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Estimates in corona theorems for some

subalgebras of H™

Amol Sasane and Sergei Treil

Abstract. If n is a non-negative integer, then denote by 0~ ™ H° the space of all complex-
valued functions f defined on I such that f, f, ) . () belong to H*, with the norm

noq )
IIfIIZZFIIf(])Iloo-

j=07"

We prove bounds on the solution in the corona problem for 9~ H®. As corollaries, we obtain

estimates in the corona theorem also for some other subalgebras of the Hardy space H.

Notation

We use the following notation:

equal by definition;

the complex plane;

the unit disk, D:={zeC:|z|<1};

the closed unit disk, D:={z€C:|z|<1};

the unit circle, T:=0D={z€C:|z|=1};

normalized Lebesgue measure on T, m(T)=1;

derivatives with respect to z and z, respectively: 9:=%(9/0x+i0/0y)
and 9:=1(9/0x—i0/9y);

the Laplacian, A:=490;

When dealing with vector-valued functions with values in a Hilbert
space (H, (-, -)), we use | - | for the norm in H induced by the inner
product (-, -). We will use the symbol | - || (usually with a subscript)
for the norm in the function space; thus for a vector-valued function f,
the symbol || || denotes its L>° norm, which is the essential supremum
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of | f(2)] over z in the domain of definition of f. On the other hand,
the symbol | f| stands for the scalar-valued function whose value at
a point z is the norm of the vector f(z);

, If M is a matrix (possibly infinite), then M T denotes the transpose of
M. The complex conjugate of M is denoted by M, and M*:=(M)";

H*> the space of bounded holomorphic functions on D with the supremum
norm;

HP the Hardy space, i.e. the space of analytic functions f on D such
that || f||,:=supg<, <1 Jp |f(r¢)] dm(C)<oo; we will also use the vector-
valued Hardy spaces HP(E) of functions with values in a Hilbert (or
Banach) space E;

A the space of bounded holomorphic functions on D with continuous ex-
tensions to T equipped with the supremum norm.

1. Introduction

This paper is devoted to estimates in the corona problem in some smooth
subalgebras of the algebra H*° of bounded analytic functions in the unit disc D.

The main motivation for studying this problem comes from the idea of “vis-
ibility” or “0-visibility” of the spectrum, introduced by Nikolski [5].

Let us recall the main definitions. Let A be a commutative unital Banach
algebra continuously embedded into the space C'(X) of all continuous functions on
a Hausdorff topological space X, ACC(X). The point evaluations d,, (x€X), given
by

0 (f)=f(x), [feA,

are multiplicative linear functionals on A. Hence if A distinguishes points of X,
then we can identify X with a subset of the maximal ideal space of A (the spectrum

M(A) of A), that is, X CI(A).

Definition 1.1. Let 0<d<1. The spectrum of A is said to be (4, m)-visible
(from X) if there exists a constant C'(m) such that for any vector f=(f1,..., fm)€
A™ satisfying

(1.1) 931€1§(Z|fk(x)|2252>0
k=1
and the normalizing condition

m
IF1% =D IfelZ <1,
k=1
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the Bezout equation

(1.2) g'fIZngkaG

has a solution g=(g1, ..., gm ) EA™ with

m

||g||—(Z||gk||A) < C(m).

The spectrum is called completely d-visible if it is (&, m)-visible for all m>1 and the
constants C(m) can be chosen in such a way that sup,,~, C(m)<oo.

This is a norm refinement of the usual corona problem for Banach algebras, and
the motivations for the consideration of this problem can be found in Nikolski [5].

The classical corona theorem for the algebra H®°, see [1], says that if the
functions fre H>*=H> (D) satisfy

(1.3) 1>Z|fk 2>6%>0 forall zeD,

then the Bezout equation

m

(1.4 S i
k=1

has a solution g1, go, ..., gm, and moreover the solution satisfies the estimates

Zlgk )2 <C(6,m)* forall zeD.

Later refinements obtained independently by Rosenblum [7] and Tolokonnikov [11],
got the estimate independent of m and allowed the case m=o00, see Appendix 3
of [6] for a modern treatment.

Note that having estimates that are independent of m in the corona theorem in
fact gives us something slightly more than the complete é-visibility of the spectrum
of H*, since the normalizing condition in (1.3) is weaker than the corresponding
normalizing condition in Definition 1.1.

On the other hand there are many algebras with invisible spectrum. For ex-
ample, for the Wiener algebra W of analytic functions

(oo}

F=Y f(k)z*, suchthat ||Iflw:=)_ |/ (k)| <oo,

k=0
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the corona theorem holds trivially, that is, the unit disc D is dense in the maximal
ideal space 9M(W), but it is in general impossible to control the norms of the
solutions of the Bezout equation: the algebra W is not even (9, 1)-visible for small 4.

It is general understanding among experts that the estimates hold for local
norms, and may (generally) fail for non-local norms, for example for norms given
in terms of Fourier coefficients.

In this article, we study the following subalgebras of H*°. Let us recall that
A denotes the disc algebra of all bounded analytic functions continuous up to the
boundary, A=H>NC(T).

Definition 1.2. For a positive integer n define the following algebras:

(1) 9™ H® is the set of analytic functions f defined on D such that f, f/, ...,
™ belong to H®.

(2) O7™A is the set of analytic functions f defined on I such that f, f/, ...,
) belong to the disk algebra A.

(3) More generally, if S be an open subset of T, then 0~ "™Ag is the set of all
analytic functions f defined on D such that f, f’, ..., f(™) belong to Ag, where Ag
denotes the class of functions defined on the disk that are holomorphic and bounded
in D and extend continuously to S.

The above spaces are Banach algebras with the norm given by

1£1=3 S5
j=0
The factor 1/;! is chosen so that the norm satisfies the estimate || fg||<||f|| [lg].(})
For a Hilbert space H, one can consider the H-valued spaces A(H), where
A is one of the spaces 07"H*>°, 07" A and 0" Ag defined above. Namely, for an
analytic H-valued function f we define its norm as
n
(1.5) 1713 17
j=0
where the norm is understood as the L norm of the vector-valued function with val-
ues in H. For example, if H=¢? (or H=C™), then for f={fr}32;=(f1, f2s s fls --)s

00 ‘ 1/2
£ = esssup | /9 (2)] = ess sup(Z lfzi”<2>|2) |
2€T z€T k=1

() In the definition of Banach algebra it is usually required that the norm satisfies the
estimate ||fg||<||f|| |lgll. However, in a unital Banach algebra, if one is given a norm which
only satisfies a weaker inequality ||fg||<C||f|| |lgl]l (so the multiplication is continuous), there is
a standard way to replace the norm by an equivalent one satisfying the inequality with C'=1.
Namely, the new norm of an element f is defined as the operator norm of multiplication by f. It
is an easy exercise to show that the new norm is equivalent to the original one; one needs the fact
that the algebra is unital to get one of the estimates.
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We prove in this paper that the corona theorem with estimates holds for all
these algebras, and that the estimates do not depend on the number of functions fj.
This fact implies complete d-visibility of the spectrum for all §>0.

One of the motivations for studying these algebras comes from control theory.
Namely, for a system (plant) G with coprime factorization G= f1/ f2, the construc-
tion of a stabilizing feedback is equivalent to solving the Bezout equation

gifitgfo=1,

with the stabilizing controller given by —gi/g2. And assuming that the original
plant G (more precisely, its coprime factorization) has some smoothness, we want
to be able to construct the stabilizing controller with the same smoothness and to
be sure that the smoothness of this stabilizer is controlled by the smoothness of G.

Before proving the corona theorem with bounds for the subalgebras of H°
introduced above in Definition 1.2, we remark that the corona theorem itself (with-
out the estimates) is trivial for them. Indeed it is easy to show (see Proposition 1.3
below) that the maximal ideal space of our algebras (for n€N) is the closed unit
disk. Then the well-known equivalence of the density of X in the maximal ideal
space and the solvability of the Bezout equation (1.2) under the assumption (1.1)
(with X =D in our case) gives the corona theorem for our algebras.

Proposition 1.3. Let A be one of the algebras 0~"H>, 0~ "A, and 0~ "Ag
defined above, n>1. The mazimal ideal space of A is the closed unit disk.

This proposition is definitely not new. It follows, for example from [12, The-
orem 6.1]. This theorem says, in particular, that for any algebra of functions A
satisfying the property

(GD) if feAand A> || f]lse; AEC, then (f—\)"' €A,

its maximal ideal space coincides with the maximal ideal space of the L°°-closure
of A.

The algebras we consider clearly satisfy the condition (GD), and the L*°-closure
of each algebra is the disc algebra A, whose maximal ideal space coincides with the
closed unit disc D.

For the convenience of the reader we present a (very simple) proof of Propos-
ition 1.3.

Proof. Note that 0~"H>C A, and so point evaluation at a fixed A€D gives
a multiplicative linear functional on 9" Ag. We will show that every multiplicative
linear functional arises in this manner.

Let L be a multiplicative linear functional and let A:=L(z) (the value of L on
the function f(z)=z). Then clearly L(f)=f()\) for polynomials f. We show that
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for any polynomial f,

(1.6) ILOI < flloo-

This estimate immediately implies that |A|<1 (apply (1.6) to the function f(z)=z).
Since AC A, any function f in A can be approximated by polynomials in the L>°
norm. But (1.6) implies that L is continuous in the L> norm, so formula (1.6) holds
for all feA. Note that in this reasoning we do not need the density of polynomials
in the norm of A (which happens only if A=0""A).

To prove (1.6) let us notice that if f€ A and inf,ep |f(2)]>0, then f is invertible
in A. Indeed, since AC A, the condition inf,ep | f(z)|>0 implies that f is invertible
in A.

Differentiating 1/f, n times we get that all its derivatives up to the order n
are in the algebra H*> or A or Ag, depending on the algebra A we are considering.

Therefore, if 0¢closrange(f)=range(f), then f is invertible in A4, and so f
does not belong to any proper ideal of A. Thus L(f)#0 for any maximal ideal
(multiplicative linear functional) L. Replacing f by f—a, a€C, we get that if
a¢range(f), then for any multiplicative linear functional L, L(f)+#a, that is, L(f)C
range(f). Thus |L(f)|<||f|leo, and (1.6) is proved. O

Plan of the paper

In Section 2 we prove the corona theorem with estimates on the norm of the
solution for the algebra 0" H°, see Theorem 2.1. This result is stronger than the
complete -visibility of the spectrum of 07" H°.

We will use this result to show that the corona theorem with the same estimates
holds for the algebras 07" A and 0" " Ag as well. That of course will imply that the
spectra of these algebras are completely J-visible for all §>0.

The estimates for the algebra 0 ™A will be obtained from the estimates for
0~ H® by a simple approximation argument. The same argument will be used to
get the estimates for 97" Ag, with the essential difference that the construction of
the approximating functions is quite involved in this case: the reasoning “modulo
the approximation” is very similar to the one for 07" A.

Note that the results for n=0 are quite known. While we cannot give the exact
reference, the fact that the estimates in the corona theorem for the disc algebra are
the same as the estimates for H*° is known to the specialists. The estimates in the
corona theorem for the algebra Ag were considered by the first author, [8], although
the equality of these estimates to the ones for H*° was not mentioned there.

We should also mention that the corona theorem for various algebras of smooth
functions was studied by Tolokonnikov [12]. In particular, the corona theorem
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(without estimates) for the algebras considered in our paper follows from his results,
see the remark immediately after Proposition 1.3 above. For some algebras of
smooth functions he also obtained the corona theorem with estimates.

However, the estimates in the corona theorem for the algebras we are consid-
ering do not follow from his results. Such estimates, which are the main goal of the
present paper, are completely new. Also new is the fact that the estimates in all of
the algebras we are considering are the same (for the same n), i.e. that they do not
depend on continuity properties of the last derivative.

2. Estimates in the corona theorem for 9™ H°

Theorem 2.1. Let n be a non-negative integer, and let A=0""H®>. There
exists a constant C(8,n) such that for any f=(f1, fay .., fr, -..) EA?) satisfying

(2.1) 0<0<|f(2)]ez for all z€D,

and

(2.2) 1 fll.aez) <1,

there exists g=(g1, 92, -+ G, ---) EA(L?) such that

(2.3) Z 9x(2) fu(z)=1 for all z €D,
k=1

and

(2.4) 9ll.acez) < C(6,m).

Note that by considering sequences f=(f1, f2, ..., fn, ...) with finitely many non-
zero entries, one can get the result about m-tuples as an elementary corollary.

2.1. Preliminaries for the proof

We want to introduce a different equivalent norm on the space 0" H*°. Namely,
for smooth functions on the circle T let us consider the differential operator D,

(D) =i

@it
1),
Define the space D™ "L>®:={f€L>®|:D*fcL>, k=1,2,...,n}. A natural norm on
this class is given by

(2.5) DI P
k=0
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Of course, one can also define this space for functions with values in a Hilbert space
H with inner product (-, -), and norm | - |. For our purposes it is more convenient
to consider a different equivalent norm on D" L,

(2.6) 1= 1F O+ D" fllos, feD™™L™,

where f(k), (k€Z), denotes the kth Fourier coefficient of f,
f)= o= [ sete
2r ). '

To show the equivalence of the two norms, let us notice that for (€0, 27),

A CFm A .
FE) =gz [ 1= s o o).

Since
| (€)= F () <IIDfllocl0—C],
we get by integrating this estimate
(2.7) 1Flloe < FIDflloo+1/(0)]-
As 57(0):0, [Dflloc<3|D?f|lsc- Proceeding in a similar manner we get
ID* flloo <4 D" flloo,  k€{1,...;n}, fEDTL®,

so the norms of all derivatives can be estimated by || D" f||s and | f(0)]. Therefore
the norms (2.5) and (2.6) are equivalent.

Now we want to find the predual to D™"L°. It is easy to see that if one writes
an appropriate duality, then DL is dual to L'. Namely, it follows from the stan-
dard L'-L* duality that any bounded linear functional on L! can be represented
as

(2.8) L(f) = (}(0),(0)) + /T (f,D"g)dm, felLl,

where g is a function in D~ L*. Moreover, the norm of L is comparable to the

norm || g||D . Indeed, the functional L can be represented as

—npoo

L(f)= / (f.Fydm, felLl,
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where F€ L and || F'||oo=||L||. Let D~! denote the integration operator, D~ 'e™! =
(1/n)ei™ n0. Then D~"(F—F(0))+F(0)=:g€ D~"L> with the norm ||g|| p-n 1,
comparable to || F'||s, which immediately implies the representation (2.8).

And finally, it is easy to see that 0 "H>®=H>ND "L*® and the norm
| - |p-npe is equivalent to the norm in 9~"H®°. Indeed, since D(e***)=ke*! we
conclude that Df(z)=zf'(z) for analytic polynomials f:ZfCVZO apz". Tterating the
formula Df(z)=zf'(z) and using the fact that multiplication by 2z does not change
the norm in L>°(T) we get the estimate

k
ID*floe <CY f P loos  k=1,2,...,m,
j=1
which implies that || f||p-»p= <C|fllo-ng-
To get the opposite inequality, we iterate the identity f’(z)=z"1DF(z), and
since the multiplication by z~! does not change the L>°(T) norm we get the estimate

k
1fP oo <CDND flloos  k=1,2,...,n.

j=1

Using standard approximation reasoning we get that the norms are equivalent for
functions f€Hol(D), where Hol(D) is the set of all functions analytic in a neighbor-
hood of the closed disc D. It is also easy to see that 9~ H>*NHol(D)=Hol(D)=
D="L>*NH>NHol(D).

Finally, for both X=0""H% and X=D""L>*NH> we have that feX if
and only if sup{||fr||x:0<r<1}<oo, where f.(z):=f(rz), and, moreover ||f||x=
lim, 1 £ x.

Note that the operator D is symmetric, namely, for smooth f and g, integration
by parts or use of the Fourier series representations yields

(2.9) [ ps.9yam= [ (5. Dg)am.

Therefore, for smooth functions f the duality (2.8) can be rewritten as

(2.10) L(f) = (F(0),(0)) + / (D" f.g)dm, feLl.

T

Remark 2.2. Given a ®€C°°(D), there always exists a ¥€C>(D) such that
0¥ =& on some neighbourhood of D. Indeed, let O be open and let DCO. Let
a€C§°(0) be such that a=1 on a neighbourhood of D. Defining ¥ by

L[ 0,
U(z)= W//}R2 = dz dy, eC,

it can be seen that ¥€C>®(C) and OU=>.
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2.2. Setting up the J-equation

We follow the standard way of setting up the 0-equations to solve the corona
problem, as presented for example in [6]. We assume that we are given a column
vector f=(f1, fa, s fm,-..) and we want to find a row vector g=(g1, g2, -, G, ---)
satisfying

We will use the standard linear algebra conventions, for example for a matrix A,
A*=A'. In particular, f* is a row vector f*=(f;, fa, -, fms>--). Also, for two
vectors f,g€l? we will use the notation g-f for the “dot product”, g-f:=g'f=
El?;1 9k S
As usual, it is sufficient to prove the theorem under the additional assumption
that f is holomorphic in a neighborhood of D. Let 0<r<1, and set f.(z)=f(rz),
z€D. Then f.€Hol(D), and we have ||f.||<1, and |f.(2)]>6 for all zeD. If the
statement of the theorem is true for f’s in Hol(D), then there exists a g, € Hol(ID)
such that g.(2)f-(z)=1 for all z€D, and ||g,|| <C(9). If we choose r,—1 such that
gr— g uniformly on compact subsets of D (which is possible by Montel’s theorem),
then the g satisfies (2.3) and (2.4) of the theorem.
We suppose therefore that f€Hol(D) and (2.1) holds.
Define the row vector
Y= I
1f1?
Then p€C>®(D), and ¢f=1 in a neighbourhood of D. So ¢ solves the Bezout
equation @ f=1, but it is not analytic in D. Note that
G U S
FARE VI

If we find a matrix ¥ solving the d-equation

OV=0"dp=:0,

[

then
gi=p+f (W -0)
will be analytic in D, since
0g = Dp+f T (OWT —9W) =+ [T ((Fp) "o~ D
= o+ () ) To=0p=(0p) /) "o =(A(ef)) T =0
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where the equalities come from the fact that 0f=0, OV=¢ 0y and @f=1.

Moreover, since the matrix Z=¥—V¥T is antisymmetric (2T =—Z), we have

ST —UT)f=0,50 gf=pf=1.

2.3. Estimates of the solution of the d-equation from the boundedness
of L

Let us see what we need to get the estimate of the norm of the solution. Since
D"(Ef)=Yr_o (})(D¥E)D"~* f, the estimates

ess sup |\P(k)(C)| <C<oo, k=1,2,...,n,
CET

where | - | denotes the operator norm of a matrix, imply that the solution ¢ is in
the space D™"L>(£2). As the solution g we get is analytic, that is exactly what we
need.

Since the operator norm of a matrix is dominated by the Hilbert—Schmidt norm
| - |s,, it is sufficient to estimate the Hilbert—Schmidt norms of the derivatives, that
is, to estimate the norm of the solution ¥ in the space D~"L>(&2). Note that the
space G4 of Hilbert—Schmidt operators (matrices) is a Hilbert space with the inner
product (A, B)s,:=tr AB*=tr B*A, so all the previous discussions about norms
and duality for the space D™ L* do apply here.

We estimate the norm of the solution of the d-equation by duality. Let ¥y be
any smooth solution of the J-equation

S e T ((f/)* ) f *>
: W=0:=p dp= - :
&1 R TN FTER T
Define the linear functional L on HE(S3):=2H*(S3),

L(h):/Ttr{(D”h)\Ifo}dm:/T<D”h,\I/{§>62 dm.

Note that the above expression is well defined on a dense subspace of smooth func-
tions in HE(&3), for example on the subspace Xo=H}(S2)NHol(D, G3).

If we prove that L is a bounded functional on HJ(S3), it can be extended by
the Hahn-Banach theorem to a bounded functional on the whole space L!(S3).
That means, according to our discussions of duality, see (2.8) and (2.10), that there
exists a function W€ D=L, ||¥| p-npe x| L], such that

L(h):/Ttr{(D"h)\I'O}dm:/Ttr{(D"h)\I'} dm for all h € Xj.

Note that h(0)=0 for he Xy, so the term corresponding to (f(0),§(0)) from (2.8)
and (2.10) disappears.
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Since [ tr{(D"h)(¥—¥)} dm=0 on a dense set X in Hg, the function ¥ — W,
is analytic in D, so ¥ solves the d-equation Q¥ =>.

2.4. Estimates of the functional L

To estimate L(h), we use Green’s formula,
2 = 1
(G) / udm—u(0)== // (00u(z))log — dx dy
T T™JJp |

z|

which holds for C%-smooth functions u in the closed disc D (recall that 09=1A).
Applying this formula to u=tr{(D"™h)¥}, where D"h in the disc is defined as the
harmonic (analytic) extension from the boundary, we get

n _z ) r n o i .
L(h) = /Tu«{(D h)\If}dm—ﬂ//D(é‘at (D)) log - dody
= %/A(atr{(Dnh)¢})log%dxdy:%(IH_IQ),

where we have used that D"h(0)=0, 9(D"h)=0 and 0¥ =&, and let

I := // tr{(D”h)(‘)(I)}log%dx dy and Ir:= // tr{(aD"h)q)}logidx dy.
D D

||
To estimate the integrals I1 and Is we would like to move the derivatives to ®.
To do this, let us extend the operator D to the whole disc as follows:
Duw(re') = —iiw(rew)
do '
Then Dz"=nz" and Dz"=-—nz" for n>0, and so for holomorphic w, Dw(z)=
zw'(z) and Dw=—zw'(z).
Note that if we treat D™h as the “extended” operator D™ applied to the func-
tion in the disc, we get the same result as before, when we defined D™h in the disc
as the harmonic (analytic) extension from the boundary.

2.4.1. Estimates of I1. Using the symmetry of D, see (2.9), we get

I :// tr{(D”h)&‘CI)}logﬁdxdy:// (D™h, 00 s, logi dx dy
D z D

E

:// (h, D"0%*)s, logi dz dy,
D

2|

where the last equality can be seen as follows: we write the integral in polar co-
ordinates, then, in the integral with respect to df we apply the formula (2.9) and
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finally we go back to dx dy. Note that we used the inner product notation, because

the symmetry of the operator D is more transparent and is easier to write this way.
Applying the operator D n times, we get that D"0®* can be represented as

a sum of terms of form

a product of analytic and antianalytic factors

Vi

where (up to the transpose) the antianalytic factors can be only of the form (f())*
and the analytic ones can be only of the form f®), j,1=0,1,...,n+1. Moreover,
if one looks at the derivatives of the maximal possible order k=n+1, each term
of form (2.12) can have at most one factor f(*) and at most one factor (f*))* (it
can have both f*) and (f*))*). Indeed, the direct computations show that the
function 0®* clearly is represented as such a sum, with the maximal order of each
derivative being 1. Each differentiation D preserves the form, and increases the
maximal order of the derivative at most(?) by 1.

The terms in the decomposition (2.12) of D"3®* containing both factors f*)
and (f*))* of maximal possible order k=n-+1 can be estimated by C|f"+1) |§2.
Note that f(") e H>(¢?).

It is well known (see Section 2.5 below for all necessary information about Car-
leson measures) that for a bounded analytic function F with values in a Hilbert space
the measure | F'(2)|?log(1/|z|) dz dy is Carleson, with the Carleson norm estimated
by C||F|%. Thus we can conclude that the measure | f("*1)| log(1/|z|) dz dy is
Carleson. Therefore

[ 1N 08 ddy < e
so the terms of I; containing both f("+1) and (f"*+1)* are estimated.

The terms in the decomposition (2.12) of D"0®* containing only the derivatives
of order k<n+1 are bounded, so the corresponding terms in I are easily estimated,
because the measure log(1/|z|) dx dy is trivially Carleson.

Finally, the terms in (2.12) containing only one of the factors f("+1) or (f(n+1))*
can be estimated by C|f (n+1) | 2, and since by the Cauchy—Schwarz inequality

1
L1 1) 08 iy
D

S(//Dlh(z)le2lf(”“)( o 77 dxdy>1/2(//lh lestlog |dxdy)

<Ol (s.)

(2.12)

/2

(?) It can be shown by more careful analysis, that no cancellation happens, and the maximal
order of the derivative increases ezactly by 1, but we do not need this for the proof: we only need
that it cannot increase by more than 1.



364 Amol Sasane and Sergei Treil

(as we discussed above, the measures in both integrals in the second line are Car-
leson), so the corresponding terms in I; are also easily estimated.(?)

2.4.2. Estimates of I>.Let us now estimate I5. By trivial estimates we have for
|2]<3,

tr{(dD"h)®} < C|hl[m1(s.),

so we need only estimate the integral I}, where one integrates over 1 <[z|<1.
Indeed, the derivatives of h can be estimated by standard estimates for power
series, if one recalls that |h(k)|s, < |7l 51 (&,). We also have |®(2)| <C| f'(2)], and
using similar reasoning with power series one can show that | f/(z)| <C for |z|<3.
Note that for analytic f we have 0f=2z"'Df, and so we can replace 0D"h by
2~ID"Hh in IS, Thus

1
I = // tr{ (D" h)®} log — dz dy
1/2<|z|<1 |2|

1
= // (z7'D"h, &%) s, log — dz dy.
1/2<|z|<1 |z

Using the symmetry of D we get as in the case of I3

I, = // (Dh,D™((2)"*®*))s, log
1/2<]z|<1

1
— dx dy
2|

—[[ WD) e, s e
1/2<]z|<1

||
Applying the operator D repeatedly to (2)'®*, we get the representation of
D™((2)~1®*) as the sum of terms of form (2.12), with slight differences. Namely,
the analytic factors, as in the case of I; can be of the form f(), 1=1,2,...,n+1, and
the antianalytic factors (and this is the difference to the case of I1) can only be of
the form (fW))*, j=1,2,...,n or (£)™%, »>1. And again, any term containing the
derivative f("*1) of the highest possible order can contain it only once.

We notice that (2)~1®* has such a representation with n=0, and each differen-
tiation preserves the form of the decomposition and increases the maximal possible
order of the derivatives f) and (f())* by at most 1.

To estimate I, let hy be a scalar-valued outer function in H? such that
|h1(¢)[?=|h(¢)]| a.e. on T. Then he H!(S3) can be represented as h=hihz, where
h1 cH? (Scalar), h2€H2(62), and ||h1||§_12 = ||h2||§-12(62) = ||h||H1(62)~

(3) A careful analysis of D"0®* can show that the terms containing only one derivative of
the maximal order are impossible here, but the above reasoning is significantly simpler than the
careful analysis of derivatives.
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Since h'=h1hh+hihe, we can estimates the terms of I} containing the deriva-
tive f("*t1) of the highest possible order by
1
/ / |h(2) &, 1S "V 12 log — da dy
D 2|
1

S//D('hl' 44 D)5 s o = vy

Since, as we discussed, when treating I, the measure | f"+1(2)] 2 log(1/|2]) dz dy
is Carleson, with its Carleson norm bounded by C||f||%,x(22), we get

1
// s 1] £ |2 og - da dy
D |Z|

1 1/2 1 1/2
s(// |h1|2|f<"+1>|§21og—dxdy) (// |h'2|210g—dxdy>
D |z D ||

<C||hal gz P2l z2(s.)

=Cllhlla(e2);
here the first integral in the second line is estimated using the fact that the measure
is Carleson, and the second integral is simply the Littlewood—Paley representation
of the norm ||ha| r2(s,)- The integral [[5 |hf] |ho] | £ ]2 log(1/]2]) da dy is es-
timated similarly.

The terms in the decomposition (2.12) of D"((Z)~1®*) which contain only
derivatives of order at most n are bounded. Therefore to estimate the rest of I}
it is sufficient to estimate [[ |h/]log(1/|z|) dz dy. Decomposing as above h=hyhso
and using the fact that the measure log(1/|z]) dx dy is trivially Carleson, we get the
estimate

1
// |hy| | W] log — dz dy
D 2]
1 1/2 1 1/2
< <// |h1|210g—dxdy> (// |h’2|2log—dxdy>
D || D ||

< COllhallmellhel g2 (e.)

=Cllhlla (e2);
The integral [[; |h]]|h2] log(1/|2]) dz dy, and thus the rest of I3 is estimated simi-
larly. O

2.5. Some remarks about Carleson measures

In this subsection we present for the convenience of the reader some well known
facts about the Carleson measures, that we have used above in Section 2.
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Let us recall that a measure p in the unit disc D a Carleson measure if the
embedding H2C L?(u) holds, i.e. if the inequality

(2.13) / FE)Pdu(z) < C|f|% for all fD,

holds for some C'<oo. The best possible constant C' in this inequality is called the
Carleson norm of the measure p.

There is a very simple geometric description of Carleson measures, cf. [3] or
any other monograph about HP spaces. Namely, a measure p is Carleson if and
only if

sup 1u{z eD:|z—¢|<r} <oo.

ceT T

r>0
Moreover, the above supremum is equivalent (in the sense of a two-sided estimate)
to the Carleson norm of the measure pu.

However, in this paper we will use the following simple and well-known fact
about bounded analytic functions and Carleson measures.

Proposition 2.3. If F' is a bounded analytic function in the unit disc with
values in a Hilbert space, then the measure p, du(z)=log(1/|z|)|F'(2)|?dxdy is
Carleson with its Carleson norm bounded by C||F||2,.

Note, that this proposition is not true for functions with values in an arbitrary
Banach space.

Note also, that in the scalar case this and even stronger propositions are well
known and widely used, see for example the Garnett’s book [3].

There are several ways to prove this proposition, and it is easier for us to
present the proof here and save the reader a trip to the library, than to give an
exact reference.

Probably the simplest way to prove this proposition is to refer to the so-called
Uchiyama lemma, cf. [6, Appendix 3, Lemma 6]. This lemma says that if ©>0 is
a C?-smooth bounded subharmonic function (i.e. Au>0) in D, then the measure
Au(z)log(1/|z]) dx dy (where A denotes the Laplacian) is Carleson with Carleson
norm estimated by 2me||lul|2,. Noticing that for an analytic function F' with val-
ues in a Hilbert space Au(z)]?=400]u(2)|?=4|u/(2)]?> we immediately get the
proposition with the constant C=me/2.

Another, more elementary way to prove the proposition is to use the Little-
wood—Paley formula. Namely, if we apply the Green’s formula (see (G) in Sec-
tion 2.4) to the function u(z)=|f(2)|?, where f€ H?(E), E is a Hilbert space, we
get the Littlewood—Paley identity

2 [ 150 08 7 dedy =11y~ 17O

2|
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Thus, if we define the weight w on D by w(z)=(2/7)log(1/|z|), then

1 L2y <11 f a2,

where L?(w)=L?(E,w) is the weighted Lebesgue space of functions with values in
E. Applying this estimate to a function f of the form f=Fg, where F€e H®(E)
and g is a scalar-valued function in H?, we get using the triangle inequality

17 gll 22wy S NFG L2 (w) H 1 Fgllmz < 1Floollgll 2wy + 1 Flloollgll 2 < 201 F [l gl a2

But this implies that the measure (2/7)log(1/|z|) dz dy is Carleson with the Car-
leson norm at most 4| F||2,. O

We should also mention that if a measure u is Carleson, the embedding (2.13)
holds (with the same constant) for the vector-valued H?2-spaces H?(X) with values
in an arbitrary Banach space X. To see this it is sufficient to notice that
|f(2)] <|h(2)| for all z€D, where h is the scalar-valued outer function satisfying

|h(§)|:|f(f)| a.e.on T.

3. Estimates in the corona theorem for other algebras: preliminaries
and the case of 97" A

3.1. Continuity of the best estimate

For a function algebra A (one should think about one of the algebras from
Definition 1.2) let C(A, ), §>0, denote the best possible estimate on the norm of
the solution of the Bezout equation,

O(A.5) ::sgpmf{ngnm =Y ai=1),

k=1

where the supremum is taken over all f=(f1, f2, .., fm,...)EA((?), where
| f]l.a(e2) <1 and such that

00 1/2
1f(2)]ez = (Zlfk(z)|2> > 4.
k=1

We will show in the rest of the paper that for the function algebras from
Definition 1.2 the constants C(A4,d) coincide,

C(O™"H™,5)=C (97" A,5) = C(d~" Ag, 6).
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Note that the inequalities
C(O™"H™,0)<C(07"A,d), and C(O""H™>,0)<C(0 "As,9)

are trivial. Indeed, if f€d "H>((?) and satisfies the estimates [/f|<1 and
| f(2)] >3, then the functions f,, fr(2)=f(rz), arein 97" A (and in 0~ " Ag) and sat-
isfy the same estimates. Therefore, for any €>0 one can find solutions g" €9~ " A(¢?),
where ¢"- f,=1 and ||g"||<C(07"A, d)+e. Picking a subsequence g"* —g, rp—1—,
which uniformly convergent on compact sets (this is possible by Montel’s theorem),
we get the 9~ H>°(¢?) solution g, where g-f=1 and | g||<C(07"A,d)+e. Since ¢
is arbitrary, we get the estimate C'(0~"H>,0)<C(0"™A, ). The estimate for the
algebra 0~ Ag is obtained in completely the same way.

Clearly, if A is one of the algebras we are considering in the paper, the function
0—C(A,J) is non-increasing. We can say even more:

Lemma 3.1. Let A be one of the algebras 0~"H™>®, 0" A, 0" "Ag, n>0.
Then the function 6—C(A,d) is continuous on (0,1).

Note that this lemma holds for n=0, which corresponds to the case of the
algebras H>®, A and Ag.

Proof. To prove the continuity it is sufficient to only prove uniform right semi-
continuity, that is, that C(A,d)=lim,_s+ C(A, @) uniformly in d€[dg, 1) for all
00>0. Because C(A,J) is a non-increasing function of 4, it will be sufficient to
prove only the “<” estimate (but still uniformly in 6>dy).

Let f=(f1, f2, -, frmy--.) EA?), where || f|| <1 and | f(2)]s2>6 for all z€D.

Consider a new vector f7, which is obtained from f by adding an extra entry
fo=v, =0, f1, f2, s fms -..), where >0 is small. Clearly

| f7(2)] > /02442 for all z€D.
Also,

177wy = Va2 +2 4 f] oy —a < Va2 +72 41—,
A(£?)

where a=|| f|| o (¢2). Note that trivially a>0.

The expression \/a?+~%2+1—a is a decreasing function of a, so taking into
account that a>§ we can estimate

1] age2y € V02 +A2+1-4.

Therefore the A(¢?) norm of the vector (\/524—72—%-1—5)71];7 is at most 1, and we
have

L L 92472
(Vo272 +1-4) 1|fV<z>|z226=5<v>::%'
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Note that 6(y)>0d for 4>0. This can be checked by noticing that 6(0)=4 and that
do(vy)/dy>0 if v>0. Also, trivially, d(y)—4¢, as y—0+, uniformly in §&€[do, 1) for
all 6p>0.

Applying the definition of C'(A4,d) to the rescaled function

(VZ+2+1-8) '
and then scaling everything back, we can find a vector
5= (98:91,93 -+ G ) € A(L)
such that §7- f7=1 and
167 11age) < (VEPH22+1=0) " C(AS() +7 < C(A b)) +7.

Since C(A,d) is non-increasing, C(A,0(7))+v<C(A,dy)+1=:M for §>3), so we
have a uniform (in v and §>6p) bound on the norm of §7.
Define ¢7:=(g], 95+ gy ---) EA(L?). Since 1=g7- fY=gJv+g”- f and also

790 lla < V37 a2y < 7-(C(A, bo)+1) =: M,
we conclude that ||[1—g7- f||4<M~v—0 as y—0+. Therefore for small 7 the scalar
function ¢7-f is invertible in A and moreover ||(g7-f)"t|4a<1/(1—=M~v)—1 as
v—0+. Then the function (g7- f)~1g” solves the Bezout equation (¢7-f)~tg7-f=1,
and

_ C(A, (7)) +7
. 17 oy < AT T
197 )" 9" ll.ae=y < -

This inequality implies right semi-continuity of C'(d). Indeed, since the right-
hand side of the equation

5. 02+~
IRV EERERE B

is an increasing ~function of ~, then for §y<§ §~5§1 this equation has a unique
solution y=7(d,4). Moreover, the function (4, 4) is clearly continuous (and thus
uniformly continuous) on §o<d<i<1. )

Therefore, given 00>0 and £>0 one can find »#>0 such that for all 4 and 9
satisfy;ing 00 <I< <0+ 3¢ the inequality C(A,5)<C(A,d)+e holds. The inequality
C(A,0)<C(A,?) is trivial because of monotonicity of C(A,4). O

3.2. Estimate in the algebra 0 " A

We are going to prove that C(07"A,d)=C(0~"H>,¢) for n>0. We only
need to prove that C(07"A,0)<C(0""H®,/), since, as was discussed above, the
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opposite inequality is trivial. Note that here we do not need the continuity of
C(A, ) proved above in Section 3.1.
Let f€(07"A)(¢2) satisfy

1f(2)|ez =6, forall zeD,

and ||f||<1. By the definition of C(0~"H®,J), for any £>0 there exists ge
O~ H®>(£?) solving the Bezout equation g- f=1 and so that ||g|| <C(0""H>,§)+e.

If 0<r<1, then g, f,=1, where f.(2):=f(rz) and g,(2):=g(rz), z€D. So we
can write

ngzgr'fT"‘gr'(f_fr) =1+ay,

where a,:=g,-(f— fr) €0 " A. Since ||f— f-]| =0, as r—1—, and ||g,|| <||g||, we can
conclude that |a,||—0 as r—1—. Thus for r close to 1, we have that 1+a, is
invertible in 97" A and ||(1+a,) "t —1 as r—1—.

Then (1+a,) tg.f=1, and so (14+a,) 1g. €07 ™A is a left inverse of f. More-
over, since ||g,||<[|gl|<C(0~"H>,8)+e and [|(1+a;) Y| —1 as r—1—, it follows
that for r sufficiently close to 1, ||(1+a,) 1g,||<C(0 "H>,5)+2¢. Therefore
C(0™™A,8)<C(O"™H®>,§)+2¢. Since >0 is arbitrary, we get the desired esti-
mate.

3.3. Preliminary estimates in the algebra 0 "Ag

In this section we will show that C'(0 " Ag,§)<3C(0""H>,5)?. To get the
sharp estimate C(0~"Ag, ) <C(0~"H>,d) one needs to use more delicate reason-
ing, presented in Section 4 below.

We should emphasize that the reasoning below works only for n>1, that is, it

does not work for the algebra Ag.
Let f€0 " Ag(¢?), ||f||<1, satisfy

1£(2)]ez>8 for all z€D.

Let e>0. By the definition of C(0~"H®,§), there exists g€d~"H>({?) solving
the Bezout equation g- f=1 and such that ||g||<C(0~"H®,d)+e. Then, as before,
gr-fr=1 for 0<r<1, where f,.(z):=f(rz), and g,(z):=g(rz), z€D. We cannot
claim that f.— f, as r—1—, in the norm of 0~"H®, but, since 0 ' H>® C A, one
can easily see that the convergence in the weaker norm of 9~ "+t!H> takes place
(or, equivalently, in the norm of 9~"*1 A, which is the same):

Ilfr—=fllo-nt1poe 2y =0, asr—1—.
Therefore,

ngzgr'fT"‘gr'(f_fr) =1+ay,
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where a,:=g,-(f—fr)€07"As, and |[[a,||g-n+1pge(2)—0 as r—1—. We can see
that 1+a,€07 "1 A, so 1+a, is invertible in this algebra 0~ "*'A4 and

l(1+a,) ' =1]|g-nt14 =0, asr—1—.

We can show even more, namely that 1+« is invertible in 07" Ag and estimate
its norm in this algebra. Namely, let ¢, =(1+a,.)~2. Then clearly €9~ "1 A and
llor—1||g-n+1.4—0 as r—1—. Differentiating we get

((14’0‘7’)71)/ = _(1+O‘7’)72a;~ = _Lpra;a

so for the nth derivative

n—1
n—1
1+a,)~! <n>:§j( ) () g (nh).
(( )) 2\ x ¢

Note that this derivative is continuous on S (because a,, €9~ " Ag and ¢, €91 A),
so that (1+a,)"1€d ™Ag. Since ||a;|g-n+14—0 as r—1—,

n—1 n—1
S (" )etag

k=1

—0, asr—1—,
o0

and so

limsup | ((1+a,) ™)™ |oe < limsup [l oo 0l oo < limsup nlla|lo- e
r—1— r—1— r—1—

But it follows from the definition of «,. that
|rllo-nrree <2[|grllo-nrre <2[|gllo-nm=~ <2(C(O7"H™,d)+e).

Using the fact that [[(14+a;) "t =1|s-nt14—0 as r—1—, we can estimate

1
limsup |(1+ar) " flo-n 7 <nmsup(lw||<<1+ar>—1>(”>||oo>

r—1— r—l—

<1+2(C(07"H™,6)4¢€) <3(C(0""H™,d)+e).

Note that the function (1+a;) g, solves the Bezout equation (1+a,) tg, f=1
and belongs to 07" Ag. We can estimate the norm

limsup | (140,) " gp oz <l sup (1)~ -z lgllo-n s
r—1— r—1—

<3(C(O™"H™,5)+¢)(C(0~"H™,6)+¢).

Since >0 is arbitrary we get C(07"A,§)<3C(0""H>,4)>.
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3.4. Remark on the stable rank of the algebras 0""H>, 9" A and 0" "Ag

Recall that if R is any ring, then its Bass stable rank, denoted bsr(R), is by
definition the least m such that whenever rq,...,7n+1€R and {r;}; generate R as
a left ideal, there are by..., b, € R such that r1 +b17p 41, vy Ty + b Tm+1 generate R
as a left ideal.

The Bass stable rank of each algebra for the function algebras from the Def-
inition 1.2 is equal to 1. For n€N, this can be deduced easily from the fact that
the Bass stable rank of the disk algebra A is 1, as follows. (That bsr(4)=1 was
shown in [4].) Suppose that fi, fo€0 " Ag generate 9~ "Ag. Then fi, fo€A and
for all zeD, |fi1(z)|+]|f2(2)|>d>0. Using bsr(A)=1, it follows that there exists
a g2 €A such that fi+ fago is invertible in A. If r€(0,1), define g2 ,€0~"As by
g2,r(2):=g2(rz), z€D. Choosing r close enough to 1, we can ensure that fi+ fagsr
is invertible in A, and hence also in 9" Ag.

4. Equality of the best estimate in the corona theorem for 3" Ag with
that for 9 " H*°

In this section we will show that C(0~"Ag,0)=C(0""H,J) for n>0. The
method is similar to the one used in the previous section for 07" A, except that we
will need a more elaborate approximation scheme (given in Subsection 4.1) below.

The main idea is that we are going to approximate the corona data f by the
function f that extends analytically across S to a bigger (simply connected) domain
QDD. The solution g of the Bezout equation g.le restricted to D automatically
belongs to the class 0" Ag and “almost solves” the equation g- f=1. Then, applying
the reasoning similar to the one in Section 3.2 we get the estimate on the norm of
the solution.

To carry out this plan we first of all need to construct such an approximation,
which is done below in Section 4.1. We will also need to show that we can keep
changes of the estimates under control when we conformally map  to the disc D.

4.1. An approximation result

In this subsection, we prove a result about uniform approximation of a function
from 9~"Ag(¢?) by a function holomorphic across S, in Theorem 4.3. This result
is a consequence of the following Lemma 4.2.

Definition 4.1. For an open set QCC let H>°(€2) denote the set of all bounded
analytic functions on Q. If n is a non-negative integer, let 9~ H>(Q)) be the set
of all analytic functions f on Q such that f, f, f3 .. f(™ belong to H>®(Q),
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with the norm given by

n
1
[ fllo-rm=@y= EHf(k)HHOO(Q)-
k=0

Note that the space =" H(€; £?) of £?>-valued functions is defined similarly. Some-
times, when it is clear from the context that we are dealing with vector-valued
functions, we will use =" H>° () instead of 9" H>(Q; (?).

Lemma 4.2. Let Q be an open bounded subset of C containing 0 and with
boundary 0S) that has a CN-smooth polar parameterization r=p(6). Suppose that
C' is a closed subarc in 02, and K is an open (in 0Q) set containing C. Let R be
the open sector corresponding to K, R={r(:r>0 and (=p(0)eK}.

Suppose that f€OTH>®(Q)=0""H>(Q;(?), where n<N, is such that f and
all its derivatives f*%) for k=1,2,...,n extend continuously to K=RNON.

Then given any €>0, there exists a domain §~2:QUO, where O is an open
neighborhood of C in C and a holomorphic function F': Q—02 with the following
properties:

(S1) || Fla—f||<e.

(S2) The derivatives F*) | k=0,1,2,...,n, extend continuously to K:=8QNR.

(53) 11PN, e gy = 1| <

(S4) The boundary O of Q has a CN -smooth polar parameterization r=p(0),
and moreover || p—p|lo~ <e.

Proof. Define a (trivial radial) C™ extension of f (denoted by the same letter)
to QUR by

flrz)=f(z), z€0Q, r>1.

Let ¢ be a compactly supported C'°°-function such that 0<¢p<1, p=1 on a neigh-
bourhood U of C' (in C), and ¢=0 outside a slightly larger neighbourhood W; see
Figure 1.

&

Figure 1. Support of the cut-off function ¢ is contained in W.
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Define a function h (with values in 62)

(4.1) / / dm dy+(0)f(C) = utof.

Note that the function h is well defined for all z€C, if we put pf=(dy)f=0 outside
of QUR, where f is not defined.

Moreover heC™(C). Indeed, the integral u belongs to C™(C) since the con-
volution of the locally integrable function z++1/z with the compactly supported
C"-function () f is C™(C), and trivially ¢ f€C™(C).

Using Green’s theorem, one can see that the formula

(():%//%dz/\d,z:%//%d d

gives, for a continuous compactly supported 1, a solution u of the 0-equation Ou=1);
see for instance §1 in Chapter VIII of Garnett [3]. Hence, u satisfies the 9-equation

(4.2) u=(9p) .

We claim that h is holomorphic in 2. Indeed, since f is holomorphic in €2, the
O-equation (4.2) implies that

Oh=0(u—¢f)=(9p)f—(dp)f =0.
Furthermore, we show that f—h is holomorphic in U. Using again (4.2) and recalling
that p=11in U, we get Ju=0 and dp=0 on U, so Oh=0(u—@f)=pdf=0f in U.
But this exactly means that f—h is analytic in U.
We observe that if we take the function F' to be f—h, then it is holomorphic
in QUU, but it does not necessarily satisfy condition (S1). We rectify this situation

by adding a shifted version of h (which is close to h).
For 0<r<1 define h,(z):=h(rz). Since he C"(C),

K8 (rz) = f®)(2), as r—1—, k=0,1,2,...,n,

uniformly on compact subsets of C. Therefore, we can find r<1 sufficiently close
to 1 so that

(4.3) |(hr=h)|a|| <e/2<e.

Define F=f—h+h,, on QUR. The condition (S1) is satisfied since ||F—f|=
[lh:—h||<e on Q. Moreover, F is holomorphic in (QUU)N(1/r)Q=QU(UN(1/r)Q)
=QUO; because f,h and h,, are all holomorphic in 2, f—h is holomorphic in U,
and h, is holomorphic in (1/r)Q
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Clearly, if O€ O is an arbitrary open neighborhood of C', then for Q=QUO the
condition (S2) holds (because f,h, h,€C™(01)). The notation O€O; here means
that clos O Cint O;.

Since F' is holomorphic in O3, for every point (€' there exists a neighbor-
hood Vi CO of ¢ such that

"1
ZEIF(C)—F(Z)|42<E/3 for all z€ V.
k=0 "

Taking into account (4.3) we conclude from here that if we replace O by Ueeeo Ve,
then the condition (S3) will be satisfied.

And it is a trivial exercise to show that we can make O smaller so that the
condition (S4) is satisfied. O

Using the result above, we now prove the following result concerning uniform
holomorphic approximation of functions in =" Ag(¢2). In Lemma 4.2, we produced
an approximate extension of a function across a compact arc, but in the following
theorem we construct an approximate extension across an open arc.

In order to do this, we decompose the open arc into disjoint open intervals,
and furthermore, we will write each open interval as a union of closed intervals, and
these closed intervals will serve as the compact arcs of Lemma 4.2: this lemma will
then be used recursively in order to construct the desired extension.

Theorem 4.3. Let S be an open subset of T, n>0, and f€0~"Ag(¢?). Then
giwen any €>0 and N>n, there exists a domain Q=DUO, where O is an open
neighborhood of S in C and a function FEO™"H>(Q;(?) such that

(1) [[Flo=Fll - e <65

) 171 ey~ 1

(3) the boundary 0Q has a CN-smooth polar parametrization r=p(6), and
moreover ||p—1||on <e.

|<E;

Proof. Any open set on T can be represented as a countable union of disjoint
open intervals (arcs). Each open interval can be represented as a countable union
of closed intervals, so we can represent the open set S as S=(J;~; Q,, where Q1,
Q2, Q3, ... are closed intervals.

Applying inductively Lemma 4.2 we construct an increasing sequence of do-
mains Q (in C) and functions ¢ €9~ H>(Q4; ¢?) with the following properties:

(1) Qo=D, po=f;

(2) Q;CQy for j=1,2, ..., k;

(3) the boundary of € has a C-smooth polar representation r=pj(#), and
moreover ||pr—pr_1||cov <e27F;
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(4) pr €O H>®(Q,£?) and its derivatives ), j=0,1, ...,n, extend continu-
ously to the radial projection S, of the set S onto Q% Si:={pr(0)e??:0€S};

(5) ||50k|9k—1_ka*1||8*”H°°(Qk,1)<€2_k;

(6) 6l gy 151l oy <227

As we mentioned above, we start with 2¢=D and pg=f. Suppose that Qj_1
and ¢p_1 are constructed. To get ; and yi we apply Lemma 4.2 to the pair
Qr_1 and @1 with 27%¢ for e. For the arc C we take the radial projection Cj,
of Qr onto 9Q_1, Cr=pi_1(0)e??, and for K the radial projection Sj_; of S,
Sk—1:={pr-1(0)e’:0€5}.

We need the above assumption (4) to be able to successfully apply Lemma 4.2.
Condition (4) implies that the sequence ¢; converges uniformly on each €y, so
F=lim;_, ¢, is an analytic function on Q:=J;—, Q.

Conditions (5) and (6) imply the conclusions (1) and (2) of the theorem. Con-
dition (3) on ¢y implies the smoothness of 9§} (conclusion (3) of the theorem). O

The above Theorem 4.3, for the case n=0 and complex-valued functions, can
be found in Stray [10] and Gamelin and Garnett [2]. We will use Theorem 4.3 in
Subsection 4.3, in order to prove the estimates in the corona theorem for 9" Ag.

4.2. Estimates in the algebra 0-"H>(2)

We will prove the corona theorem with bounds for 0~ H*(Q2) by using the
corresponding result for 9" H® obtained earlier, via a conformal map taking D
to Q. We will need the following result by Specht (see Theorem V and the re-
mark following it, on pp. 185-186 of [9]), which gives bounds on the derivatives of
a conformal map from D to €2, when the boundary of 2 is smooth and “close” to T.

Proposition 4.4. Let C be a closed Jordan curve which satisfies the following
assumptions:

(A1) Every ray from the origin intersects the curve in exactly one point, and
there exists an €' €(0,1) such that C lies in the ring {weC:1<|w|<1+£'}.

(A2) Let the polar parameterization of C be given by 0(1+p(6))e®, 6€0,27],
where p(0) is non-negative, and p€C™. Define #(0)=p'(0)/(1+p(6)), 6€[0, 2x].
Let |#(0)|<e'/m and |w® (9)|<e’/n, ke{2,...,n—1}, where w(f)=— arctan s(0)
(the principal value of the arctangent is chosen here).

(A3) For all 6p€]0,27],

1 s

2

wn=1) (9) — =1 (90)
sin((6—6p)/2)

do<¢e'.

—T
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Let ¢ be any conformal map ¢ mapping D onto the interior Q0 of C in such
a manner that p(0)=0 and ¢'(0)>0. Then ™) (z) exists for z€D, and there exist
absolute constants Ji, ..., Jn (that is, numbers which depend only on n, but not on
g’ or the curve C), such that |¢'(2)—1|<Jie" and o™ (2)|<Je’, k€{2,...,n}.

Remark 4.5. The assumptions (A1)—(A3) are satisfied if || p||cn+1 <€ for appro-
priately small g, with e'=¢'(g), £’() =0 as e—0.

The conclusion of the proposition implies that the conformal map ¢ belongs to
07" A and is close to the map z— z in the norm of 9 "H>, ||p—z|lg-nge <¥(¢'),
~v(g")—0 as ¢’ —0.

We now prove the following result.

Theorem 4.6. Let n be a non-negative integer. Let Q be a simply connected
open set with boundary which is a closed Jordan curve satisfying the assumptions
(A1)~(A3) from Proposition 4.4, where &' is such that Jie'<%. Let A=0""H> ().

Then for all f=(f1, fa, ..., fr,...) EA(L?) satisfying

0<d<|f(2)]e2 forall z€Q, and || f|lawe) <1,

there exists a g=(g1, g2, .., G, --.) EA(L?) such that

oo

ng(z)fk(z) =1 forallzeQ, and |g|lawz)<A+a(e)COH™,6),
k=1

where a(e')—0 as ' —0.

Proof. Let ¢: D—Q be a holomorphic map such that ¢(0)=0 and ¢’(0)>0.
By Proposition 4.4, according to Remark 4.5, the conformal map ¢ is close to the
identity map z.

Differentiating fo¢ we get that the 9" H norms of f and fe¢ are close:

(4.4) [1f1lo-nFree (se2) — | f o @llo-n oo (i) | < |l fllo—n mree (nu2) < u1,

where oy =a;(¢) =0 as ¢’ —0. The estimate (4.4) implies that || fo@|g—n oo (pye2) <
14«1, so the “normalized” vector function (14a1)~! fop has the =™ H>-norm at
most 1, and satisfies

1 ) .
© > _— .
1+a1|f o(2)]ez > Tron 6 forall zeD

Applying the definition of C(0~"H®, ) to this function, we get by solving
the Bezout equation for (14+a1)~! fop and then scaling everything back, that there
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exists g€~ " H>(D; ¢?) such that

oo

G- (fe)(z):=D_ an(=)(frop)(z)=1 forall z€D,

k=1
and
1Gll6-n proe 2y < (1+a1) FC(O™H™, )+’ <C(O "H™,8)+¢.

Recalling the continuity of §—C/(A,d), see Lemma 3.1, and noticing that b=
0(e')—0 as €’ =0, we can get from the last estimate that

3llo—n Eroe (mse2) < (1+2)C(O™"H™,6).

where ag=as(e’) =0 as ¢’ —=0.

Finally defining g€d0="H>(Q,(?) by g:=gop~ ! we get the solution of the
Bezout equation g- f=1. Using (4.4) again with g replacing f, we can see that the
norms of g and g=gop cannot differ too much, so we get the desired estimate on
the norm of g. [

4.3. Estimates for 0" "Ag

Using Theorem 4.3 and Theorem 4.6 from the previous two subsections, we are
now ready to prove the estimates in the corona theorem for 0" Ag.

Theorem 4.7. For an open subset SCT and n>0 we have C(0~"H™ §)=
C(07"Ag,d).

Proof. Let A=0""Ag, and let f=(f1, f2, .., fx,.-.) EA(F?) satisfy
0<0<|f(2)]e for all zeD, and || f|| a2y <1

Let £>0 be a small number to be specified later. Applying Theorem 4.3 (with
this € and N=n+1) to the function f we get a domain Q2DDUS such that its
boundary admits a C"*! polar parameterization z=(1+p(8))e?, and ||p||cni1 <e.
We also get a function F€d~"H>((2;¢?) such that the estimates (1) and (2) from
the conclusion of Theorem 4.3 are satisfied. Estimate (2) implies that

(4.5) [Fllo-nme(0) <14€
and that

(4.6) |F(2)]e2>d—¢ forall zeQ.
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Let us assume for a moment that € and F are fixed. Note that if we make {2 smaller,
the above estimates (4.5) and (4.6) will still hold. Also, if we make {2 smaller by
replacing p by vp, 0<vy<1, the inclusion DUSC will still hold for this smaller .

In light of Remark 4.5, if we pick a sufficiently small v the boundary of the
“shrunk” € will satisfy assumptions (A1)—(A3) of Proposition 4.4, and, moreover &’
can be made as small as we want.

Applying Theorem 4.6 to the rescaled function (1+&)~'F and then scaling
everything back we get that there exists a ged~"H>(; ¢?) such that

oo
g-F:= ng(z)Fk(z) =1 forall z€Q,
k=1

and
1Gllo=nrre () < (1+€) "' (14a()C(0""H™, ),

where §:=(6—¢)/(14¢). Since we consider only small &, we can assume that §>4/2.
If we make the other parameter ¢’ sufficiently small, we get from here the estimate

Gllo-n oo () < C(O™"H™, 5).

Define the scalar function h€d®Ag(D) by h:=g-f (both f and § are clearly
in 97" Ag). Note that

[h=1lo-nas =11g-(f =F)llo-ras <l[gllo-rase < Ce,

where C=C(0"H®,0/2). Therefore, for sufficiently small ¢, the function h is
invertible in 0" Ag and
h_l —n < .
L raye——

The function g:=h~1g clearly belongs to 9 "Ag, solves the Bezout equation
g-f=1, and its norm can be estimated as

O "H>,3)

1 ~
lgllo-nas <™ lo-nasllgllo-nas < ===

where we recall that 6:=(0—¢)/(1+4¢).

Using the continuity of the function §—C(0~"H®>,¢), see Lemma 3.1 above,
we get that by picking a sufficiently small € in the beginning, we can make this
bound as close to C(0""H®>,¢) as we want. [
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