Acta Math., 195 (2005), 55-60
© 2005 by Institut Mittag-Leffler. All rights reserved

Correction to
“Witt vectors of non-commutative rings
and topological cyclic homology”

by

LARS HESSELHOLT

Nagoya University
Nagoya, Japan

The article appeared in Acta Math., 178 (1997), 109-141

This note is to announce and correct two related mistakes. The first mistake is at the
bottom of p. 114, where it is claimed that the elements e; defined recursively using (1.3.5)
are commutators. Indeed, this is not always the case and, in general, a surjective ring
homomorphism A’— A does not induce a surjective map N(A’')—N(A). The second mis-
take is the claim in the proof of Lemma 2.2.1 that the abelian group B/[B, B] is torsion
free. This is not true and, in fact, the statement of Lemma 2.2.1 is false. The main con-
sequence of these two mistakes is that, for a general associative ring A, the Verschiebung
map V:W,_1(A)—>W,(A) is not injective as it is falsely stated in Propositions 1.6.3
and 2.2.3. However, Theorems A, B and C of the introduction and Theorems 1.7.10
and 2.2.9 all remain true as stated. We briefly clarify the construction of the abelian
group W, (A) and the proof of the central Theorem 2.2.9.

We define a homomorphism between two sets with unital composition laws to be
a map that preserves the composition law and the unit. In general, we do not require
composition laws to be associative or commutative or to have an inverse. Let A be a

unital associative ring. The integral non-commutative polynomials
8:(Xo, X1,..,X;, Yo, 11,...,Y3)
from (1.4.1) define a unital composition law on the set A” by the rule
(@0, a1, oy @n—1 )% (b0, b1y ooy bm1) = (80, 81, ooy Sn—1)5

where s;=s;(ag, ..., a;, by, ..., b;). The unit element is the n-tuple (0,0, ...,0). We recall
the ghost map w: A™— A" that to the n-tuple (ag, a1, ...,an—1) associates the n-tuple
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{(wo, w1, ..., wn_1)}, where
8 s—1
wo=af bpal s
and let g: A— A/[A, A] be the canonical projection. Then the composite map
fa=q ow: A" —> (A/[A, A"

is & homomorphism with the composition law * on the left-hand side and componentwise
addition on the right-hand side. We recursively define the abelian group W,,(A) and a
natural factorization of f,, as the composition of two homomorphisms

A" I Wa(A) 5 (A/[4, A,

where g, is surjective, and where @ is injective if A/[A, A] is p-torsion free. It follows
from the proof of Theorem 2.2.9 that the map (2.2.6) is a homomorphism

I: A" — TRZ(A; p) = moT(A)%m.
We show, inductively, that I admits a natural factorization
A" W (A) - TRE(4; p)

and that the homomorphism [ is an isomorphism.

We define W1 (A) to be A/[A, A], ¢ to be ¢, and @ to be the identity map. The
factorization I=1I-q;, with I an isomorphism, follows immediately from the definition
of T(A). So assume that the abelian group W,,_;(A) with the properties above has been
defined. We first define an abelian group structure on the set

Wi (A) = AxW,_1(A)
together with a factorization of the homomorphism
fo=(idxg" Vow: A" — Ax(A/[A, A)"!
as the composition of two homomorphisms
A" W (4) 2 Ax (A/[A, A]).

We define §, to be the product map idx¢q,_;. The ghost map w: A" — A" admits a
factorization as the composite map

_1 id _ _
Ax AT 1PV A An— Ty Ax AL
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where the left-hand map is the bijection given by the formula
T(T0, 21, ..., Tno1) = (@0, TH + 21, ...,xgnfl—}—xn_l),
and we then define the map @ to be the composite map
AxW,_1(A) 2% Ax (AJ1A, A"t 5 Ax (A)[A, A",
where 7 is the bijection induced by 7. Since I is equal to the composite map
An 3 T, (4) L TRY (43 p),

where I'(ag,a)=A,n-1(ag)+V (I(a)), and since I is a homomorphism, there exists a
unique unital composition law on Wn(A) such that ¢, is a homomorphism. Moreover,
since f, is a homomorphism, so is w. If A/[A, A] is p-torsion free, then w is injective
by induction, and Lemma 1.3.2 implies that the image of w is a subgroup of the abelian
group Ax (A/[A, A])"L. So the composition law on W,,(A) is an abelian group structure
in this case. For a general ring A, we choose a surjective ring homomorphism ¢: A'— A
from a ring A’ such that A’/[A’, A’] is p-torsion free. In the diagram

(A" T (4

lw JWTL(@

qn o
A= W, (4)
the two horizontal maps and the left-hand vertical map are surjective homomorphisms,
and hence, so is the right-hand vertical map. Since the composition law on W,,(4’) is an
abelian group structure, so is the composition law on W,,(4).
We define the abelian group W, (A) to be the cokernel of the homomorphism

d: Z{Ax A) — W, (A)

from the free abelian group generated by the set Ax A that to the generator (a,b) asso-
ciates the element (ab,0)—(ba,0). Since the composition

Z(Ax A) L W (A) Z Ax (A/[A, A])™ 299, (4714, 4))

is equal to zero, we obtain the factorization f,=1wogq, as the composition of two homo-
morphisms. Similarly, the composition I'ed is zero, since the Teichmiiller map (2.2.4)
satisfies Apn-1(ab)=A,n-1(ba). This gives the factorization I=1Iog, as the composition
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of two homomorphisms. To show that I is an isomorphism, we first show that there is a

natural short exact sequence

0— W, _1(A) L W, (A4) 22 A0,

where XN/(a):(O, a). We only need to show that V is a homomorphism and may assume
that A/[A, A] is p-torsion free. There is a commutative diagram

Wa_1(4) — v W (A)

N

(A/[4, A"t L Ax (A/[A, A"

with the lower horizontal map given by

Vw(.TO,l'l, ...,J:n_2) = (Oapll07pxl) "'1pzn—2)'

The maps 17w, w and @ are homomorphisms, and since A/[A, A] is p-torsion free, the
maps w and @ are injective. It follows that Visa homomorphism. Moreover, we have a
commutative diagram with exact rows

vV o~ pry

O——)Wn_l(A)—-————>Wn A) > A

Wn_l(A)-—)W A —-—)Wl A —0

since the composition prlocf is a surjective homomorphism onto the kernel of ¢;. We now
proceed to show that I is an isomorphism. In the diagram

W1 (A) —Y—s Wi (A) —2 s Wy (4) —— 0

lf J l,
n—1
TR (4; p) —— TRE(4;p) =— TR (A;p) —— 0

the rows are exact and, inductively, the right and left-hand vertical maps I are isomor-
phisms. Suppose first that the abelian group A/[A, A] is p-torsion free. Then the lower
left-hand horizontal map V is injective. Indeed, the composite map

TR} (4;p) 2 TRE(A;p) = TRE ™ (4;p)
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is given by multiplication by p, and one proves by induction on n that TR} '(4;p) is
p-torsion free. It follows that the upper left-hand horizontal map V is injective and that
the middle vertical map I is an isomorphism as desired. To prove the general case, it
suffices to show that if

do
P[1] d:; P[0] — A

is a coequalizer diagram of rings, then the rows in the diagram

Wi (P[1]) —2=2 sy W, (P[0]) —— Wn(A) ——0

| | |
TR3(P(1];p) “= TR(P(0); p) —— TRG(A;p) ——0
are exact. Indeed, we can choose P[q| such that Plq|/[P[q], Plq]] is p-torsion free. The
exactness of the lower row is well known, and the exactness of the upper row follows by

an induction argument based on the exact sequences

—~—

0 —s Win_1(A) Lo Wo(4) B8 40

and
Z(Ax A) -5 W, (A) — W, (A) — 0.

This completes the recursive definition of W, (A4).

We remark that d factors through the projection u: Z(Ax A)—A®A. Indeed, this
is true if A/[A, A] is p-torsion free, since the kernels of the homomorphisms d and prlod~
are equal and contain the kernel of . The general case follows since a surjective ring
homomorphism induces a surjection of the kernels of the homomorphisms . By a similar
argument we conclude that there exists a natural exact sequence

HH; (4) -5 W,_1 (A) -5 Wi (A).

The value of the homomorphism & on a Hochschild 1-cycle (=3, ;< ,, a:®b; is given as
follows. Let P be the free associative ring on generators T1,y1, ..., Tm,Ym- Lhere exists
a unique class 0(z1,y1, ..., Tm, Ym) in W,_1(P) such that

V(O(Z1,Y1, - Tiny Ym)) = [T191+ o+ T Y] — [11 21+ . F Ym Tom ],

where [a},,=¢n(q,0, ...,0). Then 8({)=0(a1,b1,...,am,by). Using this description one
can show that, in general, the map & is non-zero. For example, define A to be the
quotient of the free associative ring generated by z, y, z and w by the two-sided ideal
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generated by zy—yz+zw—wz, and let n=2 and p=2. Then J(z®y+2zQw) is equal to
the class of ryzw—wzyx in Wi(A4), which is a non-zero 2-torsion class. The map 0 is
zero, however, for any pointed monoid algebra over a commutative ring.

Finally, I would like to acknowledge Kare Nielsen for discovering the two mistakes
and for providing me with the example above. He found the mistakes during his thesis
work at Aarhus University. I would also like to apologize for the mistakes and for the
delay in the publishing of this correction.
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