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1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk before the Mathematics Club of the Univer-
sity of Wisconsin in which he discussed a number of important unsolved problems [1].
Among those was the question concerning the stability of homomorphisms. Let G, be a
group and let G, be a metric group with a metric d(-, -). Given any § > 0, does there exist
an ¢ > 0 such that if a function h : G, — G, satisfies the inequality d(h(xy),h(x)h(y)) < e
for all x, y € Gy, then there exists a homomorphism H : G;— G, with d(h(x),H(x)) < §
forall x € G;?

In the following year, Hyers [2] partially solved the Ulam’s problem for the case where
G; and G; are Banach spaces. Furthermore, the result of Hyers has been generalized by
Rassias [3]. Since then, the stability problems of various functional equations have been
investigated by many authors (see [4-7]).

We will now consider the Hyers-Ulam stability problem for the differential equations.
Assume that X is a normed space over a scalar field K and that I is an open interval,
where K denotes either R or C. Let ag,ay,...,a, : [=K be given continuous functions,
let g: I—X be a given continuous function, and let y : I-X be an n times continuously
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differentiable function satisfying the inequality

[|an(®)y™ () + an_1()y " V(@) + - - - +ar(0)y' () +ao(t) y(t) +g(1)|| < & (1.1)

for all ¢ € I and for a given € > 0. If there exists an n times continuously differentiable
function y, : I =X satistying

an(t ) " (t) +a, 1(t)y(" D)+ - +ar () yp () +ao(£) yo(t) +g(t) = 0 (1.2)

and || y(t) — yo(£) Il <K (¢) for any t € I, where K (¢) is an expression of ¢ with lim._.(K(e) =
0, then we say that the above differential equation has the Hyers-Ulam stability. For more
detailed definitions of the Hyers-Ulam stability, we refer the reader to [4-6].

Alsina and Ger were the first authors who investigated the Hyers-Ulam stability of
differential equations. They proved in [8] that if a differentiable function f:I—-R is a
solution of the differential inequality |y’ (t) — y(¢)| < ¢, where I is an open subinterval of
R, then there exists a solution f, : I—R of the differential equation y’(¢) = y(¢) such that
[f(t) = fo(t)] <3eforanytel.

This result of Alsina and Ger has been generalized by Takahasi et al. They proved in [9]
that the Hyers-Ulam stability holds true for the Banach space valued differential equation
y'(t) = Ay(t) (see also [10, 11]).

Moreover, Miura et al. [12] investigated the Hyers-Ulam stability of the nth order
linear differential equation with complex coefficients. They [13] also proved the Hyers-
Ulam stability of linear differential equations of first order, y'(t) + g(t)y(t) = 0, where
g(t) is a continuous function. Indeed, they dealt with the differential inequality ||y’ () +
g()y(t)]l < e for some € > 0. Recently, the author proved the Hyers-Ulam stability of var-
ious linear differential equations of the first order (see [14-17]).

In Section 2 of this paper, we will investigate the general solution of the nonhomoge-
neous Legendre’s differential equation of the form

(1=x%)y" (x) = 2xy"(x) + p(p+1)y zamx , (1.3)

where the parameter p is a given real number and the coefficients a,,’s of the power series
are given such that the radius of convergence is positive.

In Section 3, we will give a partial solution to the Hyers-Ulam stability problem for the
Legendre’s differential equation (2.1) in the class of analytic functions.

2. Nonhomogeneous Legendre’s equation

A function is called a Legendre function if it satisfies the Legendre’s differential equation

(1-x%)y"(x) = 2xy'(x)+ p(p+1)y(x) = 0. (2.1)
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The Legendre’s equation plays a great role in physics and engineering. In particular,
this equation is most useful for treating the boundary value problems exhibiting spherical
symmetry.

In this section, we define

[m/2 i—1
—%Z (m=20)lam—o] [(m—2j—p)m—2j+p+1) (2.2)
i=1 j=1

for each m € {2,3,... }, where [m/2] denotes the largest integer not exceeding m/2 and
we refer to (1.3) for the a,,’s. By some manipulations, we get

1 . (m—p)(m+p+1)
(m+2)(m+1)" " (m+2)(m+1)

Cm (2.3)

Cm+2 =

forany m € {2,3,...}.
Using these definitions and relations above, we will solve the nonhomogeneous Le-
gendre’s equation (1.3).

THEOREM 2.1. Assume that p is a given real number and the radius of convergence of the
power series Y., _oamx™ is p, > 0. Moreover, suppose that there exist real numbers o1 and
o, with

[ . 1 Aok . .. .
o] Il(l_lllo k2 (kT 1) o if the limit exists
-1 if cok = 0 for all sufficiently large k,
(2.4)
rlim L Dakert if the limit exists
0y = k=l (2k+3)(2k +2) ot
-1 if cok+1 = O for all sufficiently large k.
A positive number p is defined by
. 1 1
p = min ﬁ,ﬁ,po,l} (25)

with the convention 1/0 = co. Then, every solution y : (—p, p)—C of the differential equation
(1.3) can be expressed by

= yp(x) + Zcmx , (2.6)

where yp(x) is a Legendre function.



4 Abstract and Applied Analysis

Remark 2.2. 1f ¢y = 0 for all sufficiently large k, then >}, coxx?* is indeed a polynomial
which can obviously be defined on the whole real numbers and this fact is not contrary
to our definition o; = —1, since in this case we have

. 1 1
p_mm{ T+, 1+02’p°’1}
(2.7)

1
= i B e > I¢.
min| gz o1
A similar argument is applicable to 5.

Proof. Since each coefficient of (1.3) is analytic at x = 0, every solution of (1.3) can be
expressed as a power series of the form

P(x) = > byx™. (2.8)
m=0

(0 is an ordinary point of (1.3) and +1 are the nearest singular points of the equation.
So, the radius of convergence of the above power series is at least 1. This fact is consistent
with the domain of y).

Substituting (2.8) into (1.3) and collecting like powers together, we have

(1=x2)y"(x) = 2xy"(x) + p(p+1)y(x)
(2.9)

I
M

{(m+2)(m+1)bpsz — (m—p)(m+p+1)by}x™ = i A X™
0 m=0

for all x € (—p,p). Comparing the coefficients of like powers of two power series, we get

B 1 (m—p)(m+p+1)
b2 = iy ma )™ T ma2)ma1) " (2.10)
for any m € {0,1,2,... }.
We now assert that
b o(m2] [m/2]
by = cm Tll(m—ZJ—p)(m—2]+p+1) (2.11)
j=

forany m € {2,3,...}.
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By the mathematical induction on m, we will prove the formula (2.11) for all even
integers m. If we put m = 2 in (2.11) and recall the definition (2.2), then we obtain

+1 1 +1
bz =C — p(PZ' )bo = an - P(PZ' )ho

(2.12)

which is identical with the formula induced from (2.10) for m = 0. Assume now that
formula (2.11) is true for some even m. It then follows from (2.10), (2.11), and (2.2)
that

m!

bz = TG
1 [m/2] i1
T m+2)! ; (m_Zi)!“m—lfg)(m_zj —p)m—=2j+p+1)
o [mnm(m—zf—P)(m—ZﬂpH)
(m+2)! i<
1 2 i-1
= e ,z:(:) (m_Zi)!amfZig(m—2j—p)(m—2j+p+ 1
D0 [mnm(m—2j—17)(ﬂ’l—2j+p+1)
(m+2) 55 (2.13)
1 [m/2]+1
T (m+2)! > (m+2-20) a2

i=1

i-1

JJm+2-2j-p)m+2-2j+p+1)

j=1
by "M . .
T }_[:1 (m+2-2j—-p)(m+2-2j+p+1)
b, A . .
= Cmit g }:[1 (m+2-2j—-p)(m+2-2j+p+1),

which is identical with formula (2.11) when m is replaced by m +2. (We assume that
]_[’j;l1 -++)(--+)=1fori<1.) Hence, (2.11) is valid for any even m. Similarly, we can
verify that (2.11) is true for all odd m.
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Consequently, it follows from (2.8) and (2.11) that

)/(X) = b() + blx + Z bszZk + z b2k+1X2k+l

k=1 k=1
= D™+ 3 oo
k=1 k=1
o 2 k
+b0[ Z 2k)]_[ (2k —2j— p)(2k - 2]+p+1)} (2.14)

2k

+b1[x+z(2k o ]_[(zk 2j—p+1)(2k - 2]+p+2)]
+Zcmxm,
m=2

where yj, stands for the last two power series, that is,

=b0[l+i---]+b1[x+i---}. (2.15)
k=1

k=1

Using the ratio test, we can easily show that the power series in the brackets converge for
each x € (—1,1). For any real numbers b and b, y,(x) is a Legendre function, that is, it
is a solution of the Legendre’s equation (2.1) (see [18]).

Furthermore, in view of (2.3) and (2.4), we can apply the ratio test and show that
power series

oY)

Z copx?k, Z Coksq x2KH1 converge for all x € (—p,p). (2.16)
k=1 k=1

We will now show that each function y : (—p,p)—C defined by

y(x) = Z Cmx™ (2.17)

is a solution of the nonhomogeneous Legendre differential equation (1.3), where y;(x) is
a Legendre funcion and ¢, is given by (2.2). For this purpose, it only needs to show that

= Z Cmx™ (2.18)
m=2
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satisfies (1.3). It is not difficult to see
(1=x%)yp (%) = 2xy;,(x) + p(p+ 1) yp(x)

=2¢, +6c3x+ i {m+2)(m+1)cmea — (m—p)(m+p+1)cpm}x™

m=2
[o]

(2.19)

=ap+ax+ z Amx™,

m=2

since we obtain ag = 2¢; and a; = 6¢;3 by putting m = 2 and m = 3 in (2.2), respectively,
and since it follows from (2.3) that

(m+2)(m+1)cmer —(m—p)im+p+1)cy = am (2.20)

forallme {2,3,...}. O
CoROLLARY 2.3. Under the same notations and conditions of Theorem 2.1, it holds that

i—1

PR PR U L p(p+1)
mz:zcmx _g mz m+2i)(m+1) H{ (m+2i—2j+1)(m+2i—2j)} (2.21)

]:1

forany x € (—p,p).

Proof. Since

(m—2i)! 1

m m(m-— 21+1 1:[ (m=2j+1)(m—-2j)’ (2.22)
it follows from (2.2) that
© ® m[’"/z] i-1
D emx" = Z Z(m 20)lam—oi| [(m—2j—p)(m—2j+p+1)
m=2 m=2
[m/2) J_l (2.23)
Sy Y g i—[(m—zj—p)(m—zj+p+1)
= o mim=2i+1) (m—2j+1)(m—-2j)
Thus, we further obtain
[ o [m/2] i-1
Am—2i p(p+1) }
n%zcmx mzzlzlx (m—2i+1 }_[1{ (m—=2j+1)(m—2j)
(2.24)
o [m/2]
=D apix™,
m=2 i=1
where we set
i-1
_ Am-2i B p(p+1) }
Gomi m(m—Zi-i—l)n{l (m-2j+1)(m-2j)) (2.25)
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As we already stated in (2.16), it follows from (2.3) and (2.4) that the power series
> m—2Cmx™ is absolutely convergent for all x € (—p,p) (recall the Cauchy-Hadamard for-
mula or the root test). Hence, we can rearrange the terms of the power series without
changing its sum as follows:

ocm,-xm =07+ a3 x°

HM§

+ (X41X4 + (X42X4
+ 0651)(5 + 06523('5

+ (X61X6 + 0662)(76 + 0663.7(76

+ 0671)(7 + 0(72)(7 + 0(73X7

So, we further obtain

o0
> m
m=2

(2.26)
+ 0681X8 + 0682.7(78 + 06833(8 + 0684)(8
= D X"+ D X+ D A3 x™
m=2 m=4 m=6
= z Z Apix™.
i=1 m=2i
Z Z Am—2iX ﬁ{l_ P(P+1) }
= om(m=2i+1) (m—=2j+1)(m-2j)
(2.27)

o0 0o Ap2ix™ 2i i1 p(p+1)
=252 mnﬂ{l‘<m—zj+1><m—2f>}'

Finally, if we substitute m for (m — 2i) in the above equality, then we get the desired

equality.

O

3. Partial solution to Hyers-Ulam stability problem

In this section, we will investigate a property of the Legendre’s differential equation (2.1)
concerning the Hyers-Ulam stability problem. That is, we will try to answer the question,
whether there exists a Legendre function near any approximate Legendre function.



Soon-Mo Jung 9

If a function y(x) can be expressed as a power series of the form (2.8), then we follow
the first part of the proof of Theorem 2.1 to get

(1=x2)y" (x) —2xy"(x) + p(p+1)y(x)

= Z {m+2)(m+ )by — (m—p)(m+ p+1)b,}x™. (3-1)
m=0
Let us define
am = (m+2)(m+1)byy — (m—p)(m+p+1)by, (3.2)

forall m € {0,1,2,...}. By some tedious calculations, we can now express the ¢,,’s defined
in (2.2) in terms of the b,,’s:

[m/2] i—1
i zi (m— 21')!61”,721'1'_[1(7’” =2j=p)m=2j+p+1)
i= =

(3.3)

/2]
(m=2j—p)(m—=2j+p+1)
j=1
for any m € {2,3,...} (cf. (2.11) in Section 2).
Tueorem 3.1. Assume that p and p are positive constants with p < min{1,p,}. Let y:
(=p,p)—C be a function which can be represented by a power series of the form (2.8) whose

radius of convergence is p,. Assume moreover that the conditions in (2.4) are satisfied with
am’s and cy,’s given in (3.2) and (3.3). If there exists a constant € > 0 such that

[(1-x%)y"(x) = 2xy"(x)+ p(p+ Dy(x)| <¢ (3.4)

for all x € (—p,p) and for some real number p, then there exists a Legendre function yy :
(=p,p)—C and a constant C > 0 such that

52
1 —x?

|y(x) = yu(x)| <C (3.5)

forallx € (—p,p).

Proof. We assumed that y(x) can be represented by a power series (2.8) whose radius of
convergence is p, > p, s0

(1-x?%) Z m(m—1)bx™ 2 — ZxZ mb,x™ 1+ p(p+1) Z bx™ (3.6)

m=2 m=1 m=0

is also a power series whose radius of convergence is p,. More precisely, in view of (3.1)
and (3.2), we have

Me

(1=x%) > m(m—Dbyx™2=2x> mbyx™ '+ p(p+1) > byux™= > aux™  (3.7)
m=0 m=0

2 m=1

3
I



10 Abstract and Applied Analysis

forall x € (—pg,pp)-

Since
y(x) = > bux™, y'(x) = > mbyux™, y'(x)= > mim—1Dbux™?  (3.8)
m=0 m=1 m=2

for any x € (—p,p), we get
(1-x%)y"(x) = 2xy"(x)+ p(p+ 1)y Zamx (3.9)

for all x € (—p,p), where the radius of convergence of . ;,_a,x™ is po- Thus, it follows
from (3.4) that

(o]
Z ax™
m=0

<e¢ (3.10)

forall x € (—p,p).

Since the power series ., _oa,x™ is absolutely convergent on its interval of conver-
gence, which includes the interval [—p,p], and the power series >’ ;:Olamxml is continu-
ous on [—p,p] (a power series is differentiable on its interval of convergence), there exists
a constant C; > 0 with

i lamx™| < C (3.11)

m=0

for all integers n > 0 and for any x € (—p,p).
Moreover, we know that {1/(m +2i)(m + 1)}, is a decreasing sequence of positive
numbers. According to [19, Theorem 3.3], it holds that

[

27 am?] G (3.12)

y(m+2i)(m+1) — 2i

forany x € (—p,p) and alli € {1,2,...}.
On the other hand, since

>

k=1

plp+1) ’_ lpp+ D] [p(p+ D)
m+2k+1)(m+2k) _(m+3)(m+2) (m+5)(m+4)

(3.13)

o0

_lpp+D)] Pt ) Z 1
=k
for any integer m = 0, we may conclude that the infinite product

- pp+1)
1_Ijll_(m+21w1)(m+2k)?f (3.14)
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converges. (According to [20, Theorem 6.6.2], the above infinite product converges for
p(p+1)<0. The same argument can be applied for the case of p(p+1) = 0.) Hence,
substituting i — j for k in the above infinite product, there exists a constant C, > 0 with

i-1

p(p+1) B
}-_[_1{1_(m+2i—2j+1)(m+2i—2j)}’—C2 (3.15)

for all integers i > 1 and m = 0. Therefore, it follows from Corollary 2.3 that

< i lamx™|
_Czi;'x' mzzo(m+2i)(m+1) (3.16)

o0
z Cpx™
m=2

for every x € (—p,p).
By (3.12) and (3.16), we get

> x| GG x?
m
m = — = 1
n%ZC x| < Clczgi 2 < S 12 (3.17)
for all x € (—p,p). This completes the proof of our theorem. O

John M. Rassias’ open problems. (1) It is an open problem whether Theorem 3.1 also
holds for the function y(x) which cannot be represented by a power series of the form
(2.8).

(2) It seems to be interesting to investigate the stability problem for the case where the
inequality (3.4) is controlled by a power of the absolute value of x.

4. Example

In this section, our task is to show that there certainly exist functions y(x) which satisfy
all the conditions given in Theorem 3.1.

Example 4.1. Let p be neither an odd number nor of the form, —2k, for some k € N, let
p be a positive constant less than 1, and let g be given with

£

S7p2+|p|+3' (4.1)

0<gqg
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We define a function y : (—p,p)—R by

P(x) = > byux™ = yu(x) +qsinx
m=0
2k

k
=1+ l(zk)!lz[l(zk—zj—p)(2k—2j+p+1)

Me

>~
l

x2k+1 k

+x+z(2k 1)|1_[(2k 2j—p+1)(2k—=2j+p+2)+gsinx (4.2)

2

k
ﬂzk 2j = p)2k—2j+p+1)+(1+q)x

=1+Z
k:1

© x2k+1 B . |
' k%(z"“)! {(_1) q+[{_l(2k—2] —pt 1)(2k—21+p+2)},

which is a sum of a Legendre function and a sine function. Obviously, the radius of con-
vergence of y(x) is p, = 1 and we have

::]»

bo=1, by = (2k—-2j—p)2k—=2j+p+1),

(2)

1

J

k
1 : i
by=1+gq, boks1 = M{(—l)kq+n(2k_2J —p+1)(2k—2]+P+2)}
! i-1
(4.3)

forall k € N.
It follows from (3.3) and (3.2) that

ook = 0, axy =0 (4.4)
for any k € N. In this case, according to (2.4), we have o; = —1. Similarly, using (3.3) and

(3.2), we get

k
Czk+1—(2kq+1)!{(—l)k—E{(zk_zj_P+1)(2k_2j+P+2)}>

k+1 J (4.5)
Aokr1 = ((2k)7q{1+ Qk—p+1)2k+p+2)}

for any k € N. Thus, we get

1 k1 |
i RT3k 2) o | (4.6)

Hence, both conditions in (2.4) are satisfied with o1 = —1 and 0, = 0.
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Obviously, we get

. aA2k+3
lim | —

k— oo

=0 (4.7)

A2k+1

and we can show, by applying the ratio test, that the power series

(o] (o)
Z amx™ = ag+a1x + Z RE (4.8)
m=0 k=1

converges for every real number x. (Notice that a;, = 0 for all k € N.)
Since yp(x) is a Legendre function, we now have

[ (1=x2)y" (x) = 2xy" (x) + p(p+ 1) y(x) |
= | - (1-x?)gsinx —2gx cos x+ p(p+1)gsin x| (4.9)
<(|1=x2|+2[x[+ |p(p+ D) ])g= (p*+Ipl+3)g<e

for all x with |x| < p < 1. Hence, y(x) satisfies inequality (3.4).

Acknowledgment

The author is grateful to Professor John M. Rassias and anonymous referees for their
valuable suggestions.

References

(1]

S. M. Ulam, Problems in Modern Mathematics, John Wiley & Sons, New York, NY, USA, Sci-
ence edition, 1964.

D. H. Hyers, “On the stability of the linear functional equation,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 27, pp. 222-224, 1941.

T. M. Rassias, “On the stability of the linear mapping in Banach spaces,” Proceedings of the Amer-
ican Mathematical Society, vol. 72, no. 2, pp. 297-300, 1978.

D. H. Hyers, G. Isac, and T. M. Rassias, Stability of Functional Equations in Several Variables,
vol. 34 of Progress in Nonlinear Differential Equations and Their Applications, Birkhduser Boston,
Boston, Mass, USA, 1998.

D. H. Hyers and T. M. Rassias, “Approximate homomorphisms,” Aequationes Mathematicae,
vol. 44, no. 2-3, pp. 125-153, 1992.

S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis,
Hadronic Press, Palm Harbor, Fla, USA, 2001.

J. M. Rassias, “On the Ulam stability of mixed type mappings on restricted domains,” Journal of
Mathematical Analysis and Applications, vol. 276, no. 2, pp. 747-762, 2002.

C. Alsina and R. Ger, “On some inequalities and stability results related to the exponential func-
tion,” Journal of Inequalities and Applications, vol. 2, no. 4, pp. 373-380, 1998.

S.-E. Takahasi, T. Miura, and S. Miyajima, “On the Hyers-Ulam stability of the Banach space-
valued differential equation y* = Ay,” Bulletin of the Korean Mathematical Society, vol. 39, no. 2,
pp. 309-315, 2002.

T. Miura, “On the Hyers-Ulam stability of a differentiable map,” Scientiae Mathematicae Japon-
icae, vol. 55, no. 1, pp. 17-24, 2002.



14

(11]

(12]

[13]

[14]
(15]
(16]

(17]

(18]
(19]

(20]

Abstract and Applied Analysis

T. Miura, S.-M. Jung, and S.-E. Takahasi, “Hyers-Ulam-Rassias stability of the Banach space
valued linear differential equations y’ = Ay,” Journal of the Korean Mathematical Society, vol. 41,
no. 6, pp. 995-1005, 2004.

T. Miura, S. Miyajima, and S.-E. Takahasi, “Hyers-Ulam stability of linear differential operator
with constant coefficients,” Mathematische Nachrichten, vol. 258, pp. 90-96, 2003.

T. Miura, S. Miyajima, and S.-E. Takahasi, “A characterization of Hyers-Ulam stability of first
order linear differential operators,” Journal of Mathematical Analysis and Applications, vol. 286,
no. 1, pp. 136-146, 2003.

S.-M. Jung, “Hyers-Ulam stability of linear differential equations of first order,” Applied Mathe-
matics Letters, vol. 17, no. 10, pp. 1135-1140, 2004.

S.-M. Jung, “Hyers-Ulam stability of linear differential equations of first order II,” Applied Math-
ematics Letters, vol. 19, no. 9, pp. 854—858, 2006.

S.-M. Jung, “Hyers-Ulam stability of linear differential equations of first order III,” Journal of
Mathematical Analysis and Applications, vol. 311, no. 1, pp. 139-146, 2005.

S.-M. Jung, “Hyers-Ulam stability of a system of first order linear differential equations with
constant coefficients,” Journal of Mathematical Analysis and Applications, vol. 320, no. 2, pp.
549-561, 2006.

E. Kreyszig, Advanced Engineering Mathematics, John Wiley & Sons, New York, NY, USA, 4th edi-
tion, 1979.

S. Lang, Undergraduate Analysis, Undergraduate Texts in Mathematics, Springer, New York, NY,
USA, 2nd edition, 1997.

M. C. Reed, Fundamental Ideas of Analysis, John Wiley & Sons, New York, NY, USA, 1998.

Soon-Mo Jung: Mathematics Section, College of Science and Technology, Hong-Ik University,
Chochiwon 339-701, South Korea
Email address: smjung@hongik.ac.kr


mailto:smjung@hongik.ac.kr

	1. Introduction
	2. Nonhomogeneous Legendre's equation
	3. Partial solution to Hyers-Ulam stability problem
	4. Example
	Acknowledgment
	References
	1Call for Papers-4pt
	Guest Editors
	1Call for Papers4pt
	Guest Editors



