will show
that ay is invertible in (1 — p)o/(1 — p). Clearly, ay € (1 -
p)(1 - p), it ayc = 0 for some ¢ € (1 — p)/(1 — p), then
yc = [(ya)](_ll_P)dyac. Hence, ¢ € ann’ (y)N(1-p)AL(1-p) =
{0} and ¢ = 0. Hence, 0 ¢ [(ay)](1-p)w(1-p)> and then ay is
invertible in (1 — p)/(1 - p).

(i) In the following, we will consider the result (i). It is
similar to the deduction of (10), we can write (16) as

xpa=(1-p)+ (1) (xga-(1- p))tk, (21)
Thus, postmultiplying (21) by y yields to

xay=(1-p)y+ (D (xa-1-p)'y. (22
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By Lemmal and (22), we prove that x; converges to
y[(ay)](_ll_p)d(l_p) and is denoted by x, = y[(ay)](_ll_p)d(l_p).
Therefore, y[(ay)]_1 = [(ya)]_ly in (1 - p)g/(1 — p); then

Xoo@ = y[(a)’)]a—p)d(l—p)“
= (Y2)(1_p)et(1-p) Y4 (23)
= 1-p=ayl @]\ _pyr(ip)

= aXy,.

. 2
Thus, we obtain a — a"x,, =

ay[(ay)](711_;,)&2,(1_P)xOo = X, We have that x,, = a® if and
only if ap is quasinilpotent in <.

ap. Since x,ax,, =

(ii) Since p is idempotent and ap = pa, and

(1-p)y=y(1-p)=y,

(24)
p(p+aay)ay=p(p+aya),
then
«(p+aay) ‘ay=1-(p+aay) p=1-p
=1-p(p+aay) (25)

= aay(p + aay) .

Therefore, we obtain (ay)*1 = oc(p+ocay)71 in(1-p)e/(1-p).
By (10), we have

k
xay = |(1=p)+ (D) aay - (1-p)]" | 7. (26)
Hence, by the argument in (i) and (26), we have

d
a — X = Xog — Xg
-1
= y[(ay)]u—p)pf(l—p)

(= p)+ ) [aay -1 - p]' | »

(27)
-1
x[@)] - pyar(1-p)
= (-)"*[aay - (1-p)]" y
-1
(@] pyeri-py-
Taking limit in (27), then it reduces to (ii). ]

Similarly, we have the following.

Theorem 8. Leta € o, p € of be idempotents with ap = pa,
and y € o with (1 — p)y = y(1 — p) = y. Define the sequence
{x} in o such that

Xg =0y, Vx,€d,

X = X4 [Ctl - Cfaxk_l 4+ 4 (—1)t_1C§(axk_1)t_l] >
(28)
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where « € C\ {0} and t > 2. Then, the iteration (28) converges
tolim x; and px, = 0 if and only if p(1 — p —aay) < 1. In this
case, assume that annl(y) N(-p)(1-p)=1{0}. Then

(i) a? exists and the iteration (28) converges to a® if and
only if ap is quasinilpotent in of;

k
(ii)ifg = (1 — p—aya) < 1, then |a® — x| < 4" Iyl -
llxll/llp + yall.
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