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~. I n t r o d u c t i o n .  

I t  is well known that ,  following the classical procedure of Cauehy, the theory 

of analyt ic  funct ions  of a complex variable z ( = x  + iy) is effectively developed 

if one starts  with a definition according to which the funct ions  under  considera- 

t ion possess a unique derivat ive in an ope~ set 0 (in the z-plane) and on the 

basis of this definit ion establishes the two fundamenta l  Cauchy contour- integral  

formulas l ;  with the aid of the la t ter  formulas  a great  number  of essential  pro- 

perties of analyt ic  funct ions  can be established. I f  in the above definition the 

open set 0 is replaced by a set E ,  which is no t  necessarily open and which, in 

f.~ct, may be wi thout  inter ior  points, one would obtain, of course, a very ~'ener~ll 

t The  condi t ions  w i t h  respec t  to t he  der iva t ivc  can be s o m e w h a t  l i gh tened  (GoURSAT, .MONTEL, 

BESIKOVICH, MENCHOFF and  a n u m b e r  of others).  
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class of funct ions  of a complex variable, much more vast than  the class of 

analyt ic  functions.  The first highly impor t an t  development  in this direction is 

due to ]~. BOlCEL t, who made a significant extension of the class of analyt ic  

funct ions by his in t roduct ion  of the ))Borel mo~wgenic>)functions; these functions,  

according to definition, possess cont inuous unique derivatives over sets of a 

certain descript ion (not necessarily open) and for  these funct ions Borel established 

existence of two integral  formulas  analogous to those of the classical Cauchy 

theory.  The next  significant advance was made by W. J. TICJITZEgSKu ~, who 

int roduced funct ions  called by him 'general monogenic'. These are defined as 

follows. Le t  (K) be a simple rectifiable curve forming the f ron t ie r  of a bounded 

domain K. Le t  E be a closed set contained in K + (K). According to the  

definition, given in (T), f(.z') = u (x, y) + 1/--  I w (x, y) is general monoge~ie in E 

i f  u, u', the first partials of u and w and the second partials of, say, u are jT~ite 

continuous in E, u is umform in E, A u =  o (in E)  3 and w i.~' in E harmonic 

conjugate of u. In  consequence of the  developments  of (T) it  can b e  asserted 

tha t  such funct ions,  toge ther  with thei r  first derivatives, are representable  in 

E K  as follows: 

, ]  , ]  

K 

(a : a + | / ~  b; h(a) analyt ic  in K),4 

f fq(x' Y)d d , ( I .  1 a)  f ( i )  (a)  = :  h (1) (a)  j z - -  a " 

K 

whe 'e q (x, y) i s  conti.uo   K + (K) . . d  q (x, y)= o 
These are the fundamenta l  formulas  of the  theory  of general  monogenic  

fonctions.  In  (T) it has been shown tha t  numerous  regular i ty  propert ies  (differ- 

entiabil i ty,  uniqueness propert ies  of various descriptions,  etc.), of the funct ions 

under  consideration,  will present  themselves if 

1 ~]. BOREL, Legons sur les fonctio~s mono.q~nes..., Paris, I917. 
2 W. J. TRJITZINSKY, Thdorie des fonctions d'une variable complexe d~fi~des sur des ensembles 

g~m~raux, Annales de l']~cole Norm. Sup., t. 55--Fasc. 2 ; pp. I ~9--I9I ; in the sequel this work will 
be referred to as (T). 

00" 0 ~ 
s ~! = O x  ~ + O y "  

4 In (t. I) a suitable determination of the logarithm must be used. 
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(I. i) q(x, y)~o sufficiently rapidly as the point (x, y)(in C ( E ) ~ - K + ( K ) - - E )  

approaches the frontier of C(E); also if, 

(I. it) having covered C(E) by the sum of a denumerable infinity of circular 

domains, of radii 71, 7.~ . . . .  , we have 7,-~o (as v + ~ )  sufficiently rapidly. 

The purpose of the present work is to study fi~nctions of the form 

f f log (z -- t~) d #, f /  
2) dt, 

, Z - - C t  

where z (~  x + i y) is the variable of i~degratio~ and ~ is an additive functio,;~s of 
sets ~, absolutely contim, ous or not e, with respect to which the integrations are 

perfornled. 

Analytic functions 3, ~,Borel mo;wgenic~ functions and ~general monogenic~ 
f ,ctio,s (of (T)) ,,U i,clud d (,. 2). 

I t  is easily seen that  functions of the form 

3) 

integrals of the form of the second one in (I. 2) with # 

of the form (I. 3) have been studied by BOREL, D~.~JO~, 

are representable .by 

singular. Functions 

T. CARI, E~IA~, A. BEUlCL11~G and a number of others. 

In the sequel it will be also shown that function,s f(a) which in a closed set 
G are representable as limits of uMformly co~ve~yent sequences of a~alytic fu~ctio~s 
are represe~#able by integrals (I. 2), at least when G satisfies certain conditions 

(to he stated precisely in the sequel). 

Our investigations will be mainly regarding functions of the form 

1 T h r o u g h o u t ,  a n y  set  m e n t i o n e d  wil l  be imp l i ed  to be Lebesgue  measurab le .  Rega rd ing  

addi t ive  func t ions  of se ts  and  in t eg ra l s  w i t h  respec t  to such  func t ions  see S. SAKS, Theory of  
the Integral, Warszawa-Lwow,  I937, in  t h e  s equa l  referred to as (S). 

An  add i t ive  func t ion  of se t s  X, ,u(X), will  be said to be  abso lu t e ly  c o n t i n u o u s  on a set  G, 

if for every  set  X ~  G, wi t h  meas .  X = o ,  we have  t t ( X ) = o .  I f  an  add i t ive  func t i on  /~(X) is  

no t  ab so lu t e ly  con t i nuous  on G t h e n  .u (X) is t he  s u m  of an  abso lu t e ly  c o n t i n u o u s  add i t ive  func- 

t ion  and  of a s ingu la r  add i t ive  func t i on  (on G); cf. (S; p. 33)- An  add i t ive  func t ion  of se t s  

O ( X )  (X  < G) will be said to be s i n g u l a r  on G if for some  se t  .E o, < G and  w i t h  meas .  E o = o ,  

we have  ~ ( X )  = ~ ( E  0 X)  for all  se ts  X ~ G. T l l r o u g h o u t  t h i s  work,  se t - func t ions  will  be impl ied  
to be addi t ive .  

8 The  s t a t e m e n t  w i t h  respec t  to ana ly t i c  func t ions  is  seen to be t rue  in consequence  of 

cer ta in  r e m a r k s  by  BOREL; cf. BOREL, lOC. cir. 

9--38333. Acta mathematica. 70. /mprim6 le 29 novembre 1938. 
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Of importance 

with called density. 

and radius r. Density, 

i t  ez:ists, of 

(i. 5) 

W. J. Trjitzinsky. 

for our purposes is the notion of symmetric density, forth- 

Let S(%, r) be the closed circular region with center at a 0 

O(ao), of l~ at the point % will be the limit (as t-+o), i f  

f f 
S(%, r) 

In consequence of a theorem of LEBESGVE, 0(a0) exists (and is finite) for almost 

all %. In most cases the points of interest in the developments of this paper 

will be those at which the density is zero. 

Let a 0 be a point for which 0(%) exists. Descriptively we shall term the 

speed with which Q(%, r)--~t~(a0)(as r-~o)rareficalio~ of #. The faster Q(%, r) 

approaches the limit (as r--o)  the greater will be said to be the rarefication of 

/~ at %. Similarly, one may talk of >>rarefication>> of Ft in appropriate neigh- 

borhoods, of sets. 

Our investigation will be largely based on the principle according to which 

the greater is the rarefieation of l~ (t~ in (I. 2)) the more regularity properties will 

the eorrespondi~g functions (I. 2) posses.~. More precisely, "various degrees of 

rarefieation of /~ will be determined to secure prescribed regularity properties, of 

various types, of the corresponding functions (x. 2). 

2. F u n c t i o n s  R e p r e s e n t a b l e  by In tegra ls  (i. 2). 

Let G be a closed bounded set. Let 0 (6) (d > o) be the set of points at distance 

< 6 fi'om G. Thus, 0(6) is an open set containing G. Let 

(2. I) 6 j > 6 . 2 >  ' " ;  d , . > o  ( ~ =  I, 2, . . .); l i m d ' , = o .  

Suppose there is on hand a sequence oj'fu~ctio~s {fi(a)} ( v =  I, 2 . . . .  ), fi,(a) ana- 

lytic (uniform) in 0 (6,.) (~, = i, 2, . . . ) ,  co,werging uniformly in G. By hypothesis, 

then, there exists a function f(a) such that 

(2.2) I f(**) ---f, (a in G; ~ - -  I ,  2 ,  . . . ) ,  

with ~.~-+o (as ~ o o ) .  We shall examine the possibility of represent ing/ (a)  by 

an integral (I. 4), with It an absolutely continuous set-function. 

Write 



S o m e  G e n e r a l  D e v e l o p m e n t s  in  t h e  T h e o r y  of F u n c t i o n s  of a C o m p l e x  V a r i a b l e .  67 

(2. 3) a,(a) = f~,,(a)-- f~.,_l (a) (v--- I, 2 , . . . ;  f , o ( a )=  o) 

where o = n  o < n , < n ~ <  -... I t  is noted tha t  a,(a) is analytic i,~ 0(6,,.) and 

that, in view of (2.2), 

(2. 3 a) la,(ct)l < ] f,,,(a) - f ( c t ) ]  + ]/(ct) - f , . _ l  (a)] G ~,. + e,,._ I = •,, 

( e , 0 = o ;  v =  I, 2, . . . ;  a in G). 

The sequence {m} will be so chosen tha t  

(2.41 Z > 

converges. Let O(d) designate 0(6) + f ront ier  of O(d). I t  is then observed tha t  

0(6,~,,+~) is a closed subset of O(d,,,). In  O(d,,,+l ) a,(a) is  analytic. Hence 

(2 5) la,(~)l_-<q, (~ in O(cl,,+,); ~,= I, 2, ...). 

By a known property of analytic functions we may take 

(z. 5 a) q, = u. b. {[a in 0 (d,,~+a) ] of l a,. (a)l} = l a, (a~) I, 

where a, is some point  on the  front ier  of O(d,,,,+l). 1 

Let S~I, = S(a'; 6,,+1) be the dosed  circular domain with center  at a' (a' in G) 

and radius d,,+ v In  consequence of the definition of O(d,,+~) 

(2.6)  s ~o, < 0 0 . , ,+ , ) .  

For a in S", consider the funct ion 

,~, (~) = ~, (~) - ~ (~') (~' in G). 

In  consequence of (2.6), (2.5) and (2.3 a) one accordingly has 

(2. 7) ]W,(a) l ~ q, + ~2~ (a in S:,); 

moreover,  w , ( a ' ) :  o and w,(a) i s  analytic in S',, i .e .  for  I a --d I<= 6,,+ 1. By 

(2.7) with the aid of the Lemma of SCHWArTz it is inferred tha t  

I 
(2. 7 a) IW, (~)1 ----< ~,,.+~ (q, + > ) 1 ~  - -  "'1 (~ in S;,). 

1 u. b. here denotes ' least upper bound' .  
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Whence, by (2.3 a), 

la,(~)l = I ,~(-)  + a, (d)l ~ I~r(~)l + lar(~')l 

Therefore 

(2.8) 

provided one takes 

(~. s a) 

I 
(qr + 7,)1~,--'1 * 7, 

I a~(")l----< 27,  

7 'v ~nv + 1 

q, + 7, 

(a in S~,). 

(I,~-~,'1__<~:,; ~' in O), 

(< (L,+O. 

Clearly (2.8) will hold in the set 0(~,), contained in O(6,,r+ O. 

sequence of integers {mr}(m~_-->_ nr+l; n h <  m~< ...) so that  

( ~ = , ,  ~ , . . . ) .  Sinee a r ( ~ ) i s  ~n~lytic i~ 0(~ .  0 

< O(~,,+,)(cf. itulics subsequent to (2. S a)) one 

following. 

In 0(6~)  a,(a) is analytic and 

There exists a 

0 (dm~) < 0 (~,.) 

~nd since 0 (6mr) < 0 (~,) < 

accordingly may state the 

(2. 9) la~(")l----< ~7,  ( ,  i,, O(~,.); , = I , : , . . . ;  7~=', ,~ + '",-0; 

moreover 0 (&~,) > 0 (6,,J > ... and lim 0 (d~.) = lira O (6,,~) = G. Furthermore, 
r r 

(2. ,o) f (a)  = ~ a~(a) (a in G), 

where the series converges uniformly and absolutely in G; the series 7t + 7", + "" 

converges for  a suitable choice of  the sequence {n,}. 

Now the set 0(6m,.+1 ) together with its fl'ontier, that is t he  set 0 (d,,r+i), 

is contained in the open set 0(dm~). Hence there exists an open set 0r which 

contMns 0(din r H)' whose frontier consists of a. number of polygons, 

und whose closure 0~ = 0r + P~ < 0 (6mr). Accordingly P~ will be at u positive 

distunce, say 1,, from the frontier of 0(d~r). We shall huve 

2. IO  ~) 

P~ 
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for a in 0,., in particular in O(~z,+l). Take o < ).,. < L. Le t  0, ,o denote an open 

set containi ,g 0,.; the frontier  of 0,,~ consist ing of a number  of polygons 

(2 .  I f )  

parallel to 

o ~ Q ~ ~.,,. 

(~. ~ . )  

the polygons P .  and 

One has 

at the distance from the lat ter  equal to O, 

,,,,(-)- , r/a,_~)(z,~ (,~ in 0, )  
27ri  d z - - a  

P~,, o 

for all 0 such that  o _--< 0 =< 2-.. As 0 varies front o to )~ the polygons P,.,o, will 

move, always renmining parallel to P, ,  from P,.. 0 = P ,  to P,,~.,, thus describing 

the set 

(2. 12) z J v =  0,..~. - -  0,, + t ' , ,~.,) 

I t  is clear that  d .  < 0 (60,,,) and that  d .  has no points in common with 0 (d.,.+~) 

(cf. italics preceding (2. IO)); thus 

2.  I 2 a )  A~ < o (~,.) - o ( ~ , ) .  

With  d s denoting the differential of length along P,.,e, the differentiM d z 

involved in (2. II a) is seen to be of the form 

(2. I3) d z - - d s d ' r ( : )  (z on P,.,,,,); 

here q~(z) is a real-valued step function, maintaining constant  values interior each 

polygonal Side of l ' , .o. Let  h,(o ) (_> o) be a function continuous for 

o < = q - < L .  

and not identically zero." 

by h,.(o) dq  and integrate 

a in 0,., 

(2. 14) 

where 

We introduce (2. 13) in (2. I I a ) ,  multiply both sides 

between the limits (~ = o ,  Q- , ) . , .  I t  is inferred, for 

. ,  ( . )  .4 ~ = 2 ~ i 3 U •  
o = o  ' t'~,, 0 

T h e  f r o n t i e r  of  A,, is 17 + 17 - 
r ,  0 ~', Z r" 

*" It. is  " t d v , m t a g e o n s  t o  h a v e  h~ ,p)/~ w m i s h ,  w i t h  s u i t a b l e  r ' l p id i t y ,  as  p ~ o a n d  as  ,o ~ ).,. 
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(2. I 4 a  ) 

On writing, for z in A,, 

(2. I4 b) 

A,= f h,(e)de 
o,=0 

(> 0). 

I I 
b, (x, y) - -  2 z i A ,  a* (z) d'pI~) h, (e) (z = x + i y) 

it is noted tha t  (2. I4) may be wri t ten in the form 

(2. I5)  a'(a)= f f b*(x' y~) 
Av 

for  a in 0~. In  view of (2. I4b )  and (2.9) and in consequence of a previous 

remark assert ing that  z/~ < 0 (dz,), it is observed that  

(2. I6) Ib,(x,y)l< I I I~,(~)lh,(Q)< v~ 

when z is in z/~. Let L,.o denote the length of  P,.e. W e  have 

(2. I7) L~,o<=L* [<  ~ ;  o ~ Q = < L ' ]  �9 

Whence  from (2. I6) with the aid of (2. I4 a) it is inferred that  

f f  ;f I b ~ ( x , y ) l d x d y  < W h~(q)dsdq 

d v A~, 

V, h,(q)d 0 d S = z A ,  
z A ,  o 

Q= P+., o Q=o 

(2. i8) 

zA , .  (e)de = 
. ]  

r 

For L* we nmy take the maximum length of  P,., q (0 <= q < Z,.). 

In  view of (2. I2 a) the sets J , ( v  = I, 2, . . . )  have no points in common. 

Form the funct ion g(x, y), 
__ [ o . (in the complement  of z/~ + z/2 + - . . ) ,  

(x, Y) g 
t b,(x, y) (in ~ ;  ~ - - I ,  2 , . . . ) .  

L e t  c (A,) = e, (x, y} denote the characterist ic  fmlct ion t of A ,  W e  then may write  

Tha t  is, c ~ =  I in  A~ and e ~ = o  at  other points. 
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ao 

(2. I9) g(x, y)= ZC~(X, y) b~(x, y). 
i , --1 

With  

(~. ~9 a) g,~ (x, y) = )2  ~ (x, y) t,, (x, y), 

in view of (2. I 5) it follows tha t  

f;.+nlx,..,,.,.+., ff,+(+.,,,)++.+.+,,,+++++., 
v = l  ~ Z - - -  r 

+ f /  =Z 
�9 : I  " /v  

b (x,y)dxdy 
Z - - i f ,  

= .~ (~) + . . .  + . .  (~) 

for a in G (cf. beginning of this section). 

is concluded that  

(2. 20) f(a)=li,m f f 9"('~' - a 

Whence  in consequence of (2. Io) it 

= f f .+(x,y,,)+!Xayz_a (a in G), 

if the interchange of l imiting processes can be justified. We  have, by (2. i9) , 

ao 

Ig+(x, y)l ~ >',1 c,(x, y) b+(x, y ) l -  y,  c+(x, y)l b+Cx, :~)1 = g*(x, y) 

* X ( n =  i, 2, . . .); g ( , y )  is accordingly a funct ion such tha t  

g* (x, y) = ~ o (in the complement  of J ,  + ~/~ + . . . ) ,  

t I b+ (+, y) I (in ~'+; ~, = ,, ~, . . . ) ;  

that  is, , ;  (x, y)----Ig(+, Y)I- This funct ion  is +ummabte, if the  series 

(2 2,) S =  y , L ~ ,  
q~ 

converges. In  fact, in the lat ter  case, with the aid of (2. I8) it is inferred tha t  

ff +jj +ff g+(x, y) d x d y =  ~_; g*(x, y )dxdy= ~, Ib,(x, y)ldxdy 
X v = l  2(J~, , =  1 X j  v 

+ f (  <-_ Y, Ib+(z,y)l,+x++y<= -;.S 

for all measurable sets X. 
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Thus, if (2.2I) converges, it  may be asserted tha t  there exists a sumn~able 

function, g(x, y) so that 

here 

t,=#(i)= f f g(x,y)dxdy 
X 

is an clbsolutely continuous set-fu~wtion. 

Definition 2. 1. A bou,nded closed set (; will be said to be regular i f  the 

.follou:il~g is true. Let 0 (d) be set of p~ints at distance 6 ( >  o ) f r o m G. We take 

61 > 6., > -.- (6,, > o; ~,,-+0). Let P(&) de~wte a set of  polygons in 0(6,.)-- 0(6~+~) 

so chosen that any fa~wtion a~alytic in 0 (&) could be represented i,J~ 0 (6~+~) by the 

Cauchy co~tour-i~tegral formula exte~ded over P(6,.). We designate by L(P(6,,)) 

the total le~gth of the polygons co~stituliJ~g P(d,). The polygons P(6~) could be so 

eDosen that the sequence of ~umbers L(P(&)) (v--  i, 2, . . . )  is bounded. 

I t  is observed tha t  if G is regular  then  the polygonal sets P~ and the 

numbers )~. can be so chosen tha t  the upper bound of the lengths of the P~, 

(o_--<e_--<)~.; v =  i, z . . . .  ) is finite. We then shall have L * g b  (v--  I, z, . . . ) .  

In  view of the convergence of the series (2.4) the series (z. 21) will then  also 

Converge and a representation (z. zz) will be valid in G. 

We are now in position to state the following theorem. 

Theorem 2. 1. Let G be a bounded closed set, regular accordi~g to the Defini- 

tioJz 2. I. Con,s.ider the problem formulated at the beginning of this section (cf. the 

text i~ connection with (2. I)). Such funclions f(a)  are representable in G by inte- 

grals of the form (2.22) (with g(x, y) summable). 

Note. This theorem may be extended, following the same type of reasoning 

as jus t  employed, to more general classes of sets G and functions f(a) ,  defined 

over G. 

Consider now functions f(a) of the form (I. 3). As remarked in section i 

such functions are representable by integrals (I14) with tt denoting a singular 

set-function. We shall examine the possibility of replacing u in this rePresenta- 

t ion by an absolutely continuous set-function. 

I t  is known I tha t  

' J. WOLFe, Comptes Rendus, t. XTJ; pp. Io56--57. 
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(2. 23)  ~ J ~r~ j j z -  a 
~v 

for  a on the f ront ier  and exter ior  the circular domain S(a,,, r,,), 

73 

( s ,  = s (~,., ,'a) 

I .  - - . . I  < ,-. (,-,. > o). 
Accordingly,  

". II '-'x'." ( z ; ~  = .  j ~ - -  ~, z, = .. r;/ 

for ] , ~ -  ~,,] -> ~'~. 

(2.25) 

Since by hypothesis  I~,1 + Ib.I  + . . .  conver.o'es, the  func t i on  

o: /G 

converges except in a set E o of measure zero. Suppose, as can be done wi thout  

any essential loss of generali ty,  the a, (r = - I ,  2 , . . . )  are all inter ior  a finite 

circular  domain K. W e  cover Eo by a set 0 consisting of the sum of circular 

domains 

( 2  26)  I ~ ,  - a [ ( r~ ( r ,  > o ;  r = I ,  2, . . .). 

K can be always chosen so tha t  0 < K.  On the other  hand, the r,. can be so 

selected tha t  meas. 0 is however  small. 

the sum of ~he first n terms of the series (2. 25). In  view Let  f,,(c~) be 

of (2. 24) 

where gl(z)=)~l 
representable as 

f l  (a) J J  z - -  

1( 

(a in K - -  SO, 

in S, and and gl(z)= o in K - - $ 1 .  The func t ion  ~ ( z )  is 

f.(')~ ff".~"~-, ffV~"". . 

§ ff ,,.+,.,),x,,,=._~ ff... <.)._~ (~ ,~ ._ (.,+..)) 
S~ S., K 

wbere g, (z) = Z, (in S 1 - -  $1 S~), ~ )4, (in S, - -  S, S,), = ).~ + 1..2 (in S, S,,), = o (else- 

where). I t  is not  difficult to see, then,  tha t  

10--38333. Aeta matluematiea. 70. Imprim~ le 29 novembre 1938. 
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(2"27) f"(a)= f f g' (z)dxdyz-" 
K 

w h e r e  gn (Z) is 

of  t he  d o m a i n s  S,  ( v =  I, 2, . . .  n) will  con t a in  z. 

S,,(,,), S,~(~), . . . ,  S,,~,(,,) 

c o n s t i t u t e  t he  t o t a l i t y  of  such  domains .  W r i t e  

(:. 27 a) 

W e  have  

(in K - -  (S, + S~ + . . .  + S,,)), 

def ined as fol lows.  W h e n  z is in S 1 + $ 2 q  . . . .  + S~, a n u m b e r  " 

L e t  

g n ( z )  = [z~,(.~) + z,~(~) �9 . . .  + z,, ,(~) 
t o 

(2 .2s)  f (")= lim f~(a) ~ lim f f q'(z)-q-~ z - a 

K 

T h e  f u n c t i o n  g~ (z) is simple 1. 

(m ~ = .~ (~)) 

(in S~ + S~ + .  + S,), 
(elsewhere). 

(a in K -  0). 

Suppose the I b, I --> o (as ~,-+ ~c ) sufficiently rapidly so that there exists a sequence 

{t)~} (t)v > o;  ~ - ~  I,  2, . . . )  such that both series 

(2.29) EIb, I e~ -=, E e :  

converge. Such sequences {t~,} exist, for  instance, when 

Ib, l < a ~  -2-~ ( ~ > 0 ;  a > o ;  r =  1,2, . . . ) .  

Define g(z) as zero in K - - O .  F o r  z in 0 t h e r e  is a n u m b e r  of  d o m a i n s  

S , (v  ~ I, 2, . . .) c o n t a i n i n g  z; let  t he  t o t a l i t y  of  such  d o m a i n s  (for z fixed in O) be 

S,.,(~), S,.~(~), . . .. 

Tn the set 0 we define g (z) as 

(2.30) g ( z ) =  ~,(~) + z,.~(~) + . . . .  

T a k e  

( : .  3~)  ~'~ = he,  (h > o) 

i T h a t  is,  i t  a s s u m e s  a f i n i t e  n u m b e r  of  d i s t i n c t  v a l u e s .  
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where {Q~} is a sequence such tha t  the two series (2. 29) converge. Chosing h 

sufficiently small, meas. 0 can be made however small 1. In  view of (2.3 o) and 

since ),, ~ b,,/(~ r~,), it is inferred that  inasmuch as the f rs t  series (2. 29) converges 

(2. 32) [g(z)[ ~ ~ [~(~.] = h~(< oc) (z in K). 

The function g(z), being the limit of the sequence of simple (and hence 

measurable) functions gn(z), is measurable. In  view of (2. 32) g(z) is summable. 

AIso, by (2. 27 a) 
oo 

lz l=h  (in K; n = I, 2, . . . ) ;  

m o r e o v e r ,  

I .an (z) I h~ < 

while the function h l ] z - - a ] - I  is summable. Thus, 

lim,, f f gn (Z)z --dxdya - - ]  f.a (z) __ dxdy (in K -- 0). 

K K 

Accordingly, in view of (2. 28) it is possible to state the following theorem. 

Theorem 2. 2. Functions f(a) of the form (2.25), with the [b, [ approaching 
zero sufficiently fast so that the series (2.29) both converge for some sequence {Q,}, 

are representable by 

f f  dr, ( a i n K - - 0 ) ,  
= z - 

where g = it(X) is an absolutely continuous setfunction. The open set 0 is the sum 
of circular domains S(a~, he~ ) (v= I, 2, . . . ) ,  with h (>  o) arbitrarily small. Thus, 
meas. 0 can be taken however small*. 

3. Convergence and Dif ferent iabi l i ty .  

In the integrals (I. 2) 
(u ,  Ft.~ real) 

meas. 0 ~ h  2 E Q ~ .  

-~ The function ~ depends on the choice of O. 
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is an addit ive set-function, possibly complex-valued. I f  one wishes to investigate 

propert ies of funct ions  represented by these integrals  there  is no loss of general- 

i ty in assuming tt real, for  one has 

where 

(3" I a) g (z, a ) =  log (z -- a) or 

ff g (z, . )  dr + i g (z, ~) d # , ,  

g (z, a) = (z --  a) -n  (integer ,n > o)1. 

As is well known, a real addit ive funct ion tt is the difference of two non- 

negative funct ions of such kind. Hence  we are just i f ied in  confini ,g our attention 

to integrals o f  the f o r m  

f( (3. 2) g(z ,a)dt t  (cf. (3. I a); /.t ~> o or  [.t ~ o). 

Unless stated otherwise, a wil l  be restricted to a bounded s imply  connected domain 

K or to some subsets o f  K ,  while  integrations wil l  be per formed over sets X ~ K 

a,~ul we shall take tt > o or tt < o. 

Consider the integral  

f f +' (3. 3) O = I -~ - -  al"'  

where n is a positive integer.  For  the  present  a will be t hough t  of as fixed in 

K;  we shall find condit ions to be satisfied by #, in the vicinity of a, in order  

tha t  (3. 3) shold converge. Le t  

I 
I z - ~ I '~ ( f o r  I z - -  ~ I > "), 

( 3 . 4 )  J;~,~ (~, ,~) = 
i _  ( for  I ~ - ~ I < ,) .  

Since in 

tonically, 

sign is possible so as to obtain the relat ion 

f f  f f  (3. 5) lira f , . r  (Z, a) dtt  . . . . . . . .  dtt  _ = 

I t  is of importance to secure finiteness of the limit involved in (3. 5). 

(3. 3) # > o and since am.,. (z, a) approaches I z --  a I -'~ increasing' lnono- 

as r-~o,  it  is inferred tha t  passage to the limit under  the integral  

One has 

With a suitable determination of the logarithm. 
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(3.6) f f + o" , n ,  1" 

where 

ffs,,,; f f  (3' 6 ~) (~; , , r  = (z, a) dtt, q);;,,.-- f,,,. (z, a)ell* 
Jt~--Sr S r 

and S , =  S(a,r) denotes the circular region (with center at a ) I s - - , I  <= I"; ,. is 

taken sufficiently small so tha t  S, < K. In  view of (3.4) 

f f dl* s " - -  ' 7"" ~ ( S  (a, ,')). (3.6 b) O ~  = I z a I"' @;'" = 

/(--~'r 

q);,,~ increases monotonicMly as r-~ o; we wish to determine a rarefication of 

,)niass* l*(-->_ o), in the vicinity of the point a, which would secure finiteness of 

the limit 

(3. 7) lim @:~,~ : q)',. 
�9 r 

With  r o (>  o) such tha t  Sro : S(a, ro) > K one has 

f f  %.,,+ff *'.,, (o<,.<,o,, ( 3 . 8 )  o; , , .  = I s -  I , -  ~ = 

K - - S r  o Sro, r 

where S~o,, = &o - -  S r ,  

finite. 

(3.9) 

where 

( 3 . 9 a )  

In G~ 

so tha t  

(3. 9 b) 

The first integral in the second member above is obviously 

The second one satisfies the inequality 

r  

N r c ,  r 

ff " (;oi ("oi z.(.)= . I ~ - - I "  a , = s . ,  - s . , V + ~ .  
G~ 

- " - ~  < Is - ~1 < t"o 
v + I  = v  

~ j ' f  (~ + i ) -  (~ + i ) -  ~ (6) < (~ + dl* . . . . . . . . .  :, ( e , )  - -  ( , ,  - l*,+1), 
. . n  - -  . . . 1 ,  . 1 ,  Io ~o 1o 

G, 
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w ere , , , ,  Thus 

~. (.) < , . ~ - y ,  (~ + i),, ( .~  - ~ ,+1)  = r:" y,  [(~ + i)n - -  r ~.  + , . : .  F~, 
~=1 ~=1 '~=1 

oo 

< h,~ ~ V n - 1  ltd. 

Whence,  in view of (3. 8) and (3.9) the limit 0~ of (3. 7)is finite whenever the serges 

(a. , o )  r o - -  Z " - ' ~  s ,~, 

converges. The condition of convergence of (3. IO) amounts  to the requirement  

that  /~(S(a,r)) should approach zero sufficiently rapidly as t -+o;  in other  words, 

this is a condit ion of rarefication of mass tt in the vicinity of a. I f  F~ converges 

l imv " t t  S a, = o .  

The lat ter  fact, however, would imply that  (when r - , o  through values ro/v(v = I ,  

~, . . .)) 

lim q)::,~ = o (el. (3. 6 b)), 
r 

whenever (3. Io) converges; the integral @, of (3. 3) will then converge for the value 

a under considerations. 

W h e n  studying real parts  of integrals 

(3. II) fflog(z--a)d,, ( t r i o  or t t  < o) 

it is sufficient to examine 

; f  i (3. I I a) �9 = l o g ~  d# (~t ~ o). 

As before let a be fixed in K. Let  r o ( >  o) be sufficiently small so tha t  ro < I 

and so that  the closed circular region S(a, ro)~ K. The integral  (3. II  a) will 

converge if 

f f  _ _  
(3. I I b )  ~ o =  log ~ _ _ ~  d3 t 

S (a, to) 
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converges. Wi th  o < r _ - - < r  o let 

(3. ~ z) fT (*, -) = 
loglz ~ (in S(a, to)- S(< r)), 

-I 
I 

log r (in S (a, r)). 

I 
Since f ,  (z, a) -~ log I z --  a } increasing monotonically,  as r -+ o, it  follows tha t  

ff (3" I 3) lim f~ (z, a) d~  --  q)o 
r 

Sr o 

(cf. (3. ~ b); & - -  s(,,ro)). 

We wish to secure finiteness of the lat ter  integral. Now 

(3. I3 a) q)o ~ - ~  + (/)7, 

(3. I3b) fff  j " @',. - d t t ,  q b  = d ~t. 

SrQ--Sr S r 

On taking account of (3. I2) one has 

f f  i (3. ,3c)  a ~ =  l o ~ i v ~ Q d ~ , ,  r  F,(S(~,,')) log '-.,. 
Sro--S  r 

We observe tha t  O~ increases monotonically as t - + o ;  thus  

(3. I4) 

where q)' may be infinite. 

where 

lira q)'~ ~ q)' ,  
r 

Now S r o -  ST (r > O) is a subset of S,.o = H l + H~ + . . . ,  

( , o )  (3. ~5) 1 t . = 8 . ,  - s ~' ~4-i~ ' 

moreover, th roughout  S,. o l o g ( i f ] z - -  a]) _~ o. Thus 

(3.16) o;. < ~ . . ,  

where 

Tv < 1o [ ' 
H v H~, 

=log(  ~ + 'I (,-- #.~,) 
\ ro / 
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with # ~ - # ( S ( a ,  ro/v)). The series of (3. I6) will converge if 

ao oo 

~, log (v + I) (#~ --  it.+ ~) = ~ [log (v + I) - - l o g  v] tt~ 

converges;  this  will take place if and only if 

(3, I7) T~ = ~ '  - #  S a ,  
~2 

converges, in which case the limit O' in (3. I4) will be finite. 

the  series (3. I7) m~y be wr i t ten  in the  fo rm 

(3" I8) I 
vlog(v + l) ~]" 

Now 

diverges. 

(3. 

The v-th t e rm of 

[~,, = [t (S (a, ~~ (v + I)]. 

I 

. log + I) 

This, toge ther  with o ther  considerat ions,  implies 

lira v,~  = o. 

In  view of the  form of ~2,., as given in (3. 18), (3. I9) is seen to imply 

(3" I9 a) limtP;: = o (of. (3. I3C) ; ro=V0/Y(  ~ '=  1 , 2 , . . . ) ) .  

by (3. II b), (3. I3 a) and  in view of the  s ta tement  in connect ion with 

is concluded tha t  the integral �9 in (3. I I a) i8 finite whenever, jbr the 

where f ( z , a ) =  angle of z - - a  and where a suitable de te rmina t ion  of f (z,a) is 

chosen. For  a fixed we may, for instance,  extend a cut  f rom a to the  right,  

parallel to the  axis of reals, and take  o ~ ( z , a ) < 2 z .  As a funct ion of z 

q~(z, a) will be cont inuous  except a long the cut. I t  is obvious tha t  (3. 20) will 

converge whether  the  set-funct ion tt is absolutely cont inuous  or not.  The 

component  (3. I I a) is of greater  interest  than  (3. 2o). 

Whence,  

(3. I7), it 
value c~ under consideration, the series (3. I7) eonver9es. 

In  s tudying  the imaginary  part  of an integral  (3. I1 ) i t  is sufficient to consider 

integrals  of the form 

(3. 20) ; f  ~(z ,a)  d, t  (it ~ o )  
J J  
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Theorem 3. 1. 

81 

With n denoting a positive integer the integral 

ff . ( 3 . 2  ~) (~ _ ~),~ (~, _-> o)  

will eo,~'e,'ge for" ~e,':/ value of ~ (i ,  E ) f o r  wh~:eh th~ ~e,'ies ~ of(3. ~o)~o,,.,e,'ye~. 

With a suitable determination of the logarithm the integral 

(3.22) JJ l ; l~  d#  ( ~ , ~ o )  

will eonve~ye whenever the series T,  of (3. I7) converges. 

We shah now discuss some consequences of this theorem. In  consequence 

ao.o   oo 

Accordingly (3. Io) and (3. r7) may be wri t ten as follows: 

a, 

(3" 24) T ,~ : z r :~_~I3Q(a ,~ ) .  

Now, in consequence of a theorem of LEBESGVE the density q(a), 

(-) (3. 25) Q (a) := lim,.=0 0 (ce, r) :-- lira 0 c~, ; , 

exists and is finite for almost all a. 

2',~, I~ (with n ~- l) converge. 

Corollary 3. 1. The integrals 

Hence for almost all values of a the series 

(3. 22), (3. 21) (with n = I) exist at all points 

of K at which the density Q(a) (ef. (3.25)) is finite; this" takes place almost everqwhere 

in K. The integrals (3. 22) will also converge at those points a for which Q (a) = oc, 

procided (3. 24) eo~werges ~. The i,tegral (3.2I)  (with n ~  I) will eonverge Jbr 

points a with density 0 ( a ) =  ~ ,  prorided (3. 23)(with n =  I)co,verges. I f  for 

T h a t  is, p rov idcd  0 (0:, ~ ' ) ~  Qr (as r ~ o) n o t  too  fast .  

11--38333. Aeta mathematica. 70 Impr lm6 le 29 novembre 1938. 



82 J . W .  Trjitzinsky. 

n ~ 2 a~d ]'or some a i ,  K the series (3. 23) coJwerges, ,eeessarily 1 @ ( a ) : o  and 

the integral (3.2I) will converge. 

Note. An integral will be said to exist only if it has a finite value. 

We have thus established degrees of rarefication of >>mass>> !t securing converg- 

ence of the integrals (3. 22), (3. 2t) for a value ct, under  consideration. 

Conditions will be established under which the integral 

(3. 26) f (a)  = (z --  a) '~ (integer n > o) 

is differentiable. First  we shall a~'sume that there exists a set G < K, dense in 

itself, at every point of which F~ of (3. 23) co,verges when n is replaced by n + I. 

By Corollary 3. I the integral  (3.26) will converge in G. Let  cr for the presenL 

be fixed in (;. With  /9 in G, we have 

(3. 27) ' f ( a ) - - ' f ( f l~ ) -  A(a, f l )= f f .q(z, fl)d,t 

(3. 27a) g(z, f l)=(z--~9) n-1 + (z--ig)n-2(z--a)-} . . . .  +(Z-- f l ) (z  a) n-2+ (z--a)  "-1. 

There exist sequences {fl~} ( v :  1,2, . . . ;  {L4:a)  such tha t  tg~ is in G and 

limfl~ : a. We shall have, for a sequence {fl~}, 

(3. 28) lim J (a, fl,) = lim (z-- a)" (z --  fl,.)'~ --  (z "~))~+~ --f( ' )  (a) 

whenever the interchange of integration and of passage to the limi< here involved, 

is justifiable. I t  is noted tha t  in the latter case the derivative is unique, tha t  

is, i t  is independent  of the choice of the sequence {fl,}. I t  will be convenient to 

designate a by ~0. I t  is observed tha t  every point z of K has associated with 

i t  at  least one integer 
(z) _>- o 

so tha t  

(3. 29) [z --/~m (z)[ ~ [ g - - /~r  I (V = O, I . . . .  ). 

Define E~ as the subset of K such tha t  

(3. 3o) I (~ = O, I, . . .). 

i The condition of convergence of (3- 23) (with n >= 2) amounts to the requirement that @ (a, r) 
should approach zero sufficiently rapidly, as r ~  o. 
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The sets E0, E~, E,.,', . . . may have points in common since the  integer m (z), referred 

to above, is not  always unique. In  view of the s ta tement  in connection with 

(3. 29) every point z of K belongs to at  least one set Ej. Thus 

(3. 31 ) K = E ~ + E ; + E ~ +  . . . .  

The sets E~(v = o, i . . . .  ), formed by means of the relations 

~ o =  Eo, E ~ =  ~ ; - -  Lo, ~ :~= E~- - (~ :o  + E,)  . . . .  , 

E ,  = E;  --- (Eo + Z ,  + �9 + E ,_ , ) ,  . 

are wi thout  common points and 

(3, 3I a) K = Eo + E~ ~ --.,  

while 

(3 .32)  Ix - ~,, I =  < Ix - ~,, I (,, --  o, ~, . . . )  

for x in Em. 

Separating the real and imaginary components it is observed tha t  justifica- 

t ion of (3. ~8) amounts  to tha t  of the relations 

where f~,~(z) is the real or imaginary part  of 

h,  (z) = (z - -  ~ ) - "  (x - -  fl, .)-" g (z, fir) (cf. (3.27 a)). (3. 33 a) 

In  either ease 

n - - 1  

(3.34) If,.,o(x)] =< ]h~(~)] ~ E i x _  ~, ,]~.+:]~_ ~],,_,~. = h:(~). 
K=0 

For  z in Era, in view of (3. 32), (3. 34) and since a = fl0, one has 

(3. 34  a) lt* (z) ~ I x  - -  ~m [,+1 ( ~ / :  I ,  2 . . . .  ). 

If  u' (x) is defined by the relations 

,~(x) = Ix - ~ml ''�84 
(3. 35) ( fo rz inEm;  m ~ O, I . . . .  ), 
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in view of (3. 3 Ia)  w(z) will be uniquely specified th roughout  K;  moreover, by 

(3. 34) and (3. 34 a), it will follow that  

( 3 . 3 ~  a) I f , , ~ ( 4 1  ~ ,~(~) (z inK;  v = I , 2 ,  . . . ) .  

In  this connection it is to be noted tha t  the above devdopments  were given for 

a value a fixed in G (cf. italics subsequent  to (3.26)) and for a part icular  sequence 

{~} of the type introduced subsequent  to (3. 27a); thus, the function w(z) in- 

volved in (3.35 a) depends ~ on the sequence {/~}. In  virtue of (3. 35 a), the in- 

terchange of l imiting processes indicated in (3. 33) is certainly permissible if the 

integral  

(3. 36 ) 
~ d tt 

converges. First  we observe that,  inasmuch as ~,,, is in G so that  F{3~, of (3. 23; 

with n replaced by ,n + I) converges, the integral  displayed in the second member  

of (3. 36) exists and is finite (cf. Corollary 3, ~). Whence  it is inferred that  the 

integral  in the first member  of (3. 3 6 ) exists as a finite value, if the series 

displayed in (3. 36) converges. Let  S r be the closed circular region with 

center at ~,~ and radius ro (v = I, 2, . . .), where r o is the diameter of K. 0~ writ- 
l '  

r162 

1,'.,-- 2 ;  (Y,, , , , -  H~+I.,.). 

In  H~,m - -  H,+I,~ ro/(V + I) < ]Z ---tim I. Thus 

I~ - ~., I "+' < 'r n§ (~ + 

and, with integrat ion extended over H , , ~ -  H,+I,,~, it is concluded that  

Whence 

l Is, in fact, determined by the fir. 
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j~ f ao ar 
(3. 37) iZ__ fl~];,+i = ~, ~,,~ < )nlt(H,,m), 

E m  v=l ~,=1 

where hn+l--(1~ q- I)ro n-1. Since fl,~ is in G and G has been defined as the set 

in which the series F~ (with n replaced by , + I; cf. (3. m)) converges, it is 

observed that  the series of the last member  of (3 .37)converges .  Hence,  by 

(3.36) and (3-37) 

j i  f ar ar (3.38) ,~(~),lt,_-< h,,~ 5', F, (,'+ ~)'~#(H..,,). 

Since L)Ek o for j ,~ k, it follows that  

a n d  

(3. 3 8 a) 

where 

(3- 38 b) 

By virtue 

if the series 

converges. 

H,,j H~, k = o (for j ~ k) 

# (tt~,,,)= ~(T;) 
/lifO 

T'~ = H~ o + H,, 1 4[_ . . . . .  ]i~,o S -~- I~' S a_ ... 

J 

of (3.38), (3.38 a) and (3.38 b) the integral  (3.38) has a finite value 

w -  Z ~" #(T,) 

T h e o r e m  3.2 .  Cow,sider the iutegral 

f f dFt (3. 39) (z - -  a)" (i,,teger i, > o). 

K 

Let there be a set dense in i&elf, G < K, such that iJ~ G the series F~ (with ~ 

replaced by n + I; c f  (3.23) or (3- lo)) co~werges. Col~sider scque,ces fl~ (v= I, 2, . . .), 

where fl~ ~ G a ,d  

le 
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Designate by T,  the part  of  K consisting of  points at the distance <~ rol~ (r o = dia- 

meter of K ) f r o m  the set of points 

{#~ } of the above description, with the same a for limiting I f  for  every sequence 

point, the series 

(3.40) /~j ~"/~ (T,,) 

converges , the integral (3.39) will possess a unique finite derivative at the point c~ 

in question ." 

.flf .. f f  
K 

Note. The condition of convergence of (3-4o) relates to rarefieation ~mass~, 

# (>  o) in the vicinity of r~. 

I t  is of importance to obtain conditions securing differentiabili~y of integrals 

(3.39) in the ease when ~ is an absolutely continuous set-function. Let {] , l ,  

with lim #,, = a, be a sequence of the same description as given previously. We 

designate by B,. the part common with K of the perpendicular bisector of the 

segment (a, #,,). Let K" be the part of K lying to one side of B,., containing 

a and B,. We denote K- -K ' , .  by K',f. I t  is observed that  

(3.4I) I - ' - - ~ l _ - < l z - f l , .  I (in K;), I z - - f l ~ l < l - , - a l  (in K"). 

Wi th  sets X < K, one may write 

X =  X K :  + X K : .  

Thus, if f~,~(z) denotes the real (or imaginary part) of h,.(z)(el. (3.33 a)), 

Iff  I f f  f f  (3.42) f,,,,(z) d,u <~ I f , , , ( z ) l d~  <= h~(z)dtt 

X X X 

=f f + f f h:(e)d., 
! v !  

X/~'~, X 1(~ 

where h~ (z) is the function of (3.34). On taking account of the form of h: (z) 

as well as of the inequalities (3.41), from (3.42) it is inferred that  
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(3.43) 

< f f .d, f f 
X X 

Now a and fi, are in G = Gn+l,  where G,,+~ is the set, < K, in which the series 

(3.44) F~+~ -- ~, vn# (S (fl, ~)) 

converges. For any particular fl in G,,+~ the integral 

( 3 . 4 5 )  ~ + 1  (X)  = I Z ___ 1 

X 

exists and is finite (of. Corollary 3. I). With ~ assumed to be an absolutely 

continuous set-function, the set-function (3.45) is absolutely continuous for fl in 

G~+I. Suppose there exists a set G~,+~ ~ G,,+~, the set G~+~ being dense in itself 

and such that absolute continuity of the i,ntegral (3.45) is u.n~form with respect to fl, 

for fl i n  G~+a. Uniformity of absolute continuity, here, is to be construed in 

the following sense. Given e ( > o ) ,  however small, there exists 6=6(e ) ,  inde- 

pendent of fl and such that lim 6 (~)= o, so that  

(3.46) q)~+' (X) ~ e 

for all sets X < K with reeds. X ~ 6(~). 

(all fl in G~+I) 

Consider the inequality (3.43) where {fir} is a sequence with the properties 

(i) ~v ( (~'~+1 (92 = I, 2 , . . . )  

(ii) lim fl~, = ct < G, '~+I .  

I f  we assign s ( >  o), however small, in view of the notation (3.45)and in conse- 

quence of the statement made in connection with (3.46), the inequality (3.43) 

will' yield the result: 

(3.47) f .(IA~ n ~}:1 (X) ~ 2 n e, 

X 
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whenever  meas. X _--< c~(~). This property will persist  for all sequences {fl~} satis- 

fying the above condit ions (i), (ii). Whence  it is observed tha t  the absolute 

continuity of the integrals of the first member  of (3.42) is uniform with respect  

to v. By a known theorem concerning passage to the limit under  the integral  

sign it will follow that  the relation (3-33) is justified (for a in G~,+~); tha t  is, 

(3.28) under  s tated conditions will be justified. 

Theorem 3 .3 .  Cow,sider the i,tegral 

f f  "I~ (i,#eqer . ,~>o" , ~ o )  (3.48)  (_~ --c,)" ' ' = 
, /  .2 

K 

where tt is an absohdely eo~#im~ous set-fm~etio~. Let G,,+~ = G < K be the set of 

poiJ~ts fi at wMeh the series F'~ +~ of (3.44) eo~'erges. Suppose there exists a set 

G',,+I, de~se iu itselJ; such that G ' + I  < Gn+l a~d such that the absolute eo,#inuity ~ q[' 

__ ( x  < K )  

x 

is m~iform with respect to fl jbr fl i,~ G,',+I. We the~, have 

K 
.['or all a in G,,+I. 

l~lote. In  the next section there will be given in some detail  results con- 

cerning uniformity of absolute continuity.  

4. Approx imat ions  of  Integrals  (i. 2) by Analyt ic  Funct ions .  

Suppose ~t is a~ additive set-time/iota The integral  

(4" 1) (kO~(X) = [z*/Z al,, (X < K;  integer n > o; !~ >_-- o) 

x 

will have a finite value for a in the set G,, in which tile series I'~ ~- F"  of (3. Io) 

converges. I f  we repeat  the steps used in establishing (3.37), replacing E,,, ~ .... 

~ § I and H~,~ by X, a, n and 

1 That  is, absolute cont inui ty  of the  real and imaginary parts. 
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respectively, it  is inferred t ha t  

89 

- ( 
(4.3) ~ 2 ( x ) = < h . y , ( ~ +  ~1~ x s  ~, < o o  

for  a in G,, and for  sets X<K(hn=~r-j"). 
Suppose there exists a fiowtion t(v), independent of  a, such that 

./br all a i ,  a set G(,) ,  and such that the series 

(4. 4 a) S. : :  ~ (~' q- I )n--1 ~(I~') 

co,verges. ~Teeessarily t(v)-+ o, as v-~ oo; there  is no loss of generali ty,  if (for 

convenience) tO, ) is assumed to approach zero mo~otouically, as v-§ o~. Since for  

X < K  

in consequence of (4.3) and of (4-4) it  is infer red  tha t  G ( n ) <  G,,. 

A condi t ion of the  type s ta ted in connect ion with (4.4) and (4 .4a )  is a 

s ta tement  to the effect t ha t  the degree of  rarefication of ,>mass,', implied by the 

convergence of the  series I'~ (el. (3. Io)) is uniforn, for  a in G(,) .  I t  is d e a r  

tha t  for  G( , )  one may take a finite number  of any points G,,; of interest ,  

however,  are eases when G( , )  actually consists of an infinity of points. 

Inasmuch as tt is taken absolutely continuous, it  can be asserted that ,  gicen 

~(> o), the,'e e~',t,  ~(~)(~(~)> o; a(~)-~ o a,  ~ -  o) ,o that 

(4 s) t , (r)  ___ ~(~) ( r <  K), 

whenever meas. Y=< s. An in teger  m(~) will be defined by the relat ion 1 

(4- 5 a) m (e) = [c~ (e)--*C/n], 

1 [b] denotes the greatest integer ~ b. 
12--38333. Ac2a mathematica. 70. Imprim6 le 30 novembre 1938. 
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where o < K < I ~nd K is independent  of s. W e  shall take e =< ~0, where ~0 ( > o) 

is sufficiently small so that  

I n  

the  following will hold. 

(4.6) 

the inequalities 

(4. 6a) 

view of the s ta tement  in connection with (4.5) and in consequence of (4.4) 

Whenever  

meas. X =< t (X < K)  

will be satisfied for ~ = I, z, . . . .  

Wi th  the aid of (4-6 a) it is concluded that  

(4. 7) Z (~ + ' ) " - l i t  ~,~(t) 

where 
r (t) < i ( , ,  (t) + 2)" -<_ (t) 

By (4. 5 a) 

(4. 7 a) d (~) ~,, (t) < Z,, d t -K (t) (o < t < to). 

Thus, since I -  K > o and d (t)-+ o as t -+  o, we have 

(4. 7 b) lim d (t) ~,, (t) = o. 
E 

On the other  hand, by virtue of (4.6 b) 

(4. 8) 

for a in G ( @  On not ing tha t  the series, last displayed, is the remMnder after  

m(~) terms of the convergent  series (4.4 a) and tha t  re(t) (cf. (4.5 a)) -* ~ ,  as 

t -+  o, it is observed tha t  

(4. 8 a) lim ~;~ (t) = o. 
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By (4.3), (4- 7), (4.7 a) and (4.8), whenever  X < K and meas. X ~ t, 

(4 .9 )  
where 

(4- 9 a) 

(of. (4.8)) and 

(4- 9 b) 

o .  ( x )  < h.,~,, (4  

v,(~) =z, ,a , - ,<(~)  + ~;,(,) 

lim ~n(e) = o .  

(all ~ in a (.)), 

( O < K <  I; )'"= I )n3" 

We are now ready to state the  fol lowing theorem. 

Theorem 4. 1. Co,sider the i,#egral 

f f d ~ (4- IO) ( z -  ct)" 
x 

(integer n > o; ,u :> o) 

whe~'e X < K a~d # (s a ,  absohttely eo,timtous seg fa ,eUo, ,  b~q)pose there exisl~' 

a fit,etio,~ tff) a ,d  a set G(. , ) jbr  which the italicized statement in eom~eetion with 

(4-4) a ,d  (4.4 a) hohls. This degree of rarefieatio~ of ~mass~ #, i ,  the vicinity of 

fhe set G (,), will secure the jbllowi, 9 pros O. 

The i,tegral (4-m),  as ./u,etio, of sets X < K, is absolutely eo~tinuous uni- 

jbrmly with respect to a, jbr u i~ G (,). ]Iore precisely, under stated conditions, 

whe~mt:eJ' ] n e a s .  X ~ ~, o~e ha8 

ff (4. ~o , )  I ~-~ - ~ I" < h,,,~,, (~) 
X 

(,~ i. ,  G (,,); h,, = ~ t o " ) .  

Here ~,~ (e) is give,, by (4.9 a) and (4.8) and satisfies (4.9 b). The.fio~etion 6 (e), 

im:olved in (4.9 a) is the fimetio,~ so desig,ated i,, the italics in eo,meetion with (4.5). 

Note.  
as follows. 

(4. ~) 

More generally,  ins tead of defining re(e) by (4.5 a) we may proceed 
Let 

(~) = [a(~)] ( a ( a ) > o  for ~ > o )  

where a(e) is a fiowtiou such that, as e-+ o 

(4. ! I a) a (~) ~ o~ 6 (e) an (~,) ~ o. 

Such funct ions  a(e) exists, inasmuch as 6 (~)-> o (as ~-+ o). The funct ion  
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is the one already used. 
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In place of (4.7 a) one has 

( o < K <  i )  

(o < ~ _-< ~o)'. 

I n  ( 4 - I O a ) t h 8  fu, ltotio,~ l]n(~) ,~aff be ta]fc,~ o f  the f oF~  

(4. 12) ~]a(8) = ;tn 6 (,) o" (a) + ~',,(*) (ef. (4.5), (4.8)), 

with m (~) defined by (4. I I )  al,,l q (8) sati.r (4.  I I  a) .  

In  view of Theorom 3- 3 the following Corollary to Theorem 4. I is inferred. 

0o ro l l a ry  4. 1. Let , be a ,  i ,teger > 2. Co,sider the f i t ,c t ion 

ff ,# (4.  ~ 3) f ( ~ )  = (~ _ ~),,_, (~ > o) 

K 

where # is absolutely eo.tim~o.s. Suppose there exists a .fi.~etion tff), i~depe~de.t 

of  c~, a . d  a set G (.), dense i .  itself, such that 

while the series 
0r 

Sn = Z (~2 -~ I)a-1 ~()2) 

converges. This  rarefieation of ~.>mass>> # implies that 

derivative at every poi~t of G (,), 

f(i)(~)= f f ( , - -  -- .)" 
K 

W h e n  # is absolutely continuous,  then density ()(e) exists and is finite ahnost  

everywhere  in K;  moreover, q(z) will be summable over K. Thus, d f~ may be 

replaced by Q(z )dxdy .  Results  of the type of those given in Theorem 4. I 

assume a particularly simple form in the impor tant  special ease of (4-io)  when 

(4. 14) [0(z)[ ~ b (in K) 

and n =  I. W e  then have 

f ( a )  has a finite u, iquc 

1 We take  ~ ~ eo, where  ~o is suff ic ient ly  smal l  so t h a t  m(~) ~ I for o < ~ ~ e0. 



Some General Developments in the Theory of Functions of a Complex Variable. 93 

X 

Recalling tha t  for t h e  integral  (4. I) we have previous ly  obtained the inequali ty 

(4.3), it is concluded tha t  

ff, , 

d x d y  
(4. I6) @,(X)-- iz_c~l<=h,Z meas. X S  a, , 

X *'=1 

the lat ter  series being convergent  fo r  all a in K and for all sets X ~ K. In  

place of (4.4) we now derive 

~r r:, 
(4. 17) mess. K S  a, <---- -v"-  ~- t(v) (v := I, 2 , . . . )  

for all c~ in the set G ( I ) = K .  The series (4.4 a) now becomes 

(4. t7 a) S, = ~ t(v) 

and is seen to converge. 

in the form 

Wi th  meas. X N ~, the inequali ty (4- 7) could be wri t ten 

(4. 18) Z meas. X S  ~, =<era(e) (all a). 

We choose integral-valued re(e) so tha t  

(4. 19) 

In  view of (4. 17) 

{4. 20) 

m (d ~ ~ ,  ~ "  (d -~ 0 (as ~ ~ o). 

Z meas. XS(a, ~ )~_ j  meas. KS(a, ~) 

2 I 7g/ '~  
n r o ~ ,  • < ; ; i i , )  (a in K). 

~>m(~} 

By (4. I8), (4.20) f rom (4.15), (4. I5) it is inferred that;  whenever meas. X ~< ~, 

z - . I  bh ,~ (~ )  
X 

here 

(a in K); 
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3,S ,9-->0. 

the  form: 

X 

whenever  meas. X ~ ~ (X < K). 

Oorol lary  4. 2. Consider the iJ#egral 

Z--~ Z--a 

X X 

W. a. Trjitzinsky. 

v (~) = ~, , ,  (~) + < ~ i  -~ o 

I t  is convenient  to t~ke r e ( e ) =  [e-~]. One then  may write (4. 2 I ) i n  

( o < e = < e 0 ;  a in K), 

, . i t h  e (*~) s , , , , , . . . ~ e  i,, K a , ,d  l e (~) l  , , . i : o , . , l : /  ~o,,,,ded i, ,  a ~. A~sot, . te eo, , t , : . , ,#V 

of  this integral considered as fiowt'io~ of  sets X < K, will be uu,]b,"m with respect 

to a for  a in K.  The inequality (4. 22) will be valid jbv a i,~ K,  whe~mver 

meas. X =< ~. 

0o ro l l a r y  4. 3. Cow,sider the integral 

f f e(e)dxd,i f f d~ (4. 24) (z - -  a)" . (z ~ a)" (X < I f )  
X X 

where ,, is ~,, i,,teffe," > ~, ~ (~) is s,,,,,,,,.~le i,, K a,,d lQ(~)l < l, (i,, K). S,,p- 

pose there exists a set G (,,) < K and a fi,.,,clion t (v) ( > o)so that meas. K S (a, '~ ) 
g 

<= t(~,) ( v =  i, e, . . . ;  a i,, G(,,)) and so that the series & o 2" (4 .4a)  converges. 

We then have 

(4. 25) ( z .~e)~  [ bh, ,w(e)  (a i,, a(, ,)  

x 

jbr  sets X < K with meas. X <: e (o < e _--< to); here 

(4. ~ s ~) v~ (~) = z . ~  ~,, (~) + ~ (~ + , )"-~ t (~) 

(Z,~=-13"; o ( e ) >  o; a---'(e), ean(e)-+ o as ~-+ o) 
\ J~ 1 

. , , d  ,,, (~) = [.(~)], ,r h.  = ,, ,'7 ~. 
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This Corollary is established by not ing tha t  the first member in (4.25) is 

equal to or is less than  b O~(X), where 

X ~ 1  

and by replacing in the developments given in connection with Theorem 4. I tt 

and 6(e) by meas. and e, respectively. 

In the invest igat ion of various uniqueness properties of functions of the 

form (I. 4) of fundamenta l  importance is approximation by uniformly convergent 

sequences of analytic functions, together  with the degree of approximation, 

expressed in terms of rarefication of >qnass>> ft. We shall first note the follow- 

ing fact. 

Supposere >= o is a s e l f  unction not ~eeessarily absolutely continuo~ts. Let H be 

a closed set < If.  A t  every point of K - - H  the .fitnetion 

(4. 26) 1, (6) = f f d ,, 
H 

will be analytic. I f  H is not ~ecessarily closed, h (a) will be analytic at every i~- 

terior point of K - -  H. 

To prove this s ta tement  it  is sufficient to demonstrate tha t  at  every point 

% of the open set K - - H  h(6) has a unique derivative. Now a o is center of a 

closed circular region S(ao, 2 6) of positive radius 2 6 such tha t  S(60, 2 6) < K - - H .  

With  {fl~} ( v =  I, 2, . . . )  denoting a sequence in 8(60, 6) such tha t  

we consider the expression 

/L # 6, lim ~ = 6 

6 o  - - 

H 

Justification of passage to the limit under  the integral  sign, involved in the 

relation 

(4. 28) lim,. J (tro, fl,.) : (z --  a0) 2 --  h(1) (a~ 

H 

amounts  to justification of the equality 
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(4. 28 a) 
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lim f f f f . . . . .  

H H 

where h~,~o(Z ) is the real or imaginary part  of (z --  a0)-l(z --  ~.) -a .  Since 

I z - a 0 l > z d ,  I z - . f l~ l  > 6  (z in H), one has 

Ih,. =o(,)1 < ' 
, 2 d ~  

(v = ~, 2 , . . . ;  z in H). 

On the other hand, lira h,.,,o(Z) equals the real or imaginary part  (as the case 

may be) of (Z--ao) -~ These considerations are sufficient to just i fy (4.28a),  

(4.28); the italicized s ta tement  in connection with (4-26) is thus  verified? 

Suppose now tha t  Ft(> o) is absolutely continuous. The density of #, Q(z), 

exists and is finite in K - - / i o ,  with 

(4. 29) meas. Ko = o. 

We  then may write (e(z) being summable over K) 

q(z) dxd?t 
(4. 3 ~ ) f i , ( c ~ ) = f [ "  d~t . 

�9 ] J 

K K 

Suppo~'e there is a set G < G (,) (G (,) the set so de,oted i ,  Theorem 4. I) in which 

0 ( z ) ~ o .  ~ We then  may write 

(4. 30 a) j;~ (a) = j j  (z - a) ,~ 

K--G 

t h i s - func t i on  will certainly be defined for a in G. Let  X 1, X2, . . .  be a se- 

quence of closed sets < K - - G ,  such tha t  

(4- 31 ) X I < X ~ <  "" 

and 

(4. 3I a) lira meas. X ,  = meas. ( K - -  G). 

We shall write 

1 I f  K - - H  is no t  connec ted  i t  m i g h t  h a p p e n  t h a t  h (a) is equa l  to d i s t i nc t  ana ly t i c  f unc t i ons  
in var ious  pa r t  of K - - H .  

W h e n  n > 2 necessar i ly  ~) (z) = o in G (n) (ef. (4.4) and  no te  convergence  of (4 .4  a)). 
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(4. 31 b) meas. ( K - -  G -  X , ) - -  e~ ; 

thus lim ,~ = o. The fu.net%n 

= f f--a t  . . . . .  o , ;  (4. 32) ./L,(~) J J ( z  - ~,),, 
x, 

will be analytic i~2 the open set. K - -  X ,  ~ G; 

(4- 32 a) K - -  X~ > K - -  X., > ..-; lira meas. ( K - -  X,.) --  meas. G. 

97 

In  view of (4. 31 a) and of (4. 30 a) and in consequence of absolute continuity it 

is inferred that  

(4. 33) lira f , , ,  (a) = lim q)~ (X,.) = O~ (lira X,.) -= q)<~ ( K -  G) =:</~, (a) 

for a in 

note tha t  

G. To obtain information regarding the degree of approximat ion we 

f f<'. fi~(a)--f , , ,~(a) = (z--- ct) '~ (a in G) 

with integrat ion extended over K - -  G - -  X,. On taking account  of (4. 31 b) and 

of Theorem 4. I it is concluded that  

(4- 33 a )  I f i , ( a ) - - f f n , , ( c ~ )  I < ]ln/],~(8*') (C~ i l l  G ;  v = I ,  2 . . . .  ), 

where ~,~ (~) is specified by the italicized statement in com~ection with (4. I2). 

Theorem 4. 2. Let ~t(> o) be an absolutely co'ntinuous set-fu,cUon of density 

~(z). Suppose there exists a set G < G(n) (G(n) the set o3" Theorem 4. i) in which 

O ( z ) -  o. The fi,,et'ion f~(a) of (4. 3 o) can be approximated in G by a uniJbrml?/ 

eom'ergent sequence of analytic fimctions {f~.,(a)} (v = I, 2, . . . )  of the form (4. 32), 

where the closed sets X ,  < K - - G  and sat,Lsfq (4. 3I), (4.31 a). The degree of 

apl)roximation is gice, by ( 4 . 3 3 @  where W(c) i.,. the function of' (4. i 2 ) a n d  

e,,-- meas. ( K -  G --  X,). 

Note. Similar results can be obtained with the aid of Corollaries 4. z and 

4.3.  Thus, for  instance, consider the funct ion 

If  K 
13--38333. , tc ta  mathematica. 70. Imprim6 le 30 novembre 1938, 
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where ,o(z) is summable and le(z)[ is uniformly bounded over K. Let  G be the 

s e t  in which Q(z )=o .  Le t  X ,  X~, . . .  be closed sets < K - - G ,  such tha t  

(4-3I), ( 4 - 3 I a ) i s  satisfied. Define f,.(a) by (4. 32; with n :  I). Then, in 

consequence of (4. 22), 

(4. 35) If(a) --/;. (a)] < b 18~'-" (~  = I ,  2 ,  . . . ;  ff  i n  (;), 

where ~ -= meas. (K -- G -- X,.)-,o (as v -> o~ ). 

When  u is not  an absolutely continuous funct ion of sets X < K, with the 

aid of L~BESOUE'S decomposition theorem one may write 

(4- 36) (z - -JJ(  + - 
X X X 

where tq, ~7 a r e  (additive) set-functions, the first absolutely continuous, the latter 

singular (the integrals are supposed to exist for ct in some set < K). We are 

thus brought  to the consideration of functions of the form 

f [" d -~ (4. 37) s, (a) = . (z -- ct) '~ (,3" >-- o), 

K 

the sebfunct ion ~? being singular. There 

so tha t  

exists a set of measure zero K ~ ~ K 

f f f f <" (x<K) (4. 37a) @'~ (X) = j ( z  ~ ) n  --  j ( z Z a ) , ~  
X X K ~ 

Suppose there exists a set of positive measure (~. < K(G,, K ~ o) such that 

�9 

(4. 38) F ' ~ - ~ v  ~-10" K S  a, 
' v - 1  

(r 0 = diameter  of K) 

converges in G,. By Theorem 3. ~ the i~ttegrals (4. 37), (4. 37 a) have .fi,ite values 
fbr a in G,, 

Since density of additive singular set-functions is zero almost everywhere, 

in consequence of Corollary 3. I it  is concluded that  the funct ion sl (a)(cf. 

(4. 37)) is defined and is finite almost everywhere in K. Hence meas. G~ = 

meas. K. 
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There  exists an open set 0 < K ~ of measure as small as desired. Le t  us 

take meas. 0 < meas. Gn. Le t  {H,.}(v = 1,2, . . .) be a sequence of closed sets, 

such tha t  

(4. 39) H ,  < H . , <  . . .; H , . - + 0  (as v -+~c) .  

W e  then  have K - - H ,  open and K - - H + - + K - - O  (as v - , ~ ) .  The func t ion  

( 4 . 4  ~ ) ~ . , , , , , + ) = f f . . . = f f ( ' " L > ~  
H~ H~ K ~ 

is analyt ic  in K -  H ,  and, by (4. 39) and (4. 37 a), 

(4. 4I) l im sn,~ (a) = (/)n (lira H,.) = @'~ (0 K ~ = @~ (K ~ --  ,% (u) 

for  u in G,~-- O. Since G,~K ~  and since 0 ~ K  ~  cannot  be conta ined 

in G,~; however, the sets G,~ and 0 may have points in common. One has 

meas. ( G ~ -  0 ) >  o; in fact,  by appropr ia te  choice of 0 it  is possible to a r range  

to have meas. ( G n -  0) arbi t rar i ly  neat" meas. G,~. 

In  consequence of a theorem due to EGOROFI~ 1, given e~ ( >  O), however  small, 

there  exists a subset G ~ <  G,, - -  0 with 

(4. 4 2 ) 

such tha t  

(4.4: a) 

meas. (G , , -  O) -- meas. G '~ ~ el 

(as 

uniformly for u in G '~. By suitable choice of 0 and of e~ it  can be a r ranged  to 

have (4 .42a)  satisfied, as stated, for  a in G ~ <  G,, with meas. G '~ arbi t rar i ly  

close to meas. G.,~. 

The o re m 4. 3. Co,sider a functio~ s~(u)defined by (4. 37) ~(----> o) denoting a 

si~gular set-functiom Let K ~ < K be the set of measure zero jbr which (4. 37 a) 

holds (for sets X < K). Suppose there exists a set G~ < K, 

Gn K ~ = o, meas. Gn > o, 

in which the series F~ of (4. 38) converge,+. Given e ( >  o), however small, a sequence 

of analytic functions, s,~.+ (a) (v = I, 2, . . .),  a,d  a Set ( ; n <  e,,, with 

' cf. (s; p. ~8). 
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can be jbund such that 
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m e a s . . ( G ~  - e') <= ~, 

mdformly  for a in G '~. The fiowtions s,,,, (ct) may be taken in the form (4. 4o), the 

H~ being c, losed sets satisj~i~g (4.39) and O, < K ~ denoting a suitable open set of 

sufficiently small measure. 

W e  continue to adhere to the notat ion so far introduced. Suppose there 

exists a set G(u) < G,, - -  0 in which the rarefication of ,~mass,, ,,~, specified in 

connection with (4.38), is mainta ined uniformly;  tha t  is, suppose there exists a 

fi~,~.ction z (v), independent of  a, such that the series 

(4. 43) 

converges ~ while 

(4. 43 a) (~ ~ I ,  2 ,  . . .) 

for  all a in G (,) (compare with (4.4)). 

In  consequence of {4. 33 a) and since, for  sets X < K, we have 

it is inferred tha t  

ff 
X 

G h,~S~ (cf. (4- 3) and (4. 43); X < K) 

when a is in G(n). I f  s~,,(r is defined by (4.4o), it is to be recalled tha t  (4 .4I )  

will hold in G ~ - - 0 ;  since G ( n ) ~  G,~-- 0 we shall have ~ fortiori  

(4 .45)  lira s.,,, (a) -~ s. (a) (a in G (~)). 

In  order to invest igate the character  of convergence we form the difference 

v is replaced by v+ ~ in order to conform with (4. 4a). 
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One has 

(4.45 a) 

f , f d,$ ~ ( d  - 8 , , ,  ( , , )  = (~ ~)n" 
O--H. 

18,~ (~) - ~,,,, (,,) I s r (o - ~ , )  (el. 4 .44)  

for a in G(n) and ~----- 1,2, . . . .  

For  a in K 

(44 , ?)) _< e ( o -  H~) = ~ ( k =  I, 2, . . . ) .  

On the other  hand, by (4.43 a), 

when u is in G(n). Inasmuch as H~--->O (as ~2>o) it follows tha t  

(4 .46  b) lim ~ ~ o; 

moreover, the ~, as well as ~(~) are independent  of u. By (4.45 a), (4.44;  with 

X = 0 -  H~) and (4. 46), (4 .46a)  we have 

r,,,, ( ()) 
(4-47) 18,,(c~)~s,,,,.(a)l~h~lZ +~ I(k+')n--'O" (O--H~)S u, ~;o 

�9 L k = :  t :_  ~ - ( ~ ) J  

[k(~) 1 
_-< h n | Y ,  (k + ,) , ,-:  ~, + ~ (k + ,  y - ,  ~ (~) = l,,, : '  (,,) 

I_k=l 1;>k('~) 

(6 i,, (; (,,)), 

where the integer k(v) (> I) is at our disposal. Now 

thus 

(4. 47 a) 

Z (/r -j- I ),,--1 .~ 3" k" (~); 
k=l 

3;'~ I )n--1 T ~" (~) < ~ :~ k,, (g + ~ (k + (~) - ,~ (~). 
k>k(~) 

The integer k(v) (v- -  I, 2, . . . )  will be chosen so that  

(4, 48) ~ k '~ (~) -> O, k (~) --> m (as v-* m ). 
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For  instance, one may take 

(4.48 a) 

for v > v o (v o sufficiently great)1. 

vergence Of the series &, (of (4-43)) it is concluded tha t  

T h e o r e m  4. 4. Co~sider 

singular. We note that for  

O > K ~ be open a~d of as 

/~ (~')= [ ~ 7  }'/n] (0 < r < I ) 

With  (4-48) satisfied, in consequence of con- 

l i m  ~ (v) = o .  

a Jio,ctiou sn(a) as give,, by (4. 37) with a(-->>= o) 

a set K ~ of  measure zero (4. 37a) will hold. Let 

small measure as desired. DesigJ~ate by H,., < O, a 

which (4. 43 a) 

f imetion 

sequence of closed sets such that 

H ~ < / L a < H ~ <  . . . ;  l i m H ~ - -  0. 

Suppose there exists a set G (n) < K -  0 such that there exists a fi , ,ctio,,  ~ (v) jbr  

is satisfied ( i ,  G(~)), while the series (4. 43) converges. The 

ff  s. , . ,  (~) - -  (~ - -  ~),, 

will be a~,alytic it, K - - H ~ ;  H ( K - - H , . ) = K - - O > G ( , , ) .  For a i.n G(,,) 
s .... (,~)-.-s,,(,~) (as , , - ~  ~) , , , ,q~,, . ,@. z , , /~,et ,  

(4. 49) I s , ( - ) -  s,,,(~)l < h,~(~) ( , i , ,  G (~1); 1' = I, 2 , . . . ) .  

Here ~(v) is defi,,ed by (4. 47a), u'ith e~-- & ( O - - H ~ )  a,ul with K(v)  satisfying 

(4.48); lira ~(v) - -  o. 

We shall now proceed to derive approximations by analytic functions follow- 

ino. a modification of the above methods. 

Let  it(=> o) be a set funct ion not necessarily absolutely continuous. Suppose 

there exists a set 

(4. 50) 

while 

(4. 5oa) 

G(~) < K so that  for some funct ion t(v) ( independent of a), 

Sn~-  Z( ,p  -~ I)n--lt(~ ,,) 
,v 

1 For v-< v 0 definition of k (v) is immaterial.  
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converges. I t  is noted that,  with X < K, 

(4- 5 I) 

X 

In  the last member  above the first integrat ion displayed is over X S(cz, d); the 

second inegrat ion is over X(K--S(a,d))(d  > o). W h e n  z is in the lat ter  set 

I z - a l  > d; thus 

(4.52) lfl(~") dtt  [ ( f ' ~ )  j j  ( z_ . ) ,~  < a -'~ (lt~ < a-"#(X) .  

On the other  hand, in consequence of developments previously given, 

(4. 53) [ff I " ( ( 
(ef. (4. 3)), with X replaced by X S ( m d )  when a is in G(,) .  For  v =  I, 2, . . .  

! 
(x s (., ~) s # 

provided a is in G(, ) ;  here 

(4. 54) 

(o < 

~ (KS(~, a))< t (~ (~)), 

By (4. 53) with the aid of the subsequent inequalities it is inferred that  

(4.55) H~(X/d)<~_~(v+ I ) ' - l t ( v ( d ) ) +  ~ , ( r +  ;)"-It(r) 
~--1 ~,>*,d 

where r~ is at our disposal. We  have 

(4. 55 a )  2 " - '  q - . . .  ~- ( I  @ 92c0n-1 < K .  yu n ~. 

Take ya, integral-vMued, so tha t  

(4. 56) va-~ oz ; v~t(v(d))--o (as d--o). 

1 ! ; [ Under (4. 54) d ~ ro/V(6 ) and S(a, d) ~ S~,ro;r\6)). 
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One may take 

(4. 56 a) 

Thus, for a in G(,) ,  

W. J. Trjitzinsky. 

v~ = It (v (6)) -'/"] ( o < 7 <  ]). 

(4. 57) H'~ (X/e) _-< Z-, ~ t(~ (6)) + Y, (~ + 1),,-1 t(~) = 0;, (6). 

Sinee (4. 5 oa) converges, in view of (4. 56) it is concluded tha t  

(4. 57 a) 0~, (d)-+o (as 6-+o). 

By (4. 5I), (4-52), (4. 53) and (4. 57) we have, when ct is in G(,) ,  

(4. 58) I%"(x)l < 6 .... # ( x )  + h.0;,(6). 

Suppose 0,,(6) is a suitable continuous funet ion of 6 (o < 6 =< 60; 60 sufficiently 

small) such tha t  

(4 .58 a) 0~ (6) __< o,, (6) (o < 6 =< 60); 

moreover, we ehose 0,,(6) so that  lim 0 , ( 6 ) =  o. By (4. 58), for a in G(~), 
d' 

(4. 59) I ~2 (x) l < 6 - . , ,  ( x )  + h,, 0,, (6) = F .  ( x ,  6) (o < 6 < 6o). 

I f  #(X)=< %, where e 0 ( >  o) is sufficiently small, there exist values 6 such tha t  

(4.60) 6-"/~ (X) = h, 0,, (6); 

let  6(it(X)) be the greatest  of these values. Now, in (4. 59) the first member  is 

independent  of 6, which is accordingly at our disposal. Thus, with the above 

choice of 6, 

(4. 6,)  I ~2(X) l  < ~ ; , ( ,  (X)) ---- 2 6 - " # ( X )  = 2 h, 0,,(6) 

( a i n  GO,); 6=6(#(X)) ;  X <K) .  

1,, view of (4. 60) 6(,u(X))-+o, as #(X)-+o. Thus 

0, (6 (:, (x)))-+o (as # (x)-~o)  

and, in consequence of (4. 6I), the same will be true of I,;,(u(X)). 
When t(v)->o (as v-+ m) monotonically 1 and sufficienly rapidly so that, for 

some J.~, one has 

The monotone character of t (v) is merely for convenience and is otherwise not essential. 
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(4.62) (v + 2 ) " - ' t ( v  + I) q- (r q- 3)n--it(v -[- 2) q - ' " ~  ~,nrn[(v) 

in (4. 57) we ,nay take  0'n(d) of the  fo rm 

o;, (d) = Kn ~" t (~ (d)) + Z;, ~', t (~), 

where r = r~ satisfies (4. 56). :Now 

r o d i < ~(d) < r~ 

Thus,  defining t(v) for  ~, posit ive and  no t  in tegral -valued so t h a t  t (v ) i s  contimwus 
mo,oto;~e for all ~ > o, we have  

(4. 62a)  t ( v ( d ) ) G t  G t  ~ ( r ' = r  o - d o )  , 

provided o < d G d o where d o is su i tably  small. Le t  us t ake  v ~ =  r(d)L Then,  

by (4. 62 a), it  is in fe r red  t h a t  

(4. 63) O'~(d)=2. v"(d) t (r (d))~) . , . r '~d-nt  = 0,, (d) 

(r' f rom (4 .62 a); ~,,, = ]{:,~ + ),~ (el. (4. 62), (4- 55 a)); o < d G do). 

Since, by hypothes i s  ~'~ t(v)-> o, as v-* ~ ,  i t  is clear t h a t  

l im 0n (d) = O ; 

(4" 63), is con t inuous  in 8. moreover,  0n(d), as given by 

now assumes the  fo rm 

(1) (4. 64) # ( X ) =  hn t r 

W i t h  /~ (X) ~ e o (~o > o suff iciently small), th is  

= ~ (f, ( x ) )  and  

(4-65) Fn (# (X)) = 2 d-r i te(X)-~ 2 h;~ d-n , ( ;  '- ) 

for  o < 6 _ - - < 6  o and /z(X)_--<e o 

Fur the rmore ,  (4. 60) 

(h;, - - h n  Z~ ro~). 

equat ion  has a un ique  solut ion 

(~ = ~ (# (x) ) )  

1 This v 6 will satisfy (4-56) �9 

14-38333. Acta mathematica. 70. Imprim6 le 30 novembre 1938. 
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When t(~) is continuous monotone, such that (4-62) holds the following is 

observed. The faster t(~)-+o (as v-,o z ) t h e  greater will 6(re(X))(cf. (4.64)) be; 

that  is, the slower will 

6 (,, (x)) ~ o (as # (x) -~ o) 

and, by (4. 65), the faster will F,~ (!t (X)) -+ o (as !t (X) -~ o). 

We have accordingly established the following' result regardino- >>continuity>> of 

q):(X) (el. (4. 5,)), considered as ~ function of sets X < K. 

Theorem 4. 5. Let it (>= o) be a set-jimctio~, ~ot ~ece~.sarily absolutel!l cOJ#imwus. 

Suppose there exists a set G (J~) < K such that jbr some mo~wto~e co~#imtous /}mction 

[(r), sati,sfyi~g the stateme~# iu (.om~eetio, with (4- 62), i~equalities (4. 5 o) hold for 

c~ in G (,,). With q)~(X) defim~d by (4-5 I) (i,deger n >= I), o,,e has 

(4.66) l *2 (x ) l  < F,, ( : , (x ) )=  2 h',, 6-" t ( ; )  

(~i,, a(,,); h;,=h,~Z,,,? (,~ (4. 63)); ,"= , 'o - -  6~ 

for  sets X < K. b ,  (4. 66) 6 = 6 (u (X)) is .,.oh,tio,~ of  the equation !t (X) = h',, t(r' 6 -~). 

The faster t(,)-+ o (as ~-+ ~ ), the faster will F ,  (!, (X))-+ o (as It (X) ~ o). 

Note. Inequality (4. 66) gives degree of ))continuity>> (with respect to sets 

X < K) of integrals ~2(X). Under stated conditions, this continuity is uniform 

for a in G(n). The last sentence of the theorem may be interpreting as signify- 

ing that the greater is the rarefieation of >>mass,> # in the neighborhood of the 

set G (n) the greater is the degree of continuity (point-set continuity) of q);'i (X) 

for cc in G(~). In (4.66) this dependence has been made explicit. 

Under the eoJ~ditioJ~s of  the abot'e theorem the dew,sit!! r (z) of  the >,mas's;~ !t ~cJll 

be zero in G (n) wheJ~ ~, ~ 2. In any ease, suppose a set (1 (J~) exists in which 

0 ( z )=  o, while (4. 5o) holds for a in G (,). Let 0 denote a suitable open set 

(4. 67) K >  O > K - -  (; (n) 

of measure as close as desired to that of K - -  G 0'); we have 

(4.68) .fi, (a )=  @'2(g)---~2(0) (cf. (4. 5I)) �9 

Let / / I < H ~ <  . . . ,  H , <  0, be closed sets such that lim H , =  0. The function 

(4.68 a) fi,,,. (a) = q): (H~) 
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is analytic in K - - H . . .  We have 

lira ,t;~,,. (~) = O'~ (l!m H~.) = O~ (0) = / ; ,  (~) 

for a in G '~= G ( ~ ) - - 0  ~. I f  meas. G ( J ~ ) > o  then the set 0 can be so chosen 

that  meas. G" > o; in fact, one may arrange to have ineas. G '~ ~rbitrarily close 

to that  of (;(~). To investigate the degree of approximation of f i ( a )  by f,,, ,(a) 

we write 

[j;l (a) --/;,,~ (a)[ = [ �9 2 (0) --  a~'2 (H,)[ = [ a): (0 --  H,.) [. 

By (4 .66 ) (w i th  X = 0 -  H,.) 

(4- 69) [J;. (c~) --fi,.,. (ce)[ < ~;, (,u (0 -- H,.)) 

for a in (;n. 

When a closed set G(,,) exists such tha t  for some t(~,) (4. 5oa) converges, 

(4. 5 o) holds, while O(z ) - -o  (in G(,,)), then the set 0 introduced in (4.67) can 

be taken as 0 = K - -  G (*~); f u r t h e r m o r e ,  we then have G ' ~ =  (4 (~) and inequalities 

(4. 69) will continue to hold. 

Theorem 4. 6. Let # ( ~ o) be a set-fifm~tio, ~ot ~eeessarily absobdely co~#inuous. 

Suppose there exists a set (;~(,) such that fo~ I some fimetio~ t(v) the eonditio,~s of 

Th,.ore,n 4. 5 are sat,'*fied. Co,,sider the jh,u.tio,, f,, (a), as deji,,ed by (4. 68). j~;~ (a) 

may be apl)roximated by a~alytie ,fi,~ctio~s as follows. 

Let ope~ O, sati,~fqi~g (4.67), be of measure as ,J~ear as desired to that of 

K - -  G(~). DheJ~ G(~) is a closed set we take O =  K - -  GO~). Let  H I < H~ < . . . 

be Closed subsets of O; l ira  H ~ =  0. ;Fhe fi,~ctio~s J ; , ,~(a)=  q)"(H,,), analytic in 

I ; - -  Ha, (y = I, 2, . �9 .), coIll'e,'ge IlIliforJl,lff to j;z (~) for cg i')l G n = (; ( , I ) -  O. Ill 

. f a c t , / b r .  i~ G n, 

(4. 7 o) [fi  < (:' ( 0  - -  H,)) (,, = I, 2, . . .), 

where F,, (!t) is the fit~wtiol~ defiJ~ed in Theorem 4. 5. WheJ~ tt is ab,olutely con- 

timwus, Theorem 4. 2 will hold, as stated, with i,equalities (4.33 a) replaeed by 

(4. 7 ~ a) [fin(a)--fn.,.(a)[ < ~;,(,u ( K - -  ( 4 -  X)) (r = I, 2, . . . ;  a iu G); 

here G, X~ are sets so deuoted i~ Theorem 4. z. 

1 In fact, for every ~r for which the integral qs~ (0) exists. 
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. 

In  a paper by 

presentations of analytic functions by series of the form 

(5. ,) , 
Z - -  UK 

where 

(5. Ia) 

converges. 

Suppose f(z)  

Approximations by Rational Functions. 

J. WOLFF 1 arc found the following results regarding re- 

S(A) =  IA II 

is analytic in an open bounded set D. Le t  D 1 be any open 

set whose closure I ) ~ = D  1 + f r o n t i e r  of D j < D .  Form an open set J > D , ,  

with front ier  consisting of a finite number of polygons P, such tha t  ~ - -  d + P < D. 

Let  6 ( >  o) be the distance from P to the front ier  of D. Construct polygons 

P,~ parallel to P, exterior to d at  distance 82 -'~ from P. Designate by /J,~ the 

open set having P.,~ for frontier  and containing D~. The funct ion f ( z )  is 

representable in l)~ by a series (5. I) with S(A) (of (5. ~ a ) ) <  2 M L .  Here 31 is 

the upper bound of I f  (z) l on the P,~ (,, = I, 2, . . . )  and L is the upper bound 

of the lengths of the P~ ( , = I , 2 ,  . . . ) .  The c~k are on the P,~ ( , = : I , Z ,  . . . ) ,  

a finite number of aa. being situated on each P,~. 
The above result  of Wolff can be applied to obtain representations for func- 

tions which are limits of analytic functions. In  this connection we shall in- 

vestigate functions f ( u )  of the type referred to in Theorem 2. I. We thus have 

a closed bounded set G and a sequence of functions j~(a) (v = I, e, . . . ) ,  where 

,/~(a) is analytic (uniform) in the open set 0(8, . )> (;. Here 0 (8) is the set of 

points at  distance < 6 from G. We have 0(6,)-~ (; (as v-~ m), inasmuch 

as we take 6 l > & ) >  .-. (d,. > o), lim 6~- -o .  Consider f(c~) such tha t  in (; 
[ f ( u ) - - f ~ ( u ) l ~ e ~ ( r = I , 2 ,  . . . ;  ~,.-~o as v~or Under these circumstances a 

sequence {m~} can be found, n h < me < .- ' ,  as well as functions a~(c~) such 

tha t  the following is t rue (cf. (2.9), (2. IO)). 

In  0(6,,~) a~ (u) is  analytic (uniform), 

( i l l  0(8m,r ~ = I ,  2, . . . ) ;  (5. z) 

1 ~ A K  , 
J. WOLFF, Sur les sdries Z . ~ z _ %  c Comptes Rendus, t. I73; pp. I327--28. 
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o (&)  > o (a,,_.) > ..- ; o (~,~,) ~ G; 

(5. 2a) f ( @ =  ~ a , , ( a )  

and the series 

(5. ~b) Y,~,  

converges :. 

(in G) 

Subsequen t  to (2. Io) we int roduced an open set (G > O(d., ,~+,)withfrontier 

consist ing of a set P .  of polygons, while O(d%) > O~ =- 0,, .-r P..  Wi th  /~(> o) 

denoting the distance from P~ to the front ier  of O(d.,~) we take o < Z,. < L and 

f rom an open set O.,e ~ O~ (o ~< ~ ~ ~,), the frontier  of O,,.o being a set P~,(, of 

polygons parallel to P .  and at  the distance o from P .  

Let  L,.,~ denote the sum of lengths of the polygons const i tut ing P,.,.o and let 

(5. 3) I5, = upper  bound L,,9 (o ~ ,o __< Z,.). 

,. < in o ( & , ) -  o ( % + D  < o ( & ) ;  The polygonal sets P~ o, formed for o ~ .o = Z., are 

hence by (5-2) 

(5. 4) [a,,(a)[ ~ 2~v (onP%,o; o ~ Q ~ )~,v), 

Applying ~he results of Wolff, referred to above, to the funct ion a~ (a) it is 

inferred tha t  

where, in view of (5.4) and (5-3), 

(5.5a) ~IA,.~I < 4>L, ;  

moreover,  i~ is observed tha t  the a,.,,, are on the polygons P~.Q (o < Q ~ Z,,), the 

l imiting points of the a~,~ (,n = I, 2, . . . )  being all on P,.,0 - -  P,.. 

Let  the set G be regular  aeeording to Definition 2. I. Then 

(~=  ,,~, . . . ) .  (5.6) L ~ < = L <  ~r 

In  consequence of (5 .2  a) and (5- 5) 

�9 T Y A ~ " ~  ~, ~,~ (s. 7) f ( 4 - -  2;  . . . . .  
- -  A Z~_I ~K--- @ 

E denotes F.. + limiting points of E. 



110 W.J .  Trjitzinsky. 

for  a in G. Here  

view of (5- 5 a), 

(5. 7a) 

{a~-} = {A,,,,{, {aK}-= { ~,,,} , the aK are not  in G and, in 

Zla.'I=~,~,IA.,,.I<4EwL~=S. 
K ,v I I  'v 

In  consequence of (5.6) and since the series (5.2 b) converges; it  is seen tha t  

S converges. 

Theorem 5 . 1 .  Let G be bom~ded, closed, regular (eft Defi~dtion 2. l). Suppose 

f (a)  is in G the h'mit of a umforml,q co~lverge,t sequeJwe of analytic fimctions, a., 

stated in the begimd,g of seetio~ 2. Tbr a i ,  G we then have the represe~tatio, 

(5. s) 

where 

(~. 8a) 

co, verges. 

Note. 

functions.  

aK (CtK '~ot i~ G), r(o) = Z o , . _  
K 

Y,i-~l 
K 

This theorem can be extended to certain more general  classes of 

However ,  we shall not  under take  such an extension at  this time. 

We now turn  our  a t t en t ion  to Theorem 4. 2. Wi th  the aid of this theorem 

the following" resul t  can be proved. 

Theorem 5 . 2 .  Let #(>=o) be absolutely co,tin'uous. Suppose there exists a 

set H < K in which the density of tt is zero and which is such that for a f i t , t r io .  

t(v), i,depe~Me~t of  a, 

(5.9) 

converges, while 

Sn = Z ( ~  -t- I) n l t (~ )  
,v 

Consider the fi~nelio~ 

(i~#eger n > I) 

(V= I, 2 , . . . ;  Ct il7 G). 

/ f d u = @,:~ @,~ (5. ,o) A ( - ) =  (~-~),~ (K)= (K-- a). 
K 

b~ a set G' < G of measure arbitrarily close to that of" G fi,, (a) can be al)proximated 

uniJbrmly by finite sums 

1 Tha t  is, the indicated sequences (one simple, another  double) const i tute  merely a rearrange- 

ment  one of another.  
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K 
~ (aj ~ot i~ G'). (5" II) r(Ct)= Z . _ _  ~ j 

j = l  

When closed sets X .  < K , - -  G, where K 1 ~ K, ca~ be found such that meas. X~ 

-) meas. ( K ~ -  G) (as v-+ ~ ) while 

(5. ,2) x ,  - x ~  > K~ - -  X~+, (,, = ,, 2, . . . ) ' ,  

the ~'et G' cal~ be .replaced by G. 

To prove this theorem we note that ,  according to Theorem 4.2, 

(5- I3) If,,(a) --f , , ,  ,(a)[ < h,, v,~ (e,,) (v = I, 2 , . . . ;  a in G), 

where ~,,(e)is given by (4. I2), (ef. (4. II a), (4. i i) ,  (4. S), 

~ = reeds. ( K - -  G -  X,.) 
and 

J;,,~ (~)= ~2 (x,) (~losed X,, < I ~ - -  G), 

with X I < X ~ <  -." and e~-+o (as v ~  ~ ) ;  moreover ,~ ,~(e~)-~o(asr -~  ~r The 

funct ion fi,, ~(a) is analyt ic  in the open set K - - X ~ .  > G. Le t  D~ consist of the 

points of K - - X ,  at distance > ~ 2  -*  ( ~ > o )  from X,.. The set D,  will be open 

and  .D,. < K - - X , . .  By choosing ~ sufficiently small the measure of 

G ' =  I-[ G IL, ( (~' < G ) 
'v  

can be nmde as near as desired to tha t  of G. Thus, if reeds. G > o one may 

always arrange to have reeds. G' > o. Assign e ( >  o), however small; by Wolff's 

theorem there exists a sum r~.,~(a) of form (5-II)  such tha t  

(5. ,3 a) lY;,, ~(.)-~"., ,~(=)1--< *- 2 
for ~ in h,.. By (5-~3) and (5. ~3 a) 

2 

provided tha t  v = v(e) is taken sufficiently great. ~ When (5" I2) is satisfied we 

may replace D,  by K , -  X~+I; (S. 14) will then  hold in G. 

' E = closure of E. 
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In  view of (5. I4), given ~ > o (however smaU), there exist a sum r~(a) of 

the form (5. I I) such tha t  

lY~(~)-,~(~)I < ~ (~ in ~ ' <  ~;). 

Here G' is the product of the G/L, ( v -  I, 2, . . .), unless (5. I2) is  satisfied when 

one may take G ' =  G. This completes the proof of the theorem. 

Theorem 5 .3 .  Let ,~(>= o) be a singular set-f,~etiom We hare , ~ ( X ) - - , ~ ( X K  ~ 

for sets X < K; here K ~ < K a~d meas. K ~  Desig~mte by O > K ~ an ope, 

set of as small measure as dedred. Let G (,) < K - - O  be a set su(~h that for a 

fitnetio~, z(v), i~depeJ~de~t of a, 

(5. ~5) & =  ~ ( ~  + ,)"-~*(~) 

converges, while 

Consider the fi,,nction 

(i,teger n ~ i) 

(v = I, 2 , . . . ;  a in G(n)). 

(5. I6) s . ( a )  - -  ( z  - -  a) n " 

K 

In  the set G (n) s,(a) can be approximated uuijbrmb.! by finite sums of thejCbrm 

(5. ~ i) (~j ,,or i,, e (.)). 
To prove the above we recall Theorem 4.4.  The closed subsets H,  (v~ I, 2 , . . . )  

of O, referred to in tha t  theorem, will be defined as follows. H~, is to be the 

part  of 0 at distance ~ ~ from the f ront ier  of 0. Applying Wolff 's expansion 
Y 

to the funct ion s,,~(a)~-q)~(H,.), analytic in K - - H ~ ,  it is observed that ,  inas- 

much as 

there exists a sum r~,~(a) of the form (5-II)  such tha t  

(5. ~7) I~ , , , , (~ ) - ,~ ,~ ( - ) l  =< -~ 
2 

for a in K--H~q-1;  in particular,  (5. x7) will hold in 

I I ( K - -  g ,+l)  = K -  0 

Now, in view of Theorem 4.4,  
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Is,, (a) - -  '~' ..... (a) l < Z,,, g (,,) (v = ~, 2, . . . )  

for  a in G(,,); here  ~(v) ->o  as v - ,  m Thus, by (5-~7), 

I.,,, (~) - , , ,~  (~,)1 --< I,,~ ( <  - ,  . . . .  (~)1 + I.,.,,,, (~) - , , ,~  (~)1 

< h,, r (,,) + ~ __<~ (~ :::  ,, (~)) 
2 

when a is in ( K - - O ) G ( n ) =  G(n)? Such an inequali ty is obtained for  every 

s ( >  o), however  small. This  establishes the Theorem.  

lL~'i~f! the abo~,e methods or .~'uitable mo&jieatio~s, of them, mm~ero~ts Jhrthe," 

results aloJ~g the liJ~e.~, of  ll~flff's expa~,~.io~x, ca~ be dJtai~ed. 2 The methods so far  

used appear  to be adequate  for  the t rea tment ,  in the essential  particulars,  of 

problems of thin type. 

6. Continuity. 

The real or ima~'inary parts  of the inteo'rals studied in this work as func- 

t ions of a are semi-continuous in one sense or other.  In  any perfect  subset of 

a set where a funct ion,  under  consideration, can be uniformly approximated  by 

analyt ic  funct ions such a funct ion will be, of course, continuous.  Such approxima- 

tions were involved in Theorems 2. I, 4 .2 ,  4 .3 ,  4 .4 ,  5. I, 5.2, 5.3. The purpose 

of this section is to. invest igate  the ~>degree of continuity>> of the classes of 

funct ions  considered in this paper. First,  limits of convergent  sequences of 

analyt ic  funct ions  will be considered. For  this purpose it will be convenient  

to obtain a funct ion  

(6. 1) ,~ = 1,.(~, ~) 

effecting" a eonformal  t rans format ion  of a domain D(~), in the z-plane, on the 

in ter ior  of the uni t  circle in the w-plane. In  this connect ion D (e) is taken  to 

be the domain conta in ing  the real in terval  (o, 2 a) (a > o ) a n d  bounded by two 

circular  arcs, C,, and G, extending" f rom z = o to z = 2 a above and below the 

axis of reals, respectively. 6~ and C1 are to be ares of the circles 

(6. 2) I ~ -~ (a - -  i t,)1 - -  ~ J  + 1," = ~ ,  l,~ - -  (~, + ," ~')l - R (1, > o), 

1 Since K - -  0 > G(n). 

2 One  m a y  go to t he  def ini t ion of t he  in tegra l s  involved  and  m a k e  use  of u n i f o r m i t y  of 

abso lu t e  con t inu i ty  of t h e  in t eg ra l s  (for a w i t h i n  cer ta in  sets ,  s u p p o s e d  to exist) .  

15--38333. Acta  mathematica. 70. Imprim6 le 30 novembre 1938. 
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respectively, while b is to be chosen so that the line x :  a i,ters'ects G~ and G 

at po i , t s  which, are at the dis.ta,ce 2 ~ fi 'om each other; tha t  is, 

2 8  2 8  

and R - - b = 8 .  The tangents  at z = o  to G~ and C~ make an angle ~ (which 

we take positive) with the positive direction of the real axis, 

2 a e  
(6 .  ~ a)  to.  ~ =- - , , -  ,,. 

( t -  - -  8 -  

T h e  funct ion 
z 

(6. 3) ,q  
2 ( I  - -  Z 

will t ransform D(8) on the interior of the angular  region W(e), in the z,-plane 

(6. 3 a) --  z < angle zj < ~. 

The z-interval (o, 2 a) will go into the positive axis of reals in the z~-plane, the 

z-points o, a, 2 a  going into the &-points o, I, 

t ransformat ion  

(6. 4) z~ = z'; 

will map IV(8) on the &-half plane 1 

, respectively. The fur ther  

(o=:;) 

(6. 4 a) --  < angle z~ < 
2 2 

the &-points o, I, ~ going into the z~-points o, I, m, respectively. The half  

plane (6.4 a) is finally mapped on the interior of the w-unit-circle by means of 

the t ransformat ion  

(6 .  5) w = h (8, ~) = ~ - -  i 
Z e +  I 

The z2-points o, I, ~ will go into the w-points --  I, o, I, respectively. 

(6.4) and (6.3) we have 

( 6 . 6 )  w = l, (8, ~) - ~o + ( 2 .  - z )~ '  

By (6. 5), 

where a = ~/(2 z) and z is def, ,ed by (6.2 a). 

1 W e  t a k e  t h e  d e t e r m i n a t i o n  for  w h i c h  z a > o w h e n  zl > o. 
1 



(6. z) 

Let the 

tion f(a). 

(6. s) 
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Let  G be a closed bounded set containing the closed interval I (o ~ a ~ 2 a). 

Suppose f i(6) is analytic (uniform) in 0 (&) (notation of section 2), where & > o and 

~, > d~ > . . . ,  & - ~ o  (as ~ - ~  ~ ) .  

{f~(a)l converge uniformly,  for a in G, to a limiting' func- sequence 

Thus, 

[ f ( a ) - - f i . ( a ) [ < , ,  (c~ in (;; ~ = 1 , 2 , . . . ;  lim~,-----o). 

Inasmuch as the  f~,(a) and f(a) are functions satisfying the conditions stated at 

the beginning of section 

will hold, the series 

2, the s ta tement  in connection with (2.9) and (2. I0) 

(6. 9) 2 ]  v,' ( >  = ~,,, + ~,,,-~) 

being convergent.  To secure convergence of (6.9) one needs merely to make a 

suitable choice of the sequence (~). I f  we write 

(6. ~o) ~ (c~) = a, (6) + a,~ (6) ~ . . . .  + . ,  (a), 

in view of of (2. i o) it is observed tha t  

(6. ~o ~) ;j,(~) - ~ f ( <  (~s ~ ~ ~ )  

uniformly in G. I t  is to be recalled tha t  

a, (~) = f , ,  (<  - / ; ~ , _ ,  (6) (r (<<) =- o; "0 = o) 

(ef. (2 .3) ) i s  analytic in O(d,,~.)(r = ,, 2 , . . . )  and 

(6. IO b) I" ,  (<1 =< ~ v,, (6 in 0 (din,,)) ; 

here {m,} is a subsequenee of {~,} specified subsequent to (2.8 a). We have 

'17,, ~ " . v ( i ' =  I, 2, . . .) a n d  0((~,,q.) < 0(de).  By  (6. IO) 

(6. ~oc) g , ( ~ ) - -  f , , ,(~) (~ = i, ~ , . . . ) .  

Thus, in view of (6. IO) and (6. IO b) 

I.t~,(6) 1 =< I < (~)1 + - + I a ,  (6) 1 _--< ~ ('l~ + V-, + " + ~,) 

for  ~ in 0 (din,). Since the series (6.9) converges we accordi,~gly have 



116 W . J .  Trjitzinsky. 

(6. I I )  I.t;,,.(~)l ~ s ( .  +,, 6(a, , , , , )) ,  

this be i ,g  true j b r  v = I, 2, . . . ;  moreoce,', 

(6. I I  a) If(CO) - - f i , ,  (a)] < e,,, (a in G; v - -  I, 2 , . . . ) .  

Since the  intervM I, o ~ a ~ 2 a, is in G and since 0 (din.,.) contains  all points  

at the  distance =< d ~  f rom 64, it  is d e a r  t ha t  

(6. I2) O(d,,%) > / ) ( d m , . )  (~t-- I, 2, . . .). 

Suppose f (a )  = o; t hen  by (6. I I a) 

(6. I3) 

I f  we apply the  t r ans fo rmat ion  

(6. 14) 

It:,,. (,)1 < , ..... 

w - -  h (d,, ..... ~) 

( V ~  I~ 2~ . . .). 

(of. (6.6) with  e- -d .q , )  

the region D (dm~) will be mapped  on the inter ior  of the un i t  circle in tile w-plane. 

The funct ion  

(6. ~ 5) ~', ("') = . s  (< 

will be analyt ic  for I,,: I < ,  a . a ,  in view of (6. I3), 

((5. I 5 a) I [", (0) 1 = I./;,, (")1 =< ~,,~ (~ = I, 2, . . . ) ;  

moreover,  inasmuch as (6. I~) and (6. 12) are satisfied, one has 

I~". (.:)1--< s (I,~1 <~ I). 

I v,, (,,.) - 1~; (o) 1 _-< s + ~,,.,. 

(6. I 5 b) 

Thus  

(6. I 5 e) 

Whence,  apply ing  the l emma of Schwarz to the  func t ion  

~ ;  ( ,d  - 1 r  (o) 
S + en,, 

(I-" I < ~). 

it  is inferred tha t  
I ( ; ,  (,~)1 < I ~ I (I ,,' I < i);  

t ha t  is, 

(6. I6) I V , , ( , 4 -  1,',.(o)1 ~ (S + ,,,,,) I,~' I (I ,t'] < I). 
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Let  q be the upper  bound of S+s,,. , ,  ( v = I ,  2, . , . ) .  In view of (6. I6) and 

(6. I5 a) it is then concluded that  

(6. I7) I F,, (~)1 =< I F ,  (w) - ~'~, (o) 1 + I ~ ;  (o) 1 

(I ,,~ I < i) 

for v - I, 2, . . .. Going back to the a-plane, with the aid of the ~ransformation 

(6. I4) by (6. I5) and (6. i7) we obtain 

(6. I7 a) If,,~(~,)l--< q lh(o , .~ ,  ~,)1 + ~,~,, 

for  a in D(tL~). Such an inequali ty will hold for  r =  I, 2, . . . .  In  part icular  

(5. I7a )  will hold for o<=a<=2a.  B y  virtue of' (6. I7a)  a , d  (6. I I a )  

(6. ,8) I f (r  + I f ( ~ ) - I ~ . ( - ) 1 - - <  qlh(~.~. ,  ~)1 + ~ , .  = , - ( ~ )  

.fo,. o ~ ,~ ~ ~ ~ ,.,,~z f o , .  , = i,  2 , . . .  (~f. (6 .6)  ~, i th  ~ = ,~,~). 

W i t h  .f(c~) taken equal to zero a t  ~ = a, the ~,clegree of  co~di,mity~ (along I)  

at a = a of the funct ion f (a )  will be characterized by the speed with which 

f (a)-+ o as a-> a (along 1). One may also measure the >)degree of continuity~) 

as follows. Given ~ (>  o), suppose / ( e ) (>  o) can be found so tha t  ] , f (a)-- f (a)]  

( I f ( a ) ]  in the present  case) is G e  for a - - l ( e ) ~ a _ - - < a + l ( e ) .  The slower 

1(~)-~ o, as e ~ o, the greater  I will be the ~degree of continuity>> of f ( a )  at  a 

(along" I). 

W e  shall write 
I - - i t  

(6, ~9) ~ = ~(~ + ~), ~ . . . . . . .  
i + f l  

Then, by (6.6), one has 

(6. 20) l, (G.., - )  --- ~ - -  ~ '  ~ 2 .  ~.,, ,, i ~  ~o-, ff ff('l') = 2~(V); t~"t:(V) :=(r {~m~ ," 

Let  us take, for  instance, a < c ~ < 2 a ;  then 0 < ~ <  I and ~--*I when a - + a .  

Let  ~ ( >  o) be assigned ( <  2 q). Designate  by J , ' =  v(,) an integer (taken as small 

as possible) such that  

(6. 2 I )  e , , ,  < ~ .  
4 

Consider now the funct ion (6. 20) for v = v'. i f  one takes ~ so that  
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(6. 22) I > ~ > q (8) TM, q (~) __ 2 q - -  
= 2 q  + t '  

the inequali ty 

(6. 2 2 a) q I---+ r ~ --2 

= ~(r 

will be satisfied. By (6.22 a) and (6. 2I) one then will have 

(6. 23) *v,, (a) _--< e, 

where we(a) is t h e  funct ion so denoted in (6. 18). 

Wi th  the aid of (6. 19) it is inferred tha~ the condition (6.22) is equivalent to 

tha t  is, to 

(6. 24) 

I - -  h (~) > 

I + h ( ~ )  = g > ~  

2a  
- i + h ( d  

- a + l' ( ,)  

Thus, by virtue of (6. I8) and (6. 23), 

I f (~ ) l  ~ 

(h (~) = q (e)l/o; a - -  a (v')), 

(ef. (6. ~2), (6. 20)). 

( .  < .  _-< a + l' (~)). 

I t  curt be shown tha t  the same inequali ty will hold for a - -  l' (s) ~ c~ < el. Whence, 

( .  - z' (~) _-<. = < .  + z' (~)) I f ( ~ ) l  ~ 

in consequence of (6. 24) , 

(6. 25) 

where 

(6. 25 a) z' ( ~ ) =  I - -  h (~) ff (v'); (e) f r o m  (6. 22)), , + h (~) (h (,) = q (,)'/~; ~ = q 

o(v') being defined by (6. 20) while v" is the integer s2)eeified in connection with (6.2 I). 

W h e n  e - > o ,  h(e)-~ I and l (e ) -+o.  Now, since I < I + h ( * ) < 2 ,  

(6. 25 b) 

By (6. 20) 

a ( i _ h ( ~ ) )  r' a(~ - -  h(~)) > r(~) > ~ = (4. 

I 
- __--> bo 6m~, (bo independent  of e). 

Thus, in view of (6. 22) and (6. 25 a) 
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and, by virtue of (6. 25 b), 

(6. 26) 1' (e) > l"  (e) > Z d=. ~ = l(e) (v = v (e), Z i n d e p e n d e n t  o f  ~) 

f o r  o < ,  ~ %. I n  v iew of  (6.26) and (6.25) it is i n f e r r e d  t h a t  (6.25)holds with 

l' (~) replaced b!! Z d ,~ ,  (v = v (~)). 

By (2. 5) {with 2.3) we have [ f ~  (a) - - f , , _ ,  (u)} -< q,, (in 0 (d,,~+,)). O n  t a k i n g  

account of the statements subsequent to (2.8 a) it is observed that for m,, one  
may take the least integer (__> m,+x) such that 

(6. 27) d,,,. < ~ ' d " "+ l  = q, + ~,, (V~ - -  ~,,, + <,,_~). 

W e  a re  n o w  able  to  f o r m u l a t e  t he  f o l l o w i n g  t h e o r e m .  

T h e o r e m  6. 1. Let G be a closed bou~ded set. Let {fv ((~)} (V ~--- I, 2, . . . )  be 

a seque~,ce of  functions, f,, (u) bei~zg a~zalytie (aniform) in 0 (&) (,notation of section 2); 

d~ > d.2 > ---, d~ > o, l im & - -  o. Suppose that in G this ,s~equence co,merges uni- 

fbrmly to a limiting fio~ction f ( a ) ;  thus., 

I f ( a )  - -  f,.  (a) l _--< e, (a in  G; v = I, 2, . . . ;  l i m e ,  = o). 
,r 

The degree of eo~dimdt!l of  f(a) in the ~wighborhood of  a poi , t  %, ilderior an i~,- 

terval I belo~,ging to G, can be ,Teeified as follows. 

Let {n,} (v = I, 2 . . . .  ) be a sequence such that e,, + ~,, + ... converges) One 

has Ifn,(~)- < = i ,  2 ,  . . . .  Wefo, 'm a subsequenee 

{m.,,} (v = ~, 2, . . . )  of {m}, udth m~(~  n,+~) desig,mti,,g the least i,#eger such that 

(6. 27) hold,. Given , ( >  o), however small, one has 

(6. 28) 

dlbr all a, on I, such that 

(6. a) 

Here m (~) = m,,, where v' 

8n, ~ ~/4 .~ 

I f ( - ) - - f ( % ) ]  - -< 

I a - -  ao [ < he d~(~) = l(~) (~ > o, independe~t of  ~). 

,is the least of  the integers v(~- I, 2, . . .) for which 

Such u sequence clearly exists since lira ~ ~- o. 

.o There are infinitely many integers v for which the latter inequality holds. 
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Note. I f  one could manage to carry out the technical  steps possibly better 

results could be obtained, if one replaces D(d) by the set of points at distance 

< d from the interval /, u n d e r  consideration, or by a rectangle enclosing L 

We then would have to employ mapping functions distinct from tha t  of (6.6). 

I f  rectangles are used one is brought  to the consideration of elliptic functions.  

The funct ion (6.6) is preferable on account of its simplicity. 

An examination of Theorem 6. I makes it apparent  tha t  the ,)degree of 

continuity,> of the l imit ing funct ion f (a)  depends essentially on sequences {e~} 

(which determine sequences {~.}), {q,.} and {&}. I f  we consider the funct ion l(e) 

of (6.28 a) the following is observed. I f  q~-~ ~ (as v-~ oc ), the slower q,,-> oz 

the slower will the ~ , , - ,  ~ and the slower will dm(~) (with ~n (e) : -  )~,) - ,  o, as 

-,  o; the same will be true for /(e). Thus, the slower q~-> ~ (as v § ~) ,  the 

greater  will be the degree of cont inui ty  of f(a). 2 The slower ~,,~ -~ o, as ~ -+ ~ ,  

the slower will the ~;~-, ~ a;~d, again, the greater ~cill be the degree of contimdt!/ 

o f f (a ) .  In a similar way one may examine how the speed with which e,,-+ o, 

as v ~ ~ ,  is refleeted in the degree of continui ty of f(a) .  

W i t h  j ; ( a )  (~ = I, 2 . . . .  ) and f (a )  sat isfying the conditions stated in con-  

nection with (6.7), (6.8), it  is of interest  to consider the i~r~porta)~t special case 

when the sequem.e of ~,ppe," bo~,ml.,, of (i,, ()((~,.+1)) is 1,oH],(lo(1. 

there exists a finite number  2g, independent  of a, such tha t  

(6. 29) ]f,.(a)[ < M (e in O(&+~)) 

for v = I ,  2, . . . .  We then have 

]or,,, (c~) - - f i , , -1  (a)[ ~ 2 M (a in 0 ({~+1)). 

Since 0 (&',.+l) < O(&+~), the lat ter  inequali ty will hold in 0 (&,.+O, a s well. The 

numbers q,,, referred to in the theorem, may accordingly be replaeed by 23'[ and 

the sequenee {m,} may be defined as a subsequence of {;~,.} such tha t  ~ ,  is the 

least integer satisfying the inequali ty 

~2,' d,q+~ 
~.,~, < ( . , .  > ,,,,+~) 

' = 2 M +  F,, 

( v =  I, 2, . . . ) ;  m,, may be defined as the least integer sueh tha t  

(6. 30) d,,,. ~ l.t V" an,.+, ( '~  = 8,,~ -H ~'1r ' 

In  this c a s e ,  

With a suitable choice of .m~ to satisfy (6.27). 
2 One would expect this intuitively. 
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where b is the reciprocal of the greatest  of the values 2 M + ~5, (v - -  x, 2, . . . ) )  

W e  have n h < m.~ < ..-. By definition of m,., jus t  given, 

Increasing v by uni ty  it is inferred that  

(6. 30  a) {~rn,,+l --~< bl / , .+10,q,+2 < 60%. 

In  view of (6. 3oa) it is concluded that  

l ( ~ ) > b ~ v + l O n , , +  2 (Y T"; e l .  (6. 2 8 a ) ) ,  

where v' is defined as s tated subsequent  to (6. 28 a). Now 

thus, 

Accordingly we are able to formulate  the following Corollary. 

Corol lary  6. 1. I f  the seq,~e,ee {fi(a)} (v = I, 2 , . . . ) ,  referred to i~ Theo- 

6. I, possesses the additio~al property (6.29) the degree of eo~#i~mity of the 

limiti~g fitnetion f (a)  ('a~ be sTeeified without the aid of the subseque~ee {n~} of {m.}. 

r~, fact, with % deJ~oti~g a~ i~derior poi~t of a ,  i~#erral I < G, the jbllowi)~q ca~ 

be stated. Give~ e( > o), however small, we hate 

If(a)--f(ao) ~ ( 6 .  3 1 )  

for all a, on I, such that 

(6. 3 i a) 

I,~ (6. 3I a) 
e,~ < '~/4. 

v = v', where v' is the least of the i,~#egers v (-- ~, 2, . . .) for which 

Except  for a constant  factor,  l(e) in (6.31 a) is of the order of 

= - = 

Note. 

1 In consequence of the definit ion of b one has by~ •nv+l < ~n~,+ 1. Hence ~ ,  > nv+ 1 > ~/v'" 

16--38333. Acta mathematica. 70. Imprim6 le 30 novembre 1938. 
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The faster c,,~-> o, as v-~ ~ ,  the smaller will v ' - -v(~)  be for a given ~ and the 

o'reater wi]l be d,,**~ (with v=v(c) ) .  Thus, the ~hster ~,~,-~ o, as v-~ ~ ,  the 

s l o w e r  wil l  l(~) (of (6. 3~ a)) ~ o (as ~ -~ o) a n d  the greater will be the degree of 
co,tinuity o f f ( a )  at ee o (on I). I t  is also clear tha t  the slower d,,~,-, o (as v ->~)  

the greater will be the degree of continuity.  I t  is to be noted tha t  the indicated 

dependence between the rates of decrease of the sequences {e,,.} and {d~.}, on 

one hand, ~nd of the degree of continui ty of f (a) ,  on the other hand,  has been 

made quite explicit for the case under  consideration. 

We  shall .now investigate the dependence of the degree of continuity of 

functions of the form 

(6. 3 2) fi~(a) = (z - ~)'~ ( i n t e g e r  I1 ~ I ; ~t ~ O) 

on the rarefication of mass re. Offhand, such a dependence is to be expected. 

Let  us assume first tha t  tt is an absolutely continuous set-function and tha t  

there exists a set G ( n ) ~  K, dense in itself, such tha t  for some funct ion t (v) 

(independent of ce) t t (KS (cc  , ~ ) ) < t ( v ) ( v : I ,  2, . . . ; a  in G(,)), while the series 

S,, of (4. 4a) converges. In  consequence of Theorem 4. I one then will have 

for sets X ~ K  

f f d'Ua[, <h,~F,~(e ) ( a in  G(,)), (6. 33) O'~ (X) = [z _ 

X 

whenever meas. X ~ e; V,~(e) may be defined by (4. 12). As previously we let % 

designate the diameter of K. With  a, c~ o in e (,) and [ a -  ce o [ ~  6, one has 

(6. 34) ff(  ) A (60) - - , f ~  ( . )  = ~ i 

K 

where 

(///l)( ' ' = + ( .  - .0)  ,~ (~ - o), ,)  d,,,, 
L 

s,, Ko 

So = K S(ao, 2 6), Ko -- K - -  S o. 

Since meas. S O ~ 4~c(t", by virtue of the s ta tement  in connection with (6. 33) it  

is inferred tha t  
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(6. 35) ] ; f [  .... ] d/~] =< ~:,(So) + @: (So)<2hn 'h , (4~d" ) .  
I . /  , /  I & 

On the other  hand,  it  is observed tha t  

, o >  I*--~ol > ~< , o > 1 ~ - ~ 1 >  ~ (~ in K~ 

so tha t  the  in tegrand  displayed in (6. 34) will satisfy the inequali ty 

I I ~ 11 
(~-Oo) n (~ -  ~,)" -- I c ' - " ~  I ( ~ :  4 ) q ; -  ~" 

< I~ - ~0 I , , ,~> ' ~-" ~-~" (~ in ~o); 
accordingly,  

(6. 36 ) 

G 

Thus,  in view of (6. 35) and (6. 36), f rom (6. 34) we infer  tha t  

(6. 37) If ,  (~0 ) - r  < 2 h~v,,(4 ~ d  ~) + o,, d-~" I ~ -  ~ol 

for  6, a o in G( , )  and l a - % l  < ~. 
Let  us assign e (>  o), however small. There exists u 6(e) (>  o) so tha t  

(o < ~ < ~ (~)); (6. 38) ~2,~ (4 ~ d ~) G 4 hn = 

such values 6 exist since ~)~ (u)-+ o, as u - +  o. One may define 6 (e) 

greatest  value for which (6. 38) holds, as stated. Let  

l ( , ) =  i ~ d ' ( , ) .  
2 t i n  

(6. 38 a) 

Then  

(6. 39) 
2 

Whence ,  by (6. 37), (6. 38) and (6. 39) 

(6. 40) 

whenever  

(6. 40 a) 

IA (~o)--fn(~)l < 

16 - 6ol ~ l(~) 

this being so for all e such tha t  o < e =< %. 

Thus  the  fol lowing theorem has been proved. 

123 

'tr = , ,  2 . . . . .  , o~-' ,,, ( K ) )  

as the 

(for [a -- aol =< l(e)). 

(ao, a in G 0~)), 

(cf. (6. 38 a), (6. 36)) 
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Theorem 6.2 .  Co,~sider a fimetio~ f ,  (ce) defi,~ed by the iJdegral (6. 32) with 

re(>= o) an absolutely co,timr set-fm~ctio~. Suppose there exists a set G(~) < K, 

de.~se i~ itself, so that for  some t(~,) the series S~ of  (4-4) com;erges, while 

G(.~) ca~t be specified as follows. With e(o < e--<_ eo) , howet'er small, o~e has 

If,, (-o)--.rn (-)1 < ,, whe,,ever Cto, ce are in G- (,,), while I~< - ,o1<= ~(~). He,-e 

l(e) = ,r a,) (a,~ fi'om (6. 36)), where d(e)-+ o (as c-> o). O,~e ,nay dete-rmi,e 

d (c) as follows. 

There exists a fm,ctio,~ d(~_) (of. (4. 5)) so that #(X)<= d(~), whe,~ meas. X ~ 

(el (~) -> o a,9 ~ -+ o). Choose ~ (#)(> o) so tha t  

o (~) -~ ~ ,  ~ (~)o" (~) -~ o 

Let ~ m(~)=[o(~)] ~,~t ~ r i t e  

(;c,, = ~- 3"). 
9~ 

(.~, ~ ~ o). 

,'>m(~) 

W.ith the aid of V,~(~) we deflate 5 (e) as the greatest value such that 

Vn (4 z d~) ~ e/(4 h,) (o < d ~ d (e)). 

Note. Wi th  the aid of the above theorem it is easy to show that  the 

faster  d ( ~ ) ~  o (as ~-~ o) and the faster  the series S,~ converges 2, the slower will 

l (e) (if suitably defined) -~ o (as e -+ o); tha t  is, the greater  will be the degree of 

continui ty of fi~ (a). 3 

Consider now a funct ion 

K 

where (~(z)is summable over K and I,o(z)] is uniformly bounded in K. Corollary 

4. 2 will be applicable, giving the inequality 

z 2 a I bl ~'I~ (ce in K). 
x 

1 I. e., m (~) is t h e  g rea te s t  in t ege r  ~< ~ (~). 

2 T h a t  is, t h e  grea ter  is t he  raref icat ion of ,,mass,, u, pa r t i cu la r ly  in t he  ne ighborhood  of the  
se t  G (n). 

Note  t h a t  t h e  fas te r  d ( ~ ) ~  o, t he  fas ter  can o (~) be a l lowed to approach  ~ (sabjedt  to t he  
condi t ion  d (~)an/\~j~ ~ o (as ~ o)); t he  smal l e r  will  ~ (~)be.  
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whenever  meas. X <  ~ ( >  o). Thus, for the case of f(c~), as given by (6.4I) ,  

Theorem 6. 2 may be applied with G (n) replaced by K and h,, ~2,~ (~) replaced by 

bL gV'-,. Hence  the following r e s u l t c a n  be stated. 

Corol lary  6. 2. Let f ( a )  be a fio,ctio,, of the jbrm (6. 41), where le(z)l ~ b 
( i ,  K) and Q(z) is summable o~'er K. Give,  e (o < e <= to) , however small, we hare 

I.t;,(~,o)-f,,(~)l < ,, whe,erer ~o, a are i,, K a ,d  

I ,  - ~,o I < l ( , )  = t,' ~.~ (1,' > o, i , d e w , d ~ , , t  o f  ~). 

Consider now functions of the form 

(6. 42) *~(~) = C.;----,i)~; - (K) 

K 

(~ ~ o, integer ~ > o), 

where ,,a is a singular set-function. W e  have, for sets X < K, 

c a ( x )  = C 2 ( K ~  ( m e a s .  K ~ = o). 

Let  G(n) < K be a set such that,  for a funct ion z (v), the series 

(6.43) S,, = ~ ( v  + I) n-1 z(v) 

converges, while 

( v - - I , 2 ,  . . . ;  a in G(,)).  

Suppose % is a l imiting point  of G( . )  and let a be any other point  in G (.) 

sach tha t  

(6. 44) [c~ -- a 0 I=<_ d (d > o). 

W e  form the difference 

where 

(over S(%, 2 d)), 
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Under (6. 44), [z --  % -- I- '< i/(2d), Iz-**l-' -"  i /(~ f o r  z i n  K (2) a~nd 

(6.46) l(z I I I -- ~,~ v ' - -  %)" ( z - - a ) "  <lee %1 "' a -2 , ,  (,. --- , , r , ~ - 1 2 - , , ;  z in K(2)). 

Thus 

(6. 47) " < I a - % I",* d-~ (r,, ,";, a (K); ef. (6.46)). 

Since, with integration extended over S(%, 2 d), 

[ff I f f  f f  "" " '  < I z - ~ o  , Z g  

in eonsequenee of (4. 44) it is concluded that  

I f f " [  " (6. 48) =< h,~ ~ (v -1- I ),,-i 0,. (a, %) 

where 

Sinee # > o  and since ao is in G('~), by (6. 43a) one has 

| o  (s (~o, 2 ~)), 
(6.49'  '~(  S'(a~ 2 6 ) S ( a ~ 1 7 6  i ,  ( S ( a o , ~ ) }  ~ , ( v )  

is a subset of  

(-) 3(%,2d)  and of S a, -v ' it is concluded that  

( v = i , 2 ,  . . . ) ,  ina.smueh as a <  G(,).  We note that  

where 
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(6. 50) 

~ccord ing ly  

= ~ (~) - -  t V o U ;  

((,.o)) e ( s  (~o, ~ 8)) =<_ e s %, 7 =< ~ (~ (8)). 

�9 W h e n c e ,  by (6 .49)  and  (6. 49 ~), the  O~ (e, %) of (6. 48) sa t i s fy  t he  inequa l i t i e s  

/~ �9 (,, (o)), 
(6. 5') 0,, (c,, %) ~ {2 -r (v) 

for  ~ :, 2, . . . ,  provided I ~' - -  % I < 8. I~  consequence of (6. 5 ' )  and (6.48) 

IJf'" I (E ) (~. 5~) . . .  <= h , ,  . . . +  y ,  . . .  

\ v - - 1  ~ '>  ~'d 

< 2h  co(~')  ~- ~ = . ~ ( ~  + , ) . - : ~ ( , , ( , ~  

where  

(6. 52 ~) 
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,o (8) - -  y ,  (, + , ) " - ' ,  (,) 

~nd ~3 is an i n t ege r  ~b ou r  disposal .  N o w  2'~-: q . . . .  + (t + r , r ) '* - I~  K n r ~ .  

Thus ,  fo r  c,, % in G (n) a, ,a  I , - - % 1 _ - <  8, 

If/'l' I �9 - ~ 2h ,~(~) ,  (6. 53) 

wi th  

(6. 53 a) (~) = K ~ , ~ ,  (~ (8)) + ~ (~) 

To secure  t he  r e l a t i on  l im ~ ( 6 ) =  o we choose  r3 so t h a t  

(6. 54) q ,  (, (8)) - o, ,,0, ~ ~ (as a -~ oy. 

One n m y  t a k e  

(6. 54 ~) ~ = [~ (~ (~))-~'~'q 

(of. (6. 5o), (6. 52 a)). 

( o < 7 <  ,). 

i [b] = greatest integer < b. 
2 Note that 0)(6), being the remainder after r d terms of the convergent series (6.43), will 

O w h e / l  ?r ~ ~ " 
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I t  is of advantage to have (6. 54) satisfied in such a way that  7," (d) -> o (as 6 -+ o) 

as fast  as possible. 

By virtue of (6. 45), (6, 47) and (6. 53) 

(6. 55) 
(1) (2) 

If f I+ 
(a, % in G(n); I cz - a o ] ~  d). 

Assign ~ (>  o), however small. 

tageous to take as great  as possible) so tha t  

8 

(6. 56) ~ (~) <-- 7 g :  

In  view of (6. 55) we then have 

(6. 57) 

whenever 

(6. s 7 a) I ,~ - % I < z (~) = 

For e <: e o l(e) G d. 

Let  d - - 6  (e) be a value (which it is advan- 

(~, ~o in ~ (..)), 

I 8 {~2n (8)" 
2 Tn 

T h e o r e m  6 .3 .  Co,sider a fioletio~, ,% (a), as give~ by (6.42) with ,~ a singular 

set-fimctiom Let G (,~) < K be such that for ,~o,le. �9 (v) (i i~delJe-tldel# of a) S~ of (6.43) 

co,verges while (6.43 a) iwhl<,.. The degree of eo,timdty of' s,, (a), for a i ,  G (,), 

depe,ds o, the >>rarefieatio,~, of ~, as follows. Give, ~ (>  o), however small (~ ~ ~o), we 

ha~e 18,~(~o) -- *,~(r I < ~(~,% i .  G(.))  ,~he.e~'e,' I ~ - - % l  < t(~); l(~) .~ay l,e defined 

by the followi,g succes,ffo, of s4eps. Defi,e ~, (6)by (6. 50) a ,d  then define ra (i,te- 

gral-vahted) so that (6. 54) hohls. We take 0,(6) of the dibnn (6. 52a) and ~(6) of 

the Jbrm (6. 53a)L Let 6--6(~)  be the greatest mm~ber such that ~ ( d ) <  e/(4h,). 

O,e then may u, rite 

l(e) = _ I  e d "-~' (e) (r,, from (6. 47), (6. 46)). 
2 ~'n 

7. F u n c t i o n s  D e t e r m i n e d  by Va lues  on an Arc.  

Let # ( >  o) be a set-function not  necessarily absolutely continuous. Suppose 

there  is a set G = G(I)  closed, such that  density Q(z) of ,u is zero in G, and 

1 K n  is introduced subsequent  to (6. 52 a). 
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such that conditions of Theorem (4. 6) hold for this set. Vanishing of density 

in G implies that 

,wr~ !* K S  a, §  ( a s v - + ~ ;  a i n G ) .  

Accordingly, what is assumed is the following. 

jh,etio~ t(v) such that 
o(~) 

(7. I) t( , , )-  #., 

while 

(7' ,a)  

a n d  

(7 '  I b )  

There exists a co~ffimwus mo,wto,e 

lim o(v)-- o, 

t(v + I ) +  t(v+ 2) + - . . ~ Z  '~-(~! ( ~ ' ~  I~ 2: . . .) 

(c~ in G; v = I ,  2 ,  . . . ) .  

G being closed, in Theorem 4. 6 we take 0 -  K - -  G. 
be selected as the parts of 0 at dista)~ce >= ro/v fi'om the fi'o~#ier O. 

(7. 2) H~ < H~ < . . . ;  lira H.  = 0. 

Function 

( 7  ~ a) f ,  ( 4  = ~ _  

is analytic in K -  H,,, 

(7. ~ b) K - - H ~ > K - - H . > . . . ;  K - - H , - + G  

and it approximates the function 

(7.3) 7(4 j j  z - -  a = j j z "  ci 
I~ 0 

as follows: 

(7. 3') [f(c~) -- f~(c~)[ = [ j.lzl l 't~' -[ < F~ (tt(O a H~)) ~ r(r) 
O--H v 

The closed sets H~ will 
We have 

a s Y  --> ~ ) ,  

(a in  G; r=:  1,2, . ..}, 

t"~ (# (X)) is defiJ~ed as stated iu Theorem 4. 6. One may also replace the t c h e P e  

last member in (7. 3') by certain other expressions which can be easily inferred 

from the developments of section 4. 
17--38333. Acta mathcmatica. 70. Imprlm6 !c 1 ddcembre 19;38. 
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Let  A B  be an arc in G and let a o be a point  on A B  so that  for a point 

~'o (in G) the segment (Co, to) is in G, while this segment is limit froln both sides 

of segments (.~0, fl) (fl on A B) lying in G. We designate by N,  the set of points 

at  distance < ro/~ from the segment (%, to). I t  is clear that  

(7.4) :~\, < K - -  H,,. 

Suppose that  for  v > ~0 frontier  of X,. intersects A B in unique points A,., B,. (A~. on 

A ao, B'~ on uoB. Designate  by F~. and 1"~' the closed reo'ions (which, except for 
, .  p 

B'~ and A:,, are in 5q.) bounded by the contours B:  t0, % B :  and ,4:. ~o, c~oA~, 

respectively. There exists a seguw,t  ~'o B,. (B~, o,  a o B'~) for  which the a,gle  I fl, ~o, % 

is maximum, u ,der  the eo,d.itio, that the se.qme,ts (~o, fl)(fl o, %fi:.) be i ,  G. 

Similarly is defined a point  A,. on A',,a o. W e  designate by I ' ,  the domain, 

< N,., bounded by the contour  

On writing 

(7. s) angle B~ to A~ -= ~ K~ 

and on not ing that  F,. < N~ it is inferred that  

a p 

(7. 5a) o <  K~ < - - .  

We introduce now the function 

(7. 6) q~(a) ~- exp. {[(ce -- ~o) exp. ( - -1 / - - -  I ~9~,)] '/K~' } 

(99~. = angle of the bisector '~'o D,  of the angle B ,  ~o A,,), 

A funct ion of this type (but independent  of v) has been previously used by 

T. CAI~L~MA~ in his important  investigations of series of the form 

n ~ - -  ~ n  

Subsequently,  this function (in the form (7.6)) has been employed by W. J. 

TRJITZINSKY in his investigation of >>general monogenic>> functions 3. The essent- 

ial feature in our investigations is tha t  this funct ion varies with K~ (V=ro, vo + I i �9 �9 .)- 

1 This  is an angle forming  par t  of P~'. 

This  is the  angle forming par t  of / '~ + F:'~'. 

a W. J. TRJITZINSKV, loc .  c ir . ,  section 8. 
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We have 

~-- St" i 
(7.6 a) m<<,, = I angle [(a - -  ~o) exp, (-- V - - -  I qp~,)]llK,, I = 7 - ;#<i" angle (%, 7o A,,) 

for a on (~0, %), provided D,  is on aoB, , and 

(7.6 b) ~ ' ~  = 7 - K~ angle (ao, ~o B,,) a on (~o, ao)) 

when D~ is on aoA~. 

Let  r (v) ( >  o) be defined as a continuous funct ion (v ~ %) which for integral  

values r(=~ Vo) satisfies 

(7. 7) <o (v) G least [angle (%, ~o A ~); angle (%, ~o B,.)]. 

In  view of (7.5) we then have 

(7. s) 

By (7.7) and  (7 .6  a) 

.... > K ,  > 2 ~o (~) 
Y 7t: 

and 

(7.9) cos r _-> cos K,  ] > ~ K ,  . . . .  

ir ~-~ YO, %-F  I ,  . . .). 

(~, on (~0, ~0)) 

(6 On (~0' ~t0); Y = " 0 '  :~0 "~- I,  . . . ) . 1  

Consequently, by virtue of (7.6), (7-6 a) and (7.9), 

(7' IO) I q" ('~)1 > ~l <<--.'ol l / G ' ; .  (*') 

where 

(7. ~oa) Z(,,) z o,(,,) = ~  Z C "  

(6 on G ,  ~0)) 

Suppose the funct ion f(a) of (7 .3 ) i s  zero on A B. Then by (7.3') 

(7. i~) If~(a)l < r ( * )  (a on AB;  v>=Vo). 

On the other  hand, whether  f(a) is zero on A B or not, one has 

1 v o sufficiently great. 
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(7. I2) I~;(")1 < h (a on (~oA,.), (~oB,)). 

I n  fact, when a is on the s ta ted segments  a is in G; by Theorem 4. 5 

I / ; ( . ) l = l ~ ' . ( s ~ ) l <  F,(~,(H.))_-< h (~>--~o; a in G), 

where h is i ndependen t  of a and v. 

Form the funct ion  

(7. I 3) T, (a) = f ,  (a) q~ (a) (cf. (7- 6)) 

with  a ( >  o) at  our  disposal; T,(a) is analytic in F ,  (domMn in t roduced  preceding 

(7.5)), since 
F , < N , , < K - - H , .  

By (7. i i )  and  (7.6) f rom (7. I3) i t  is inferred t ha t  

P (7. I4) I T~(~)I <r(v) exp. (alt'/K~) [R = m a x .  I,o--,xl (flon AB)" 

v = v  o , vo+  I, . . . ;  a on AB] .  

N o w  I q~(~)l<_- ~ for  ~ on  (go A,) ,  (,~oB,). g e n c e ,  by vir tue of (7. I2), 

(7. I4a)  I L(~,)I < h (on (~oA,), (~oB,.)). 

In  consequence of the m a x i m u m  proper ty  of analytic funct ions  it  is observed 

t ha t  inequali t ies (7. I4)i (7. 14 a) imply 

(7- IS) I T . ( ~ ) I  < h + , '( .)  e~p.  (.R'/",) (~ on  (r %)); 

this will hold for  v = Vo, Vo + I, . . . ,  inasmuch  as (~o, %) lies in I'~ (V=Vo, v o + I, . . . ) .  

By [7. I5), (7. I3) and  (7. IO) 

(7. I6) I f , ( a ) l = l T , ( a ) l l q ~ - ~  exp. { - . a l a - - ~ o l ' / E , , Z ( v ) }  �9 

Restr ict  a to a sub in t e rva l  (~o, %) of (~o, do) so tha t  

B 
(7. I7) la_~ol----<g ' 
Then, wi th g = R/g', 

exp. l a - -  ~ol ~ exp. g 

Whence  (7. I6) is seen to imply 

(~ on  (~o, ~o)). 

(~' > i ; ~ on  (~o, ~o)). 

(~ on (~o %)). 



Some General Developments in the Theory of Functions of a, Complex Variable. 133 

(7. ,8) Ifi(~)l < [h + r(r) exp. (o'/~l/K,)] exp. (-- agvA=,,2c(~,)) 

(~ o n  (~o, %); ~ = ~o, ~o + I . . . .  ). 

Designate by 90 (v) (>  ~) any function which approaches infinity (when v-+ ~) ,  

however slowly. Define a =  a, by the equation 

(7. ~9) exp. (ay'/K,' ,~(@ ~O(v). 

With this choice of a it is observed tha t  the second member  in (7- I8) will - , o  

(as ~-+ ~) ,  provided 

(7. 20) r (v) exp. (a,/~1//(,) ~ B (~ - -  ~o, r0 -~ I,  . . . ) ,  

where B is some number  independent  of v; that  is, (7.20) would imply tha t  

(7. 2I) lim f , . ( cz )=f (c , ) - -  o (ct on (~o, c~o)). 

In  view of (7. I9) it is noted that  (7.20) may be wri t ten in t h e  form 

I 
(7. 22) r(v) ~ Bq~(v) -~-'(~), )~'(v)= -).(v)(g')'/~q.. 

Condition (7.22), securing (7.2I), amounts  to a requirement  tha t  r ( r ) =  

--  F,  (# (0 - -  H,)) (el. (4.66) for definition of F~) should approach zero suffieiently 

rapidly as v -+ o~. In  view of the definition of /~'~ this is seen to be a condition 

requir ing a sufficiently high degree, of rarefieation of >;mass~) # in the neigh- 

borhood of the se t  G. We shall now proceed to replace ( 7 . 2 2 ) b y  a more 

explicit condition. In  view of (7.22) we shall have (7 .2~)  whenever  

( 7 . 2 2  ~) (Zo (.) >_- z' ( ~ ) ; ,  > ~o). 

Now, by (7.22), (7. IO a) and (7.8) 

(7. 23) 

(v ~ %; a o -~ ~ a ' / 2 ;  go = (g,),/2; ~o(~) f rom (7.7))- 

Ill a n  

the form 
b' 

(7. 24) ~o (v) = -- 

extensive variety of cases the funct ion (o(v) of (7.7) may be taken of 

(b' > o, independent  of r); 
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the funct ion ~0(u) of (7.23) is then of the form 

(7. 24 a) 

Turning  our at tent ion to 

we have 

(7. z s )  

where ~ = 6,,, satisfies the equation 

25 a) ! t ( O - -  H , . ) ~  !,~ = h'l t i l l  (7. \ o 1  

zo (,,) - -  b b; (I~, > ~ ; t > o) . '  

r(~) of (7.3'), in consequence of Theorem 4.5 

() I r 
r ( r ) : 2 h i ~ t  ~ ( r ' = r o - - d o ;  ~o(> O) small) 

(ef. (7. I), (7. I a)). 

L e t  v ~ t -~  (u) be the inverse  o f  the f i tnc t ion  u = t(v). T h c n  

I I t_ l [ l t~t  
& r' ~h',] 

and, in view of (7.25 a), it is observed tha t  (7. 22 a) holds (for some B) if 

(7. 26) ! t , , l_ l (u ) t ! )  N B ' ~  (v)-~.o(*) ff ~ %, %+  ~, . . .). 

The faster  u - - t ( v ) - + o  (as ~-+ ~c), the slower will t - ~ ( u ) ~  ~ as u + o .  The 

first member  in (7.26) will approach zero (as v-~ ~ ) w h e n e v e r  t (v) vanishes 

sufficiently rapidly (as v + ~c); for example, this will be the case when t ( ~ ) =  

=-exp.  (--v). In  any case, !t~ t - l ( t t , . /h ' , )  cannot  tend to zero (as v-+ ~ )  as fast  

or faster  than  !t~. In  fact, to be able to satisfy (7.26) at all, one should have 

(7. 27) t',. < B ' ~  (v) -2"o(~) ~p(,) (v > ~0), 

where ~ ( v ) ( >  o) is some funct ion such tha t  lim ~P(r) o. 

will be satisfied provided 

tha t  is, (7.26) will follow from 

(7. 27 a) 

I f  (7.27) holds, (7.26) 

[__l(~tt~t <: I (~'> Y0)" 
= ~ (~,) = \ n , !  

Inasmuch as t(r) is a monotone funct ion ~--l(~l) i8 ~lTtOl?O~O)?e il~cFeasiDg (as 71,-->O); 

1 b, b 1 are expressible in terms of go, b', a o in an obvious manner. 
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moreover,  

satisfied if 

Ix, = ~t (0 - -  H,.) + o monotonical ly as v -+ ~ .  Hence  (7.27 a) will be 

(~ > ~o). 

Whence  we observe that  (7.26) a d ,  eo~seq,~e~#l!t, (7 .2i )  will hold ~f 

(7. zs) ,( ') t,,; 7~{7) __<~,(o-s-s,)__<wr ( , = , o . , o + , ,  .), 

where ~ (v)(> o) is somef~t,etio,, s,,~h that lim ~ ( r ) - -  o (~o (,~))~-a (7.23) oJ' (7- 24 a), 

as the ease ~ilay be). 

Exa~ples  of  setfu,,etio~s tt(>= o) cm~ be g:ive~ so that (7.28) hold,s. ~+s stated. 

I t  is observed that  (7.28) cong i tu tes  a condit ion regarding rarefication of 

>>mass>> tt in the vicinity of the set G. In  particular,  (7.28) implies that  t(v) 

should approach zero (as v .+ ~ )  sufficiently rapidly. 

Theorem 7. 1. Let t~ (~  o) be not J~eee,r absohttely eoJ#i,~ro~ts. S~q)po~'c 

there exh'ts a closed set G il~ ~c'hich the deJ~.s, ity ( f  tt i<~" zero, ,~hile there exigts a 

eo~#b~uous mo~oto~e fa~etio~ t(v) such that the stata~e~t i~, eoJ~eetio~ ~t'ith (7. I), 

(7" I a), (7. I b) holds. DefiJ~e sets 0 a~d H~ as stated ,s.,~bseq~e~t to (7. I b). Let 

, 4 B  be a~ arc i~, G m~d let a o be a poi~# o~ the are so that , /br  a poD# ~o (i~z G), 

the <s'e?~e~t ( %  ~_o) is i~ G a~ l  is li~nit, o,~ both sides, o f  seg~e~#s (5, fl) (,2 o~ ~ )  

lyi,~g i'~, G. Let  A,, m~d B~ be poi~ts (situated o~ the are) re)h'red to 7, the ,italics 

s~tbseque~t (7.4). Let o~ (v) be the least of  the m.~gles a o, "~'o A ,  m~d a o, ~o B .... 

Whe~ev'er the fit,~ctio~ 
= ( (d ,<  

K 

t'm~ishes o~t A B it ~e'ill ~ecessarily also vm~ish o~ the sttb-b~ter~,al (~o, ao) sati,sjyii~g 

(7. i7), of (Co,-o), ~.'o~ided 

<= ,<(o-  (.)-,o<,, (,,) (. => ,o; h', > o). h', 
X ~-' t V ] l  

Here ~ (r) ( >  I ) +  ~ (as v + ~), however slotvly, 

sco (,,) = _ _ ~ L  "<" C") g l?  1,1 
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a,~d lim ~p(~)~o .  When w(~)is  of the form b'/v we ~nay take )~o(r)= bob~ (.~uit- 
able b, b~; b > o, bl > ~). 

l~lote. I f  f ( a ) =  o on A B then f(a) will also vanish on certain polygonal  

lines s i tuated in G, provided tha t  the sides of the lines may be taken in succes- 

sion in the role of the arc AfB of the theorem in such a manner  tha t  the con- 

ditions of the t h e o r e m  hold with respect to the next  side of the polyo'on. The 

set F ( A B ) ,  consist ing of all such polygonal  lines, whether  orio'inating from A B 
or f rom any side of the polygonal  lines, refer red  to, is connected in a certain 

sense. The class of funct ions {f(a)}, for  which the inequalities of the  theorem 

hold (as stated, with reference to all sides of the polygonal  lines in question) 

possess the proper ty  tha t  the members  of the class are uniquely determined 

th roughou t  F ( A B )  by thei r  values on A B. Th roughou t  F ( A B )  the funct ions 

of the class are quasi analyt ical ly cont inuable  in the indicated sense. 

W i th  the aid of the developments  regarding" cont inui ty  (cf. section 6) it is 

possible to obtain theorems of the same type as 7. ~ but  with the arc A B 
replaced by sets ~mn-dense (in fact,  one may take non-dense demonerable sets) o~ 

A B )  The methods to be used in establishing" such theorems are substantiall~ 

those of this  section and of section 7 of (T). 2 In  these pages we shall not  g'o 

into the detailed development  of the indicated procedure.  

The condit ions obtained in the theorem may be etablished in an essentially 

different form. For  this purpose let  us recall  agaiu the definition of the sets 

H,., referred to in (7.2), and consider the  difference 

(7 .29)  

here 

(7. z9 a) 

One has 

fo r  z in H~,i. Thus  

dFt -- ~ A,,,i(a)" 
f ( a )  - - f~  (a) = z - -  a /~ ' 

o--z~ i=1 

A,,,i(ce)= f f d~(_ 
�9 �9 Z - - - f t .  

H~,,i 

(H,,i  = H , §  H,+i - , ) .  

ro --< - - l  (6 iu G) 

1 W i t h  A B  t a k e n  rec t i f iable  and  such t h a t  l e n g t h  of A ~ B ~ o ,  as v ~  oo. 

o_ The  l a t t e r  sect ion deals  w i th  the  s t a t ed  p rob lem for the case when  the  func t ions  under  

cons idera t ion  are genera l  monogenic ,  according to TRJITZINSKY. 
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(7. 30) 

for ~ in G. 

. ~+i f f "  v+r H.+,_,) I A,,<, (<<)1 ~ - - o - .  a ~, . . . .  ,o ~, (H;+,  - 
H~>,i 
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Whence, in consequence of (7.29), 

I oo 

(7" 3 1) I.f'(<<)--t~ (") I < --  Y, (" + i)~,(H, + , -  H, +;-,) 
i=1 

(v ~-Vo, vo + I, . . . ;  a in G). 

Since Hi+I- -H~ < 0 - - H i ,  it is observed that  (7.31) implies 

(7. 3I a) 

last 

condition 

(7 .3~)  ,* 0') ~ B ~ (,,)-'-o~.~ 

where ~(v) is the function referred to in (7.22 a). 

I f ( ,<)- f . (<,) l  =< ~ .  (i + , )~,(ss,+,-  H, )= / ( ,~)  
m 

I 
~ ~0 .~> ('g + I ) ~ ( 0 - - / / f )  ==7"*(~ ') (CA ill G). 

We now may repeat the argument  subsequent to (7-3) replacing r(v) of the 

member of (7.3') by the function r*(v) from (7-31 a), thus obtaining the 

(of. (7. ~3)) 

This requires that  Ft (0 -- H,,) 

should approach zero (as r-+ oe) rather rapidly. Thus, to begin, it is justifiable 

to assume that  

(7. 33) r* (v) ~ r~ (0 -- H,,) (r ~ Vo). 

A conditiou of the form (7.32) is then satisfied if 

(7. 33 a) 
t I (V)__2o(,) ~,(o  - H,,) < B ; ~  

In  (7.33), (7.33 a) one may replaee r*(v) by r '(v)(of. (7.31 a)) and 0 - - H ~  

by H,.+I - -  ,H,.. 

Corol lary  7. 1. U~der co~Mitions of Theorem 7. I the fmwtlo,s i~,~ questio~ 

will possess the stated um'que~wss proper(q ah.o whe~ inecFmlities (7.28) are replaced 

by the eo~dition (7. 33 a). 
18--38333. Aeta mathematica. 70. Imprim6 le 1 d6cembre 193S. 
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8. Quasi-analyticity in the  Ordinary Sense. 

Let I t (>  o) denote a set-function, not necessarily absolutely continuous, such 

that there exists a closed set G < K satisfying the following conditions. We have 

(8. ,) ~ < a ( , )  (,, = , ,  z , . .  ) ,  

where  G(~t) is a set satisfying the conditions of Theorem 4.5- More precisely, 

we assume that there exists a mo~mto~m eontimwus f i ow t i@s  t(~) such that 

(8.2) (v + 2)':-l t(~ + I) + (~ + 3)"--' t(v + 2) + " <: )o'v'~t(~) 

( ~ = , ,  z . . . .  ; , ,  = , ,  z , . . . ) ,  
.while 

G). 

I t  is not difficult to see that, under (8.2), (8.2 a), the function 

= f (  <l~t _ f f  d ,  _ @'~(0) ( 0 = K - - G ) '  
(8. 3) f ( a )  d d  z -  a ,~ .~ z - -  a 

K 0 

is indefinitely differentiable in G; in fact, 

(8 .3  a) /~,,~(~) = ,,! (~ _ ~ ) , , + , -  , !  (o) 
0 

( ~ =  I, 2 . . . .  ; a in G). 

As in the preceding section let H ,  denote the part of 0 at  distance ~ ro/~ from 

the frontier of 0; thus lim H , , =  0. The sets K - - H ,  will be open and 

In K - - H ,  the function 

(8, 4) 

K - -  HI > K - -  H~ > . . . - + G .  

Z - - - V t  

Hv 

will be anMytic. For n : o ,  I, . . .  and for a in G we have 

(8. s) ff j~") (a) - - f~ ' ) (a)  = ,,[ (z _ a),,+l 
O--H, 

--- ]1,! ~I ~n'bl ( 0  - -  If+,) 

(r in G; ~ =  I, 2, . . . ) .  

' I n  G d e n s i t y  of  ,a w i l l  b e  zero .  
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Thus, in view of Theorem 4. 5 (in particular, of (4 66)), 

( 8 . 5  a) l f( .)(s _ j ~ n ) ( f f ) l  < " !  ~ n + l  (~t ( 0  - -  H~)) = rn (r) 

(a in G; v - - ~ o ,  % +  I, . . . ;  n = o ,  I, . . . )  

inasmuch as (8. I) holds. We shall now investigate the form of r,,(~). 

rem 4.5 (with n replaced by n +  I and X replaced by 0 - - H , . )  

(8.6) 

where 6 = 6,~,, satisfies 

( 8 . 6  a) 

and 

(8 .6  b) 

From (8.6 a) we have 

(8. 6 0) 
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By Theo- 

(,,) r ~ ( v ) - - ~ ! 2 h , + 1 6 - ' : - l t  ~ ( r ' = r 0 - - G ;  G ( >  o) small), 

# , o _  , . ,  = 

t 
hn+l = hn+l ~n+l ,pn+l " o )~n+l = Kn+l + ).' 

(Kn+, from (4. 55 a); ).' from (S. 2)). 

I I [ ~t. ~ 

where t-1 is the inverse of the function t. Substituting (8.6 a) and (8.6 c) in 

(8.6) one obtains 

(8. 7) ,.~(~)= m , ,  ~, . . . .  1 = �9 

\ h n + i J  

Inequalities (8.5 a) (with (8.7)) are useful in the study of indefinitely d(g'erenti- 
able functions f(a) of the form (8.3). 

Let S(R, r) (R > ~, r <  I) be the closed region of the following description. 

From the origin 0 we draw tangents 0A" ,  0 B "  to the circle I z - - i  I =  r; the 

points A", B" on the circumference I zl = R. Designate by A', B' the points 

of tangency with I z - -  i I =  r of the lines 0A" ,  OB", respectively. S(R, r) is 

the connected region containing 0 and bounded by the greater arc A " B "  of 

I z I = R, by the smaller arc A' B' of [z - - I  I = r and by the segments A' A", B' B ' .  

The following important result of E. BORrL 1 will be needed. 

>)If one writes the following Mittag-Leffler expansion of I/(I --z):  

(8. 8) ' - 
I - - z  ~ a,,(z), 

~ 0  

]~. BOREL, S~O" les sdries de polynomes et de fractions rationnelles, Acta mathematica, vol. 
24, pp. 3oi--38I; particularly see pp. 354--358. 
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where 

(s. sa) 

with 

(8. 8 b) 

W. J. Trjitzinsky. 

Ctt~ 

= ~ g., i z i 

i ~  0 

( a ~ =  n 4 + "'" + n ~ )  

s �9 '~, ! i n /  
2t=O 22=0 ).n=O 

it  can be asserted tha t  

oo 

(8.9) ~ I G,, (z) l < M (R, r) = R Is R r - - l i 3 2  R r - 1  + 2  

for z in S ( R ,  r), convergence of the series being uniform.>> 

The above result  of Borel will be used in order to obtain conditions re- 

garding >>rarefication>> of mass tt under  which MITTAa-LEFFLER (for short, M.-L.) 

development of f (a )  will be possible around a point ao in G, along lines in G. 

This, incidentally, would establish quasi-analyticity in the ordinary sense (i. e. 

unique determinat ion by values of the funct ion and of all of its derivatives at  

a point). 

On writ ing 

tha t  is, 

(s. :o) 
Hv--H~'-- 1 

(~ = ~, ~,  . .  ; j o  (~) =-  o)  

(~ = ~, ~,  . . .; 1to- o),  

one has 

(8. I O  a) f((l) = ~ A,(a) (a in G). 

Let  a o be fixed point in G and suppose there exists ~ segment (%, ~0) in G. 

When  a is on (ao,~o) and z is in H ~ - - H ~ - I  (in fact, if z is in H~), recalling 

the definition of H~ in consequence of certain developments previously given by 

TRZITZ~NSKY 1, it is concluded tha t  the point 

( 8 .  II) ~ - -  
2' - -  ~0  

i Cf. TRJITZINSKY, lOC. cir., section :o; in particular the text in connection with (3~, ..., (:2). 
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will lie in S (B,, r,) where, with aj, a.~ denoting suitable constants independent  of v, 

(8 .  1 2 )  / { v - - -  q l  ~, ~% - -  (Ol, q'~ > 0) .  

W e  then have 

I I I 

Z - -  (~ Z - -  r 0 I - -  Y, 

ar 
_ _  I 

7l~0 

where, in view of Borel 's result, 

( ) a., -~  3 I ,  (8. ,2a) F,I<,(u) I < M  ~ 

Consequently 

(a on (%, ~0), z in H~). 

ff (8. I3) A~(a)~ I (J-n(u) dff = Z H , , } . ( c c -  ao), 
2' - -  CC0 

tt~,__Hv__l = n~O 

with 

f f / .~ (1 ,it ~,, , .  (~ - ~o) = G,~ ~m ~ _  ~o ' 

H~--H~,__ 1 

inasmuch as the second member  of (8. I3) is uniformly convergent;  (8. I3) con- 

st i tutes a N.-L. expansion of A~ (a) around the point  %, along the segment 

(%, ~'0). Since for % and z in the indicated sets 

we have 

and, by (8. I2 a), 

[z ~o[ > ro 
.1) 

f f 
H v - - H v - -  1 

(8. I4) 

I f  the series 

,, , = o  Y,I &(')Id," 
H,--H,._I 

V 
< M~ ff (g~ - H , - , )  

~'0 
(,  on (%, 0 ) .  

(8. ~5) s =  F , , M ~ , ( H , -  H~_,) (ef. (8. ~2 a)) 

converges, the double series 
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~H, . ~  , , , , , ( c ,  - -  ao) 

will be absolutely convergent  on (a o, 2~,a). W e  then  may rear range  terms, obta ining 

b y  (8 .  I O a )  and (8 .  : 3 ) ,  

(8. :6) 
r162 ar cr 

f(~)= Z Z ~,,,,. (~-~o)=E E . -  

r ~ l  n=0  n = 0  'v-1 

Qr; 

where 

(8. I6a)  

inasmuch as 

= Z . , , (a -  %) 

0 

( H , , -  ~ _ , )  = o .  

By (S. 8a) and (S. II) f rom (8. 16a) we obtain 

(a on (~o, r 

( f rom (8. I I)) 

] " ,,,,,o,,, 
(~ - ~o) ~ ~ ,  (~ -ao) ' : .  Hn  (a - %) ~ g"'~ (~ - -  ~o) ~+' = g"" :i i 

i~O O i=0  

Consequent ly  (8. I 6 ) i s  a M.-L. development  o f f ( a ) a r o u n d  a o (along (ao, So)). 

Thus,  the  fol lowing fact  has been established. I f  the series (8. 15) converges, f (a) 

may be expanded in a M.-L. series arou~M a o, alo~g (ao, So) i~ G; we then have 

f ( a ) - o  on (%, So), whe,ever 

o = f(ao) = fi:)(%) = f(2)(%) . . . .  . 

Using the  definit ion of _/]I, given in (8. :2 ~), in view of ( 8 . 9 ) i t  is concluded 

that ,  for ~ suitable a ( >  o), 

M, < (~, ~p')~': (~ >= ~,,). 

Thus,  (8. I5) will converge if 

(8. I7) 

while 

(8. I7 a) 

,. (H,  --  H. -1)  < 7t~, ~ = K(~) (~ >__ ~,0), 

s,, (,,.~ > o) 
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converges. Now 

Hr  H ~ - I  ( 0 - -  H~- I .  

Hence  (8. i7) will hold if 

(S.  I 8 )  ,tt(O - - / / , . - -1)  ~_~ / ~ ( v )  (v ~ Vo; of. (8. 17)). 

I t  is observed that  if one takes a sufficiently great  the factor  s , / v  in K(v)  

may be deleted. 

A modified method will be now applied. Suppose f(") (%) = o(v - -  o, I, . . .) 

for  a fixed point  a o in G. As before suppose there exists a segment (ao, ~o) in G. 

For a in (ao,~o) in view of (8. 5 a) we shall have 

(8. ~9) I / ?  ) (%)l < ,,, (~) (* ~ vo; , , = o ,  ~, .--). 

A M.-L. expansion of ,]q,(c~) c a n  be given by (8, I3) if one replaces the set 

H , -  H,_.~ by H , ;  thus, 

(8. ~o) y;,(~) = ~ - ~ , o ~  ( ; , ~ ( , , ) d . , , = ~  H"," (~ - -  % )  
II~, n=O n=O 

where 

( 8 . 2 o  a) 

By (8 8 a) 

and, in view of (8. 2o), 

(s. ~ i )  

f f  
"" 

H '~,~ (~ - -  60) = e,~ ( . )  
~0" 

tl, v 

Go (u) + . . .  + G,, (u) = g,~ (u) 

- g~ (u) (ll~ 

H~ 

= F,  ~.., (~ _ 6o/ , ,1 (6 - C~o)~= ~ h,,,, ~ii (c~ - %),; 
i=0  �9 i=0  H~ 

here 

(8. 2 I a )  h , , , i - - -coe f fc ien t  of z i in g,~ (z) (cf. (8. 8 b)). 

Formula  (8. 2I) will certainly hold on (Co, ~'o), inasmuch as this segment is in G 

and every poin~ of it is an in~erior point  of the set K -  H ,  in which .j~ (a) is 

analytic. 
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The Mittag-Leffler coefficients h~/ 

lira h,~,i = I and 
?t 

O < h~,,~ < h 

thus, by (8. 2 I )  and (8. I9), 

(8. 22) 

are really summability factors. 

(h independent  of n, i); 

an  Ti 

[P ..... (c~-- %)1 < h ~ ,  r~(v)i! 

(~ = 1% - ~o I; ~ on (%, ~0) in ~) .  

One has 

The r,(u) are given by (8. 7). In  this connection it is noted tha t  in view of 

{4. 5S a) (el. (8 .6  b)) one may take 

I 
/ ~ z + l  "--- 3 n + l .  

~-~ -  I 

Thus, in (8 .6b)  one may put 

)*n+l  - -  g"+~ (suitable g >" 3). 

Taking the expression for 

inferred tha t  one may take 

(S. 23) 

Whence  

(8. ~4) 

hz,+~ from (4- m a), in consequence of (8 .6b)  it is 

t 
h n + l  ~ g n + l .  

r ;09  2 i !  O )  "' - ; - 1  ;+~ [ ~,u, = ",  ' - , ,  g~+i] 

so tha t  by virtue of (8. 22)  o n e  has 

(8. 25) [Pn , (a  %)[ < Q  .... 2h ? '~'~ _ ff~ ~/~\{s 
, _ ~r l i = 0  

for . o~ (%, ~o) ~ 
B% shall ,now seek a value 2r (9) such that 

(8.26) ~ I G, ( u ) [ <  L (, in S(R,., r+)), 
n>B'(r) 

where R,., r~ are give~ bff (8. I2). BOREL has solved this problem (with B~, r~. re- 

placed by any numbers  R ( ~  2), r > o) in the case when the second member  in 

1 I n a s m u c h  as t--1 ( U ) ~  ~ ,  as u ~ o,  we have  lira On,*. = ~ .  
Zb 
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(8. 26) is equal to unity,  b3; uti l izing certain results f rom a menmir  of ]~ITTAG- 

LE~VLE~ ~. Fol lowing Borel's me thod  2, with  obvious modifications, we obtain 

(8. 26 a) N(v)  ~- a lv~ (a~ > o, independen t  of v). 

In  view of (S. 2o), (S. 2oa), (8. 2I) 

f f G,, (u)  d u  (u f rom (S. ,I)). (S. 27) f~ (a) -- P~,, (a -- a0) = iz - -  "o ,,>,~ ' 

H. 

Since in (8. 27) u represents  a point  in S(R~,r , . ) ,  in consequence of (8. 26) it  is 
inferred tha t  

(8. 27 a) If i  (~) - P,,,,, (- - %)1 =< I a ~  (*,)1 I z - ,o  I < I z - -  ~01 

i f f  a~, 
o 

for  ct on (%, g0)" 

By vir tue of (8. 25) and (8. 27 a) o n e  has 

( 8 . 2 8 )  

K, 

If,, (-)1 ~ I P . , .  (- - -o) 1 + If~ (~) - P < .  (- - -0) 1 

g t 

< Q~,,, + - - -  

(, >= a~ ~-) 

lim f~ (c 0 - = f ( a )  = o 
q: 

l im &,, ~ ~ 0 

Thus 

(8. 28 a) 

provided 

(8. 29) 

(#' = least  in teger  ~ a~ C). 

(on ("0, ~0)in G), 

( , '  f rom (S. 2S), (S. 26 a)). 

In  view of (8. 25) condi t ion (8. 29) will be satisfied if 

tha t  is, if 
i = 0  

~ [.~ t_~ (~,. ~-~-",, ')]1+~ ~ o (as ~ -~ ~ ) .  

1 MITTAG LEFFLER,  Sur  la reprgsentation analylique d'une branche u n i f o r m e . . . ,  Acta mathe- 
matica, vol. 23, pp, 43--8o. 

"~ BOREL, loc. cit., pp. 356--358. 
z This is so because g > I and 1--1 (~) increases monotonically as ~ (> 0) 4 o. 

19--38333. Acta mathematiea. 70. Imprim6 le 1 d~cembre 1938. 
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I f  a ( >  o, independent  of v) is suitably chosen the lat ter  condition will certainly 

hold whenever 

(8. 30) Q(V) = ,u~. [*l t--1 (,U~g--c("))] ('')''~ -+ 0 [C(v) = (a v~162 ,ttv = # ( 0  - -  H , , ) I .  

The relation (8. 30) secures quasi-analyticity, just  as the inequality (8. I8). 

The two conditions, though both relat ing to rarefication in the vicinity of the 

set G, are of a substantially different form. 

There exist set-fa~etio~ls y (> o), ~ot ide~dically zero, Jbr which (8. 3 o) i~, 

satisfied. 
One may write (8. 3 ~ ) in the form 

t--1 (,u,, g-C(,,~) <= I [o (v) tt71] 1/~'(') (o (v) -> 0). 
%1 

Now, tt~g -e(,) ---> o (as v--> or and, thus, the first member  will approach infinity; 

hence the second member  must  approach infinity. Whence  

( m, ~1,,~.( , ) 
o ( , ) l  < o~ (,) (o, (~) -§ o). 

On the other hand, the preceding inequali ty may be wri t ten as 

tt~ g-~(~) ~ t ( [O (V) ft-~l]l/c(") ~ ). 

Combining the lat ter  two inequalities one obtains 

(8. 30 a) 

[,, (~) = ( a  ; ) '~ 

l , \  
gC(~) t ( [o (v) p~-l]l/c(") ;1 ) ~ p,. <~_ o (v) [ol (v)] e(~) 

t t , = ~ t ( O - - H , . ) ;  ,~>.Vo; o (v )~o ,  Ol( ,~)~o(asv-~ or 

Theorem 8. 1. L e t  tt(>= o) be a set~o~ctio~, not ~ecessarily absolutely cw#i- 

.mtous. Suppose there exists a mo,oto~w comimlous ftu~ctioJ~ t(v) s,teh tkat (8. 2) 

holds, while iu a closed set G o,e has (8. 2 a). Cow,sider funclio,s  

= r r  ,',, - f f , , , , ,  f(c,) j j z  --  a --  c, 
K 0 

(o  = K - -  (;). 

Let H ,  de~mte the part of  0 at distaJ~ce > ro/v from the fi'o~tier of O. I f  a o 

de~otes a point in G a~d the segme,t (%, ~o) is iJ~ G theJ~ f (a) ca~ be expressed, 
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o~ (%, ~o), i~ terms of" the values of the derivatives at %, 

f(r) (VtO) (r = 0 ,  I, . . .), 

with the aid of a eom'ergent ~/[ITTAG-LEFPLER expa,sion, provided that for ~ ~ % 

(8. 3 I) ,u(t~,.--- g v - 1 )  ~ ~' ((~1 ~) -(Ov~)a''~ 

( E  > o; s,,,:ta ,le (> o), o)). 

This co~dit'ioJ~ is also satisfied whe~mcer (8. I8) holds' and it im~vlies quasi-a~TalMicity 

i~ the ordina~,y set~se 4" the correspondi1~g class of fi~,etio~s f (a). 

The latter property is also implied by the i,equalities (8. 3oa), where g ( >  3), 

a ( > o ) ,  ~l ( > o )  are suitable eo,~sta,ds a,d o(v) (>o) ,  o l ( r ) ( > o  ) are funetio,s 

approaehi,g zero as' v -+ ~r 

A number  o f  developments along the lines of this seetion have been 

previously given in a significant paper by R. CxcclovvoLI~; the results obtained 

by the lat ter  are essentially different f rom ours. 

9. De ter ln ina t ion  by Vahles  on Sets  o f  Pos i t i ve  Linear  ~leasure.  

W e  designate by G a closed bounded set, in the a-plane, containing a. closed 

interval 1 (o =~ cc =~ 2a). Let  0(3)(3 > o) denote the set of points at  distance 

< d from G. I f  31 > (~2 > ' ' "  (3v > O, lim & O), one has 
a, 

o (3,) > o (O > ; o (3,) -~ G (as ~ ~ ~ ) .  

Suppose f ,  (ce) is, .analytic (umform) i., 0 (&) a ,d  the sequence {f,.(a)} cow,verges uni- 

fbrmly in G; desig,ating by f(cr lhe limiti~g fu,ct io, ,  u'e have 

If ( - )  - f , , ( r  < ~ ,  (i, G; lim e, = o). 
1, 

(9-I)  

Let us suppose ah'o that 

(9. 2) 

where S is i,,depe~dent of" r. 

If, (~)] ----< S (ain 0(3~+,); * =  1,2, . . . ) ,  

Let  D (e), in the a-plane be the domain so designate at  the beginning of 

section 6. The function 

1 I4. CACCIOPPOLI, Le funzioni monogene generalizate definite mediante integrali doppi di 
Cauchy, Rendiconti del Seminaro Mat. della R.U. di Padova 0934); PP- 1--26. 
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(9. 3) ,,, = h,(~, 5) = ~ (2 a, ~)~ ~ = ~ ,  
5~ . (~ .  - ~)" 

where tg ~ - -  2 a ~/(a ~ - -  e~), will map D (e) conformally on the interior of the uni t  

circle in the w-plane. The interval (0, 2 a) and the points o, a, 2 a (in the 5-plane) 

will go into the interval (-- I, I) and the points -- I, o, I (in the w-plane) respectively. 

We shall now examine the conditions under  which the class of functions 

f(5),  under  consideration, has the property  (P) consisting in unique determination 

of the members of the class when the funct ional  values are known on a set F 

of positive linear measure, si tuated on an interval in G. I t  will be supposed 

tha t  U is on the interval  (a, 2 a); this entails no loss of generality. I t  is con- 

venient to formulate the problem as follows. 

W i t h  F denotiJ~g a set o f  the above deserh)tion, we wish  to f i , d  eo,ditio,~' 

~,~der which va~ffshiJ~g o f  f ( 5 )  o ,  I" implies  r a M s h i , g  o f f ( a )  o ,  F ' ~  F, where 

( 9 . 4 )  

Thus, suppose tha t  

(9-5) 

Inasmuch as f (5 )  is continuous, 

meas. F '  > meas. F. 

f ( 5 )  = 0 (5 on C). 

F is to be take;~ elo.~ed. Whence,  on writ ing 

(9-6) 

it  is observed tha t  

(9. 6a) 

L = ( a ,  2a), O = Z l - - r ,  

~ z ( ,  ,,) (~(' ,,) ( '  ,,) , ,,) 
0 = 5i~ C~i Cr ~ -  5i~Cr ; 5 i  < Cti 

i = 1  

In  so where the non-overlapping intervals (a~, a'{) are open t and are all in I 1. 

far  as meas. F > o, one has 

(9.6 b) 

By (9. ') 

(9, 7) 

The function 

(9. 8) 

~,( ') l n e a s ,  0 " a f  

i 

l f (5)  - f , .  (5) 1 = If, (~)1 --< , ,  (5 in F;  r = I, 2, . . . ) .  

~' - -  h ( ~ + , ,  5) (of. (9. 3) with * - -  (~ , ,+1)  

i E x c e p t ,  of  c o u r s e ,  t h a t  in  s o m e  c a s e s  t h e r e  a r e  e x t r e m e  s e m i o p e n  i n t e r v a l s .  
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transforms D(d~+l) on the interior of the uni t  w-circle. Now f i ( a ) i s  analytic 

in 0(&) > 0(&+~) > D(&+l) because &+~ < & and (o, 2 a) is in G; thus, applica- 

t i on  of the t ransformation (9. 8) to f , .  (cr will yield the function 

(9. 8 a) 

analytic in w for [ w] < I. 

(9. S b) 

In  consequence of the inequality (9.2) we also have 

l i ~ ( . ' ) l ~  s ( I . ' l <  ~; ~ =  ~, ~ , - . . ) .  

F is on (a, 2 a) and whence is carried over by (9. 8) into a set F i~̀ 'i' s i tuated 

on the interval o < w < I. Similarly 0 is t ransformed by (9- 8) into an open 

set O!y 1 of the form 
ao 

(9. 9) oT~=Y, I (w ; (~ ) ,  ~d'(~)) (t(w;(~), ~d(~))=(., ' ,(~), ~d,'(~))), 
i=1 

where the ,w'~(v), w'[(v) are points in the w-plane corresponding to the points 

a~, a~.' of the a-plane, respectively. Considerat ion of the form of the funct ion 

(9. 3) leads one to the conclusion tha t  the following is true for the points just  

referred to (if one keeps v fixed). I f  cq, co, are points of the set {c~,', d/}, such 

tha t  a t < %, then the corresponding w-points, "'L and w.~ 1, wil l  also sati,@iq the 

inequa l i t y  w 1 < w,.,. 

We have 

(9" 9 a) ]'(~") @ O! w) = (0, I). 

In  consequence of (9. 7) and (9. 8 a) 

(9. ~o) I ~ ' . , ( . - ) l < ~  ( .~ inr~  '~- ~ - ,  2, ). 

The set F~ ~) is in the interval o = < w <  I. One has 

(9- 1 I) meas. I'~ '''1 > o; 

we shall now apply a theorem due to A. BEVRLI~G ~, which stated in a restricted 

form, requisite for our purposes, is as follows. 

,~Let F (w) be analytic for [~v[ < I and suppose 

(9. ~2) IF(w)l =< s (Iwl < ,). 

1 Belonging, of course, to the set {w~ (v), w~' (v)} (i= t, 2...). 
A. BEURLIIgG, Etudes sur un problbme de majoration, These, Upsala, 1933 (pp. i--Io9). 
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Des igna te  by E a set of  values o--_< r <= I for  which  

(9. 12 a) ,t (r) = min.  ] f l  { on ( I w ] = ,') (r < I ) }  ~ 8 

T h e n  for  ] , v ] < r ( o  < r <  I) one has  

(9. ,3)  

where  

(9. 13 a) 

I ~p(r) 
I v ( , d l _ _ < ~  s )  , 

p (,.) = 4_ arc tg ] / / 0 §  
I +Or 

W e  apply this  t heo rem to F ( u , ) = ~ , ( u ) .  

(o < ~ < S). 

( 0  = I - -  m e a s .  E)>>. 

I n  view of (9. 8b) S of (9- i2) 

will be the  n u m b e r  so deno ted  in (9. 8 b). 

(9. I4) E = I'('"" ~ = ~,,. 

The t h e o r e m  will then  yield the  fo l lowing resul t :  

(9. I S) I F ,  ('v) l < 4 - ' ' ~  S ~  = ;'-(") 

where  

(9. 15 a) 

(9. 15 b) 

I n  consequence  of (9- IO) one may  take  

(for I",' I =< ~" < I), 

1 / O v  + r (0 , ,  = I - -  m e a s .  11;~")~ 

0r = meas .  0 :'~, = ~  (-'7 (,') - -  ,~; (~))- 
i 

In  par t icular ,  (9- I5) will hold  on the  in te rva l  ( - - r , r )  (o < r <  I). 

Going  back  to the  var iable  a, on taking" no te  of (9. 8a), f r o m  (9. IS) we 

obta in  

(9- 16) If ,  (a) l =< )~, (r) (a on I (r)), 

where  I ( r )  is the  a- interval  eor responding  to the  w-interval  { - - r , r ) .  I t  is con- 

ven ien t  to a r r ange  to have  I ( r )  i ndependen t  of v; let  us say 

(9. 16a) I ( r )  = (~2, 2 a  -- .2) (o < .2 < a), 

where  *2 is i ndependen t  of v and  is howeve r  small. In  (9. 16) we then  have  

(2 a - -  .2)~ - -  .2~ 
( 9 - I 6 b )  r - - - - r , =  - h ( d ~ + l , * 2 ) = h ( d ~ + l ,  2 a - - * 2 ) = ( 2 a  q_*2)o Ti o, 

as can be seen by cons ider ing  (9. 8), (9-3); here  



In  view of (9. I6) 

hold4., we hate 

(9. 17) 

lJrovided 

(9. ~8) 
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2 a (~v4-1 
(9" 1 6  C) 0 = 17 (~) = 2 5 - ( ; i '  t ~  T (T) ~-~ a '  - -  {J: + 1' 

a n d  s i n c e  l i ~  A (~) = f ( ~ )  

f ( . )  = o 
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it is i,~/~r,'ed that, "tf (9. 5) 

(o < , / ~  c~ =< 2 a - -  ~), 

limZ~(r,) = o (ef. (9- '5), (9. ,6b)). 

W e  shall now proceed to find conditions securing (9. 18). I t  is noted first 

that,  in view of (9. ~6c) and inasmuch as lira d , + l = O ,  

( 9 . ,  9) ~ (~) = .0 (~) d:~, 

where a ' ( >  o), a " ( >  O) are independent  of .v. 

(9. 20) r ,  ~(~) + I 

For '2 small ~ is arbitrarily great. One has 

(9. 20 a) 0 • J'v < I ,  'F, - +  I ( a s  ~' -z- ~ ). 

Consider now O, of (9- I5  b). I t  is of importance to observe that  (9. 6b) 
�9 * tt 

holds. A const i tuent  interval (a,, a~) of 0 is t ransformed by (9.8) into a. const i tuent  

interval (w~(r), w'{(v)) of 0 (w/ W e  shall compare the length of the lat ter  intervM 

with that  of the first. In  consequence of (9. 8) with the aid of a mean value 

theorem it is inferred that  

PP 
(~' --< ~0 (~) = ~ ; ~ > ~0) 

On the other  hand, by (9. I6 b) 

~ - - -  rl I ~-~ I �9 

> o 

(9" 2 I )  

where 

(9. 21 a) 

Now 

( 9  22) h( ' )  ( a , +  ,, ~) =- 4 a . (~)  ~"~")- '  (2  a - -  ,~)o(,.)- ~ 
[~:"") + (,- a - -  ~,)~")j'~ 

�9 rp  

o < w ' / ( , , )  - , . ;  (,,) - h ( , L + , ,  ~,;.') - h (a~+ , ,  , ; )  = h ( ' ) ( , L + , ,  < )  (~;'  - ~;),  
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for  o < a < 2 a ;  th is  func t ion  a t ta ins  its m a x i m u m  ( f o r o < a < 2 a )  a t a = a ;  

f rom a = a to a = 2 a it  is mono tone  diminishing.  Hence  on account  of (9. 2 I a)  

i t  follows t h a t  

and,  by (9. 2 I), 

(9. 23) 

Now, in view of (9. 22), 

(9- 23 a) h(1) (&+l, a) - -  4 a  a(,,) 

/~t'tit (J)) - -  rl{'ti (J/) "~ h (1) (~'v+l, s () (CC~" - -  f~';). 

7 ~(*)-1 < 4 a (v)_ 7~(~)-x 
[ I  -4- 7('Y'] ~ -  a 

2 a  
( a < = a < = 2 a ;  7 =  --  I + - - - ;  0"<7<= I ) .  

Cr 

For  a + s ~ a ~ 2 a ( o <  a < a )  we have  

- -  = , < 2  I yv_<_o= a + ~-s 

and  

(9" 2 3  b )  h (1) (~,. 1-1, ('~) <~ 4a!v)7~(~ ) 
a 

[7o independen t  of v) 

(a+~ _-<.<2a). 

I f  F conta ins  the  in terva l  (a, a + ~"), in place of (9. 21 a) we shall  have 
�9 pf 

a + ~" ~ eel < ~i :-= c3i,, < a~ ~ 2 a 

and,  by (9. 23), (9. 23 b), 

tt * (~) tl t ~ ,  (v) _ ~ ,  (~) < _4~ 7o20 ( . ,  _ < ) ;  
61 

thus ,  in  th is  case, 

(9. 24) 0, = ~ (w}' (v) --  w; (v)) < 4 a (if) 7~(, ) meas. 0 (cf. (9. 6 b)) 

and,  i nasmuch  as 70 < I and  a (v) - -  ~ (as v-~ m ), we shall  h a v e  

(9. 24 a) l im 0r = o. 

Suppose now t h a t  F conta ins  an interval ,  say (a, a + ~') (with o < ~" < a) t, 

or de le t ing  this  condi t ion  note  t h a t  0,. < I (of. (9. 1I)) 2. W e  shall  now obta in  an  

explicit  fo rm of the  condi t ion  (9. 18). By (9- 15 a) 

t The re  is no  e s sen t i a l  loss  of gene ra l i t y  in  t h i s  choice  of t h e  in t e rva l .  

�9 2 O b v i o u s l y  0~ ~ I in  a n y  case. I t  is suf f ic ien t  for  o u r  p u r p o s e s  to h a v e  0~ < ! m e r c l y  for  

a n  in f in i te  s u b s e q u e n c e  of va lues  v. 
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(9. b) --  p~ (r,,) = arc sin . . . .  Q~ 24 I 

Using the  definit ion of Z, (r), given in (9.15), we write 

(1) (9. 25) Z, (v) -- log ~ )  

By (9. 2oa)  and (9. I5 a) 

(i) (I - -  p~(r~) )  l o g  ~ 'r  - -  p ~ ( r ~ )  log 

l im p,. (r~) - -  I 
'2 

S. 

in any case. Whence,  by vir tue of (9. 25), it  is concluded tha t  (9. I8) will hold 
if ;~ (v )~  oz (as v--> oo); t ha t  is, if 

Z~(v) = arc sin [ I  - -0 ,1  I ~I  + erl l o g  -+ o0 as  ~'-+ O0). 

In  so far  as (i - -  O,)/(i + 0r) -~ o (as r -+ m), the  above condi t ion  is equivalent  

to the relat ion 

(, + 0 , ) ( ,  + r,,) l og  = ; 

t ha t  is, t o  

(9. 26) lira (I - -  Or)(I r~,) l o ~  I = ~o. 
4, 

Here,  in view of (9.24 a), the factor  ( I -  0r) may be replaced by unity,  whenever  

F contains  an interval,  as s~ated. On t ak ing  account of (9. 20) it  is observed 

t ha t  (9.26) may be replaced by the formula  

lim (I - -  0~) ~-~(") l~  ( ~ )  

which may be wri t ten as 

(-' ) (9- 27) e"r ~ exp. i - -  0v ga (v) ~'<,,1 (v => Vo) 

( ~ ( v ) ( >  o)-* ~ ,  however  slowlv; ~ =  - - I - 1 - 2 ~ >  I)  

To obtain (9. 1 7) i t  is sufficient tO have (9- 27) satisfied merely for  all infinite 

subsequenee of values v. By (9. 19) i t  is sufficient to have 
20--38333. Acta mathematica. 70. Imprim6 le 1 d6cembre 1938. 
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(9. g8) e ,, <= exp . ( 7~-  I-o~ ~fl (v ) A ' /"~' + 1 ) (v > Vo; A = ~o" > I). 

Theorem 9. 1. With  the notation introduced at the beginnb~g of this ,~eetio< 

consider functions' f (a) ,  defined over a closed set G, which are limits of  unifownl!l 

convergent sequences {f~(a)} of  mml!ltie fuJmtio~s, as stated iJ~ eonneetio~ with (9. I) 

a , d  (9. e). I f  f ( a ) = o  on a closed set F, of  positive li~ear measure, ~'iluated o~ a~ 

i,nterval, let us say (a, z a) (a > o) (the interval (o, 2 a) t.~fi,g 7~ (;), the~ f(c~) will 

,necessarily vanish also for  

o < ~ < a <-- 2 a -- ~? (~2 however small), 

:provided (9.28) holds. /~n (9. 28) ~ - ~ - - i  + 2 a / ~ >  ~, ~p (v )>o  and 

W (as ), 

however slowly; r - -  O~ (o < O~ < I) denotes the measure of  the closed set F ( f  ) obtai~ed 

by applying the transformation (9.8) to the set F. 

hz  the case when F eo,tains an i~derval (a, a + "~') (~' > o) we have 0,,-+ o 

(as ~, -> oz) and one may replace 0,. in (9. 28) b!! zero. We hare the inequalities 

O~ < 1 (~ = %, ~o + I, . . .) in any ease. (This may be established, for instance,  

with the aid of a known theorem on conformal t ransformat ions ,  applied to linear 

sets of positive measure.) 

l~lote. This theorem gives a condi t ion under  which there is on hand  a class 

of funct ions  possessing the  uniqueness  proper ty  (P), referred to preceding (9.4). 

The  above developments  suggest  a me thod  of analyt ic  cont inuat ion.  

With  G closed, G < K, write O = K - -  G. A~ i,~ sectio~ 7 let us define H~. 

as the i)art of  0 at distance >= ro/v J}'om the fi'ontier of  O. We ,s'hall have (7.2). 

Let tt(>= o) be a set-fitnclion not ~weessavily absolutely contim~ous and coJ~sider j~lm,- 

tions of  the form 

ff ,,o(o, (9. 29) f (a )  = J J  z-22---ci = z - - a  
K 0 

the density of  tt bei~g zero in, G; t h a t  is, funct ions  considered in section 7. 

writing 

(9- 29 a) r (a) = q)~ (H,), 

we obtain 

On 
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and, by (7.31 a), 

(9. 30) 
On the other  hand, 

(9. 3i) 

f ( ~ ) - f , ( ~ ) =  a ~ o ( O - H , )  

I f ( ~ ) - f . ( a ) l  ~ , . ' f f ) = e ~  (v :~ vo; a in G). 

~ ,  ~17 a ; ; <"1 ( I t 1  ) If~(~)l < < , ,  a ,  ,," = - -  # ( K )  
- -  "o d d  ' ro  

If~, H~, 

for a in K - - H ~ + I ,  inasmuch us I z - -c t  I >= ro/V--ro/(V + , ) ( z  in H,.). ~ 

We muy now repeat  the  reasoning made earlier in this section, with t,, of 

(9. I) replueed by r '(r) of (9.3o). However,  S of (9.2) will now depend on v, 

(9. 3~) 

and we shall write 

~= Sv = rl~2~ 

(9. 33) 0(d,,) K - -  H~, & = ' 2 9 .  

The nota t ion (9. 33) is" consistent with tha t  introduced preceding (9. I), if the 

convention is made tha t  the set G, now under  consideration, contains the front ier  

of K. 2 Suppose tha t  there  exists an interval  - - . w h i c h  without  any loss of 

o'enerulity may be taken as (o, 2 a) (a > o) - -  in the part  of G exclusive of the 

front ier  of K. 

(9. 34) 

provided 

(9. 35) lim L,(r , . )= o 

Here,  in virtue of (9. I 5) and (9.32), 

and  ,.(~) (el .  (9. 

(9. 36) 

I t  is then  inferred thug, if f(a)= o o n  F ,  ~ necessarily 

f(,~) = o (o < v --< ~ < 2 a - v), 

(of. s ta tement  with (9. I7), (9. I8)). 

16b), (9. I6c)  with &+~--  % ~ is of the form 
V + l  ! 

_ ~a(~') I ~ - -  I > I 

1 The s t a t emen t  in connect ion wi th  (7.2 a), (7.2 b) will apply.  
This  is no t  a very essent ia l  point .  
F a set  of the  type  involved in (9. 53. 
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where 

(9. 36 a) 

moreover (ef. (9. I 5 a)} (9. 24 b)) 

W. J. Trjitzinsky. 

(a' <= % (,) _-< ~"; , >_- Vo); 

p+(r,,) = 4  are +g I/p,,, , . . . . .  1)+(r+,) 2 are sit, (I -y ~ I  ( + + _  0,, + r,, I 

having the same significance as before. Thus, if 0,. < I (V ~ r0) , (9" 35) with 0~ 
will be s~tisfied if 

log ( ~ ) ) =  (I--p~(r,)) log ( ~ ) +  p,.(r,)log (~11)- 2p~(r+.)log v -> o~ 

(as v-~ ~). Now 1)~(r,.)-~ I ~nd I- -p~(r , )  is of the order of 

2 ! _ ~  o~ = 2 ( ,  - 0r) ( ,  - v,) 
~l; I -}- ev 7r ( I  d- O,,)(I -t- fv) 

Whence it is observed that it is sufficient to have 

, (i _ o+) (, _ +)  
I + 0, log -- 2 log v -+ oo. 

Furthermore, it is observed that  by (9. 36) ~nd (9.36 ~) 

(9. 37) II --+ orr~ => 2I (I -- r,,) -- r => Z, ~-o 09 => ~, ~-o .... ()ol > o). 

Hence (9. 35) will hold if 

( i )+  _2 z , (  ~ I  - 0 , ) ~ - o " ~  l o g  - l o g ~  + ~ .  

The latter condition can be expressed by saying that the first member above is 
> ~p(v) (> o) where ~p(v)-+ ~ ,  however slowly; that is, 

l o g ( : , ) > 2 z r I : ~  ( v > ,  o) 
= 11 I - - - O ~  - -  

o r  
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f I 
(9. 38) r'(v) = ~, =< exp. l - -  ~ ~  A"(ga(v) + log 

( ) 2 ~  (ef. (9. 37)); a" f rom (9.36a);  , 4 = ~ " > I "  v > v  o �9 
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In  view of the definition of r' (v), given in (7.31 a), tt ( H r  should 

approach zero (as v-> m) ra ther  rapidly. Thus we may assume first tha t  

(9. 39) "0 ~'~ (i -~- I)~U (]-/i+ 1 - -  Hi)~_~ Ko~,tt(H~,+l - -  H~) ( K  0 > o; it' ~ Yo). 
i>v 

Accordingly it is observed that  (9. 38) will take place if 

(9.40) tt (H~+l --  H~) < K~ exp" v i --  A~ (~p (v) + log v)} 

for v ~ v o. 

= h (,) 

Theorem 9. 2. Let G a~d 0 be sets a , d  let f (a)  be a function as described 

in the italics precedi~g to a , d  in co*~nectio, with (9.29). Suppose G coldai~s a~ 

i~derval J .  Without a , y  loss of  geJ~erah't!! oJ~e may take z / =  (o, 2 a ) (a  > o). Let 

1" be a closed set of  positive linear measure, situated o, the i~terval (a, 2 a). 

I f '  f (~)  = o ou F, the~ J~ecessarily f (a )  --. o ,fbr o < ~ <-- a <~ 2 a --  ~ (rj however 

mnall), provided the rareficatiou of  >>mass>> ,is st~ch as specified by (9.40). 1~ (9.40) 

2 ~  
K o > o ,  1 0 =  ~ , g a ( v ) ( > o ) - ~  + mhowever slowhj; 2, > o i s f i ' om (9.37); 

) A = ~ " ' >  I ~ =  ~i - - I ;  ~ fi'om (9 .36a)  . 

The 0,. in (9.4o) have the same sigmfica,ce as i~ Theorem 9. I aJ~d these 

mtmbers have the same bearing in com~ection with the stated result as i~dicated 

at the end of Theorem 9. I. 

Note. This Theorem furnishes a condition of rarefication of )qnass* under  

which there is on hand a class of funct ions 

ff, , f ( a )  = z --  a 
K 

with the uniqueness property (P) (referred to earlier). I t  is clear tha t  the 

condit ion (9.40) will insure this property on every interval  J < G, provided that  

certain obvious conditions are satisfied by the constants  involved in (9.4o). 
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IO. Applications to Functions of  the Form (I .  3)' 

The results of the preceding sections can be conveniently applied to func- 

tions represented by series (I. 3). Thus, we consider functions 

(IO, I) S(r = ~_~ cG,-- 

where the b,, may  be complex, b , , -  b', + If__: I bP,~. 

IO. 2) 
�9 h',, 

s ( ~ )  = s ,  (~) + - ,  s~ ( . ) ,  s ,  = ~ ~ _ 

(El t,,,I convergent), 

We thus have 

b'( 
. . . .  , s`2 = F ,  r 1 6 2  U' 

al,  2 

SI ,2 = ~r, 2 5 '  

a2, 2 

$2 2 ~  Z ~' ~/1', 2 --- C~ 

a2,2 ~ O 

a 1 , 1 

3 1 = $ 1 , 1 - - 3 1 , 2 ,  3 1 , 1 =  Z /~v, 1 

8 ,  2 ~ S 2 , 1  - -  32,  2, 

a2, 1 

$ 2 , 1 =  Z 7,,, 1 __ a ' 
where 

IO. 2a) al,  1 ~ O, a l '2  ~ O, a2' l  ~ O, 

and the series 

(IO. 2 b) 2 a~'j 

converge. Conversely, inasmuch as 

(i,j= I,  2) 

I b, I --< I ~,; I + I ~;' I; i~ is inferred wi thout  
difficulty that convergence of the four series (Io. 2 b) implies convergence of 

(io. 3) 
Consider functions of the form 

(IO. 4) 

where 

EIb,,I 

a,, ( a . >  o; ~ , a ,  convergent), 

as a matter of convenience, entMling no essential loss of generality, the  

fl~ are assumed to be in K (the bounded domain so designated throughout this 

work). As a singular integral g(a) of (IO. 4) may be expressed as follows: 

ff ( I0.  5) g (Cr = j z - - c r  

K 

(z variable of integration). 
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Here ,~ = ,$(X) (X < K) is a singular set-function such that ,  for sets X < K, 

we have 

(~o. 5 a) ~ ( x )  = ~ ( x E 0 ) =  ~,,., + ~,,.~ + . . ,  ( >  o), 

with E0 denoting the set of points {{L} (v = r, z, . . .) and (fi,,, fl,,._,, . . .)~ denot ing 

the tota l i ty  of points in X E  o. 

Definition 10. 1. With  X denotiJ~g a set < K,  the expression 

(,o. 6) ~ (X) a,. 

is to be formed as follows. Let  ~,,, fl,.,, . . .  de,ore the totalit~ of  all po i , t s  fl.~ (fi'om 

the ,series (m .  4)) which are in X ;  the expressio,  (Io. 6) will  sta~M for  the ,rum 

(IO. 6 A) a,., + a, a -} . . . .  (thc (re fl"olTz (IO. 4)). 

The following rela{ionship is immediate:  

(,o. 7) a ( X )  = |  

Also, with the series (m. I) in view, one may write 

(m. 7a) ~(X)lb,,l=-Ib~,l + It,,,..I + , 

where v~, re, . . . are subscripts of all the points a~, which are in X. The follow- 

ing inequalities wi l l  hold: 

(~o. 8) ~ ( X ) < : J  =- < |  I ( i , j  = ,, z). 

I t  will be sufficient to demonstrate  this for i - - j  = I. We observe tha t  (IO. 7 a) 

will hold as stated. In  the series Sj,1 of (Io. 2) the fl,,~ represent certain points 

which consti tute a subset of the points a,.. Of the fl,, ~ certain ones, say 

(~o. Sa)  fl~,,,, fl~,,1 . . . .  , 

will be in X; the points (~o. 8 a} will const i tute  a subset of the points cc~,, a,..., . . . .  

Whence the numbers 
a l ,  1 1, 1 

r n  1 , a t l l ~  ~ �9 . . 

will form ~ subset of the real parts of the nnmbers  

b,,, b . . . . . .  

i Of course, sequences (v~,vg,...) depend on sets X. 
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and, accordingly, 

~ ( X ) a ~  '1 = a " l  ~- a 1 '1  -~ " ' '  < I ~ tZ, , , , I  + I V r  + . -  , m I m2 ~ 

_-< I~,,,I + Iz,~l + 
which is the desired inequality. 

Conversely, since [b~ I ----< I z,~l + I Z'~ '~ l, 

~ ( X )  lb, I----< ~ ( X ) I  b~l + ~ ( X ) I  Z;: 11- (io. 9) 

:Now 

= ~ ( x ) l t , , , I ,  

~ ( x ) ] b ~ ]  = ~ ( x ) a ~ , l  + ~ ( x ) ~ ,  2 

and there is a similar relation for the last term in (IO. 9). Thus 

(io. ~o) | < |  + |  + |  + | ~ 

In  consequence of Theorem 3. I the following result may be stated. 

(I.) The series (IO. I) concerges fbr  ev'ery value a, iu K,  for  which the series 

(10. I I )  Z ~ K S  a, ~ Ib~l 

co)~'erges 1. 

In  fact, if (m. t I) converges then in view of (io. 8) the four series 

(IO, IX a) Z ~ K S  ~, m ] !  " 

will also converge. Now, by (m. 2), 

S ((~) = (S1,1 - -  S1.2) -~- ] ' / - -~  I ( 8 2 , 1  - -  82 ,  2) 

aud, by virtue of the s tatement  made in connection with (Io. 5) 

(IO. I2) Si, j(a) = f I d_ _~i, t (~d,j ~ o, sino'ular set-function), 
j j  z - ,~ 
K 

where z~ i,j is formed as indicated in (to. 5 a). In  view of (IO. 7) the series (to. t I a) 
may be written in the form 

1 Here S(a, O) denotes a circle of center t~ and radius p. 



Some General Developments in the Theory of Functions of a Complex Variable. 161 

( (,o)) (IO. I3) ~, &"J K S  c:, m 
m 

Applying Theorem 3. I it is accordingly inferred tha t  the series S~,j(5) (i, ] = I ,  2) 
all converge for every a for which (m. I i) converges; the same will be true for 

S(a). Thus the t ru th  of the s ta tement  in connection with (m. I I ) h a s  been 

verified. 

By (Io. IO) 

~L 
where 

(io. r4 a~) 

I '1 ,1  (Cr + /~1,2 (('C) -~ /~'), 1 ((~) ~- F'2,2 (~) 

( i , j =  I, ~)~ 

provided the four series Fi, j converge; in the lat ter  case, of course, the series 

(m. I I) will converge. In  view of the formula (IO. 7) 

(( )) (,0) r~  ~l~ r~~ o i ' j  5 ,  (,o. ,5) s 6, = F, 
~n m 

Here ei, J(a, ro/m ) is an expression which, for m-> ~ ,  will approach e~,J(a), the 

(symmetric) density at a of ~,J ,  almost everywhere; moreover, inasmuch as the 

~':,J are singular set-functions, the densities pi, y(a)will  be zero almost everywhere. 

This is a consequence of a fundamenta l  result  of LEBESGUE. Thus, there exists 

a set E 0 of zero measure so tha t  the series 15.,j (i, j -=  I, 2) all converge in K--/~0. 

In  view of (IO. I4) the series (IO. I I) will also converge in K - - E  o. Whence we 

have proved anew the following known classical result. 

(II.) Series (IO. I) co~werge al~tost everywhere. 

We have obtained more than  what  is implied by the above statement;  tha t  

is, there is on hand  some informat ion as to the location of the points of con- 

ver~'ence, in consequence of (I.) the series (m. I) converges at  a provided 

(IO. I6 )  ~ S vc, ~ [ b , [  -> o (as  m --> 

sufficiently fast. I t  is of interest  to note tha t  (IO. I )wi l l  converge even at  

For m sufficiently great KS e~,m = S  a, if a is in K. 

21--38333. Aeta mathematlca. 70. Imprim4 ]e 2 d~cembre 1938. 
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points a ut which the four densities ei, J(a) of the set-functions &i,j are infinite, 

provided that 

(:::) r ~, ~ ~ (as m - -  ~ )  

not too fast; a precise statement regarding this fact is an immediate conse- 

quence of (I.). 

With the aid of Theorem (3.2) one may study the problem of diffirentiability 

of series (io. i). We shall not go into the formulation of the results of this type. 

Regarding the degree of 

the aid of Theorem 6.3. 

(III.) ,Suppose there is a 

i ,depe ,dent  of" a, 

( IO.  17) 

while the series 

( I 0 .  17 a)  

continuity the following can be established with 

set G < K so that 2"(,7" so ,~  f , , , ( . t i o ,  ~(~) (> o), 

((,o)) S cr ,1; I5,'l -~" ~(,11) ( I ,7 : I ,  2, . . . ;  r i77 G), 

eo.verges. Then, give. e. (>  o, howecer small), we shall have 

(IO. I 8 )  

w]teT~et;er 

( io.  I8 a) 

I s (-o) - s (-)1 < 

, 

(", "o in G) 

l(e) (-+ o, as e-~ o) ,is the f ir  so denoted in Theorem 6. 3 a , d  e,~,s'entiall?/ it 

depends only o n  T(g). 1 

In  fact, in view of (IO. 8) and (IO. 7), it is observed that (io. I7) implies 

( re=i ,  2 , . . . ;  a in G) 

for i, j = I, 2. These inequalities enable application of Theorem 6. 3 to each of 

the four functions (IO. I2). Thus 

l We may  take  l(e)=6d~(e)/(2rl), where d(~) is defined as follows. Le t  v; be the  grea tes t  
in teger  ~ r~ d) and  v d be the  g rea tes t  in teger  < v(v')--7 (o < y < I). F o r m  the  func t ion  ~ (8 )=  

=Klrd.v(v')+v(vd+I)+v(vd+2)+...;  6(e) is such  thalb ~(d(e))<e/(4h~). Other  ways of def ining 

l( ,)  can be infer red  f rom the  considera t ions  of sect ion 6. 
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(~o. ~o) I&J (%)  - si, j(a)] < -e- (a, a o in G) 
4 

for I" - -  do I ----< l(~'/4). Now 

S ( % ) - -  S(d) == (W1,1 -- W,,2) + g i( ,C~,l--  W2,2), 
where 

, <  j = s , ,  ~ (%) - s , ,  5 (~). 

Consequently, by virtue of (m. 2o) it is concluded tha t  

for d, d 0 in G, provided (Io. ~8 a) is satisfied. 

Sections 7, 8, 9, regarding uniqueness properties, may be applied with the 

purpose o f i n v e s t i g a t i n g  such propert ies for functions of the form (Io. ~). W e  

shall confine ourselves to the application of section 9. Of interest  for  our 

present  purpose is Theorem 9.2.  The fol lowing result  is deduced. 

(IV.) Let G be a closed set, G < K. Write O - ~ K - - G  a~d defi,e H,  as 

the part of 0 at dista,~ce ~= ro/V from the fro~tier of O. Suppose G cow,rains a~ 

iJ~terval J ,  say J - - ( o ,  c a ) ( a  > o). Desig~ate by 1" a closed set, li~ear meas. 

F > o, situated o1~ (a, 2 a). Noting that the Om of Theorem 9. z satisfq the i~wqua- 

lities 0,~ < I, it is observed that the class of fio~ctioJ~s (Io. I) for which 

(~o. ~ )  |  - -  H~)! ~,, I ----< h(,,,) (h ( , , )  .t~'o,,~ (9 .40);  ,,~ > ,,~o) 

will possess the property that its members will be u,iq,ely determined o~ 

(O< V~d=< 2a--~]) 

by their fu~ctional values on F. 

In  fact, in consequence of (m. 8) and (Io. 7), it  is deduced tha~ (io. 2i) implies 

(IO. 22) ~i,j  (Hm+l - -  Hm) __--~ h (,,g) ('g ~ "/0) 

for  i, j = I, 2. Accordingly the conditions of Theorem 9- e will be satisfied for 

each of the four  funct ions (m. I2); whence the &.j(d) ( i , j =  I, 2) ,viii have the 

desired property and the same will be true for  S(d). 

Following the indicated lines, many fur ther  applications o f  the results of 

this work to series of the form (Io. I) can be carried out. 


