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Boundary decay estimates for solutions of
fourth-order elliptic equations

Gerassimos Barbatis

Abstract. We obtain integral boundary decay estimates for solutions of fourth-order elliptic
equations on a bounded domain with regular boundary. We apply these estimates to obtain
stability bounds for the corresponding eigenvalues under small perturbations of the boundary.

1. Introduction

Let © be a bounded region in RY and let H be a fourth-order, self-adjoint,
uniformly elliptic operator on L?(§2) subject to Dirichlet boundary conditions on 952,

Hu(z)= Z D"(ayc(z)DSu(x)), x€.

[n|<2
[¢1<2

The scope of this paper is to obtain integral boundary decay estimates for solutions
of the equation

(1) Hu=f, feL*Q).

More precisely, we want to establish ranges of >0 for which the integrals
/ d=2Pu?dz and / d=P|\Vul? dx
Q Q

are finite (where d(z)=dist(x,09)). If Q is regular in the sense that the Hardy—
Rellich inequality

2 2
/Q(AU)Q dm>c/ﬂ<'Vd§' +%> dz, ue H3(Q),

is valid, we then immediately have such an estimate since Hz(€2)=Dom(H'/?). Our
aim is to establish better decay estimates that exploit the fact that the solution u
of (1) belongs not only to HZ(£2) but also to Dom(H).
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This problem is well studied in the case of second-order operators. In [D2]
Davies obtained boundary decay estimates of the form

|VU|2 u’ 1/2 2
(2) N\t dx < c(||[Hull2| H ™ ull2+[lull3), weDom(H),

for >0 in some interval (0,cp). Here «y is an explicitly given constant which
depends on the boundary regularity and the ellipticity constants of H. As an
application of (2) stability estimates were obtained on the eigenvalues {A, }22; of H
under small perturbations of the boundary 9. More precisely, if QcQis a domain
such that 9QC {z€Q:dist(z, Q) <e} and if {A\,}22, are the corresponding Dirichlet
eigenvalues (the operator H being defined by form restriction), then it was shown
that (2) implies

(3) 0< A —Ap < cpe®®

for all n€NN and all £>0 small enough. This estimate has obvious applications in
the numerical computation of eigenvalues; see [D2] for more on specific examples.

Inequality (3) was subsequently improved in [D3], where 2
placed by g2@°
fd(m)q |Vu|? dz and fd(x)<€ u? dz for small £ >0. For results analogous to those of
[D3] for the p-Laplacian together with applications we refer to Fleckinger et al. [FHT].
See also [EHK] where estimates of this type were first obtained for eigenfunctions
of second-order operators. For relevant results in the case of singular operators
see [M].

In our main theorem we obtain integral decay estimates analogous to (2) for
fourth-order operators. More precisely, for a fourth-order operator H with L
coeflicients we establish boundary decay estimates of the form

, a<qg, Was re-
, for the same «gp; this was done by estimating the integrals

2,12 2 2
) [ (b e+ i ) o<l ula ), we Don)
for o in an interval (0, ap). Under additional assumptions we obtain aozé, which
is optimal. To prove (4) we first use some general inequalities, which lead to a prop-
erty (P, ) being identified as sufficient for the validity of (4). We then study prop-
erty (P,), and find sufficient conditions under which it is valid; the distance function
used here is taken to be the Finsler distance induced by the operator.

Technical reasons oblige us to make a regularity assumption that is not needed
in the second-order case and requires d(x) to be C? near 9. This relates to
a recurrent and largely unsolved issue in higher-order problems: a distance function
is normally only once differentiable, but is required for technical reasons to be
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differentiated more than once; see for example [B], where such an issue has arisen
in the context of heat kernel estimates.

Finally, as an application of (4) we obtain stability bounds analogous to (3) on
the eigenvalues of H under small boundary perturbations.

The structure of the paper is as follows: in Section 2 we provide a sufficient
condition (P,) for the validity of (4); in Section 3 we establish a range of « for
which (P,) is valid for different classes of operators; and in Section 4 we present
the application to eigenvalue stability.

Setting

We fix some notation. Given a multi-index n=(n1, ..., 7n) we write n!=n!..ny!
and |n|=m+...4+nn. We write y<n if 7;<n; for all 4, in which case we also set
cl=n!/y(n—~)!. We use the standard notation D"u=(9/0z1)™...(0/0zN )" u and
(Vu)"=ul.uI%. By V?u we denote the vector (ugEIJ)fV]:1 The letter ¢ will
denote a constant whose value may change from line to line; the constants ¢, co
and cs however are the same throughout the paper.

We now describe our setting. We assume that € is a bounded domain in R
with boundary 9. We consider a distance function d(-,-) on 2, and denote by
d(-) the corresponding distance to the boundary 9. We say that d(-) belongs to
the class D if it satisfies:

(D1) There exist 1, c2>0 such that for any =,y €,
(a) q<|Vedzy)<er  zeQ,
(b) c1dpuc(7,y) < d(z,y) < cadpuc(T, y).

(D2) There exist 6, 7>0 such that

(a) d(z) is C? on {xreQ:0<d(x) <0},
(b) |V2d(x)| <cd(x)™ 7 on {z€Q:0<d(z) <0}

(D3) The following Hardy—Rellich inequalities are valid for all ve C2(Q):

2
(a) / (Av)? dx > c3 / v dz,
Q od*
Vo|?
(b) /Q(Av)2 dx > 03/Q | d2| dx.

We note that a sufficient condition for (D3)(b) is the Hardy inequality

2

/Q|Vv|2dx203 Qz—de.
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The distance d( -,-) will typically be a Finsler distance, in which case (a) and (b)
of (D1) are equivalent. Condition (D2) is essentially a strong regularity assumption
on 0f), as will be seen below. Its validity in examples will always involve the
specific value 7=1; we choose however this more general and somewhat axiomatic
setting because, we believe, it shows more clearly what the essential ingredients
are. Finally, for more on Hardy—Rellich inequalities, optimal constants as well as
improved versions of such inequalities we refer to [BFT] and [BT] and references
therein.

In the sequel we shall often need to twice differentiate d(z) near 0S2. In order
to avoid repeatedly splitting integrals in two, we redefine d(z) on {xre€Q:d(x)>60}
so that now d(z) is a positive C? function on  which equals inf{d(x, y):y€dN} for
re{reN:dist(z, 02) <} but not necessarily for all z€Q (of course d(z,-) extends
to 0 by uniform continuity). In relation to this we emphasize that throughout the
paper what really matters is what happens near the boundary 9€2. We also note
that, while the validity of estimate (4) and assumption (D3) is independent of the
specific distance d(-)€D chosen, we shall need to consider non-Euclidean distances
since some of the intermediate calculations do depend on the specific choice of the
distance.

We will consider operators of the form

(5) Hu(z)= Y D"(anc(x)D u(z)), z€Q,

n|=2

<=2
subject to Dirichlet boundary conditions on 0f2; lower-order terms can be easily ac-
comodated. More precisely, we start with a matrix-valued function a(x)={anc(z)}
which is assumed to be have entries in L>(2) and to take its values in the set of
all real, $N(N+1)x 1 N(N+1) matrices (3 N(N+1) is the number of multi-indices
n of length |n|=2). We assume that {a,¢(z)} is symmetric for all z€Q and define
a quadratic form Q(-) on the Sobolev space H3(Q)) by

u) = ane (2)D"u(z)DSu(z) dz, u 2(Q).
Q) /ng 2@ D) Déul) de, € HF(Q)
I¢]=2

We make the ellipticity assumption that there exist A, A>0 such that
AQo(u) < Q(u) <AQo(u), ue HZ(R),

where Qo(u)= [,(Au)? dz denotes the quadratic form corresponding to the bilapla-
cian A%, We then define H to be the associated self-adjoint operator on L?(Q), so
that (Hu,u)=Q(u) for all ue Dom(H).
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2. Boundary decay
Let d(-)eD. Let a>0 be fixed and let us define
w(z)=d(x)™*, =zl
We regularize w defining
1
(6) dn(a:)zd(x)—l—ﬁ, wn(z)=dn(z)™, n=1,2,...

We note that ue H3(Q) implies w,ue H3(Q), n€N. It is crucial for the estimates
which follow that, while they contain the functions d,, and w,, they involve constants
that are independent of n€N.

Lemma 1. Let a>0. There exists a constant ¢ which is independent of n€N
such that

Vul? |Vu|? u?
(7) /Q(| d2a| +ll%+2|a+d%+2a>dx<cQ(wnu), u€ HZ ().

Proof. Tt suffices to prove (7) for all u€C2(2). So let ueC2(Q) be given and
let v=w,u, a function also in C%(). Using (D3) we have

u2 1}2 1}2 2
\V4 2
QliZTuJadx—/ d2+2a|adfj 1de7,+daVv| dx

2
Sc/ d—4da:+c/ |de2)| dec/(Av)Q dz,
Q Yn Q n Q

where we have used the fact that

(8) /Q|V2v|2d:c:/Q(Av)2 dx

Finally, since d and d,, differ by a constant,

Similarly,

Ug,o; = dpyVsia, —|—ozdffl (di, vz, +do, vxi)—l—ad%*ldmxiv—l—a(a— 1)d372dxidxjv,

and therefore
|V2ul?

2 27|12
- dm<c</ |V20|? do+ |V| dx +/—d +/ v d' )
Q dn Q Q

Since dy, >d, the second and third terms in the brackets are smaller than ¢ [, ( (Av)? dz
by the Hardy—Rellich inequalities (D3). The same is true for the last term by (D2).
Thus, one more application of (8) concludes the proof. O




202 Gerassimos Barbatis

Lemma 2. Let a€(0,1) and w,=d,~. Then there exists a constant ¢>0,
independent of n€N, such that

Q(u,w?u) < c||Hul|o||H*?ully, ueDom(H).

Proof. For any n€N and u€C?%(Q) we have

2
/wi/QUdeg/w‘l/aqux:/ u—4da:§cQ(u).
Q Q ad

Hence wf/ “<cH in the quadratic form sense, which by [D1, Lemma 4.20] implies
that wi <cH®* (since a€(0,1)). Hence given u€Dom(H) we have

Q(u, w2u) < [ HullsJw2ull, < el Hula| /2]l
which is the stated inequality. [

We can now establish a sufficient condition for the boundary decay estimates.

Theorem 3. Let a€(0,1) be fixred and let w,=d,*. Assume that there exist
k,k'>0 independent of neN such that

(9) Q(wnu) <kQ(u,wpu) +K [[ul3, uweCZ(Q),

for all neN. Then there exists ¢>0 such that

|V2u|>  |Vul* u?
(10) /Q< o +d2+20‘+d4+20‘ dz < c||Hul|2|| H?ully, u€Dom(H).

Proof. The validity of (9) for all u€C?(f2) implies its validity for all ue H2(Q)
and in particular for all ueDom(H). Hence given u€Dom(H) and applying Lem-

mas 1 and 2 we conclude that there exists a constant ¢ such that for any n€N there
holds

|V2ul?  |Vul?  w?
A( d2a +d2+2a+d4+2a dl‘gC(HHUHQ”HQ/QU”Q—F||’U,||%)
n mn n

Letting n—+o00, applying the dominated convergence theorem and using the fact
that the spectrum of H is bounded away from zero we obtain (10). O
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3. The property (Pg)

The validity of assumption (9) of Theorem 3 will be our main interest in this
section. For the sake of simplicity, for any a€(0,1) we define the property (P,)
(relative to the distance function d€D) as

There exists constants k, &' >0 such that
(Pa) Q(dy *u) <kQ(u, d > u) +k'|[ull3
for all neN and ueC2(1Q).

This is precisely assumption (9) of Theorem 3. Our aim in this section is to obtain
sufficient conditions under which property (P,) is valid. In the following three sub-
sections we present three theorems that provide such conditions. The first applies
to all operators in the class under consideration; the second applies to operators
of a specific type but gives a better range of a>0; and the third applies to small
perturbations of operators in the second class.

Remark. If 9Q is smooth then the ground state ¢ of A2 decays as d(x)? as
z—0S). Hence the integral in the left-hand side of (10) is not finite for a>1.
For this reason and throughout the rest of the paper we restrict our attention to
ae(0,3).

3.1. General operators

We always work in the context described at the beginning of Section 2. We
recall that for a€(0, ) we have w,=d;,; *=(d+1/n)~*; we also recall that A and A
are the ellipticity constants of the operator H.

Theorem 4. There exists a computable constant ¢>0 such that property (P,)
relative to the Euclidean distance is valid for H for all a€(0,c tA71N).

Proof. Let ueC?(2) be fixed. Setting v=d,, *u and using Leibniz’ rule we have

Q(dy, “u) = Q(u, d;**u)
=Q(v)-Q(dyv, d,"v)

= Z ane (DD v—D"(d%v) D¢ (d,*v)) dz
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/Z > dlcsanc(DVdy) (Dd, ) (D" ) (D) da
In|=2 ~<n
Cl=2 0<¢
Y+6>0
<cA/ S|V |Vid, ||V | V2| da.
0<14,5<2
i+35>0

But, by (D1) and (D2),
|Vdi*|=ady*™" and |VZdyr®|<cady®?,
and we thus obtain

Q(U)_Q(dgv,d;av)gcAa/(|v2 |2 |V'U|

d?

n

)d <A aQ(v).

Hence, if « is such that cAX~'a<1, then property (P,) is valid for H. [

2. Regular coefficients

The weak point of Theorem 4 is the poor information it provides on the range
of a for which (P, ) is valid. In this subsection we shall consider operators of a more
specific type and for which we shall see that (P) is valid for all a€ (0, 3).

It will be useful in this subsection to drop the multi-index notation and write
the quadratic form as

Z QijklUg;z; U yxy du, ueH&(Q)

i,4,k,1=1
We may clearly assume that the functions a;;r; have the following symmetries:
(11) Aijkl = Qgikls Aijlk, Qklij -

We make the following additional assumptions on the coefficients {a;jxi }:
(i) There exist 6, 7>0 such that

each a;ji; is differentiable in {x € Q:d(x) <0}
[Vaijn| < cd 7 on {x €0 :d(z) < 0}

N
(12C) Z a1]kl fszﬂﬂll < Z az]kl ngjnknl; fa n € RN? e
,J,k,0=1 4,5,k =1
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Without any loss of generality we assume that 7 in (i) is the same as in (D2).
Condition (i) is a technical one, whose necessity is not clear. We present two
examples in which it is valid.

Ezample 1. Suppose that a;jp=0b;;br; for some non-negative N XN
matrix {b;;};;. Then (ii) is valid by the Cauchy-Schwarz inequality for the
non-negative form (§,n)—b;;&;n;. This for example includes operators of the form
Aa(z)A, for which we have a;jp=a(x)0;;0k.

Ezample 2. Suppose that a;jr=0;;0xia:k, where aj=ar; >0 for ¢, k=1, ..., V.
Then it is easily seen that (ii) is again valid.

We choose the distance function d( - ) to be the one naturally associated with H,
that is the one induced by the Finsler metric p(z,n) whose dual metric (cf. (15)
below) is

N 1/4
(13) pe(,8) = ( > aijm (m)gifjfk&) :
6,4,k l=1
This implies in particular that the function d( - ) satisfies
N
(14) Z ikl (2)dy, e dyy dey =1, ae. z€Q.
64,k l=1

Indeed, the inequality Efj,k’lzl ikl (2)dy, e dy, ey <1is shown in [A, Lemma 1.3].
To prove the converse inequality let y denote a point of differentiability of d. Then
y has a unique nearest point yo€9; so d(y)=d(y,yo)=:s. Let y;, t€[0,s], be the
geodesic joining gy and y parametrised by arc length so that ys=y. Then for small
€>0 we have on the one hand

A(ys—e)—d(y) =d(y, ys—<) = p(y, y—ys—c) +o(e),
and on the other hand, by differentiability,
d(ys—e)—d(y) = Vd(y)- (ys—=—y)+o(e).
Hence

(15) p+(y, Vd(y)) = sup VA€  jyy YW 0s-c—y)

> =1.
cery P(Y,E) N0 p(Y,Y—Ys—e)

We note that the metric is Riemannian if the symbol of the operator H is the square
of a polynomial of degree two.
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We assume that our basic hypotheses (D1)—(D3) of the introduction are valid;
Concerning in particular the validity of condition (D2), we note that it is satisfied
if enough regularity is imposed on the boundary and the coefficients. If for example
the boundary is C® and the coefficients a;jx; lie in C3({z€Q:0<d(x)<6}), then de
C?({z€Q:0<d(z)<0}); see [LN, Section 1.3]. On the other hand, for the Euclidean
distance a C? boundary is enough [GT, p. 354].

It is useful to introduce at this point a class A of integrals that are in a sense
negligible.

Definition. A family of quadratic integral forms T;,(v), v€C?(Q2), n€N, be-
longs to the class A if for any >0 there exists ¢. >0 (independent of n€N) such
that

(16) T (v)] SeQ(v)—l—ce/ v?dr, neN,veC?*(Q).
Q
Lemma 5. Let I,(v)= [, bo(DYv)(Dv) dz, |v],|6|<2, be a term that results

after expanding Q(d%v, dn v) and integrating by parts a number of times. If by,
contains as a factor either a derivative of ayc or a second-order derivative of d,
then {I,}52,€A.

Proof. After expanding Q(d%v,d,, “v) (cf. (19) below) we obtain a linear com-
bination of integrals, and direct observation shows that each one of them has one
of the following three forms (we switch temporarily to multi-index notation):

(a) / anedy, (VA )T (D) (D) de, o = =2, y<m, 6,
Q

(b) /Qancdf:“”‘ (Vd,))"~ (D¢ dy)o(D7) do, Inl=1¢1=2, y<n,

(c) /Qancdf(D”dn)(DCdn)v? dr, Inl=I¢l=

(These are distinguished by the number of second-order derivatives of d,, that they

contain — none, one and two, respectively.) Hence all resulting integrals have the
form

/ b (2)(DV0)(DPv) dz,  0< |y, 10] <2,
Q

where b, (x) is a product of a,¢ with powers and/or derivatives of d,, and, since Vd,,
is bounded,

(17) b (2)| < edp (z) =4 2 eq.
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In cases (b) and (¢) however, where b, (z) contains as a factor at least one second-
order derivative of d,,, it follows from condition (D2) of the introduction that we
have something more, namely

by ()] < edyy () 4T peq.

This easily implies that the integral lies in A in this case.

Suppose now that we integrate by parts in the integral (a) above, transferring
one derivative from, say, D7v, (]y|>1), to the remaining functions. If the derivative
being transfered is d/0x;, we obtain — in an obvious notation — the integral

/[angdﬁ‘”””‘(Vdn)"+<’”’5(D‘sv)]xi (D7) da.
Q

If the derivative 0/0x; “hits” either a,c or one of the factors that make up
(Vd,)"" =779 we obtain an integral of the form

/ ba () (D7) (D) da,
Q

where |bn|§cd;1+7d;4+h+6‘; hence this integral belongs to A. O

Ezample. We illustrate the last lemma with an example: in (21) below there
appears the integral

In(’l)):/ aijkld;Ldeidzjvvzkz; dx.
Q
Letting {T7,}°2 1, {7, }5, denote elements in A we compute
/aijkld;2dmd%vvmkxl dx

Q

- / (@ijht)wdy, > dg, do, 005, dz+2 / aijiady, 2 dy, dy,; dgy 0V, d
Q Q

-2 -2
—/ Aijridy, “dy oy, A V0, dm—/ ijridy, “dy g2, V0, dT
Q Q

-2
—/ aijkldn dzidxjvzkvxl dx
Q

— / aijiidy, g, dy; dgy, (V%) 5, dz— / ijridy *dy, Ay, V5, Vg, dz+Ty (V)
Q Q

=3 / aijridy g, dy; gy dy, v* dz— / ijridy > dy, Ay, V3, Vg, do+T (V).
Q Q
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Note. The summation convention over repeated indices will be used from now
on.

Lemma 6. There exists {T,}52 €A such that
(18) Q(v)—Q(dﬁv, d;av) =202 /Q aijkldgzdxidxjvxkvxl dx
+4a2/9aijkld,?dxidxkvxjvxl dx
—(a4+11a2)/ﬂd,:4v2dx+Tn(v)

for all ve C2(Q).
Proof. For f=a and f8=—a we have
(19) (dgv)%xj = dgvxixj +6d5_1d$1 U:Cj +6d5_1da¢j Vg,
+B(B—1)dS2dy,dy, v+ Bd0 iy, 0.
We substitute in Q(d%v, d;,*v) and expand. Now, by Lemma 5 all terms containing
second-order derivatives of d,, belong to A. Further, the symmetries (11) of a;;m
give
aijkldxidxjdxkvxl = aijkldxid:ckdxlvxj = e
(20) aijkldxidzjvxkxl - aijkldxkdz;,vzizj - ey
aijkldmidmlvmjvxk = aijkldmdmkv% vz;, =....

Denoting by {7,}22; an element of .A which may change within the proof we thus
arrive at

(21)
o —« _ 2 3—2 2 3—2
Q(dnv, d, v) —/ ikt Va2 Ve, 200 d,, “dy, doy V00, 0y — 407 dy, "y dpy Ve Vs,
Q

+402d, * dy, dy; Ay 0V,

+a?(a®—1)d;, *dy, dy, dyy dy, v?] dz+ T, (0).
We integrate by parts the second and fourth terms in the last integral. By Lemma 5,
all terms that contain either derivatives of a;ji; or second-order derivatives of d,
belong to A. Hence, denoting always by {T3,}52; a generic element of A we obtain
(cf. the example above)

/ ijridy 2y, dy, V050, dz =3 / aijridy g, dy; gy do, v? d
Q Q

—/ aijkldgzdmidxjvmkvxl dx+T,(v)
Q
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and, similarly,
_ 3 _
/ aijkldngdxidxj Ay, 0V, dx = 3 / aijkldn‘ldxidxj dxkdeUQ dx+T,(v).
Q Q
Substituting in (21) yields

- 2 ;-2
Q(dgv,dnav):/ ikt Voo Vg, —4Q7dy, “dy, oy Vg U,
Q

— 2a2d;2dxidxj Vg, Vs,
+(a*+110%)d, dy, dy, dyy d, v%) dz+ T (0).

Recalling that (14) holds, relation (18) follows. O
Lemma 7. Let veC%(Q) and w=d,**v. Then
Qv)—Q(d%v, d;, *v) =2a° / ikl Ande, Ay, Wey W, d
Q
—|—4a2/ it Ay, A We ; Wy, dT
Q
5 2
+ (—a4+&> / d; 'w? de+T, (v),
2 ) Ja
where {T,}52, €A.
Remark 1. When working with the function w, all integrals have the form
/ b (2)(DVw)(D°w) da:
Q
where the function b,, satisfies
(22) b (@) < dn(2) DT, zeQ.
Such an integral lies in A if in addition

|bp,(z)| < cdn(a:)_1+|7+6|+7, r e,

for some 7>0; as before, these are precisely the integrals that contain either second-
order derivatives of d,, or (first-order) derivatives of a;;-

Remark 2. Since d and d,, differ by a constant, for the sake of simplicity we
shall write d,, instead of (d,),, etc.
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Proof of Lemma 7. We substitute v,, :diﬂwxi —l—%diﬂdmw in (18). Recalling

the symmetry relations (20) (with w in the place of v) and using the fact that
ijkidz, Az dyy dpy =1 we obtain

Q) =Q(d7v, d;*v)

=4a? /Q aijridy 2dy, dy, {diﬂwxﬁ;d;ﬂdmiw} [diﬂwxl%d}/?dmw} dx
+202 /Q aijady, 2dy,dy, [diﬂwmk—kgd}lﬂdmkw] {di/me,,Jrgd}/de,,w] dx
—(a4+11a2)/ﬂd;1w2 dx+T,(v)

=402 /Q aijridy 2dy, g, {df’lwxijl+3didmjwmlw+gdndxjdxlw2} dx
+20?2 /Q aijridy,*dy, dy, [dfbwzkwm+3didmkwmlw+gdndxkdﬂw2] dz
—(a4+11a2)/ﬁd;1w2 dx+T,(v)

:4a2/ﬂaijkldnd;¢id;¢kw%wxl dm+2a2/Qaijkldndxidxijkwxl dx

2
+<_a4+5%> / d- w? dx+18a2/ Uikt e, A ; Aoy Weyw dz+ T (v).
Q Q

But the last integral belongs to A by an integration by parts; hence the proof is
complete. [

Lemma 8. Let veC?(Q) and w=d,**v. Then

9
Q(v):/aijkldiwxi%kaxl dx+§/ Aijkldnde; Ay, We) Wey d
Q Q

9
_3/aijkldndxidkaxjwm dx—l-—/ d;le dx+Tn(U),
Q 16 Jqo

where {T,}52, is an element of A.

Proof. We have

Vgswy = A2 Wy 0, + 3dY 2 dy w4+ 3dY 2y w0, + 3d7, 2 dy, dy w+ 2dY 2 d .
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As already mentioned, all terms involving second-order derivatives of d, belong
to A. Hence, using the symmetry relations (20) once more we compute,

23 QW)= | aiju d3/2wx.m,+3d1/2dm,wm,+§d*1/2dx.dm,w
J n iTj n i J 4 n i J
Q
3
X [df’/wakxl—|—3d}/2dx,cwzl+Zdn1/2dmkdﬂw] dz+T,(v)

3
3 2
:/ Qijkl [dnwxixijkxl+6dndxiwxijkxl+§dnd;c,:d9cijk:clw
Q

9
+9dndxidkaxijl—I—deidxjdkaxlw
9

+16

d;ldxidxj dxkdxlwz} dx+T,(v).

The fifth term belongs to A be a simple integration by parts. We also integrate the
second and third terms by parts, obtaining, respectively,

Q Q
+/ aijkldndzidxijkwxl dCC-f—Tn(’U),
Q

/aijkldndxidxijkxlwdx:—/aijkldndxidxijkwxl dx+T,(v).
Q Q

Substituting in (23) and recalling (14) we obtain the stated relation. O

We can now prove the main theorem of this subsection. For any a€ (0, %) we

define

9

Ko = (1—4a2)(9—4a2)’

Theorem 9. For the operator H and relative to the metric (13), property
(Po) is valid for all a€(0,3). More precisely, for any a€(0,3) and any k>kq
there exists k' <+oo such that

(24) Q(d;au) SkQ(u,d;zau)—l—k'HuH%, ue C?(Q).

Proof. Let ueC?(2) be given and let v and w be defined by v=d,,*u and
w=d,*/?v, respectively. Define Yo=(40a%—16a*)/9 and observe that v,€(0,1).
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Applying Lemmas 7 and 8 and assumption (12.c) we obtain

(25)  7aQ(dy, “u) ~[Q(d,, “u) — Q(u, d;;**u)]
=7%Q(v)=[Q(v)-Q(dzv, d, V)]

. 9
:'Ya/ aijkldiwxix]‘kaxl dx+ (%_26“2) / aijkldndzidzjwzkwxl dz
Q Q

—(3'ya+4a2)/ ikt An e, dg) We; We, d
Q

—|—<a4 5;“ Jrgllg‘>/aijkldnldg,:iczggjdmdm,yw2 dz+T) (v)

. 3
Z'Ya/ aijkldiwxixijkxl dr+ (%_66“2) / aijkldndzidzjwzkwxl dz
Q Q

2
—|—<a4 5;“ +gllg>/aijkldnldxidzjdmkdﬂwQ dz+ T (v).

Therefore
(26) YaQ(d, “u) = [Q(dy, *u) = Q(u, d,**u)] > Ty (v),

since the coefficient of the last integral is zero and those of the other two integrals
are non-negative. Now, for any €1, e2>0 we have from (16),

[T (v)] S €1Q(v) +c2, [|v]3
=e1Q(d;, “u)+cc, [ld; “ul3
< e1Q(dy, “u) +ce, (e2]ld, *2ull3 +ce, [[ull3)
(d,

<e1Q(dy “u)+ez, (c22Q(dy, “u) +cy [[ul3),

and therefore

(27) [T ()] < £Q(dy, “u) +celull3

for any £>0 small. Choosing €>0 so that 7,+&<1 we obtain from (26) and (27),

—2a Ce
Q(d, “u) < Q(u,d;” U)+m||u||§-

T 1l=rye—e

Hence (24) is valid for any k>1/(1—7a)=kq. O
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3.3. Small perturbations

In this subsection we prove a stability theorem on the validity of (P,). We de-
note by M, the cone of all coefficient matrices for the operators under consideration,
that is

M, ={a={anc}jy=|c|=2: Gy is symmetric, real-valued and measurable
with AQo(u) <Q(u) <AQo(u), ueC2(Q) (A, A>O)}7

equipped with the uniform norm
(28) la]lco :=esssup |a(x)]so ;

here |a(z)| is the norm of the matrix a(z)={a,¢(z)}n ¢ considered as an operator
on RNWVHD/2 - We recall that A, A, etc, denote the lower ellipticity constants for
the operators induced by the matrices a, @, etc. We have the following result.

Lemma 10. There exists a computable constant ¢>0 such that for all a€

(0, 3);

/|V2(df{v)||V2(d;av)|dx§cQo(v), ve C%(Q).
Q

Note. For an estimate on the constant ¢ see the remark at the end of this
subsection.

Proof. For any S€R we have

(29) (dgv)xlx_[ = dﬁvl’il’j +6d§_1dl’ivl’j +ﬁd5_1da’j 'Uzi
+B(B=1)dy 2y, dy, v+ B0 dy 0.

We write this for =« and for f=—a, and we multiply the two relations; d$ cancels
with d,;“ and we obtain

2 2 2 2
9 o [V < 19204 e S ),

i, dy o dp

The proof is concluded by using assumption (D2) on V2d and the Hardy-Rellich
inequalities (D3); here we have also used the fact that [, [V2v|? dz= [,(Av)*dz. O
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Proposition 11. Let a€(0,3) be fivred. Assume that (Py) is valid for the
matriz a€ M, relative to some distance d(-)€D and let k, k' >0 be such that

Q(wpu) < kQ(u,wiu)—i—k'HUHgv neN, ue CCQ(Q)

Then there is a constant ¢>0 such that if a€ M, satisfies ||a—al|oo <A[(14ck)] 7,
then (Py,) is also satisfied for a relative to d(-); more precisely, there exists k' <+oo
so that

~ k ~
wWptt) < —
Qen) 1—)\—1(1+ck)||a—&||ooQ
Proof. We first note that

(30) Ié(v)—Q(v)IS/QId—aIIVQUIQdCESII&—allooQo(v), vE C2(Q).

(u,wiu)—i—ff’”u”%, neN, uecCQ).

Moreover, setting v=w,u we have from Lemma 10,
(31) |Q(u, win) = Q(u, wiu)| < II&—alloo/ V2l [V (wpu)| do
Q

—a=all [ 173w )] [V2(n0)] do
Q

< clla—alcQo(v)-

From (30) and (31) we conclude that for any n€N and ueC?(Q2) we have

Qwnu) < Q(wnu)+[|a—allcQol(wnu)
< kQ(u, wyu) +k ull3+]a—alloQo(wnu)
< k(Q(u, wpu)+ela—allwwQo(wnw) + K [ull 3+ —allwQo(wnu)
= kQ(u, whw) + (1+ck)||a—al oo Qolwnu) + || ul3
< kQ(u, wiu) + A (14 k) || a—alloo Q(wntr) + K|,
from which the statement of the lemma follows. [

Let G denote the cone of all coefficient matrices that satisfy assumptions (i)
and (ii) of Section 3.2. Let also k, be as in Theorem 9. Combining Proposition 11
and Theorem 9 we obtain immediately the following result.

Theorem 12. There exists a computable constant ¢>0 such that if for some
a€e(0, %) the coefficient matriz a of the operator H satisfies

A

dist e e
istpo (a,G) < Tror

then (P.) is satisfied for H.



Boundary decay estimates for solutions of fourth-order elliptic equations 215

Proof. Let a€G be such that

_r
1+ck,

By Theorem 9, (P,,) is satisfied for @ and (24) is valid for any k>k,. If in addition
k satisfies

la=allee <

la—alloc < A

a—alleo ,
1+ck

then (P,) is also valid for a by Proposition 11. O

Ezample. Suppose that the coefficients a,¢ are uniformly continuous and sat-
isfy (12.c). Then property (P,) is valid for H for all a€(0,%). This is seen by
approximating a,¢ with smooth functions using an approximate identity; note that
the approximating functions also satisfy (ii).

Remark. The constant c of the above proposition is precisely the constant ¢ of
Lemma 10. Precise estimates for this constant can be easily obtained. Indeed, it
follows from (29) that for a€ (0, 1) there holds modulo A

/|v2 0)| [V2(dy0)| d
2
/(|V2’U|2+4 2|Vd|2| d2| +0¢2(04+1)2|Vd|42—4> dJ?
V 2
/<|V2 |2+|Vd|2| o, |Vd|4 )dm

Hence, letting ¢ and ¢3 be as in (Dl) and (D3), we obtain (modulo A)

9
/Q|V2(dgv)| |V2(d;av)|dx§3<1+c§c3 1663631> /Q(Av)2 dx.

In fact, since we work modulo A, the last constant can be improved to become
3(1+c§A’1+19—60‘21B*1), where A and B are the weak Hardy constants, that is they

satisfy
/|Vv|2dx>A/—dx C/UQdLU,
Q
/(Av) dm>B/—dm d /’Ule‘.
Q Q

For smooth boundaries with a smooth Riemannian metric this amounts to A:i
and B :19—6
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4. An application: eigenvalue stability

In this final section we demonstrate how the boundary decay estimate of Theo-
rem 3 yield stability bounds on the eigenvalues {\, }52, of H under small perturba-
tions of the boundary 9. The proof follows closely the corresponding proof in [D2]
for the second-order case, however we include it here for the sake of completeness.
So we consider a distance function d(-)€D, an operator H as above and assume
that the boundary decay estimates (10) are valid for some fixed a€(0, 3). For e>0
we define Q. ={z€Q:d(z)>e}. We assume that e<6/2 so that d(z) is C% on Q\ Qs..
We define d. (z)=dist(x, 09 ), x€€, and make the additional assumption that there
exists ¢>0 such that for small enough >0,

(32) |V2d.|<c on{ze€Q:d(x)<2¢}.
Now, let Q be a domain such that
Q.CQCQ;

we do not make any regularity assumptions on dQ. We denote by {S\n};’f:l the

eigenvalues of the operator H on L?(f2), which is defined by restricting the quadratic

form Q(-) on HZ(Q).
Let ¢ be a non-negative, smooth, increasing function on R such that

¢<t>={ R

1, t>1.

We define a C? cut-off function 7 on Q by

(@)= é(d.(x)/), weQ..

{ 0, er\st
Note that 7(z)=1 when d(z)>2¢; moreover (32) yields
I7(x)| <1, |V7(x)|<ce™! and |V (z)| <cs™2

Let us now denote by {¢,}52; the normalized eigenfunctions of H. For n>1
we set

L, =span{¢1,...,6,} and inzspan{nﬁl,...,rqbn},

and observe that L,,C H2(€).
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Lemma 13. There exists a constant ¢>0 such that for all small e>0 and all
u€Dom(H),

(i) |Q(ru) = Q(u)| < || Hull2| H*/*ull2,
(i) [I7ullo—lulla] < =2 [ Hully | H*/2ull;.
Proof. Let ueDom(H). On Q9. we have 7(x)=1, hence
|Q(TU)—Q(U)|—‘/Q Y anc((D"(ru))(DC (ru)) = (D"u)(Dw)) dz
|n|=2
I¢l=2
<c [ (VHmuP v da
d(z)<2e

IN

c/ (V22 +| V2|Vl +| V27 ) da
d(x)<2e

IN

c/ (IV2u|* +e 2| Vul? +e*u?) dx
d(x)<2e

V2ul?  |Vul?  |ul?
< e / (' + + dz,
d(x)<25 d2a d2+2a d4+2a

from which (i) follows by means of Theorem 3. Similarly,

2
el lull2] SIIW—MI%S/ |uf? do
d(z)<2e
2
u
et [ do <t Hula| H
d(x)<2e

from which (ii) follows. O

Theorem 14. Assume that there exists a distance function d€D and an o€
(0, 2) such that (10) is satisfied. Assume also that (32) is valid. Then there exists
¢, >0 such that for each n>1,

(33) 0< A < Ap < Ay +eX3/2e2e
5/4

or all e>0 satisfying €2 <c' M
J ying

Proof. We fix n>1. Since anHg(ﬁ) we have by min-max

(34) An < sup{Q(v)/||v|j3:v e En} =sup{Q(ru)/|Tull3:u€ L,}.
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Now, let u€ L;, be given. It follows from Lemma 13 (i) that

(35) Q(ru) < Q(u)+ce™ (| Hull 2| H*?ull2 < Q(u) +c2>* N/ *|lul 3.
Similarly Lemma 13 (ii) gives

(36)  lIrull3 > llull3—ce N llullz(llulla+lITull2) > [lull—ce>F X% ul3.
Assuming in addition that ||u||2=1 we thus obtain from (35) and (36) that

Q(ru) _ Qu) e/

[Tull3 = 1—ce2+a)ry/® < Q(u)+eAY 1™ <A teX)/ e,
- n

5/4

where for the second inequality we have used the fact that £2®<c/'\, """, with ¢

small enough but fixed (and independent of n and €). Hence (34) implies
An <Ay < A Hed3/dg2e
which completes the proof of the theorem. [

Remark. In the case where Q=B(1) and Q=DB(1—¢) we have A\, =(1—¢)"%),
and hence A, — A, =4\,(e+0(c?)). Hence the value a=1 is the best possible for
estimate (33).

Acknowledgements. 1 thank Professor Z. Shen for bringing the article [LN] to
my attention. Partial support by the RTN European network Fronts—Singularities
HPRN-CT-2002-00274 is also acknowledged.

References

[A] AGMON, S., Lectures on Ezponential Decay of Solutions of Second-Order Elliptic
Equations: Bounds on Figenfunctions of N-body Schrédinger Operators, Math-
ematical Notes 29, Princeton University Press, Princeton, NJ, 1982.

[B] BARBATIS, G., Explicit estimates on the fundamental solution of higher-order para-
bolic equations with measurable coefficients, J. Differential Fquations 174
(2001), 442-463.

[BFT] BARBATIS, G., FILIPPAS, S. and TERTIKAS, A., Refined geometric L? Hardy inequal-
ities, Commun. Contemp. Math. 5 (2003), 869-881.

[BT] BARBATIS, G. and TERTIKAS, A., On a class of Rellich inequalities, J. Comput. Appl.
Math. 194 (2006), 156-172.

[D1] Davies, E. B., One-parameter Semigroups, London Mathematical Society Mono-
graphs 15, Academic Press, London, 1980.

[D2] Davies, E. B., Eigenvalue stability bounds via weighted Sobolev spaces, Math. Z.
214 (1993), 357-371.



Boundary decay estimates for solutions of fourth-order elliptic equations 219

[D3] Davies, E. B., Sharp boundary estimates for elliptic operators, Math. Proc. Cam-
bridge Philos. Soc. 129 (2000), 165-178.

[EHK] Evans, W. D., HARRIS, D. J. and KAUFFMAN, R. M., Boundary behaviour of Dirich-
let eigenfunctions of second order elliptic operators, Math. Z. 204 (1990), 85—
115.

[FHT] FLECKINGER, J., HARRELL, E. M. IT and DE THELIN, F., Boundary behavior and
estimates for solutions of equations containing the p-Laplacian, Electron. J.
Differential Equations 38 (1999), 19pp.

[GT] GILBARG, D. and TRUDINGER, N. S., Elliptic Partial Differential Equations of Sec-
ond Order, 2nd edn., Grundlehren der Mathematischen Wissenschaften 224,
Springer, Berlin—Heidelberg, 1983.

[LN] L1, Y. and NIRENBERG, L., The distance function to the boundary, Finsler geometry,
and the singular set of viscosity solutions of some Hamilton—Jacobi equations,
Comm. Pure Appl. Math. 58 (2005), 85-146.

[M]  MasoN, C., Perturbation of domain: singular Riemannian metrics, Proc. London
Math. Soc. 84 (2002), 473-491.

Gerassimos Barbatis
Department of Mathematics
University of Ioannina
GR-45110 Toannina

Greece

gbarbatiQ@cc.uoi.gr

Received March 29, 2006
published online May 24, 2007




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


