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Regularity criterion for the 3D micropolar fluid equations is investigated. We prove that, for some

T>0,if f(JT [lox, ||i<,dt < oo, where3/¢ +2/p <1and ¢ > 3, then the solution (v, w) can be extended

smoothly beyond t = T. The derivative vy, can be substituted with any directional derivative of
0.

1. Introduction
In the paper, we investigate the initial value problem for the micropolar fluid equations in R3:
0v—-(v+K)Av+v-Vo+ Vo -2kV xw =0,

ow—yAw - (a+p)VV - w +4kw +v - Vw - 2kV x v =0, (1.1)
V.-v=0

with the initial value
t=0: v=v9(x), w=wy(x), (1.2)

where v(t, x), w(t, x), and 7 (t, x) stand for the divergence free velocity field, nondivergence
free microrotation field (angular velocity of the rotation of the particles of the fluid), the
scalar pressure, respectively v > 0 is the Newtonian kinetic viscosity, x > 0 is the dynamics
microrotation viscosity, and a, 8, y > 0 are the angular viscosity (see, e.g., Lukaszewicz [1]).



2 Journal of Applied Mathematics

The micropolar fluid equations was first proposed by Eringen [2]. It is a type of fluids
which exhibits the microrotational effects and microrotational inertia and can be viewed as
a non-Newtonian fluid. Physically, micropolar fluid may represent fluids that consists of
rigid, randomly oriented (or spherical) particles suspended in a viscous medium, where the
deformation of fluid particles is ignored. It can describe many phenomena appeared in a large
number of complex fluids such as the suspensions, animal blood, and liquid crystals which
cannot be characterized appropriately by the Navier-Stokes equations, and that is important
to the scientists working with the hydrodynamic fluid problems and phenomena. For more
background, we refer to [1] and references therein. Besides their physical applications, the
micropolar fluid equations are also mathematically significant. The existences of weak and
strong solutions for micropolar fluid equations were treated by Galdi and Rionero [3] and
Yamaguchi [4], respectively. The convergence of weak solutions of the micropolar fluids in
bounded domains of R” was investigated (see [5]). When the viscosities tend to zero, in the
limit, a fluid governed by an Euler-like system was found. Fundamental mathematical issues
such as the global regularity of their solutions have generated extensive research, and many
interesting results have been obtained (see [6-8]). A Beale-Kato-Madja criterion (see [9]) of
smooth solutions to a related model with (1.1) was established in [10].

If « = 0and w = 0, then (1.1) reduces to be the Navier-Stokes equations. Besides
its physical applications, the Navier-Stokes equations are also mathematically significant. In
the last century, Leray [11] and Hopf [12] constructed weak solutions to the Navier-Stokes
equations. The solution is called the Leray-Hopf weak solution. Later on, much effort has
been devoted to establish the global existence and uniqueness of smooth solutions to the
Navier-Stokes equations. Different criteria for regularity of the weak solutions have been
proposed, and many interesting results are established (see [13-31]).

The purpose of this paper is to establish the regularity criteria of weak solutions to

(1.1), (1.2) via the derivative of the velocity in one direction. It is proved that if fOT lvx, ||F£th <

oo with

+2<1, 23, (1.3)

Q1w
DI

then the solution (v, w) can be extended smoothly beyond ¢t = T.

The paper is organized as follows. We first state some important inequalities in
Section 2, which play an important roles in the proof of our main result. Then, we give def-
inition of weak solution and state main results in Section 3 and then prove main result in
Section 4.

2. Preliminaries

In order to prove our main result, we need the following Lemma, which may be found in [32]
(see also [33, 34]). For the convenience of the readers, the proof of the Lemmas are provided.

Lemma 2.1. Assume that u, A, 1 € R and satisfy

3

1 2
1<pu,A<oo, ﬁ+1>1’ 1+7: (2.1)

<=
FOTEN
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Assume that f € HY(R3), fy,, fx, € L*(R®), and f., € L¥(R3). Then, there exists a positive constant

such that
1Al < ClEall I Fell R ol

Especially, when A = 2, there exists a positive constant C = C(p) such that

/ / /
VAPl VA [ A s [ [
which holds for any f € H'(R®) and f,, € L*(R3) with 1 < p < oo.
Proof. 1t is not difficult to find

X1
|f(x1, X2, X3) |1+(171/)L)l <C J |f(x1, X2, X3) | =@/ |an(T, X2, X3) |dT

—0o0

X2
| f (31, 32, 203) | TV < cj | f (21, %2, %3) | "~ |0, £ (o1, 7, 23) | T,
—00

X3
| f (1, 202, 33) |7 < cf | f (1, 22, %3) | |0, f (31, 32, ) | .

—0o0

Then, we obtain

w© 1/2
| f(x1, 20, x3)| < C J‘ If(xl,xz,xs)I(l_lm'laxlf(xl,xz,m)Idx1]

—o0o

0 1/2
x U |f(x1,x2,x3)|(171M)‘|ax2f(x1,x2,x3)|dx2]

© 1/2
XU If(xl,xz,xs)I(l_l/”)llaxsf(xhxz,xs)IdX3] -

—0o0

Integrating with respect to x; and using Holder inequality, we have

o) o) 1/2
f |f(x1,xz,x3)|‘dxlsCU |f(x1,x2,x3)|(1_1M)l|ax1f(x1,xz,x3)|dx1]

o © 1/2
XU J‘ If(xl,xz,xs)I(l_lm'laxzf(xl,xz,xs)Idxzdx1]

oo o 1/2
XU f |f(x1,x2,x3)I(lfl/”)'lang(xl,xz,xs)Idxsdx1] :

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Integrating with respect to x,, x3 and using Holder inequality, we obtain

o 1/2
J‘ |f(x1,x2,x3)|(1_1M)'|axlf(x1,x2,x3)|dx]

—o0o

f | f(x1, 20, x3)|'dx < C
R3

1/2
x U 3 | f (21, x2, x3)|(1_1M)l|axzf(x1/x2/x3)|dx]
R

1/2
x U , |f (1, x2, x3)|(1_1/H)l|ax3f(x1,xz,x3)|dx] .
R

It follows from Holder inequality that

1-1/0)1/2 1/2 1-1/0)1/2 1/2 (A-1/p)/2 1/2
AN < CIANE 22 0w AN 2 0w NN 2 1 8n £ 1l

By the above inequality, we get (2.2).

2.7)

(2.8)

O

Lemma 2.2. Let 2 < g < 6 and assume that f € H'(R3). Then, there exists a positive constant

C = C(q) such that
IF 10 < CIANE ™ 2 0w £ 0w, £11E2 2[00, £ 111572,

Proof. Using the interpolating inequality, we obtain

£l < CIFIS ™2 )£ (1.
By (2.3) with u = 2, we have
£l e < Cllos FI112 N0 £ 112 10, £114°-

Combining (2.10) and (2.11) yields (2.9).

3. Main Results

Before stating our main results, we introduce some function spaces. Let

C,(#) = {we (c=(%)) s 79 =0} c (c=())"

The subspace

I2 = CS?G(R%”'”LZ ={pe?(®®):v-p=0}

(2.9)

(2.10)

(2.11)

(3.1)

(3.2)
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is obtained as the closure of C3°, with respect to L*norm || - ||;2. H} is the closure of Cg°, with
respect to the H"-norm

w =[-8

, r>0. (3.3)

]

12

Before stating our main results, we give the definition of weak solution to (1.1), (1.2) (see

[6]).

Definition 3.1 (Weak solutions). Let T > 0, vy € L%(R3), and wy € L?*(R3). A measurable
R3-valued triple (v, w) is said to be a weak solution to (1.1), (1.2) on [0, T] if the following
conditions hold the following.

1
velL® (0, T; 12 <R3>> NL? (0, T; H! <R3>>,
w e L=(0,1;12(R*)) " £2(0,T; H' (&?)).

(3.4)

(2) Equations (1.1), (1.2) are satisfied in the sense of distributions; that is, for every
¢ € H'((0,T); H.) and ¢ € H'((0,T); H') with ¢(T) = ¢s(T) = 0, hold

T

Jj{—(v, 0:¢) + (v-Vu,p) + (v+x)(Vo, Vo) }dr - .[0 [2x(V x w, ) }dT 65

= (v0,9(0)),

JZ{—(w, 0:¢)} +y(Vw, Vo) + (a + P)(V - w, V) + 4x{w, ¢)dT

+ Jj{(v -Vw,¢) - 2x(V x v, ¢) }dr (3.6)

= (wo, ¢(0)).

(3) The energy inequality, that is,

t

t
lo@IE: + )] +2 f (WIVo) I + YVl ) dr +2(a + p) jo IV - w(r)|dr

0

2 2
< [lvollz2 + llwollz--
(3.7)

Theorem 3.2. Let vy € HL(R3) with wy € H'(R3). Assume that (v, w) is a weak solution to (1.1),
(1.2) on some interval [0, T]. If

T
o) = fo o, [0t < oo, (3:8)
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where

IA
=
ie]

>3, (3.9)

QW
TN

then the solution (v, w) can be extended smoothly beyond t = T.

4, Proof of Theorem 3.2

Proof. Multiplying the first equation of (1.1) by v and integrating with respect to x on R?,
using integration by parts, we obtain

Ld o7 + (v +x)[|Vo(t)|7. = 24 (V x w) - vdx. (4.1)
2 dt R3
Similarly, we get

d
Ellw(t)”%z +yIVw @7 + (a+ )|V - w2, +4k|w]|?, = 2Kf 3(v xv)-wdx.  (4.2)
R

N =

Summing up (4.1)-(4.2), we deduce that

1d
§E<||U(t)||iz + ||W(t)||%z> + (v +x)| Vo)
IV @I + (a+ IV - w0l + dxlleo]r: (43)

=2k | (Vxw) vdx+2x| (Vxv)- wdx.
R3 R

By integration by parts and Cauchy inequality, we obtain
2k | (Vxw) - vdx + 2xf (V xv) - wdx < x| Vo[, + 4x|jw]|[7,. (4.4)
R3 R3
Combining (4.3)-(4.4) yields
1d 2 2 2 2 2
§E<|Iv(t)lle + IIw(t)IILz> +[[Vo®)l. + yIIVw®ll. + (a+ IV - wlij. <O0. (4.5)

Integrating with respect to t, we have

t

t
o)1 + o) +2 [ (WIVo) e+ VIV )ar + 260+ ) [ 19 wir)lfdr

0

(4.6)

2 2
< Hlvollzz + llzwollze-
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Differentiating (1.1) with respect to x3, we obtain

01Uy, — (V+ K) AUy, + Uy, - VO + 0 - VU, + VI, — 2V x Wy, =0,
(4.7)
O1Wy, — YAwy, — (a + ﬁ)V - VWy, + 4KWs, + Uxy - VW + U - Vwy, — 26V x Uy, = 0.

Taking the inner product of v, with the first equation of (4.7) and using integration by parts
yields

1
-iu%(t)niz + (v + )| Vox, (B3 = -J‘ Uy, - Vo v dx + 2k | (V xwy,) - vy, dx.
2 dt R3 R3
(4.8)
Similarly, we get
L4 ooz, (VL2 + Yl Ve, (D72 + (o + BYIV - s, 172 + Ao, |
EE Wy, 2 Y Wi, 12 24 ﬂ Wi, 12 K| W, 12
(4.9)
:—’[ Uyy VW - Wy dx + 2k | (V X 0y,) - Wy, dx.
R3 R3
Combining (4.8)—(4.9) yields
1d
5 77 (o O + s, (D) + 0+ 0| Vos, ()12
IV (OI7: + (a + B)IV - wa, 172 + 4l 172
(4.10)
=—I Vyy - VO - Updx + 2K | (V X Wy,) - Uy, dx
R3 R3
—I Uy, - VW - Wy, dX +2KJ‘ (V X 0y,) - wy,dx.
R3 R3
Using integration by parts and Cauchy inequality, we obtain
2K Ra(V X Wy, ) * Uy dX + 2K IRS(V X Vy,) * Wy dx < 1<||Vv,63||%2 + 4K||wx3||i2. (4.11)
Combining (4.10)—(4.11) yields
1d
5 37 (s O + s, 1) + v Vox (017
Y1 Ve0x, Ol + (a+ PV - w2
(4.12)

< —I Uy, - VU - stdx—J‘ Vyy - VW - Wy, dX
R3 R3

£ I + 1.
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In what follows, we estimate I; (j = 1,2...,5). By integration by parts and Holder

inequality, we obtain

I < ClIVoy, [l 2103l o 1]l 20,

where

It follows from the interpolating inequality that

3(1/2-1/0) 3(1/2-1/0)
[l < Cllos, 2 TNVorlly: ’

From (2.3), we get

3(1/2-1/ 3(1/2-1/ 2/3 1/3
I < ClIVoy |l 0w 12 Vo 198271V 0l 202 oI,

+3(1/2-1/0) 1-3(1/2-1/0) 2/3 1/3
< ClIVor 12 o |11 Vo2,

9311

<

< S IVos 72 + Cllos I Vol l[ox 1.,

N

where

B 2 2
17329(/2-1/0) ~3(1-1/0)°

When ¢ > 3, we have 2q < 2 and application of Young inequality yields
v
I < 211V 2 + Cllos | (19011 + s )

where

From Holder inequality, we obtain
L < ClIVw| 21w, [l 12002 |05 |l o
< ClIVW 210 [l el 12 1V 20, 1558
< Cl[Vws, 12 + 1170[138 ™ [ox, 173/ o, | 570727

Y 2 2 5 (20-6)/(2 3)
< SIVws e + C(IVe0IF: + llow I ) llww I3

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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where

=1 (4.21)
Combining (4.12)—(4.20) yields

d 2 2 2 2 2
Tl + s, ) + VIVox I + VI Vs 2 + (o + BV - ws, 2

(4.22)
20-6)/(2¢-3
< Cllvg |13 (1901 + o 15 ) + C (Vw0 + o 15 ) lox, 1.
From Gronwall inequality, we get
2 2 ! 2 ! 2 2
lox; 72 + s, |72 + VJ Vo, I7dT +f <Y”wa3||L2 +(a+ IV - wxs”LZ)dT
0 0 (4.23)

< Cellmliz+lwol12) JO)

20-3/¢
2 2 2 2
looll3: + llewol + C(Iwollf + lleoollF + ©(1)) ]

Multiplying the first equation of (1.1) by —Av and integrating with respect to x on R,
then using integration by parts, we obtain

4
dt

N =

[Vo(t)|7. + (v + )| Ao, = IRB v-Vov- Avdx - 2k R3(v x w) - Avdx. (4.24)

Similarly, we get

1d
5 IV + I Aw[E + (a + B)IVY - w]fa + x| Voo,
(4.25)
:j v-Vw- - Awdx -2x | (V xv) - Awdx.
R3 R3
Collecting (4.24) and (4.25) yields
1d
52 (190 + 1V0®I:) + 0 + ) A0
+yllAw|f: + (@ + BV - wl[f, +4x[| Vewl|7,
(4.26)

:f v-Vou-Avdx -2k | (Vxw)-Avdx
R3 R

+I v-Vw- - Awdx -2x | (V xv)- Awdx.
R3 R3
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Thanks to integration by parts and Cauchy inequality, we get
2k | (Vxw) -Avdx -2x| (Vxv)-Awdx < KHAUH%Z + 4K||Vw||iz. (4.27)
R3 R3

It follows from (4.26)-(4.27) and integration by parts that

1d
5 5 (IVo®E: + [V ®)[7:) + vllAvliE: + yllAwl]F: + (a+ BV -w]i;
< —f Vov-Vov-Vodx - f Vv -Vw - Vwdx (4.28)
R3 R3
2N+ o

In what follows, we estimate J;(i = 1,2).
By (2.9) and Young inequality, we deduce that

J1 < ClIVollfs

< ClIVol2 IV Vol 2 Vos, 157

v (4.29)
< ZIVaVolE: + CIVoIL [ Vos, |
v
< <[IV=Voll, + C(IVol: + | VoslIf ) IV oll7,
4
where Vz = (0x,,0x,)-
By (2.9) and Young inequality, we have
Ja < IVl [ Vellzs
< ClIVol 221Vl 2| Vo 1201 Vool 2| V5 Veol 727 | Veos, |12
v
< IV=VollL: + CIVOIR | Vou, [ Vol 3271V Ve[| Vaos 172 (4.30)
v
< IV=VollL + 5 1929wl + ClIVoll 2| Vo, 12 Vool 2| Ve, 122
v 2 Y 2 2 2 2 2
< ZIV= VoIl + 2 1V: Vel + CIVeolf (1701 + 1o I + Vs, ),
where Vz = (0x,,0x,)-
Combining (4.28)—(4.30) yields
d
(170 +1Vw0®)F:) + v Aol + Y Ao]F: + (a + A)IVY -wlf:
(4.31)

< C(Ivollf + IVl ) (IVoI: + I Vox IF: + [ Veow, I ).
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From (4.31), Gronwall inequality, (4.6), and (4.23), we know that (v,w) € L*(0,T; H'(R?)).
Thus, (v,w) can be extended smoothly beyond t = T. We have completed the proof of
Theorem 3.2. O

Acknowledgments

This work was supported in part by the NNSF of China (Grant no. 10971190) and the
Research Initiation Project for High-level Talents (201031) of the North China University of
Water Resources and Electric Power.

References

[1] G. Lukaszewicz, Micropolar Fluids. Theory and Applications, Modeling and Simulation in Science,
Engineering and Technology, Birkhéduser Boston, Boston, Mass, USA, 1999.

[2] A. C. Eringen, “Theory of micropolar fluids,” Journal of Mathematics and Mechanics, vol. 16, pp. 1-18,
1966.

[3] G.P. Galdi and S. Rionero, “A note on the existence and uniqueness of solutions of the micropolar
fluid equations,” International Journal of Engineering Science, vol. 15, no. 2, pp. 105-108, 1977.

[4] N. Yamaguchi, “Existence of global strong solution to the micropolar fluid system in a bounded
domain,” Mathematical Methods in the Applied Sciences, vol. 28, no. 13, pp. 1507-1526, 2005.

[5] E. Ortega-Torres, M. A. Rojas-Medar, and E. J. Villamizar-Roa, “Micropolar fluids with vanishing
viscosity,” Abstract and Applied Analysis, vol. 2010, Article ID 843692, 18 pages, 2010.

[6] B.-Q. Dong and Z.-M. Chen, “Regularity criteria of weak solutions to the three-dimensional
micropolar flows,” Journal of Mathematical Physics, vol. 50, no. 10, p. 103525-1-13, 2009.

[7] B.-Q. Dong and Z. Zhang, “Global regularity of the 2D micropolar fluid flows with zero angular
viscosity,” Journal of Differential Equations, vol. 249, no. 1, pp. 200-213, 2010.

[8] E. Ortega-Torres and M. Rojas-Medar, “On the regularity for solutions of the micropolar fluid
equations,” Rendiconti del Seminario Matematico della Universita di Padova, vol. 122, pp. 27-37, 2009.

[9] J. T. Beale, T. Kato, and A. Majda, “Remarks on the breakdown of smooth solutions for the 3-D Euler
equations,” Communications in Mathematical Physics, vol. 94, no. 1, pp. 61-66, 1984.

[10] Y. Z. Wang, L. Hu, and Y. X. Wang, “A Beale-Kato-Madja criterion for magneto-micropolar fluid
equations with partial viscosity,” Boundary Value Problems, vol. 2011, Article ID 128614, 14 pages, 2011.

[11] J. Leray, “Sur le mouvement d’un liquide visqueux emplissant I'espace,” Acta Mathematica, vol. 63,
no. 1, pp. 193-248, 1934.

[12] E. Hopf, “Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen,” Mathema-
tische Nachrichten, vol. 4, pp. 213231, 1951.

[13] D. Chae, “On the regularity conditions for the Navier-Stokes and related equations,” Revista
Mathemdtica Iberoamericana, vol. 23, no. 1, pp. 371-384, 2007.

[14] C. H. Chan and A. Vasseur, “Log improvement of the Prodi-Serrin criteria for Navier-Stokes
equations,” Methods and Applications of Analysis, vol. 14, no. 2, pp. 197-212, 2007.

[15] J. Fan and T. Ozawa, “Regularity criterion for weak solutions to the Navier-Stokes equations in terms
of the gradient of the pressure,” Journal of Inequalities and Applications, vol. 2008, Article ID 412678, 6
pages, 2008.

[16] J. Fan, S. Jiang, G. Nakamura, and Y. Zhou, “Logarithmically improved regularity criteria for the
navier-stokes and MHD equations,” Journal of Mathematical Fluid Mechanics. In press.

[17] C.He, “New sufficient conditions for regularity of solutions to the Navier-Stokes equations,” Advances
in Mathematical Sciences and Applications, vol. 12, no. 2, pp. 535-548, 2002.

[18] H. Kozono, T. Ogawa, and Y. Taniuchi, “The critical Sobolev inequalities in Besov spaces and
regularity criterion to some semi-linear evolution equations,” Mathematische Zeitschrift, vol. 242, no. 2,
pp. 251-278, 2002.

[19] H. Kozono and N. Yatsu, “Extension criterion via two-components of vorticity on strong solutions to
the 3D Navier-Stokes equations,” Mathematische Zeitschrift, vol. 246, no. 1-2, pp. 55-68, 2004.

[20] 1. Kukavica and M. Ziane, “One component regularity for the Navier-Stokes equations,” Nonlinearity,
vol. 19, no. 2, pp. 453-469, 2006.



12 Journal of Applied Mathematics

[21] 1. Kukavica and M. Ziane, “Navier-Stokes equations with regularity in one direction,” Journal of
Mathematical Physics, vol. 48, no. 6, p. 065203-1-10, 2007.

[22] J. Serrin, “On the interior regularity of weak solutions of the Navier-Stokes equations,” Archive for
Rational Mechanics and Analysis, vol. 9, pp. 187-195, 1962.

[23] Z. Zhifei and C. Qionglei, “Regularity criterion via two components of vorticity on weak solutions to
the Navier-Stokes equations in R3,” Journal of Differential Equations, vol. 216, no. 2, pp. 470-481, 2005.

[24] Y. Zhou, “Regularity criteria in terms of pressure for the 3-D Navier-Stokes equations in a generic
domain,” Mathematische Annalen, vol. 328, no. 1-2, pp. 173-192, 2004.

[25] Y. Zhou, “On regularity criteria in terms of pressure for the Navier-Stokes equations in R3”
Proceedings of the American Mathematical Society, vol. 134, no. 1, pp. 149-156, 2006.

[26] Y. Zhou, “On a regularity criterion in terms of the gradient of pressure for the Navier-Stokes equations
inRN,” Zeitschrift fiir Angewandte Mathematik und Physik, vol. 57, no. 3, pp. 384-392, 2006.

[27] Y. Zhou and S. Gala, “Logarithmically improved regularity criteria for the Navier-Stokes equations in
multiplier spaces,” Journal of Mathematical Analysis and Applications, vol. 356, no. 2, pp. 498-501, 2009.

[28] Y. Zhou, “A new regularity criterion for the Navier-Stokes equations in terms of the gradient of one
velocity component,” Methods and Applications of Analysis, vol. 9, no. 4, pp. 563-578, 2002.

[29] Y. Zhou, “A new regularity criterion for weak solutions to the Navier-Stokes equations,” Journal de
Mathématiques Pures et Appliquées, vol. 84, no. 11, pp. 1496-1514, 2005.

[30] Y. Zhou and M. Pokorny, “On a regularity criterion for the Navier-Stokes equations involving
gradient of one velocity component,” Journal of Mathematical Physics, vol. 50, no. 12, pp. 123514-1-
123514-11, 2009.

[31] Y. Zhou and M. Pokorny, “On the regularity of the solutions of the Navier-Stokes equations via one
velocity component,” Nonlinearity, vol. 23, no. 5, pp. 1097-1107, 2010.

[32] R. A. Adams, Sobolev Spaces, Academic Press, New York, NY, USA, 1975, Pure and Applied
Mathematics.

[33] G. P. Galdi, An introduction to the Mathematical Theory of the Navier-Stokes Equations. Vol. I, vol. I, II of
Springer Tracts in Natural Philosophy, Springer, New York, NY, USA, 1994.

[34] O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, Second English edition,
revised and enlarged. Translated from the Russian by Richard A. Silverman and John Chu.
Mathematics and its Applications, Vol. 2, Gordon and Breach Science Publishers, New York, 1969.



