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The spaces with a random variable exponent LP(“) (D x Q) and W) (D x Q) are introduced. After
discussing the properties of the spaces LP“) (D x Q) and W*?“)(D x Q), we give an application of
these spaces to the stochastic partial differential equations with random variable growth.

1. Introduction

In the study of some nonlinear problems in natural science and engineering, for example,
a class of nonlinear problems with variable exponential growth, variable exponent function
spaces play an important role. In recent years, there is a great development in the field of
variable exponent analysis. In [1], basic properties of the spaces LP® (Q) and W™ (Q) have
been discussed by Kovécik and Rékosnik. Some theories of variable exponent spaces can also
be found in [2, 3]. In [4], Harjulehto et al. present an overview about applications of variable
exponent spaces to differential equations with nonstandard growth. In [5], Diening et al.
summarize a lot of the existing literature of theory of function spaces with variable exponents
and applications to partial differential equations. In [6], Aoyama discusses the properties of
Lebesgue spaces with variable exponent on a probability space.

Motivated by [6, 7], we first introduce LP“) (D x Q) and W*?@)(D x Q) in Section 2,
which are function spaces with a random variable exponent. We also discuss some properties
of these spaces. Stochastic partial differential equations have many applications in finance,
such as option pricing. In Section 3, an application of the random variable exponent spaces to
the stochastic partial differential equations with random variable growth is given. We discuss
the existence and uniqueness of weak solution for the following equation:

—divA(x,w,u, Vu) + B(x,w,u, Vu) = f(x,w), (x,w)e D xQ,
(1.1)
u=0, (x,w)eoDxQ.
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A and B are Carathéodory functions, which are integrable on D x Q and continuous
for u and Vu. f(x,w) is an integrable function on D x Q. (, ¥, P) is a complete probability
space, and D is a bounded open subset of R” (n > 1). The random variable p : Q — [1,00)
satisfies 1 < p~ < p(w) < p* < co. Furthermore,

A:R"xQxRxR"—R", B:R"XQxRxR'—R, f:R'xQ—R (1.2)

satisfy the following growth conditions:

(H1) |A(x, w, 5, &) |1 (@) RIP“ " + Ba(w) s + K1 (x, w), [B(x, w, 5,8)] < fa(w) g™ +
Ba(@)[sIP“7 + Ko (x, w),

(H2) E((A(x,w, 51,¢) — A(x,w,52,1)) (& — 1) + (B(x,w,51,¢) — B(x,w,52,1)) (51 = 52)) >
0, {#norsi#sy,

(H3) E(A(x,w,s,8)¢ + B(x,w,s,8)s) > BE(I" +|sP"“)), ae. in D,
where K (x,w), K»(x,w) € L@ (DxQ), >0, fi(w) (i = 1,2,3,4) are nonnegative bounded
random variables, f € LF @) (D x Q), and 1/p(w) + 1/p'(w) = 1.

2. Some Properties of Function Spaces with a Random
Variable Exponent

Let A be a product measure on D x € and u(x, w) a Lebesgue measurable function on D x Q.
In this section, p : Q — [1, o) is a random variable.
On the set of all functions defined on D x Q, the functional p, () is defined by

Pp(e) (1) = E( f . |u(x,w)|’”("’)dx>. (2.1)

Definition 2.1. The space LP“)(D x Q) is the set of Lebesgue measurable functions u on D x Q
such that [, ., |u(x, w) [P“)d) < oo, and it is endowed with the following norm:

Jally = inf{ 1 >0 : ppw)(%) <1}. 2.2)

Definition 2.2. The space W@ (D x Q) is the set of functions such that D%u € LP“) (D x Q),
|a| < k, and it is endowed with the following norm:

”u”k,p(w) = Z ”Duu”p(w)' (23)

lal<k

Here D*u is the derivative of u with respect to x in the distribution sense.

Definition 2.3. The space Wg’p(w)(D x Q) is the closure of C(D x Q) = {u € WkP@(D x Q) :
u(-,w) € C¥(D) for each w € Q} in WK« (D x Q).
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Theorem 2.4. If p(w) satisfies 1 <p~ < p(w) < p* < oo, then the inequality

E( [ £ w)grw)ldx) <l sl

(2.4)

holds for every f € L@ (D x Q) and g € LV @ (D x Q) with the constant C dependent on p(w)

only.

Proof. By Young inequality, we have

p'(w)

[fx o) |gx @] 1 <|f(x,f0)|>p(w)+ 1 <|g(x,w)|

1Al N8l ~ PEO N Nl 181w

Integrating over D x Q, we obtain

|f(x @) |gxw)] > 11
E<ID ”f”p(w) ”g”p dx 51+P7 P+.

So

E([ 7 wstwlax) < (1= )l gl

Now the proof is completed.

(2.5)

(2.6)

(2.7)

O

Theorem 2.5. Suppose that p(w) satisfies 1 < p~ < p(w) < p* < co. If ux, u € LP“ (D x Q), then

(D) i lullyy 2 1, then ully,) < ppio) () < lully,

@) f e 2 1, thers [l < P 0) < Nl
(3) llmk—>oo||uk||p(w) = @fﬂ?’ld O?’lly ifhmk*OOPP(W) (uk) = O'

(4) limy—, oo |1tk [l (o) = 00 if and only if im -, oo pp() (k) = 00

Proof. (1) By ||ull,, =1 and the definition of the norm,

p(w) plw)
E<f i — dx> SE<J‘ <$> dx> <1.
o [l o \ Il

p(w)

S0 pp () < lull,

p/pw
lall f < Nl

(2.8)

(2.9)
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we also have

u p(w)

u

_— > 1. .
- fD<||u||’””(“’>> ) =10

pw)

That is to say ”””Z@ < Pp(w) (u). The proof is completed. (2), (3), and (4) can be easily proved
with similar methods. O

Theorem 2.6. If p(w) satisfies 1 < p~ < p(w) < p* < oo, the space LP“) (D x Q) is complete.

Proof. Let u, be a Cauchy sequence in LP“) (D x Q). Then, by Theorem 2.4,
E(J‘D|um(x, w) — un(x,w)|dx> < Cllttm = tnll ey ||xD||p’(w)’ (2.11)

where C is constant. That is to say u, is a Cauchy sequence in L!(D x Q). In view of the
completeness of L'(D x Q), u, converges in L' (D x Q). Suppose that u, — u, u € L'Y(D x Q)
and further suppose that u,(x,w) — u(x,w) a.e. in D x Q (subtracting a subsequence if
necessary). For each 0 < € < 1, there exists ng such that ||u,, — u,| < € for m,n > ny. Fix n, by
Fatou’s lemma

1 (x, w) — u(x, w)| \P“ . |t (2, ) = thy (3, 0)| \ P
o[, () ) <oy (M)

- plw)
ShmsupEU <|un<x,w> um<x,w>|> dx)
m— oo D €

<1

(2.12)

So ||u, — ullp(w) < g, and further ppw) (uy —u) < |lu, - u||§;w) < € ; thatis to say, u, —u €

LP@) (DxQ). Nextas u, € LP“)(DxQ), we have u € LP) (DxQ). Now the proof is completed.
O

Theorem 2.7. If p(w) satisfies 1 < p~ < p(w) < p* < oo, then the space LP@) (D x Q) is reflexive.
Proof. First, suppose that v € LV ) (D x Q) is fixed, and let
L,(u) = E(f uv dx), (2.13)
D

for every u € LP@) (D x Q).
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Note that

Lo ()] < Clluell o) 121l (- (2.14)

So Ly (u) € [LP@) (D x Q)]

Second, we show that each bounded linear functional on LP) (D x Q) is of the form
Lo(u) = E(f, uvdx) for every v € LV @) (D x Q). Let L € [LP®) (D x Q)]  be given. Let S be a
subset of D x Q. We define

#(S) = L(xs), (2.15)
where ys is the characteristic function of S; then

| (S)| < ||L||||X5”p(w)
/p” /p*
< Ll max{ o (xs)"" P (xs) """ } (216)

=||L|| max{meas (S)VP", meas (S)7 },

so p is absolutely continuous with respect to the measure . Also we have that y is o finite
measure. By Radon-Nikodym theorem, there is an integrable function o on D x Q such that

u(S) = L odA = E(fD 5X5dx>. (2.17)

Now L(u) = E (fD uddx) holds for simple functions u. If u € LP“) (D x Q), there is a sequence
of simple function u;, converging a.e. to u and |u;(x,w)| < |u(x,w)| on D x Q. By Fatou’s

lemma
‘E(I u5dx> SlimsupE(f |u]-z~)|dx>
D j— oo D
= limsup L(|uj| sgn?)
j=ee (2.18)
< |Ltimsup|lu; |l .,
j—o

< LMl ey -

Then

Ls(u) =E <fD uv dx> (2.19)
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is also a bounded linear functional on LP) (D x Q). By Lebesgue theorem

_hmE(f |u]-—u|p(w)dx) =E<f lim|uj—u|P<w)dx> = 0.
]— D DJ]—®
By Theorem 2.5, we have that

i - ], =0,

thatis, u; — u. As L(uj) = L5(u;), by letting j — oo, we have that L(u) = Lg(u).
At last, we show that 7 € LF'@) (D x Q). Let

E ={(x,w) eDxQ : |0(x,w)| <1}.
As

f |G| dis f 1P “)dA < oo,
DxQ E

oyr, € LP@(D x Q). Suppose that ||5yg|| > 0, and take

15 1/(p(w)-1)
u=x51<~7> sgn .
15xE ] )

Then
B\
E(I mjdx> = |E fXE <~7> OXE N,y (0 X
‘ D < D : ”UXEIHp’(w) ” l"p(w)
loxel, & v
>——FYF J‘XEI = dx
2v D (1/2) ||UXEz "p’(w)
- ||5XE1 P (w)
o
As

~ p'(w)
lull ) =infd 1 >0 : E fﬁ,—Tﬂ—— dax ) <1 b1,
D )‘”UXB”pf(w)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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we have that

||5XE1 ”p’(w) S 2p+ ”L”/

_ P (@) (2.27)
E<J‘ <2|:ﬁ|||> dx> <1.
D

By Fatou’s lemma

5 \" loxe] \"
E f < - > dx ) <limsup E f = dx ) <1. (2.28)
<D 2L > PR\ 2

So % € LF'@ (D xQ). Now we reach the conclusion that L@ (Dx Q) = [LP@) (D x Q)]’,
and, furthermore, LP) (D x Q) is reflexive. O

Theorem 2.8. If p(w) satisfies 1 < p~ < p(w) < p* < oo, then the space Wk (D x Q) is a reflexive
Banach space.

Proof. WkP@) (D x Q) can be treated as a subspace of the product space

[ [r“' D x ), (2.29)

where m is the number of multi-indices a with |a| < k.
Then we need only to show that W*?@) (DxQ) is a closed subspace of [],,LP) (DxQ).
Let {u,} C WFP@)(D x Q) be a convergent sequence. Then {u,} is a convergent sequence in
LP@ (DxQ), so there exists u € LP“)(DxQ) such that u,, — uin LP“)(DxQ) by Theorem 2.6.
Similarly, there exists u, € LP“) (D x Q) such that D*u, — u, in LP) (D x Q) for
|a| < k. As, for ¢ € C(D x Q),

(—1)‘“'15( f . D*u,p dx) =E (fD u, D% dx), (2.30)

we have

(—1)“'E<ID Unlp dx> =E (fD uD"¢p dx>, (2.31)

as n — oo. By the definition of weak derivative, D*u = u, holds for each |a| < k. So D*u €
LP@(D x Q). Then W*P@) (D x Q) is a closed subspace of [],,LP“ (D x Q). O

Theorem 2.9. Suppose that the sequence u, € LP) (D x Q) is bounded in LP“)(D x Q). Ifu, — u
a.e. in D x Q, then u,, — u in LP@)(D x Q).
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Proof. By Theorem 2.7, we need only to show that
E(I Ung dx) — E(f ugdx) (2.32)
D D
for each g € LV @) (D x Q).

Let [[unll,() < C for each n € N. By Fatou’s lemma,

p(w)
E J. dx ) <limsupE f
D n— oo D

s0 [[u|, ) < C. By the absolute continuity of Lebesgue integral,

Un

u p(w)
= < .
C C dx ) <1, (2.33)

li P@ay=o, 2.34
measl(rhr)lﬂo DxQ |ng| ( )

where ¢ € LF@)(D x Q) and E C D x Q. By Theorem 2.5, limmeas(E) 0l XEll (o) = 0- So there
exists 6 > 0, such that

1 11\
lsxellyo< gee(1+ - 5) 235)

for meas(E) < 6. By Egorov theorem, there exists a set B C D x Q such that u,, — u uniformly
on B with meas(Q \ B) < 6. Choose ng such that n > ng implies

1 1 £
max =gl o sl (1452~ o) <5 236)
Taking E =D x Q\ B,
() (] )
b D
Sf |un—u||g|d)L+J‘ [un — ul|g|dr
B E

< max |u - un|E<f |gx3|dx) + E(f [ — u||gXE|dx)

e ° b (2.37)
< 1 1 1
< (ﬁf}ém _ un|||g||p’(w)”XB”p/(w)< + - - F)

1
=l el (14 5 = 57 )

< E.
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That is to say u, — u weakly in L@ (D x Q). O

3. An Application to Partial Differential Equations with
Random Variable Growth

Definition 3.1. u € WS'P(W)(D x Q) is said to be the weak solution of (1.1) if
E(f A(x,w,u, Vu)Vo + B(x,w,u, Vi) dx) = E(f fx,w)e dx) (3.1)
D D

for all p € W'P@(D x Q).

Definition 3.2. Let X be a reflexive Banach space with dual X', and let (:,-) denote a pairing
between X and X'. If K C X is a closed convex set, then a mapping £ : K — X' is called
monotone if (Lu — Lv,u —v) > 0 for all u,v € K. Further, £ is called coercive on K if there
exists ¢ € K such that

(Luj — Loy, uj~ @)
lluj = ollx

— o0, (3.2)

whenever u; is sequence in K with [u; — ¢[|, — oo.

Theorem 3.3 (see [8]). Let K be a nonempty closed convex subset of X, and let £ : K — X' be
monotone, coercive and strong-weakly continuous on K. Then there exists an element u in K such
that (Lu,v—u) >0 forallv € K.

In the following, let K = Wé’p(w) (D x Q). Then it is obvious that K is a closed convex
subset of X = WP@ (D x Q). Let £: K — X/,

(Lu,v) = E(fD A(x,w,u, Vu)Vo + B(x,w,u, Vu)v dx — ID f(x,w)v dx), (3.3)

where v € X.
Lemma 3.4. .2 is monotone and coercive on K.

Proof. In the view of (H2), it is immediate that £ is monotone. Next that £ is coercive is
shown. Fixing ¢ € K, for all u € K, by (H1), (H3), and Young Equality,

(L(u) - L(p), u~ o)

:E<f A(x,w,u,Vu)Vu+B(x,w,u,Vu)udx+f A(x,w,9, Vo)V
D D

+ B(x,w, 0, Vo)pdx - J. A(x,w,u, Vu)Vo + A(x, w, 9, Vo)Vu
D
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+B(x, w,u, Vu)p + B(x,w, ¢, Vgo)udx)

> (B~ (4P +1)€) (Pp(e) (IVu]) + ppro) () + (B~ (4Po +1)C(€)) (Ppw) (| V) + ppiw) (9))
—(C(e) + &) (pp () (K1(x, w)) + pp () (K2 (x, w))), (34)

where f is the bound of nonnegative bounded random variable f;(w), (i = 1,2,3,4), € is
small enough such that (f — (4fo + 1)¢) > 0, and C(¢) is constant only dependent on €. Then

(L) - L(p),u-¢)

[ - ‘P”wg"’(“’)(DxQ)

S (B = (4P0 + 1)€) (Ppw) IV @) + ppw) (1)) . C(p, Vo, K1, Ky, €)

||“||w§"’(“’<ng) + ”‘P”wj"’(”’wxg) [l - ‘P"wg*’(“’)(DxQ) .

(3.5)

For €1, £, > 0 small enough, we have that

|u|P(w)

p(w)
(Il 2 )

Pri) IV (@)]) + ppw) (1)
_E J‘ |Vu|’”("’)
P\ (Il —e1)

> min{<||Vu||p(w)—51>p , (IIVqu(w)—sl)p*} + min{<“u“p(w)—£2>p , (||u||p<w)—sz>p+}.

p(w)
v (1Vullp )" + (Illyy-€2)" |

(3.6)

Thus, we have that
T om
as ||u||Wg,p<w> (Dxq) — - The proof is completed. O

Lemma 3.5. £ is strong-weakly continuous.

Proof. Let u, € Wg’p(w) (D x Q) be a sequence that converges to u € W(}'P <w)(D x Q). Then
||un|| < C for some constant C, and there exists a subsequence such that

Up, — U,
(3.8)
Vu,, — Vu,
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a.e.in D x Q. A, B are Caratheodory functions, so

A(x,w, Up,, Vi, ) — A(x,w,u, Vu),

(3.9)
B(x,w, uy,, Vi, ) — B(x,w,u,Vu),
a.e.in D x Q. By Theorem 2.9,
A(x,w, Uy, Vi, ) = A(x,w,u, Vu),
(3.10)

B(x,w, upn,, Vin, ) — B(x,w,u, Vu),

and A(x,w, Up,, V) and B(x,w, uy,, Vu,,) are bounded. For all ¢ € W@ (D x Q), we
have that

(L(un), @) = E(f A(x, w, Up,, Vi, )V + B(x, w, uy,, Viiy, ) dx — f fx,w)e dx)
D D

—>E<f A(x,w,u,Vu)V<p+B(x,w,u,Vu)(pdx—f f(x,w)(pdx)
D D

= <L(u)/ ()0>’
(3.11)

that is to say £ is strong-weakly continuous. O

Theorem 3.6. Under conditions (H1)—(H3), there exists a unique weak solution u € Wé’p(w) (DxQ)
to (1.1) for any f € LV @ (D x Q).

Proof. From Theorem 3.3, Lemmas 3.4, and 3.5, there exists u € Wé’p(w) (D x Q) such that

(Lu,v-u) >0, (3.12)

forallv € Wé’p(w) (DxQ).Letgp € WS'PW)(D xQ), thenu—-¢, u+¢e Wé’p(w) (D x Q). So

(Lu, ) =0. (3.13)
That is to say u is the weak solution of (1.1). If uy, u, € Wé’p(w) (DxQ) are both weak solutions,
then

E([p(A(x,w,u1, Vuy) = A(x, w, uz, Viup)) V (11 — u2)
+(B(x, w,u1, Vuy) = B(x, w,uz, Vup)) (uy — u)dx) =0, (3.14)

SO U1 = Uy, a.e. in D x Q. If not, it is contradicting to (H2). Thus, the weak solution is unique.
Now the proof is completed. O
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