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Our purpose is to prove the existence of periodic solutions for a competition Lotka-Volterra system
on time scales, and one example is given to illustrate our results.

1. Introduction

Denote T as an arbitrary nonempty closed subset of the real numbers R. The Lotka-Volterra
system is mainly devoted to the study of population dynamics in mathematics. The classical
two classes of species can be modeled as

x) (1) = 21 (B) (11 (8) + r2(B)x1 (F) + ri3(t) x2(1)),

(1.1)
x5 (1) = 20 () (121 (£) + 1o () x1 (F) + 1a3(t) x2(1)),

which are viewed in terms of different situations. For example, it is named with predator-
prey system if ri3(t)r»(t) < 0, while competition system when r13(t) < 0, m2(t) < 0, also a
reciprocal system if ri3(t) > 0, r2(t) > 0. Moreover, in order to reflect the seasonal fluctuations,
the Lotka-Volterra system with periodic coefficients is also considered in [1]. The time delay
effect, density regulation, and diffusion between patches in many ecological systems have
been investigated for its ecological significance in [2—4].
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The recently interest on ratio-dependent predator functional response calls for detailed
qualitative study on ratio-dependent predator-prey differential systems. Predator-prey
models where one or more terms involve ratios of the predator and prey populations may not
be valid mathematically unless it can be shown that solutions with positive initial conditions
never get arbitrarily close to the axis in question, that is, that persistence holds. By means
of a transformation of variables, criteria for persistence are derived for two classes of such
models, thereby leading to their validity. Ratio-dependent predator-prey models are favored
by many animal ecologists recently involving a searching process.

Our concern in this paper is to consider both the periodic variations of the environment
and the density regulation of the predators by considering account delay effect and diffusion
between patches. The environments of most natural populations undergo temporal variation,
causing changes in the growth characteristics of populations. One method of incorporating
temporal nonuniformity of the environments in models is to assume that the parameters are
periodic with the same period of the time variable. It can be modeled with the following
dynamic system:

gi(Her D
exi (t-7) + ﬁl (t)ey1 (t-7)

XX (t) = r(t) — fo(H)e™® + py(t) <ex1 (B-x2(t) _ 1>’

xJ(t) = ri(t) = fr(t)em® -

+pu(t) <ex2(t)—x1(t) - 1>,

D (e (t-7) hi(b) ev(®) (1.2)

54y — _ yi(t) _ -
Y1 (t) r3 (t) f3 (t)e exi(t-7) 1 ﬂl (t)eyl(t—r) e 4 ﬁz(t)eyz(t) ’

hy (t)e¥ -7

508 — _ y2(t)
Y20 =malt) = fa e e By (et

where yi(t) and x;(t) denote the population density of species i and species x in patch 1,
y2(t) and x;, (t) represent the density of species y and species x in patch 2. Species x and y can
be diffused between two patches and species y is confined to compete with species x. 7 > 0
is a delay due to gestation. p;(t) > 0 (i = 1,2) are rd-continuous w-periodic functions and
denote the dispersal rate of species y in the ith patch (i = 1,2), respectively. r;(t) > 0, fi(t) > 0
(i=1,2,3,4), gi(t) >0, h;j(t) >0, B;(t) >0 (j = 1,2) are rd-continuous w-periodic functions.

With the transition variable X; = e%®, Y(t) = e¥'®, and y,(t) = 0, the system (1.2)
reduces to

X0 = %0 (n () - AOXi(0) - 3 Si)Y(t-7) )

1(t=7)+pOY(t-17)
- () X1 (t) = pr(H) Xa(t),
X5(t) = Xa(hra(t) = f2(0)X5(1) + p2(H X1 () — p2() Xa(t),

Xt -1)Y(0)
Xi(t=) + pOY(E-1)’

(1.3)

Y'(t) = Y()rs(t) — f3(t)Y2(t)

which was introduced by Hilger in [5] who firstly proposed the theory of time scales. There
are many related studies of positive solutions for delayed equation [6-8], dynamic equation
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(1.3) on time scales [5, 9-17], and the uniform persistence, global asymptotic stability, and
periodicity of system (1.3); see [18-23].

Recently, various continuation theorems in coincidence degree have played an
important role in study the existence of periodic solutions of the Lotka-Volterra system (see,
e.g., [11, 23-28]). In this paper, by using the well-known Gains and Mawhin’s theorem, we
prove the existence of periodic solutions of competition Lotka-Volterra dynamic system (1.2)
with time delay and diffusion on time scales.

This paper is organized as follows. In Section 2, we present some basic definitions and
results of topological degree theory. Section 3 is contributed to the proof of the main results
while the last section goes to one example.

2. Preliminaries

Several definitions and results will be presented in this section. For more details, refer to
[9, 12].

Let w > 0. Throughout this paper, the time scales we considered are always assumed
to be w-periodic (i.e., t € T = Z or R implies t+w € T) and unbounded above and below (may
be represented by Uier[2(k — 1)w, 2kw]). We denote e = min TN (R-R7), I, = [e,e +w]NT.

Definition 2.1. The forward jump operator ¢ : T — T and the backward jump operator p :
T — T are defined by

o(t) :=inf{s €T :s5>t}, p(t) =sup{seT:s5<t}, (2.1)
respectively, for any t € T: If o(t) = t, then t is called right dense (otherwise: right scattered),

and if p(t) = t, then t is called left dense (otherwise left scattered).

Definition 2.2. Suppose that f : T — R and fix t € T*. Then f is called differential at t € T* if
there exists a constant ¢ € R such that, for any given e > 0, there is an open neighborhood U
of t such that

[f(p(®)) = f(s) —c(p(t) = s)| <e|p(t) —s|, sel. (2.2)
c is named with the delta (or Hilger) derivative of f at t € T* and is denoted by ¢ = f5(t).

Here, [a,b]" = [a,b] if b is left dense and [a, b]" = [a,b) if b is left scattered.

As far as T = Z or R is considered, T* = T. We say that f is delta (Hilger) differential
on T if f(t) exists for all t € T. A function F : T — R is called an antiderivativeof f : T — R
provided that Fo(t) = f(t) for all t € T. Then we define

(1w si=Fe)-F@), rsem 23)

Definition 2.3. A function f : T — R is called rd-continuous if it is continuous at right dense
points in T and its left-sided limits exist (finite) at left dense points in T. The set of rd-
continuous functions f : T — R will be denoted by C,q(T, R).
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It is easy to see that every rd-continuous function has an antiderivative and every
continuous function is rd-continuous.

Lemma 2.4 (see [11]). Ifs,t € T, a,p € Rand f, g € C,q(T,R), then
(1) [Llaf @) + Pgao)]ou = a [, f(u)6u + B f, g@)6w;
(2) if f(u) >0 forall s <u <t then _fstf(u)(ﬁu >0;
B) if|f(w)| < gu)on [s,t) :={ueT:s<u<t}, then |f;f(u)6u| < jst g(u)bu.
Next, we introduce some results related to the topology degree theories which are

crucial in our arguments [20].
Let X and Y be two Banach spaces. Consider an operator equation:

Lx=Afx, Le(0,1), (2.4)

where £ : Dom.£NX — Y is a linear operator, &/ : X — Y is continuous, and \ is a
parameter. Let P and Q be two projections P: X — Xand Q : Y — Y such thatIm P = ker £
and Im£Z = kerQ = Im(I — Q). It is easy to see that L|pom zrkerr : (I — P)X — ImZis
invertible, and thus we denote the inverse of this map by @. If Q is a bounded open subset of
X, the mapping N is called .£-compact on Qif Qo,/l}(ﬁ) isbounded and ®o(I-Q)o N : Q- X
is compact. Since Im Q is isomorphic to ker £, there exists an isomorphism ¥ : ImQ — ker £.

Note that operator £ is called a Fredholm operator of index zero if dim(ker.Z) =
codim(Im .£) < oo and Im £ is closed in Y.

Lemma 2.5 (Gains and Mawhin’s theorem [20]). Let £ be a Fredholm mapping of index zero, and
let N be L-compact on Q. Suppose that

(C1) for each A € (0,1), every solution x € 02 N Dom £ of Lx = AN(x,\) is such that
x ¢ 0L

(C2) Q o Nx #0 for each x € 02 Nker £;
(C3) deg(W o Qo N, QnNker.2,0)#0.

Then equation Lx = Nx has at least one solution lying in Dom £ N Q.

Throughout this paper, we take the following notations for convenience, and all the
other notations are defined analogously:

f= %ff (st,  f=minfe), M =maxf(), (2.5)

tel,

where f € Cq(T,R) is an w-periodic function.

3. Periodic Solution
The main result is stated as follows about the existence of w-periodic solutions.

Theorem 3.1. Suppose that
(1) (npr1-g1)°>0;



Abstract and Applied Analysis 5

@ 7pi -8 >0
(3) (r3f2 — g2p2 = h1)° > 0;
(4) 13p3 - 83" 5 — " > 0.
Then the dynamic system (1.2) has at least one w-periodic solution.

Before proving Theorem 3.1, we first give some useful lemmas.

Lemma 3.2. Suppose A € (0,1) is a parameter, (r1p1 — 1)° > 0, and (r3, — o — h1)° > 0. If
(x1 (1), x2(t), y1 (£), ya (1)) is an w-periodic solution of the system (1.2), then |x, (£)] + a2 (£)] < 2C;
and |y1(H)] + [y2(t)| < 2Cy, where

Cy:= max{ <ln%>M , <ln%>M , <ln%>s , <ln%;lgl>s }, (3.1)
commm |02) ) g (22 ) o

Proof. Corresponding to the operator equation (2.4), we have

gi(Hent?
ex(t=7) 4+ B (t)ent-7)

x(t) = A[Tl(f) - fi(t)en® - +pi(t) (exZ(t)"“(t) - 1)],

() = Ara(t) - LB + pa(t) (OO -1)],

y16 (t) = A|m3(t) - f3(t)e]/1(t) _

gz(t)exl(t_T) hl (t)eyz(t) (3.3)
ex1(t=7) + By (t)ey t-7) S e 4 Ba(t)ev:®) ’

Yo (t) = | ra(t) — fa(t)e® +

A’ [
A ha(t)ev' -7
evit-7) 4 ,ﬁZ (t)eyz(t_T) .

Define

r={u=(a®x0,10,50) € C(TRY) : xi(t +w) = x(t), yilt+w) = yi(H |,
(3.4)

with the norm
2 2
[ull = > max|x;(t)] + > max|yi(t)|. (3.5)
' tel, = tel,

Then I is a Banach space. Take X =Y =T'. Assume that u = (x (), xz(t),yl(t),yz(t))T elisa
solution of the system (3.3) for A € (0, 1). It only needs to be proven that there exists a M; > 0
such that ||u|| < M;.
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In fact, since u € T, there exists t; € I, (i = 1,2,3,4) such that x;(t;) = maxey,x;(t)

and y;(tiz2) = maxer, vi(t) (i = 1,2). Thus xf(t,-) = yf(tHz) =0, for i = 1,2. Consequently, it
follows from the system (3.3) that

gi(t)en

n (tl) - fl (t1)€xl(tl) e (tl) P (tl)exZ(tl)_xl(tl) - €x1(i1—7’) + ﬁl (tl)eyl(fl—T) - 0/ (36&)
12(t2) — fo(t2)e™ ™) — py(ta) + pa(tr) e 722() = 0, (3.6b)

£2)e*1(t=T) h (£2)e¥2(ts)
r3(ts) — f3(ts)e?' ™ - g:t)e 1(fs)e (3.6¢)

en1(=7) 4 By (t3)e¥ (-1)  gyi(t) 4 ﬁz(t3)eyz(t3) Y

hy (ty)e¥ =)

- Y (ts) -
ra(ts) — fa(ta)e + B 1 iy (£1) e ) 0. (3.6d)
When x1(t1) > x2(t2), then x1(t1) > x2(t1). From (3.6a) we get
f (t )€x1(t1) =7 (t )_ (t ) + (t )exz(tl)—xl(tl) _ gl(tl)eyl(tl—T)
1(h 1(t1) —p1tr) + 1l e (B=7) 4 By () e (h=7) (37)
<ri(h).
It follows that
ri(t1) ( T >M
x7(tr) < x1(t1) <In <(In— . (3.8)
db) smh)singgy < (Ing
When x1(t) < x3(t2), then x1(t2) < x2(t2). From (3.6b) we obtain
folt2)e ™) = ry(t) — pa(ta) + pa(ta)e™ D720 <y (1), (3.9)
which means
Tz(tz) < 1) >M
x1(f) <xp(b)) <KIn—=<(In—=) . (3.10)
1(t) < x2(t2) o) 7

As far as (3.6¢) and (3.6d) are concerned, with analogue arguments above, we get

13(t3) &) M
yilts) < f3(t3) : <ln f3> ’

T4(t4) + hz(t4) Ty + h2 M
fa(ts) : <1 fa ) .

(3.11)

Y2(ts) < In
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Now choose «; € I, (i =1,2) such that x;(x1) = mine, x1(f), x2(x2) = mingey, x2(t),
then xf (x;) = 0. Thus we obtain that

g1(%1) e (1c1-7)
eX1 (Kl —T) + ‘[51 (Kl ) e (Kl -T)

ri(x1) = fi(x0)e ) = py (1) + pr (1) e 00D - =0, (3.12a)

12(K2) = fa(2)e* ™) — py(i2) + pa(iep) e K2 22(%2) = (3.12b)
When x1 (k1) < x2(x3), then x1(x1) < x2(x2) < x2(x1). From (3.12a), we have

g1 (11 ) et (11-7)
ex1(1=7) 1 B (101 ) e¥r (<1-7)

fl(Kl)exl(Kl) =7 (K1) - Pl(Kl) +p1(K1)eXz(K1)—x1(K1) _

(3.13)
N
and thus
s L) (8,
according to the hypothesis (11 — g1)° > 0.
When x1 (1) > x2(k2), then x1(x2) > x1(%1) > x2(x2). From (3.12b), we get
fa(K2)e™) = 1y (12) = pa(2) + pa(12)e™ 7202 > 1y (i), (3.15)
which yields
x1(x1) 2 x2(k2) > In 7a(K2) > <ln r—2>s. (3.16)
fa(r2) f2

Combing the inequalities (3.8) and (3.10) with (3.14) and (3.16), from (3.1) it easily gets that

lc1 (B)| + [x2(t)] < 2C. (3.17)

On the other hand, choose xi.» € I, (i =1,2) such that y;(x3) = minser, y1(t), y2(xa) =
minyeg, y2 (t), we have yf (kiz2) = 0 and then

(3= 3
r3(K3) — f3(K3)€yl(K3) _ gz(K3)€x1 *3T) B hy (K3)€y2(m) _0 (3.18a)
ex1(%-7) + By (1c3) e (k3-7)  evr(rs) 4 ﬂz(K3)€y2(K3) !
h y1(ka=T)
ra(xs) = fa(ra)e?? ) + AL (3.18b)

eV1(%T) 4 B (1cy) e¥2(ka=7) e
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When y1 (k3) < y2(x4), then y;(k3) < y2(xs) < y2(x3). From (3.18a), we get

x1(K3-7) Y2 (x3)
yi(xs) _ _ $(x3)e _ hy(x3)e
f3 (K3)€ r3(K3) exl(x:,»—r) + ﬁl (K3)ey1 (k3-T) ey1(1€3) + ﬂZ(K3)ey2(K3)
(3.19)
hi(x3)
> 13(K3) — K3) — ,
2 13(K3) — §2(K3) B ()
which means
73(K3) P2 (K3) — g2(K3) P2 (x3) — ha(K3)
> y1(k3) > In
Ya(xs) > yi(x3) 2 B (3) fo(5)
(3.20)
S ( 3o — Qo — hl)
- P2fs ’
under the hypothesis that (3 f3 — g2 f3 — h1)° > 0.
When y1(k3) > y2(xy), then yi(ks) > y1(x3) > ya(x4). From (3.18b), we have
ho (1c4) e (k4=
ya(ks) — 2114
fa(xs)e ra(x4) + ) 1 o (eg) et > ra(K4), (3.21)
which implies
y1(x3) > y2(x4) > In ralks) > (1 —> (3.22)
fa(xa) fa
Combing the inequalities (3.11) with (3.20) and (3.22), from (3.2) it easily follows that
lyr ()| + |y2(n)| < 2C,. (3.23)
Set M =2C; +2C; + 1, then ||u|| < M;. M; is independent on A € (0,1). O

Lemma 3.3. Suppose p € (0,1) is a parameter, 715 — g™ > 0 and 735 — g p5 — h' > 0. Then any
solution v = (vy, 0,03, 04)T of the algebraic system

— T 0 = = _U2-Tj H gl (t)ev3
0 =r - fle + nu(_pl +]91€ ) - ; IH ev1 +ﬁ1(t)ev3 6t,

0=Ta— fr% + p(=p, + Po” ™),
" f L pen f Iy (f)e (3.24)
evi L

e+ (e w )y en +palt)ers

0273—736

e+ & hZ(t)ev3
0=T74 f4 + f €v3+ﬂ2(t)e”46t
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satisfies ||v|| < 2C3 + 2Cy4, where

G ::max{ lnrlﬁ_l—gl,l a2 }, (3.25)
f1B7 fi fa
7235 — oMps _ M - = 71+ WM
C4::max{ IS Bl Skl Y Y AR } (3.26)
fsh3 f3 fa f4

Proof. When v, < vy, from the first two equations of (3.24) and Lemma 2.4, we obtain that

U3 t
UZ—Ul)_#e J;I gl() 5t<7

fe” =7 +u(-p, +v.e <7y,
fi 1+ pu(-py+ Py w )i e+ pi(De” 1 327)
?2302 =T+ p(-py +p,e" ) 27,
which implies that
N2 <vy<v <Int. (3.28)
2 fi
Analogously, when v; < v;, we have
v, M
T v = — | = 00U ue” f gl(t) - 81
e =71 +u(-p, +p,e” ™) - ot>r - =,
fi 1+ u(-p + P, ) w ). ev + pi(De” 1 1 (329)
Tzevz =T+ p(—py +Pre” ) <1
it follows that
= 25 _ oM =
n P8 2, (3.30)

F1b; f

by the assumption that 7155 — g™ > 0.
Hence, from (3.25) we have |v1| + |v2| < 2M;.
On the other hand, with similar discussion above, from the last two of (3.24), we obtain

= M s M -
r3f; — - h T
In B8 B <v;<In s )

fab5 f
o y ’ (3.31)
7 Ta+h
In g <wv4 <1 7’4_—2’
f4 f4
which imply that |v3] + |v4| < 2C4 from (3.26). So, ||[v|| £ 2C3 + 2Cy. O

With the preparations above, we can complete the proof of Theorem 3.1 as follows.
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Proof of Theorem 3.1. Set M, = 2C3 + 2C4 + 1. By Lemma 3.3, we know that any solution v of
the system (3.24) satisfies |lu]| < M». Take C = M; + M5, and define Q = {u € I' : ||u|| < C}.
Due to Lemmas 3.2 and 3.3, condition (C1) in Lemma 2.5 is satisfied.

Let
L :Dom 2N —T,
x{ (t)
sut) = x(z‘:(t) (3.32)
yi ()
y3(b)

where Dom £ = {(x;(t), x2(t), y1(t), y2())" € C(T,R*)} and

N:T —T,
N (t)
Su(t) = %;8 , (3.33)
Nuy(t)

where

g1 (t)eyl (t-1)
ex1(t-7) 4 ﬁl (t)eyl(t—”r)

Na(t) = ra(t) = o5 = pa(t) + pa(e ™0,

g (H)ext-D Iy (F)e¥>® (3.34)
e ) 4 By (e -1 eni®) 4 By (1) e

Ni(t) = ni(t) - fi(t)e™® - —pi() + pr (e,

N3(t) = r3(t) - f3(t)en® -

h2(t)g%(f—7)
eyl(t—'r) + ,62(t)ey2(t_7) .

Ny(t) = ra(t) - fa(t)e®?® +

With the definitions above, we obtain that Lu = Au foru € Dom £ZNT withIm £ =
(uel: jﬂw x;(t)6t = 0, fﬂw y;(H)6t=0,t €T, i=1,2} and ker £ = R* which is closed in T, and
dim(ker.£Z) = codim(Im £) = 4. Therefore, £ is a Fredholm mapping of index zero. Moreover,
define two projections P, Q such that Im P = ker £ and Im £ = ker Q = Im(I — Q), where

P=Q:T—T,
(5] mos
1
w L *2(1)5t (3.35)
Pu=Qu-= . ¢ .
5| wess
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Then I = ker £ @ ker P = ker £ @ ker Q, and choose ¥ as the identity isomorphism of
Im Q to ker P. Furthermore, the generalized inverse (to .£) exists and is given by

®:Im L — Dom2ZnkerP,

/js x1(t)6t — é j J‘t xl(s)6s6t\
1 w1

J: x5 (t)6t — é jw J: x7(s)6s6t (3.36)

Qu = ¢ 1 ¢
L neos— | Sn(96s
t 6 1 t 6
\ L y2(s)0s - o J‘L, ;yz(s) s /
Thus
1 1 1 1 !
Qo Mu= <; . N ()6, ” fﬂw N, (t)6t, ” fﬂw Ns(t)6t, vl N4(t)6t> . (3.37)

Clearly, Qo NV and @ o (I - Q) are well defined. By the Lebesgue convergence theorem and the
Arzela-Ascoli theorem, ® o (I — Q)(Q) is relatively compact for any open-bounded set Q C I'.
Moreover, Q o A(Q) is bounded. Therefore, A is £-compact on Q for any open-bounded set
Q c I. When u € 0Q N R* is a constant vector in R*, then Q o Au#0 since Q o MAfu = 0 is the
system (3.24) with € = 1. Condition (C2) in Lemma 2.5 is also satisfied.

Finally, we claim that deg(¥ o Qo A, Q, O) #0, where O := (0,0,0, O)T. In fact, consider
the homotopy

Hyv=pQo M+ (1-p)Gv, pel0,1], (3.38)

- - - - T
where Gv = (71 — f,e", 72 — f,e%, 73— f,e%, 74— f,e”) .

When v € Qnker £ = QN R* is a constant vector with ||v|| = C, from Lemma 2.5, we
get that H,v# O on 0Q N ker £. Since ImQ = ker £ and (vi‘,v;,v;,vZ)T € QNkerZis the

unique solution of the algebraic equations Gv = (0,0,0,0)", by the homotopy invariance of
Brouwer degree, we obtain

deg(¥ 0 Q o N, 0Q Nker £,0) = sign(~f, f,f 1€ 3*%5%7% ) 20, (3.39)

Therefore, all the conditions in Lemma 2.5 are fulfilled and the dynamic system (1.2) has at
least one w-periodic solution lying in Dom £ N Q. O
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4. Example

Consider the following system with 20sr-periodic time scale:

t )exl(t) _ (5—cos(t/10) +2sin(t/10))e¥ -1/

t
o) _ A _ _ —gin —
¥(t) =4-2cos 75 <5 *M10 e1(=1/3) 4 (5 — cos(t/10)) et (-1/3)

D _SINEN ( -xi
" <§ - T) (e - 1>’
t t 5 t
x3(t) = 5-2sin 0 (4 +cos —10>e"2(t) + (Z - COS<—10>> <ex1(t)_x2(t) - 1),

t t (2 - cos(t/10))et® (4.1)
54y _ b t _
yi(t) =5+ 2sin 10 75 15 e + (4 - sin(t/10))ev>®)
- (Z — COSs i)ew(t) _ (2+ Sin(t/lO))exl(t‘1/3)
3 10 eXl(t—1/3) + (5 _ COS(t/]O))eyl(t—1/3) ’

(3 +sin(t/10))e¥1 (=173
eV (t=1/3) 4 (4 —sint/10)ev2(t-1/3)"

t t
5 _ : _ ya(t)
Yo (1) 5+2s1r1—10 <5+cos 10)6 +

From the definition of I,,, we obtain that I, = [0, 20r]. It is straight to check that (r151 - g1)° =
ming{r (£) B (t)—g1(t)} = 15-13 cos(t/10)+2 sin(t/10)+2cos?*(¢/10) > 0, and other inequalities
71— g >0, (13 — 22 — h1)° > 0 and 735 — g 5 — h)! > 0. Hence, from Theorem 3.1, the
dynamic system (4.1) has at least one 20-periodic solution on the time scale T.
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