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1. Introduction

Let M denote the class of all non-negative multiplicative functions g with the property
that

(i) 3A:g(p¥)<A¥ (veN, p prime),

(i) Ve>0 3B=B(e)>0: g(n)<Bn® (neN).
In 1980, Shiu [7] obtained a general upper bound for short sums of functions geM:
Let a,3€]0,1] and let z,y satisfy z>y>x*. Then for positive integers a,q with (a,q)=1

we have ®)
Y g\p
Y et en{ S 42
ety ¢(g)logz o
n=a (mod q) piaq

uniformly for 1<q<zP.

This result has turned out to be very useful in a wide range of applications. A closer
inspection of its proof reveals, in the case g=1, that

(a) g needs only be sub-multiplicative, i.e. g(mn)<g(m)g(n) for (m,n)=1 with
9(1)=1,

(b) the constant implicit in the «-sign depends only on A, B and «,

(c) given a, condition (ii) above need only hold for a particular e=¢(c).

Shiu’s result has been generalised by Nair [5] to sub-multiplicative functions of poly-
nomial values in a short interval.

In this paper, we weaken the property of sub-multiplicativity significantly to appre-
ciably widen the range of application of such a result. Consider, for any fixed k€N, the
class My (A, B, ¢) of non-negative arithmetic functions F(n,...,ng) such that

F(myny, ..., mgng) < min(A%™, Bm®) F(ny, ..., ng) (m:=my..my) (1)

for all k-tuples (my,...,mx), (n1,...,nx) with (m;,n;)=1 (1<j<k). Here and in the
sequel, Q(m) denotes the total number of prime factors of m, counted with multiplicity.
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Such functions F need not be multiplicative or even sub-multiplicative. For instance,
the Hooley A-function (see [3], and Chapters 4, 6 and 7 of [2]) defined by

satisfies A(mn)<7(m)A(n) for (m,n)=1, where 7(m) is the total number of divisors
of m. Hence A€M, (2, B,¢) for any £>0 and suitable B=B(e).

Let Q;€Z[X] (1<j<k) be polynomials such that Qzl_[;:le has no fixed prime
divisor. Our main result (Theorem 1 below) is an upper bound of the form

> P Q) <3 [T (1-22) 3 ot

z<n<z+y p<T n<z

uniformly for x*<y<x with z sufficiently large and where ¢ and o can be arbitrary
small positive real numbers satisfying certain conditions. Here p(m)=pg(m) denotes the
number of roots of @ in Z/mZ. The function v(n; F, g) will be precisely defined in the
next section—see (10) and (16)—and is linked to the decomposition of Q into irreducible
factors in Z[X].

In the very special case k=1 and @ irreducible, our bound reads

> Flem <y I (1-42) 3 T, @

r<n<T+y p<z n<z

The essential novelty of such an estimate is immediately evident even in this simple
situation. For instance, we may apply it with F(n)=A(n)* (¢>0), the result being that

> QN oo gl XA ey <a

z<n<T+y n<

When combined with existing bounds for the sum on the right-hand side [9], this yields

Z A(lQ(n)Dt et y(log $)2‘—t—1e\/{2t+o(l)} log, zlogyx (z — 00). (3)
r<ngz+y
Here and in the remainder of this paper we let log, denote the k-fold iterated logarithm.
Let P*(n) denote the largest prime factor of the integer n, with the convention that
P*(1)=1. By a modification of the argument described in [9], we can further show that
(3) leads to the lower bound

P TL 101) > vexp{oga)7)

z<nLT+y
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for any irreducible Q€Z[X] of degree exceeding 1, any a€]0,2~log4[ and any y=z/*,
with arbitrary fixed k€N.(') This seems to be the first result of this kind and it also
mirrors the corresponding current best estimate over the long interval [1,z].

A seemingly more trivial application of (3) with ¢=1 and Q(X)=X is the estimate

max E m - E & ye\/{2+°(1)} logyzlogz = — y(log w)o(l) (xe S Y S x)
DeR d d
D<d<2D

which is obtained by bounding the expression on the left by >_ ..., A(n).

The uniformity with respect to the polynomial @ which we obtain in Theorem 1
enables us to generalise the result to the variable n restricted to an arithmetic progression:
this is Corollary 1. This derivation closely follows the corresponding argument in [5].

More involved applications of our main theorem are obtained by considering func-
tions F' in many variables. By way of example, let us take F1, Foe M1(A4, B, ), so that
F(n1,n2)=Fi(n1) Fa(ny) lies in Ma(A, B%,¢). Our theorem yields that

> A@@IEGRE) <y [[(1-22) Sumrire @

r<ngr+y psz nz

where p=gg with Q=0Q1Q2. Here the quantity v(n; F; F3, p) can be made explicit by
introducing the decomposition Q=H2=1 R}* into products of irreducible factors. Writing
on:=0r, (1<h<r) and Q;=[],_, Ry’" (j=1,2), then we may take

WFFd = Y RGBT [[22 @)
N1yeeeyip 21 he1

Y1 V7 —.
ny...n=n

If, for instance, we choose F3(n)=1 when P*(n)<z and 0 otherwise, we obtain upon
simplification and a further application of our Lemma 2 below that, for any >0,

Y RI@MD< ot v(n; Fioo) ©)

r<n<zr+y (IOg x)w
PH(|Q2(n)|)<=

where W(Q1) is the number of irreducible factors of @1, and u=(log z)/ log z. The special
case of (6) with @1(X)=Q2(X)=X, F1=1 is only slightly weaker than the current best
available estimate of Hildebrand [4] for the sum

> b
T<nLr+y
Pt(n)<z

see the remark in the end of §7.

(*) A slightly more precise statement is given in Theorem 2 below.
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It may also be observed from (5) that for (Q1,@2)=1 the bound (4) simplifies to

S A(QmD) Fa(Qa(m))

r<nEr+y

o) i ),

Pz n<e nET

Choosing Q1 with @1{0)#0, Q2(X)=X and Fy(n)=1 if P~(n)>z, Fa(n)=0 otherwise,
we obtain from (7) that

> Flae)< a0l L] (1)) 5 file

oty ¢(1Q:(0)]) logz - p n

ngz

When applied with F}=A and Q;(n)=n+a, a#0, this yields in turn

> A(p+a)<<so(lal) (logzvz ®)

r<pLz+y

uniformly for 1<|a|<z. Let m(z;q,a) denote, as usual, the number of prime numbers
p<z with p=a (mod ¢). Since

> {r@+yiga)-m(zga)}= Y. D 1< Y App-a),

K<g<2K K<q<2K z<p<z+y r<pLT+Y
ql(p—a)

we thus derive from (8) the striking bound

. _ . \/{2+o(1)}logzazlogaz
e Y {nruia0)-n(ma o< e
K<g<2K

valid uniformly in 1<|a|<z and >16.

Throughout this introduction, we have sacrificed precision in the statement of our
results in order to gain a clearer and more immediate presentation of the wide range of
applicability of our main theorem. We should however emphasise that every estimate
cited in this section is described in complete detail in §3, with all possible dependencies
explicitly mentioned.

2. Notation and definitions
On polynomials. We consider a finite number of polynomials Q;€Z[X] (1<j<k), with
deg Q;=g;, and put

r

&
=[[@i=]I R, 9:=degQ, rn:=degRn (1<h<r),
j=1 h=1
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where r, k and 7y, (1<h<r) are positive integers and the Ry, € Z[X] are irreducible over Q.
We then write canonically
r
Q=] R”" (<i<k) ©)
h=1
where 7,5 >0 and note that g:Z;ﬂ:l 9i=> 11 7uTh. Clearly, we have 7h=2?:1 ~y;n for
all j. We also introduce the square-free kernel of @,

Q* = H Rh.
h=1

For any polynomial T'€Z[X], let or(n) denote the number of solutions of the con-
gruence T(m)=0 (mod n). We define

0:=0qg, 0°:=0g+, 0on:=¢0r, (1<h<r). (10)

Clearly, o(p)=g*(p) for any prime p. To preserve the uniformity of our results, we shall
make the assumption that @) has no fixed prime factor, i.e. that

o(p)<p for all primes p.

We shall assume, implicitly, several familiar properties of the g-function. See e.g.
[5, p. 258] for a list of such properties.

We let D* denote the (non-zero) discriminant of @Q*, and put Ezznp,,” D+, o(p)0 P

Finally, we write ||T|:=max; |¢;| for any T€Z[X] with T(z)=}_,5, c:z".

On arithmetic functions. P+(n), P~(n) denote respectively the greatest and the
least prime factor of an integer n, with the convention that P*(1)=1, P~(1)=o0c.

Q(n), w(n) denote the number of prime factors of n, counted respectively with or
without multiplicity, and we write ¢(n) for Euler’s function.

By a|b® (a,beZ*) we mean that all prime factors of a divide b.

For any A, B>1, e>0 and k€Z* we let M(A, B, ¢) denote the class of non-negative
arithmetic functions F(n,...,nx) in k variables satisfying (1) whenever (m;,n;)=1
(1£j<k). For such F, we may define a minimal function G=Gr by

Gy, .y ng) i= max F(miny, ..., mgng)/F(my, ...,mg). (11)
mi21,..mi 21

(mj,m;)=1 (1<j<k)
F(mq,...,m)#0

We of course have the obvious properties that

(mj,mj)=1 (1<j<k) = F(miny,..,mpng) <G(my,...,mp) F(ny,..,ne)  (12)
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and that
G(ny,...yng) < min(AQ("), Bn®) (mzl,.,ng21l,n=nq..ng). (13)

But we also note that G is sub-multiplicative with respect to each variable, that
GeMy(A, B,e) and that

G(ny,...me)<  [] min(4%, Bp™). (14)

pYlini...nk

When k=1 we simply write M(A, B,¢) for M;(A, B,e). We also denote by M
the class of functions f which belong to M(A, B, ¢) for some A>1 and every e>0 with
corresponding B=B(¢)>1.

Special notation. Because of the frequent interplay between algebraic properties of
the polynomial @ and arithmetical properties of the functions F' and G, it is convenient
and natural to introduce the following notation. Let k, r and v;n (1<j<k, 1<h<r) be
defined as in the above sub-section on polynomials. Given r natural numbers ny, ..., n,,

we put
T

T k
nj = H ny" (1<j<k), n”:=Hn;-= H nit.
h=1 j=1 h=1
This arises from the fact that if, for some integer n, we have ny=Ry(n) (1<h<r), then
n;=Q;(n) for all j and n"=Q(n). Observe that if ap=brcn (L<h<r), then a;=bc;
(1<j<k) and a”"=b"c". Given any function H of k integral variables, we define an
associated function H of r variables by the formula

H(ny,...,n.):=H(n},...,ny). (15)

Given a k-tuple Q:=(Q1, .., Qx) of polynomials satisfying the assumptions described
above, an arithmetic function in & variables F € My (A, B, €) and an r-dimensional vector

6:= (91, ...,07-)

whose components 8, (1<h<r) are arithmetic functions in one variable, we put

W F QO =em 0= Y Fny,n 2 g

where, here and in the sequel, we let the dagger indicate that an r-fold sum is restricted
to pairwise coprime variables which are in turn coprime to D*.
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Note that v(n; F,8) only depends on Q via D* and the exponents ;5 occurring in
the canonical decompositions of the @), as products of irreducible factors.

A useful role is also played by the multiplicative functions fi(n)=fi(n,) defined
for each h=1,...,r by
A if p> AV®,
Bp*me if p Al/e.

fh(P")!={

A property that we shall make use of on more than one occasion is that

G(nlw"anT‘)< Hfh(nh) (n1>1a---7n'r'>1) (17)
h=1

where G=Gr is the function defined by (11). This follows immediately from (14) on
observing that
min(4”, Bp*) < [ fo6™) (v>1)
h=1
for all r-tuples (1, ..., ;) such that >} _, yhvp=v.
We finally observe that if k=r and v;,=6;, (with Kronecker’s notation), then for
any (nq,...,n,)€(Z*)*, we have

n;=n; (1<j<k) and n"=ns..ng.

This corresponds to the situation where the @Q; are irreducible over Q and pairwise
coprime.

3. Results

We now state our main theorem, from which all other results in this paper follow in a
relatively simple way.

THEOREM 1. Let k be an arbitrary positive integer and let Q,;€Z[X] (1<j<k) be
such that Q=H§=1Qj has no fized prime divisor. Denote by g the degree of Q, by
T the number of irreducible factors of Q and put p=pg. Then for any A>1, B>1,
0<e<1/8¢%, 0<6<1 and FEM; (A, B, 1e6) we have

> P @) <y [ (1-22) S omre) ()

r<n<rty <z ngr
PR

uniformly for x>¢o||Q||° and x4925<y<x. The implicit constant in the K -sign depends
at most on A, B, €, 6, k, v, g, D and the constant ¢y depends at most on A, B, €, 6,
k, r and g. The terms 9:=(p1,..., 0r), v(n; F,0) and D are as described earlier.
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As we remarked in the introduction, the uniformity with respect to the coefficients
of the polynomials in Theorem 1 furnishes ipso facto the generalisation to arithmetic

progressions.

COROLLARY 1. Let A>1, B>1, 0<e<1/8¢2%, 0<B<1, 0<6<1/2g, and r, k be ar-
bitrary positive integers. Let Fe My (A, B, 3e86) and Q;€Z(X] (1<j<k) be such that
Q:H;:IQ]' has no fired prime divisor. Let a,q€Z*, with a<q, (q,Q(a))=1. Then we
have

> @@« [[(1-22) 3 vmre)  (9)

s<n<z+y p<z P/ g
n=a (mod gq) rtq (n,g)=1

uniformly for z>c1||Q|%, z%9°c<y<z, 1<q<y P with o:=(o1,...,0r). The implicit
constant in the <-sign depends at most on A, B, ¢, B3, 6, k, r, g, D. The constant ¢,
depends at most on A, B, ¢, 6, k, 7, g.

The two following corollaries provide simplified versions of the upper bounds in
Theorem 1 and Corollary 1 when the polynomials @); are pairwise coprime.

COROLLARY 2. Let the hypotheses of Corollary 1 hold and assume furthermore that
the polynomials Q; (1<j<k) are irreducible and pairwise coprime. Then we have

> FQi(n)), ., [Qk(n)])

z<nET+y
n=a (mod q)

(20)

ks
S0y Fm -]l 2t

pLx ny..ng<T
riq (ni, Dgn;)=1 (1<i<j<k)

in the same ranges and under the same uniformity conditions.

COROLLARY 3. Let k be an arbitrary positive integer and let Q;€Z[X) (1<j<k)
be pairwise coprime polynomials. Assume that Q:H;c:le has no fized prime divisor.
Let g:=deg Q. Then for any A>1, B>1, 0<e<1/8¢%, 0<6<1 and F;€ M (A, B, 1¢6)
(1<j<k), we have

k k
> IIAG@@) <y [J(1-42) [y et

z<n<aty j=1 psz j=1n<z

uniformly for z>co||Q||° and m4925<y<x. The dependencies of the various constants are
as described in the statement of Theorem 1.

We next combine Theorem 1 in dimension 1 for F(n)=A(n)* with the best current
estimates for long weighted averages of powers of the Hooley function [9]. Similar results

could of course be derived for the generalised Hooley functions A,(n)—see [2, Chapters 6
and 7.
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COROLLARY 4. Let Q€Z[X] be irreducible with no fized prime divisor. Then, for
any t=1 and €>0, we have
> AIQM < yllog )~ L(logz) P+ (3 00)
z<n<z+y
provided that 2<y<z. Here B(t):=2'—1 and L(z):=eV98!8a% (3>3).

The condition that ¢ has no fixed prime divisor is actually redundant here since
we are indifferent in this corollary to the precise nature of the implicit constant in the
<-notation. Also, using Corollary 2 instead of Corollary 3 as well as a messy but
straightforward generalisation of Lemma 2.2 of [9], we could derive a corresponding result
for any Q, not necessarily irreducible, namely

> AQMW)) < y(logz) O Llog z) POTML (2 o),
z<nLz+y
with vo(2):=3",_; {(7+1)'—1} and some suitable constant B(t)—of course a variant
for arithmetic progressions is also available. We have refrained from proving the more
general result since we only need Corollary 4 as stated in our proof of Theorem 2.

Already in the very special case Q(X)=X, Corollary 4 implies a curious result which

appears to be well beyond the reach of any exponential-sums method we are aware of.

COROLLARY 5. Let €€]0,1[. Then we have, uniformly for D>1, z*<y<z,

5 (g vt

This is an immediate consequence of Corollary 4 since the left-hand sum above equals

XY 1= ¥ Yic ¥ aw

D<d<2D z/d<m<(z+y)/d z<ngzt+y d|n z<nLz+y
D<d<2D

For our next corollary, we introduce, in the summation conditions of Theorem 1,
a supplementary constraint on the largest prime factor of the polynomial values involved.
This provides a gain corresponding roughly to the probabilistic expectation.

COROLLARY 6. Let the hypotheses of Theorem 1 hold, but with Fe My (A, B, %56)
instead of FEMy(A, B, %ec?). Furthermore, set y:=3p_, v, and let >0 be given.
Then we have uniformly for ©>co|Q||%, £ <y<z and 2/29° <2<z,

) F(&&(n)f,...,zczk<n>x><<ye—mH(1—¥)va;p,e) (21)

z<n<x+y pPST n<z
PH(|Qr(n))<2

where u:=(log x)/log z.

We now insert Corollary 4 into the technique of [9] to obtain a lower bound for the
greatest prime factor of polynomial values in certain short intervals.
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THEOREM 2. Let QEZ[X] be irreducible and put Py y:=P*([[,cpncry, @) for
z21, y21. Let k>g be an arbitrary positive integer. Then, for any a<2-log4 and
y=xz9'% we have

Pey >yexp{(logz)*} (2> zo(a,Q))-

It would of course be desirable to relax the shape condition on y in this result. This
would apparently require a completely different approach.

As observed earlier, we can also use the flexibility of the hypotheses in Theorem 1
to restrict the summation variable n to prime values with the expected saving.

THEOREM 3. Let the hypotheses of Theorem 1 hold and assume furthermore that
Q(0)#0. Then we have

Z F(|Q1(p)|7"'a |Qk(p)) < ;f%lo‘z:r };Ix(l_%) Z U(n; F, o) (22)

T<PpLIT+Y ngr

uniformly for >¢co||Q||° and z%9°¢ <y<z. The dependencies of the implicit and explicit

constants are the same as in Theorem 1.
In the special case k=1, Q(X)=Q;(X)=X+a, a#0, we get the following result.
COROLLARY 7. Let A>1, B>1, 0<e<%, 0<6<1 and FEM(A, B, 3¢6). Then we

have

2, Flpta) < <|a| (longz

r<pLzty
uniformly for x>colal®, where the implicit constant in the <-sign and the constant co

depend at most on A, B, ¢, 6.

Specialising in the above F=A, Hooley’s function, and appealing to the necessary
weighted average estimate for A(n) (|9, Lemma 2.2]), we obtain the following.

COROLLARY 8. We have

y V2+o(1)
Y. Alp+ah< |a|) Tos oy Z < fogz Lllog2)

z<pSTty

uniformly for 1<|a|<z, z°<y<z.

This estimate averages well over a. We can also use the same procedure as in
Corollary 5 to derive an average version of the Brun-Titchmarsh theorem which is, to
our knowledge, far beyond the scope of other available techniques. We recall the classical

m(z;q,a) = Z 1.

p<z
p=a (mod gq)

notation
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COROLLARY 9. Let £€]0,1{. Then we have, uniformly for K>1, z°<y<z,

. . 4 V2+o(1)
max E {n(z+y;q,0)—7(z;q9,0)} € L(log z) .
KcR+ Keqeak log z

We can also take, e.g., a=—N and F equal to the characteristic function of those n
with P~(n)>z in Corollary 7. This provides a Goldbach-type upper bound with one of
the primes in a very short interval.

COROLLARY 10. Let £€10,1[, 6€]0,1]. Then we have, uniformly for N>1, > N°®,
*Ly<z,

Y
Yl e s
oizy  ¢N) (logN)
r<pLTty

where p and g denote prime numbers.

4. Proof of Theorem 1

In this section we assume throughout that the hypotheses of Theorem 1 are fulfilled. The
proof will require two preliminary estimates.

LEMMA 1. Let 6;, (1<h<r) denote multiplicative arithmetic functions such that

Z Z |0h(P"_1);9h(P")l <1 (1<h<r). (23)

p<w v>1 p

Define op(n):=pp(n)0n(n) (1<h<r). Then we have uniformly for >0

Z v(n; F,o) < Z v(n; F, o). (24)

ngx nEx

Proof. Write Hh(n)zzd[n Ar(d), so that A, is multiplicative and, by (23), satisfies

Zz%j)_l<<1 (1<h<r). (25)

pz vzl

Writing in (16) each ny, as np,=mpd; and interchanging summations, we obtain that the
left-hand side of (24) equals

T An(d ~ o on(d
v H% S F(dlml,...,drmr)hl;[lg—h%;”l"—).

dt.. . dir <z k=1 mit.mIr<z/d]t. )
(m,ds)=1 (1<h<i<r)
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We further decompose each my, as my=tpl, where t,|d5° and (I5,dp)=1. Then dymy=

dntnln, with (In,dntr)=1, and correspondingly djm}=djt}l}, with (I},d,t,)=1. Using
(12) we thus obtain the upper bound

ZT Fy,.1,) ﬁ th(lh) zT H [An( dh)‘H(dl, d)

M.args h=1 "k dit.dir Lz /7 k=1
with
T
on(dntr)
H(dy,...,d ZT G(dyty, .., drty) H —_—
th
tl; ,tr h=1
th|dR’

Using the observation (17) and extending the inner d-sum to infinity, we simplify this to

< ZT Fa,... H Qh(lh) H Z f/\h(d)FQh(dt fuldt)

M, v <z h=1 d>1
! = t|d>=

Each inner sum over d and t is
<H{ZIA< oy S <
jzv

if e.g. £<1/g. This easily follows from the bounds

sup on(P) <1, fa(p?) <(B+1) min(4,p")"
1<hg
]>1

and (25). The proof of Lemma 1 is therefore complete.

LEMMA 2. Set v:=)"} _; Yh. Let O, M (1<h<r), >0. Then we have uniformly
for xzzz247*

Z 'u(n; F,0)<<e_xuzv(n; Fao)v (26)
n>x ngz
Pt(n)gz

where u:=(log z)/log z.

Proof. The result is trivial if F(1, ..., 1)=0, for (12) then implies that F vanishes iden-
tically. We may hence assume without loss of generality that F(1,...,1)>0, and indeed
that F(1,...,1)=1 since, otherwise, we may consider instead the function F*(ny, ..., ng):=
F(ny, ...,nk)/F(l, ...y 1), which also belongs to My (A4, B,¢).
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Let 3 satisfy 0<f8<1/y—2¢ and put B,:=0v,. The quantity on the left-hand side
of (26) does not exceed

F ! - \3
ZT F(ni,...,n.) H HhT(L:h) (nv zn? )

nyt.n)r >y h=1
pt (n1...n.)<2

<z P ZT ﬁ(nl,...,nr) ﬁ g’i@h—)nf"

Np
P+(ny..n,)<z h=1

Let 5 be the multiplicative function defined by vp(p?)=p?**(1—p~P#), so that
thzdln Y (d). Writing np=mpd, (1<h<r), substituting nf" by Edhl"h ¥r(dp) and
inverting the order of the summations, we get the bound

x0T Hd”‘(d" vt Fdm, .. dm,.)th_dM

PH(dydy)<z h=1 P+(my...m, )<z he1 TR

Now write mp=Ipty, with (lh, dh)=1 and th|di° so that dpmp=Iptrd, with (lh,thdh)zl.
The bound is therefore

<z P8 ZT F(ly, .. 1) H l")~x—ﬂsz (I, F,0)

P+(l..1.)<Lz h=1 Pt()<z

with

S ZT H Y dh) Z Gltrdy, o tody) H gn(thdn) thdh

Pt(d;...d;)<z h=1 tlldl RN ANT

where, for each h, g, €M is the sub-multiplicative function defined by (11) for k=1 and
F=0,eM. Using the bound (17), we obtain that

5< H DS Ya(d) fu( td)gh(td)

h=1 P+(d)<z t|d>=

] v+3
H H{1+Zz¢k(ﬂ ) fr(p V+J)9h(? )}

h=1p<gz v=1 j=0
- H H{1+Z fu(p” )gh(P") P — )}<<1’
h=1p<Kz

provided we choose f3j, <1—2e7y,. This inequality holds if we take 8:=s¢/log z and z>4*"
since €<1/8¢%<1/8y and log4>3.
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We have thus shown that

E v(n; F,0) <« e > E v(n; F,0). (27)
n>x P+(n)<z
Pt(n)gz

Let K denote a large constant and put w=2'/¥ so that 1<w<z. In the sum on the
right, we may decompose uniquely n=ab with P*(a)<w, w<P~(b), P*(b)<z. By (12),
(16) and (17) we readily obtain that

v(ab; F,0) <v(a; F,0) Zt M,

BT bYT=b by br
from which we infer in turn by a standard computation(?) that

> v(mFe)<ke™™ Y wv(n;F6).

n>zx Pt(n)Sw
Pt(n)gz h

If w<2, this simplifies directly to the required bound. Otherwise, we use (27) with »=%

and u=K to obtain that

Yo vmFO<Y v FO+ Y v(mF0)<2) v(n;F,6)
Pt{n)<w n<z n>z n<z
Pt(n)<w
for sufficiently large K. This implies the required bound and finishes the proof of
Lemma 2.

Completion of the proof of Theorem 1. As in the proof of Lemma 2, we may as-
sume that F(1,...,1)=1. We also suppose that z is sufficiently large in terms of all the
parameters on which the implicit constant of (18) is allowed to depend.

For each ne(x, z+y], let &, denote the largest of the integers £ such that

an(g) . H pusxsg%.

P’lIQ(n)
p<E

We put an:=an(n), bn:=|Q(n)|/an, gu:=P (bn), ¢™||n. Of course, we have

aanl(") > 397 (28)

() Involving, in particular, the fact that 37, fa(b)/b< k1 for all h, 1<h<r.
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and P*(a,)<gy,. Define

Apn = H pu’ bhn = H py (lghgr)7

p”||Rn(n) pY[|Rn(n)
P<én p>én

so that a,=[];_, a}* and b,=[];_, b}". From (9), we deduce that
h=1C%hn h=1%n

T T
Goi= 1 »=Ilan, tu= I »=Ila (<i<h:
p7lQ;(n) h=1 p"l|Q;(n) h=1
P<én p<én

We furthermore observe that

F(@1(n),...,Qr(n))

i

F(a1nbins -+ Gnbn)

SF()y, ey @) Gy vy U (29)
=F(a1n, -, @rn) G(B1n, vy brn)
and that
G(bin, .., byn) < min{ A=) BpES/3Y, (30)
Put

e1:=3g%, e2:=1e1, e3:=1ge.

We split the integers of (z,z+y] into four disjoint classes, according to the conditions:

(C1) an<x®2, g >,

(C2) an<z%, ¢, <2,

(Cs) z°2<a, <z, Pt(a,)<w,

(Cy) z2<a, <2, PHay)>w,
where w is a parameter to be chosen later. Let S; (1<¢<4) denote the contribution from
the integers of C; to the left-hand side of (18).

Estimation of S;. We have P~(b,)=gq, >z for neC1, and so
2°390m) b, <|Q(n)| < | Qll2f < z97H°.

Hence Q(b,)< 1. From (29) and (30) we therefore obtain that
Si< ) Fimy,..,m,) > 1. (31)

m)t. . mI" o2 <<ty

mp |Ra(n) (1Shsr)
P(Q*(n)/m1...my)>2%3
Consider the inner sum. When r=1, i.e. @*=R;, Brun’s sieve easily yields the estimate

< milgl(ml) H (1—%)

psz©3
ptmy

since y/my >z°2. For further details of this argument see e.g. [5, p. 264].
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If r>2, we must proceed more carefully, employing an argument analogous to that
of [8, Lemma 3.4]. Since R, and R; have no common zero for h+#i, there exist U, VeZ[X]
such that

Ru(X)U(X)+ R X)V(X) = R,
where Ry, is the resultant of Ry, and R;. Hence (my,m;)|Rn; whenever mp|Rp(n),
m;|R;(n) and h#i. Further, if D(T) denotes the discriminant of a polynomial T', we
have that D(R,R;)=D(Ry)D(R;)R%, and hence (mp,m;)|P(RrR;). Since RpR;|Q*,
we have that D(RpR;)|D(Q*)=D* and so (mn,m;)|D* for any h#i. Proofs of these
algebraic facts may be found e.g. in [6, pp. 443-453].

Writing mp=npdn, (1<h<r) where dn:=(mp,D*), we have (mp,m;)|dn and so
(np,n;)=1 for h#i. We estimate the inner sum of (31) by replacing the conditions
mu|Rr(n) by ny|Ra(n) and observe that the sum is empty unless all dj, divide D. Since
the np are pairwise coprime and y/(n; ... n,) >y/a, >2°*/2, Brun’s (or Selberg’s) sieve
yields the estimate

S<y Y T £1(dn) yof F(nl,.,nr)l'[@""") II (1_¥),

d,|D,...,d.|D h=1 Ty, p<Te3
ptng..n,

where we have used (12) and (17). Since o(p)<min(g,p—1) by our assumption that Q
has no fixed prime factor, the last product is
r g
AT ()
h=1 h pLe3 p

Hence, writing

On(n):=(p(n)/n)?, on(n):=eon(n)On(n) (1<h<r) (32)

we obtain
S1<y H ( )Zv(n;F,a).
pLz3 n<z
Since 6y (n) trivially satisfies the requirements of Lemma 1, we obtain that this bound is
compatible with (18}.

Estimation of S». Let n€C,. Then we see from (28) that Q(n) must be divisible
by a prime power q®>zf17%2 =22 with ¢<z**. Hence there is an h, 1<h<r, such that
¢"|Rp(n) with ¢ >¢*/" >23¢3. Let v(q) denote the least integer such that ¢”(® >z3%s.
Then v(q) >3 and ¢*(@~1<x33 s0 ¢¥(9) <¢*3 <y. Since ¢“(9|Q*(n) we may hence write

(@)

$2 <2 max F(IQ1(n)], -, Qx(m)}) 2 ygq

g<xe3
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With the bound F(|Q1(n)], .., | Q& (m)) SG(Q1(m)], -, Qi (m)]) < BIQ(n) |4/3, we deduce
that

S < [[QI° ot < ya ™, (33)

taking account of the assumption that ||Q||<z'/¢. Now we note that the right-hand side
of (18) is >y/(logx)? since v(1; F;0)=F(1,...,1)=1 and p(p)<g for all p. Hence the
estimate (33) for 93 is also of the required order of magnitude.

Estimation of S; and S;. We begin by an estimate which is common to S3 and S4.
For all n in C3UCy, we have

bn = |Q(n)]/an < (94+1)||Q|(22)¢ /252 < x971/°.

Since
P (an)®) < P~ (b)) < by,

we deduce from (30) that
67‘7(1)1713 ey b'rn) < IE(an)a

with
E(a) :=min{ge, s/log P"(a)}, s:=(g+1/6)logA.

Therefore, using (12), we may write

Ss+Sa< Y. F(my,..,mp)z®") > 1. (34)

ml..miT a1 z<n<z+y
mrlRn(n) (1<hgr)
P (Q*(n)/m1..ms)>PT(my...my)

Employing the sieve as in S; to bound the inner sum, we arrive at

S3+S54 <Ky Z v(n; F,a)zF™ H (I—QL"L)), (35)

2°2/D" <n<a‘L p<prmy)s P
(n,D)=1
where 0=(07y, ..., 6,) is defined by (32). Moreover, S3 and S correspond respectively to
the extra conditions P*(n)<w, P*(n)>w.
Since we have F(ny, ..., n,)<G(ny, ..., n,) <Bnf/3«x¢/3 and gp(ny)<g“™) when
(nn, D)=1, we may write, using the trivial bound of 1 for the product over p in (35),

r r
Ss<yas 3 ﬁ(nl,...,nT)HQh_r(l’:h_)<<y$ge+e/3_sz/g( )9 1),
h=1

g P2 n<z
252/ D7 <n" Lz PHn)<w
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where we have used the fact that []},_, ns>([Th_,n3")/9>>2/9. We now choose
w:=2AgD 40t/ ez, (36)

This implies that the last sum over n is < (logx)¥, and in turn shows that S is of the
required order of magnitude.

It remains to estimate S;. We consider the sub-sum of (35) corresponding to
P*(n)>w, which we expand by writing n=¢"m with P*(m)<g. We observe that
v(n; F,0)<(Ag/q)*v(m; F,o) by (12) and (13), and hence we get

S3Ky H (1—‘9—(p—)>T3
D
p<xT
with

T3:= Z xs/bgq(@)u H (1—%’2)—1 Z v(m; F,0).

w<g<zl q q<p<z zS;/q"5'<mg151/q"
v21 P*(m)<q
The last product over p is clearly <« (logz/logq)?. For each given ¢ and v, the inner
m-sum may be bounded by applying Lemma 2 with »=(s+1)/e; and then Lemma 1,
having checked that our choice for w guarantees that w>49. We obtain

g xﬁr v
< Y z—l/“’“(logx) (Age )Zv(m;F,e)

log g q

w<qgszl m<zx
vzl
z—1/210gq
<<Z e Z v(m; F,0) K Z v(m; F, 9).
gq&T q m<z m<zx

This is also compatible with (18) and therefore completes the proof of Theorem 1.

5. Proofs of Corollaries 1 and 2

Put n=mg+a and define P;€Z[X] by
Pi(X)=Q;(gX+a) (1<j<k).
Then
Y. F(Q:i(m)], - 1Qk(m))

r<nLr+y
n=a (mod q) (37)

- > F(IP(m)], ..., Pe(m)}).

(z—a)/g<m<(z—a)/q+y/q
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Put P:=P; ... P; and denote by P* the square-free kernel of P. Since each Rj(¢X +a)
is also irreducible, we have that

P*(X) =[] Ru(¢X +a)=Q*(¢X +a).
h=1

Let n; (1<j<g*) be the zeros of Q*. Then the zeros of P* are (n;—a)/q (1<j<g*) and
thus, denoting by Dj the discriminant of P*, we have

2
% * L i—a ; —a *(g*— *
DI =G Y0 ] (EE2-T) g ipe (38)

1<i<i<er s 2 ?

A simple computation using (g,Q(a))=1 shows that if g} is the rho-function for
Ry (¢X +a) then for p prime and 1<h<r we have

o,(p)=0 if plq,
o) =en(p”) if ptg,v21,

so that, writing ¢'=op,

d'(p)=0 (if plg), o' (®)=0(") (if ptq, v>1).

These facts imply that P has no fixed prime divisor. Moreover, setting ¢’=(o1, .., ¢}.),
we may write

I1,(-8)- 1 (-2)<T(-)

p<(z—a)/q p<(z—a)/q p<z
ptq ptq

since (z—a)/q>>zP——see [5, Lemma 2 (i)] for more details of this argument. By (38), we
also deduce that

Di=J] 2= ][] »= [] ¢»= ] »

| DY "Dy, pig || D" ptq || D", ptq
o'(p)#0 o' (p)#0 o'(p)#0 o(p)#0

and hence D;|D. A final observation is that

> vmFd)= Y umFe< ) v(nFo).
ng(z—a)/q n<(z—a)/q n<e
(nvq)=1 (n7q)=1
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We can now apply Theorem 1 to the right-hand side of (37) (with € in Theorem 1 replaced
by %eﬁ) to deduce that

> FQm) @) < [T (1-22) 3 vl P

r<n<z+y P ngr
n=a (mod q) rtq (n,g)=1

provided that (i) y/g>{(z—a)/q}*9 ¢#/2, (i) y<z—a and (iii) >col|P||®. It remains
to confirm that these conditions hold. Now

(z— a)zgzsﬁql—zg’ea < yﬂ/zy(l—ﬂ)(1—2g’sﬁ) <y Pl gy,

so (i) holds. Next, using ||P]|<q?||Q| and z>c;||Q||?, we have that z>c; || P||*6q~29°.
Hence zq>c,||P||? and thus z2>¢,||P||?. So the choice ¢1=c} suffices to confirm (iii).
Finally, for (ii), it is easily checked that if t—a<y<z then we have the trivial estimate

r—a
Z F(|Pi(m)], ..., |Pe(m)]) < (%“”q—*‘l) || P||cPere
2(z—a)/q<m<g(z—a)/q+y/q

1-4
<L —||p|pere

q

e6/6\B
< g(HPH ) < Yo
q z q

which is smaller than the required bound. The proof of Corollary 1 is thus complete.
Corollary 2 follows immediately from Corollary 1 on noticing that, when the Q; are
irreducible and mutually coprime, we have k=r, v;=1 and n}=n; for all j.

6. Proofs of Corollaries 3 and 4

Proof of Corollary 3. A quick computation confirms that the function F of k variables
defined by

k
F(ny,.,ng) = H Fj(n;)
j=1

belongs to My, (A, B¥, %56). Further the coprimality condition enables us to write each @;
as Q;=[1,,_,<ngr, Rh" Where ry=r is the number of irreducible factors of Q=IT,-, R}
Hence, in the notation of §2,

Yh if Ti-1 <h<’!‘j,
Yin =

0  otherwise,
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for each j&[1,k], and with rg:=0. Thus with gn:=gg, , we obtain that

vmFe)= (HF (T, m>th )

nil..npk=n "J=1
T
on(nn)
= ZT HF'(Hrj_1<h<r,-”7Lh) (39)
Tip,
nzl. =n J=1 h=1
on(nr)
< H ZT FJ (Hrj‘1<h<7‘j nzh) H n :
j= ln'YJ 1+1 J<z 7‘]’_1<h<7‘j h

[ERER LY "T

At this stage, we observe that for all j€[1, %] and any np>1 (rj—1<h<r;) we have

on(nn) < QQ; (Hr,-_l <hgr; ")
h=1 nh H'I"]'_1<h<’l"j n?;h

(40)

‘To see this, consider a typical prime p dividing Hr,--l <hgr; Th- Then, since the n;, are
mutually coprime, there is a unique index, say [, such that p|n;, and p{n; for h#L
Let p®||n;. The contribution of p* to the left-hand side of (40) is

2a(”) _ o)
p* p*

since p{ D and D(R;)| D=D(Q). The contribution of p® to the right-hand side of (40) is

00, (P*") _ )y on(p) . a(p)

YL fevi/w] © pa ?
P ri—1<hsT; p p

where the equality is a classical fact about polynomial congruences—see e.g. [8, equa-
tion (2.11)]. Here and in the sequel we let {u]| denote the smallest integer larger than or
equal to u. This implies (40).

Inserting (40) into (39), we obtain

i Fj(n)og,(n)
v Fo) <[ D L= 1 Q’
j=ln<gz
and the result now follows from Theorem 1.

Proof of Corollary 4. We have (see e.g. [2, Lemma 61.1])

A(mn) < r(m)AMn) ((m,n)=1).
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Hence, given arbitrary eo€]0, 1{, we have A'e M(2%, B, €5) for some B=B(t,2¢)>1, and
we are in a position to apply Corollary 2, which implies that

Z A(Qm)) tgy H( o(p) ) Z A(“)TZQ(”)'

r<ng+y p<Lx p nge

Now Lemma 2.2 of Tenenbaum [9] states that
Aln)t
3 A0V ¢ (10g )20 £ (tog ) Vo,
n<x n
and combining this with the classical estimate

1(-) <2

pszT

completes the proof of Corollary 4.

7. Proof of Corollary 6

As in the proof of Lemma 2, we assume F(1,...,1)=1. We next note that we may
then restrict to the case when z>2zp with arbitrary large zo=2¢(5,¢, 6, g). Indeed, when
27%/29°¢ < 2 < 29, the left-hand side of (21) is trivially < (logz)®(), which is of smaller
order of magnitude than the right-hand side.

Let 3:=s/log 2z and let x(n) denote the completely multiplicative function defined
by x(p)=p” if p<z, x(p)=1 otherwise, and put

Fi(ny,...,ng) :=F(ny, ...,ng) x(nk).

We have x(n)=n” when P*(n)<z. Since |Qx(n)|>z for z<n<z+y, the sum on the
right-hand side of (21) is

<z 3 R, QM) =7 Y F(IQi(m)], .., Qk(n)])-

z<n<r+y z<n<T+y

With a suitable choice of z5, we have f< 1—1256, and it may be readily checked that
Fy EMk(Ae", B, %66). We may hence apply Theorem 1 to Fj, with the result that

> P @) <o T (1-22) 3 ot o)

z<n<z+y p<z n<r
PH(IQr(n))<z=
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Hence it only remains to prove that
D u(n; F,0) < Y v(n; Fp). (41)
n<x n<e

To this end, we apply Lemma 1 with 8, (n)=x(n)"** (1<h<r), observing that, with the
notation of Lemma 1, v(n; F1,0)=v(n; F,o) for all n. We have for each h

0 (0" 1) —On(p” 1-p=# I
ZZ| h(p )U h(p )|:Zpl_é’_1 <<,321g_p<<1_

p<z vl p p<= p<z p

By Lemma 1, this implies (41) and thus completes the proof of Corollary 6.

Remark. In the case k=1, Q1(n)=n, F=1, Corollary 6 yields
U(x+y,2)-¥(z,2) K, ye

for all fixed »>0, 2°<y<z and 2>4*/¢. An inspection of the proof shows that, if
we make explicit the dependence upon s, the same technique will furnish a bound of
the type <yu~°, where c=c(e), provided, say, z>(logz)?. Such a result, which could
similarly be derived in the general situation considered in this paper, is comparable with
the best known upper bounds for the number of integers free of small prime factors in
short intervals, due to Hildebrand [4]. However, the results in [4] are valid without any
lower-bound restriction on the variable y.

8. Proof of Theorem 2

We write Q(n)=anb, with P*(a,)<Cy<P~(b,) for some large C. We have

> log|Q(n)| ~yglogz=kylogy
rz<ngr+y

and
> logan= Y logp“{yeq(p”)/p"+0(1)} = (1+o(1))ylogy

z<n<r+y p<Cy
P’z

by the prime ideal theorem. Hence, since y=2z9/%,
Z logb, 2 {k—1+0(1)}ylogy. (42)
z<nLT+y

There is a constant Ag such that b, <Agz9=Agy*. Hence, if C is large enough, the
condition P~(b,)>Cy implies Q(b,)<k—1. Moreover, if Q(n) has a divisor in (3y,y],
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then b, <2A40x9/y=2A40y* "1 <(Cy)* !, so Q(b,)<k—2. Thus, letting Ho(z,y) denote
the number of n€(z, z+y] such that Q(r)=0 (mod d) for some d€(5y,y], we obtain

> logbn < (k—1)(log Pry){y—Ho(z, )} +(k—2)(log Po,y) Ho(2,y)-
z<ngr+y

Taking (42) into account, we get for large z

Holelogy, )

P 2>y exp{ ky

This is a short-interval analogue of an inequality of Erdés and Schinzel [1] and constitutes
the basis of our method. It seems that a new idea would be required to relax the shape
condition imposed on y in the theorem.

We need a lower bound for Hg(z,y) and proceed as in [9], using Corollary 4. Writing
A(m, y)=zd|m’y/2<d<y 1, we have for any positive 7

Ho(z,y)>(logz)™ > A(QM)) (44)
z<ngr+y
A(|Q(n)],y)<(log z)"

Let us write the last n-sum as S; — S with

Y. Alemly)> D el d)H y ¥ QQ(d

r<ng<z+y y/2<d<y y/2<d<y

using again the prime ideal theorem as in [9, Lemma 2.1]. Then, for any #>0, we have

S= Y AQWLY<oga) ™ 3T AR
T<NET+yY o<n<ety
A(Q(m)].9)>(log z)”

We choose 7>log4—1 and define £>0 by the relation 2°=(1+417)/log4. Applying Corol-
lary 4 with t=1+¢, we obtain Sy <y(logz)~?*°(!) with
o=1+ne—LF(1+€) =2{2° log(2°)—2°+1} > 0.
Thus Sa=o0(y) and, by (44),
Hq(z,y) >y/(logz)".

By (43), this implies P, ,>yexp{(logz)'~™} for any 7>7 and large z. The required
result follows since 7, and hence 7;, may be taken arbitrarily close from log4—1.
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9. Proof of Theorem 3

We may plainly assume that co>1 and F(1,...,1)=1. We first observe that it is sufficient
to bound the sub-sum of (22) where the variable p is further restricted by the condition
21 Q(0). Indeed, the complementary contribution may be trivially bounded above by

w(IQO))B sup Q).

T<ps 2z

Since |Q(0)|<||Ql|<z'/? and |Q(p)|<|Q||(2z)?, the above bound is, for >z (6),
< B(log z)(2929+1/9)55/3 « g (log ) 29+ D/3 <\ fy.

This is (with a lot to spare) of smaller order of magnitude than the right-hand side
of (22).
Let x(n)=1 if P~(n)>w, and x(n)=0 otherwise. We set

Fo(n, .o 1) = F(na, ooy i) X(Me1)-

It is readily checked that our hypothesis on F implies that FoeMpy1(4, B, 3¢6).
Since Q(0)#0, none of the Q;(X) is equal to X, so

k
QX) =X [T Q;(x)
j=1
has degree g+1 and has r+1 irreducible factors B;(X) (1<j<r+1), with R (X)=X.
Of course [|@||=|IQH We set g:=pg, 2:=(01, ..., 0r+1) and note that p,41=1.

Now we make the observation that if the variable of summation n in Theorem 1 is
restricted to values coprime to a fixed integer, say ¢, then the implicit constant in the <-
sign only depends on D,:=D/(D, q). This may be easily checked by taking into account
the extra condition (n,¢)=1 in the sieve arguments employed for the upper bounds of
51,593,894 in §4, so we omit the details. _

Let D* denote the discriminant of (Q)*. Then ﬁ*=a§*Q*(0)2D*, and hence D,|D
when g=Q(0). It follows that Theorem 1 (suitably modified as indicated above) yields
the bound

Y. FUQ®) Q@< Y FllQun)l, -, |Qkm)))

m<p<‘m+y r<ngr+y

21 Q(0) ntQ(0)
psz p nge
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It remains to evaluate the right-hand side in terms of g and v(n; F, g)=v(n; F,Q, ).
We first note that, plainly, §(p)=1+0(p) if p1 Q(0) and 4(p)=0(p) if p|Q(0). There-
fore

(=57« I (-5) I0-57) < ot oz (- 5)

P Pz Pz pszT
P1Q(0)

—~

Next, we observe that v(n; Fo,Q,8) <3 4, v(n/d; F,Q, 0) x{d)/d, and hence

o Fo @8 <Y X S o £.Q 0= Y v(m F.@,0),

nge d<z ng ngT

since x(1)=1 and x(d)=0 whenever 2<d<z.
This completes the proof of Theorem 3.
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