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1. Conformal naturality
Let G be the group of all conformal automorphisms of D={z€C; |z|]<1}, and G, the

subgroup, of index two in G, of orientation preserving maps. The group G consists of
the transformations

zZ—a

1—-az

>4

with |A|=1 and |a|<1. For each such a, the map

g2 Z_fl 1.1
1-az

in G, takes q into 0 and 0 into —a.
The group G operates on D, on S'=38D, on the set (S") of probability measures
on S, on the vector space 7(D) of continuous vector fields on D, etc. Explicitly
g-z=g(z) ifzEDUS',
(g-10) (A) = g, u(A) = u(g ~(A)) if u€AS") and AcS’ is a Borel set,
(g v)(gR@) =g, () =v(2)g'(zx) ifvEI(D), zED, and g€EG,,
(2-v) (2(2)) = £4(v) (g(2)) = 6(2) g;(2) if vET(D), zED, and gEG\G,.

(We use the notations g; and g;for the complex derivatives of the function g(z), and we
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write g’ instead of g/ if g is holomorphic.) The group GXG operates on the space €(D)
of continuous maps of D into itself, or on 4(S"), by (g, h)-p=gopoh™.

If G operates on X and Y, a map T: X—Y is called G-equivariant, or conformally
natural, if T(g-a)=g-T(a) holds for g€G and a €X. If GXG operates on X and Y, we
say that T: X—Y is conformally natural if it is GX G-equivariant.

Example. There is a unique conformally natural map from D to 2(S 1), It is the map
z+1,, Where 7, is the harmonic measure of z:

1 1—|z[2
A)=— d
7A) ZﬂL Iz—étl2| 4

if AcS! is a Borel set.

The purpose of this paper is to extend any homeomorphism ¢ of S! to a homeo-
morphism ®=E(¢) of D, in a conformally natural way. This extension will have the
property that if ¢ admits a quasiconformal extension, then ® is quasiconformal (but not
with the best possible dilatation ratio). Moreover ® depends continuously on @.
However the assignment @+—® is not compatible with composition: i.e., E(y o @)+
E(y) o E(¢) in general.

The idea is the following: given @, to each z €D we assign the measure ¢,(17,) on
S!'. Then we define the conformal barycenter w € D of this measure and set w=®(2).
Each of these steps is done in a conformally natural way. The last step is to show that
@ is a homeomorphism.

We develop the general properties of the extension operator ¢+—® in Sections 2, 3,
and 4. After that we concentrate on the quasiconformal case. Our results in Sections 5
and 6 have applications to the theory of Teichmiiller spaces, which we give in Section
7. In Sections 8 through 10 we compare the coefficient of quasiconformality K* of @
with

K(¢) = inf {K; ¢ has a K-quasiconformal extension to D}.

Our results are rather precise when K(g) is close to one (see Corollary 2 to Proposition
5 in Section 9), but they leave something to be desired when K(g) is large.

In Section 11 we briefly discuss the higher dimensional case. Given a homeomor-
phism @ of $"~! and a point x in B", we again define ®(x) to be the conformal
barycenter of the measure @,(7,). In general @ is not a homeomorphism when n=3,
but Pekka Tukia has pointed out to us that ® is a quasiconformal homeomorphism if ¢
is quasiconformal with sufficiently small dilatation. We prove that result in Section 11.
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Finally, we want to thank Pekka Tukia for a number of helpful suggestions,
especially for encouraging us to write Section 11 and to prove in Section 5 that if ¢ has
a quasiconformal extension then in addition to being quasiconformal, ® and ®~' are
Lipschitz continuous with respect to the Poincaré metric.

2. The conformal barycenter

Our purpose in this section is to assign to every probability measure x on S*, with no
~ atoms, a point B(u) €D so that the map u~>B(u) is conformally natural and satisfies

B(u)=0 if and only if f &du(6)=0. 2.n
sl

There is a unique conformally natural way to assign to each probability measure u
on S' a vector field £, on D such that

£(0)= f Edu(d). 2.2)
sl

Indeed, formula (2.2) is equivariant with respect to rotations and complex conjugation.
For general w in D we must write

1
gﬂ(w) = m g(g.,,).(u)(o)’

ie.
= (1—|w)? (_C—_—w_) du(t), 73
£, (w) = (1-|w) L (oag ) 4@ 2.3)
and that will make the assignment u—>&, conformally natural. (Here g,:D—D is
defined as in formula (1.1).) It is clear from (2.3) that the vector field £, is real-analytic.

ProrosiTiON 1 and DEFINITION. Suppose u has no atoms. Then &, has a unique
zero in D. We call it the conformal barycenter B(u) of u.

Proof. We compute

&, (w)= (1—|w|2)f (£~ w) (1+wl) du(D)+o(w)
s!

= £,(0)~w+w f 2 du(®)+o(w).
sl
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The Jacobian of &, at w=0 is therefore

JE0) = [(E)LOF~IE,), O
=1- f f £ du(§) X du(z),
Sixst
SO

JEﬂ(0)=% f f |2 =& du(5) X du(z) > 0. 2.9
Sixst

If £,(0)=0, we conclude that w=0 is an isolated singular point of index one. The
conformal naturality implies that every zero of the vector field &, in D is an isolated
singular point of index one. To complete the proof it therefore suffices to show that for
r€]—-1,1{ close to 1 the vector field &, has no zero on the circle

C, = {w;lw|=r}
and points inward.
LemMa 1. Re £,(0)>0 if u([e ™, e*™*])=3.

Proof. Re&,(0)= f Re (0) du(©)=(-1)- +(V'2/2)-3>0. Q.E.D.
sl

To complete the proof of Proposition 1, take a>0 such that u(J)<! for any arc
Jc S of length <a, and take ro<1 such that the arc J, of length a centered at 1 is seen
from ry with angle 37/2 in Poincaré geometry (i.e., g, (J,) has length 3n/2). If
|w|=r=ry, let g be the conformal map in G* that takes w to 0 and —w/jw| to 1, and let
v=g,(). Then Re £,(0)>0 by Lemma 1, so £,(0) points into g(C,), and the conformal
naturality implies that &,(w) points into C,. - Q.E.D.

Remarks. (1) 1t follows from the definition that B(u) depends in a conformally
natural way on u and satisfies (2.1).
(2) The result still holds if # has atoms provided none of them has weight=}. (If no

atom has weight=] the proof is unchanged; otherwise modify it slightly.)

(3) If ¢:8'>S8! is a homeomorphism, then B(p,(n0)) is the unique point w€D
such that the homeomorphism g,0¢:S'—>S' has mean value zero. Indeed, if
1=@.(no) and wE€ D, then
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A-|wP)™"& w) = —217; f %ld@l
sl

is the mean value of g,,0¢.
(4) There is a second proof of the uniqueness of B(u). One can write

§@)= f £(z) du(b)
sl

where §g=§a; is the unit vector field pointing toward . The field &; is the gradient (in
Poincaré geometry) of a function s whose level lines are the horocycles tangent to § !
at {. (This function is defined up to a constant, and can be chosen so that h:(0)=0.)
Thus &, is the gradient of

h:z— f h(z) du().
sl

B(u) is a critical point of h,, and the 'uniqueness of B(u) can be proved by showing that
the restriction of —h, to Poincaré geodesics is strictly convex. We chose a proof that
relies on formula (2.4) because this formula will be used in Sections 3 and 10. Thurston
has remarked that the function —h, can be interpreted as the average distance to S’. In
fact, if d(z, w) is the Poincaré distance from z to w in D, then

1_ 2
—h;(Z) == %log (]Z—_I‘z‘lz—)

= lim [d(z, r&)—d(0, r)].

r—1-

3. Extending homeomorphisms of S*

Given a homeomorphism ¢: §'—>S8', we define an extension E(p)=®: D—D by putting
®(2)=¢(z) if zES' and

@(z) = B(py(n)) if zED.
Clearly ¢+—>® is conformally natural, i.e.
E(gogpoh)=goE(p)oh forall g and hEG.

LemMmA 2. The map <I>=E(<p):D—>D is continuous at every point of S'.
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Proof. For each arc J=S?, let V(J) be the set of z€D such that J is seen from z
with an angle =x/2 in Poincaré geometry. The boundary of V(J) is an arc I of the circle
through the endpoints of J that in;a’k_mn\ angle /4 with S!. For wET there is a map
g€G such that g(w)=0, g(J)=[e~™", e*™*], and g(V(J))=Dn{z;|zV 2 —1|<1}. It fol-
lows from Lemma 1 and conformal naturality that if #(J)=%, the vector field £, points
into V(J) on T, and therefore B(u) € V(J).

Let U)={z€D;n,(J)=}}. Then ®(U(J))=V(p(J)). Now if § €S!, when J ranges
among neighborhoods of ¢ in §', JUU(J) is a neighborhood of ¢ in D and the sets
() U(V(@(J)) span a fundamental system of neighborhoods of ¢(¢) in D. Therefore ®
is continuous at . Q.E.D.

THEOREM 1. The map ®=E(p): D—D is a homeomorphism whose restriction to D
is a real-analytic diffeomorphism.

Proof. By Lemma 2, it suffices to prove that ® is real-analytic and that its Jacobian
is nonzero at every z€D. By the conformal naturality we may assume that z=0,
®(0)=0, and ¢: S'—S" has degree one.

By definition, if z €D, ®(z) is the unique w € D such that

=1 ¢(C)‘w> A=[z) | 1o
F(z, — d 0. 3.1
(z,w) > s'<1 190) |2 Clz || G.1)

The function F is real-analytic in DX D, and its derivatives at (0,0) are

! = __1_. a ’ = —1—
F0,0)= ’m fs ‘ Co(0)|dEl, F0,0) o L ‘ Ep(2) |de],
1 (3.2)
F,0,00=-1, F,0,0)0= TJ @(&)’|dg.
I Jg2
Formula (2.4), with u=g@,(n,), implies

|F,’,,(0,O)|2—|F,’,-,(0,0)|2=%<51n—)2 j j lp(2)>—@()*[*|dz| x|dE|>0. (3.3)
sixs!

The Implicit function theorem therefore implies that ®(z) is a real-analytic function of z
near z=0. Moreover, implicit differentiation gives the formula
IF(0,0)—|F}(0,0)
|F.,0,007~|F7,(0,0)f

| DO~ |DO) =
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for the Jacobian of @ at z=0. Since F,(0,0) and F{0,0) are the coefficients ¢, and c_,in

the Fourier expansion
e =D ¢, (3.4)

Theorem 1 follows from

LemMaA 3. If ¢:8'—>8" is a homeomorphism of degree one with Fourier series
(3.4), then |cq>|c-1.

Although this lemma is well known, we include a proof so that we can make some
estimates later. We compute

f=le-f= () [ || Retoo ot cE-zonixiae
JT Sixs!

Put z=¢", t=¢", and g(e™)=¢"®. Here y: R—R is continuous and strictly increas-
ing, and Y(u+27)=yw(u)+2mx. Now

2n (2
leP~le_f=2 —1— ’ f j sin (s—1) sin (y(s)—y(8)) dsdt
5=0.J1=0

= % J sinu L sin (y(t+u)—y(1)) dt du
= 317;— f _osmu f [sin (w(t+u)—yp(0)+sin (Y(t+2m) —p(t+u+m)) dt du.
Therefore
le,P=le_,f = (—21;)2 j ; sin u J{ :H(t, u) dt du, (3.5)
with

H(t, u) = sin (y(t+u)—1p(t))+sin (w(E+27)—p(t+ u+mn)) 3.6)

+sin (Y(t+x+u)— Y+ ) +sin (Y +x) -yt +u)).

The integral (3.5) is positive because if a;, a,, as, a4 are positive numbers whose sum
is 27, then Z“ 1 sin a;>0. The proof of Lemma 3 and Theorem 1 is complete.
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Remarks. (1) The quantity |¢ ’—|c_,|* is the Jacobian at z=0 of the harmonic
function u: D—C with boundary values . It has been known for some time (see
Choquet [7] and Kneser [12]) that a harmonic function u: D—C whose boundary values
map S' homeomorphically onto a convex curve I is a diffeomorphism onto the interior
of I.

(2) The extension operator g —E(g)=® is uniquely determined by the conformal
naturality and the property that ®(0)=0 if ¢ has mean value zero. Indeed, if
w=B(g.(ne)), then g, o@ has mean value zero, so 0=E(g,, 0 ¢)(0)=g,(P(0)). There-
fore ®(0)=B(p,(10)), and the formula ®(z)=B(p.(n,)) follows by conformal naturality.

4. Dependence on ¢

To study how E(¢) depends on ¢, it is convenient to think of the set JAS') of
homeomorphisms ¢:S!'—S! as a subset of the Banach space %(S',C) of complex-
valued continuous functions on S', with the sup norm. For each ¢ in HS') the
extension ®=FE(¢p) belongs to the group Diff (D) N D) of C* diffeomorphisms of D
with homeomorphic extensions to D. We regard Diff (D) and JAD) as subsets of the
vector spaces C*(D,C) and 4(D,C), each with its standard topology, and we give
Diff (D) n #4D) the topology induced by the diagonal embedding in Diff (D) x $AD). Both
FS") and Diff (D) n 9AD) are topological groups.

ProrosITION 2. The map E: 3(S")— Diff (D)n IAD) is continuous.

In other words the map &: (z, 9)—E(¢) (z) of DX 3AS") into D is continuous, and
the partial derivatives of 4 (of all orders) with respect to z and 7 are continuous maps of
DxJ4S") into C. We shall prove that # is continuous at every point (z, @) with z€ S,
then that on Dx 94S") it is locally induced by an analytic map of an open set W of
Cx%(S",C) into C.

Proof. (a) Continuity at points of S'XJASY). Consider a homeomorphism
@€ ") and a point zo€ S'. Let us return to the proof of Lemma 2. Let V, be a
neighborhood of @y(zo) in D. One can find a neighborhood J; of ¢g(zo) in ! such that
V() <V,, and then neighborhoods J, of z, in S' and W, of ¢, in 4(S',C) such that
eUpcJt, for each €W, Then U(J,) is a neighborhood of z, in D, and
® (UUy) V() for each p € W,.
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(b) Local analyticity in Dx J4(S"). Let Q be the open set in DXCX %(S!, C) defined
by

Q= {(z,w, ) EDXCXE(S", C); |wl|-[lpl|<1},

and let F: Q—C be the real-analytic function

_ L[ (e@-w) 1|z}
Fow o= o L (Eosts) e—gp

Choose a homeomorphism ¢q:$'—S' and a point zo€D. Put we=E(@o) (z0)-
Then F(zy, w,, )=0. Moreover, |F.[*—|F;|* is positive at (zy, w,, @,) because it is a
positive multiple of the Jacobian of the vector field £, at its unique zero wp; here u is
the measure @) on S'. The Implicit function theorem therefore implies that all
zeros of F near (2o, Wy, Qo) are given by a real-analytic function w=h(z, @), defined in a
neighborhood of (zo, o) in DX%4(S!,C). In particular E(p)(2)=h(z, @) if (z,¢) in
DX JAS") is close to (zo, Po). Q.E.D.

CoroLLARY. The functions p—E(@),(0) and ¢—E(p);(0) on H(S") are continuous.

5. Quasiconformal extensions

THEOREM 2. If the homeomorphism @: S'—S' admits a quasiconformal extension
to D, then ®=E(g) is quasiconformal. In fact both ® and ®~' are Lipschitz continu-
ous in the Poincaré metric on D.

Proof. Let %.(S") be the set of @ € JAS") that have degree one. For @ € %, (S")
put ®=E(p) and define positive functions a(gp) and S(p) on D by

|@;(2)|—|P;(2)] 1
1-|®(z)] 1-|z[*’

a(p)(2) =

|0+ / 1
1-|@@P / 1-|]gf*

Blp)(2) =

The Lipschitz continuity of ® and ®~! in the Poincaré metric is equivalent to the
existence of positive numbers a and b such that

asa(p)2)<sf@)(2)<b forall z€ED. 5.1)
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These inequalities in turn imply that & is quasiconformal with dilatation ratio <b/a. We
must therefore prove that if ¢ admits a quasiconformal extension to D, then (5.1) holds
for some positive numbers ¢ and b.

Since G is a group of isometries in the Poincaré metric, the conformal naturality of
the map ¢— @ implies that

agepoh)=a(p)eh and Bgogoh)=p@)oh

for all g and & in G... Therefore it suffices to prove that

a(K) = inf {a(@) (0); ¢ € Hx(S")}

and

b(K) = sup {B(¢) (0); p € Hx(S")}

are finite positive numbers if #x(S?) is the set of ¢ € ¥,(S") that admit a K-quasicon-
formal extension to D and fix the points 1,i, and —1. That is easy. Theorem 1 implies
that the functions @—a(@)(0) and ¢—B(p)(0) are positive on %.(S"). They are also
continuous, by Proposition 2 and its corollary. Since the set ¥ (S)cH, (S is
compact (see §5 of [13, Chapter II]), we must have 0<a(K) and b(K)<». Q.E.D.

Remarks. (1) The proof shows that for each K=1 there is a number K* such that @
is K*-quasiconformal if ¢ has a K-quasiconformal extension. We shall estimate K* as a
function of K in Sections 9 and 10. .

(2) The proof used only the fact that the set of @€ %.(S') admitting a K-
quasiconformal extension to D is G, XG ., invariant and has compactness properties.
The fact that invariance and compactness properties of this kind characterize the
@ € #.(S") with quasiconformal extensions to D was proved by Beurling and Ahlfors
[6]. They also gave a simple geometric characterization of these ¢ and defined a
quasiconformal extension operator ¢+—>®. Their extension operator is not conformally
natural, but it can be taken to be G¢X Gy equivariant if G; is the subgroup of G leaving
a given point £ € S! fixed.

6. Dependence on u

The most important invariant of a quasiconformal map f: D—D is its complex dilatation

wH)=1f;
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In this section we study how u(®) depends on ¢ if ®=E(g) is quasiconformal. We need
some notations.

Let M be the open unit ball in the Banach space L*(D, C). For each x4 € M there is
a unique quasiconformal map f* of D onto itself that fixes the points 1,i, and —1 and
satisfies the Beltrami equation

fi=uf,

in D. Let ¢* be the restriction of f# to S'. By Theorem 2, E(¢*): D—D is quasiconfor-
mal, so its complex dilatation belongs to M. That determines a map

o: u—E(@"JE@"), ®.1)
from M to M. Since E(¢*) fixes the points 1,i, and —1, (6.1) implies
E(@*)=f"" forall uEM. 6.2)

ProrosrTioN 3. The map 0. M—M defined by (6.1) is continuous. In fact, if
0<k<1, then o is uniformly continuous on the set

M= {u€M;|jul| < k}.

Proof. Fix k€10,1[. First we shall prove that the function x~>o(u) (0) is uniformly
continuous on M,. If not, there are sequences (u,) and (v,) in M, and a number £>0
such that |ju,,—v,||—0 but

l06(un) () —0(w,) (O) > ¢ for all n. (6.3)

By passing to a subsequence we may assume that f#* converges uniformly in D to
some f*. Since |ju,~v,||—0, f** also converges to f* uniformly in D. But then the
corollary to Proposition 2 implies that o{u,,) (0) and o(v,)) (0) converge to the same limit
o(u) (0). That contradicts (6.3), so u+—>o(u)(0) is uniformly continuous in M.

We will use conformal naturality to finish the proof. First we identify M with the
set of bounded measurable conformal structures on D by associating the function 4 € M
with the conformal class of the metric

ds = |dz+u(z) dz). (6.4)

We denote by D, the disk D with the conformal structure determined by (6.4). Thus,
f*:D,—D, is a conformal map.

3868285 Acta Mathematica 157. Imprimé le 15 octobre 1986
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The group G acts on M so that v=g,(u) if and only if the map g:D,—D, is
conformal. Explicitly,

v=g. ) ifandonlyif u=(vog)g'/g’ for g€G,,

- 6.5)
v=g,w) ifandonly if a=(vog) g;/g;for g€EG\G,.

LEmMMA 4. v=g,(u) if and only if f*ogo(f*) 1 €G.

Proof. By definition, v=g,(u) if and only if g:D,—D, is conformal. Since
Sf*:D,—Dy and f*: D,— D, are conformal, v=g,(u) if and only if

frogo(f*)~': Dy—Dy
is conformal. Q.E.D.
CoroLLARY. The map 0: M—M is conformally natural.

Proof. If g €G and v=g,(u), then Lemma 4 gives
frog=hof*
for some /4 € G. Therefore ¢* og=hog* on §', so
E(p")og =hoE(¢")

in D. By (6.2), [ og=hof"™, so Lemma 4 implies o(v)=g,(o(x)). Q.E.D.

End of proof of Proposition 3. We have already proved that given £€]0,1[ and e>0
there is 6>0 such that

lou) (0)—o(») (0)| < e

if |ju—vl|<d and wvEM, If g€G, then (6.5) implies |g,()||=]l¥| and
llg () — g+ W)||=|le~7]||, so (6.5) and the corollary to Lemma 4 give

o) (g7 (0)—a(v) (g7 ()] = |o(g.(1)) (0)— (g, (v)) ()] <&
if |lu—v||<d6 and u,v € M,. But g~1(0) is any point of D. Q.E.D.

Remark. We shall prove in Section 8§ that g: M—M is a real-analytic map.
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7. Teichmiiller spaces

If T is a Fuchsian group (discrete subgroup of G), we define
M@ ={uEM;y, (u)=pu for all yET}. (7.1
Equivalently, by Lemma 4,
M@)={uEM;f“oyo(f*)"'€G for all yET}. 7.2)
The Teichmiiller space T(I') is defined by
T(T) = {p € HS"); ¢ = ¢* for some u € M(I)}.

We denote by 1 the trivial subgroup of G, so that M(1)=M and 7(1) is the set of
@ € (S that fix the points 1,i, and —1 and admit a quasiconformal extension to D.

The conformal naturality of the assignment ¢—E(g) leads to a simple proof of the
following theorem of Tukia.

ProrosiTION 4 (Tukia [16]). For any Fuchsian group T,
T ={pET(1);poyop ' €G for all yET}.

Proof. Put S={p€ET(1); poyoep '€G for all yET}. Then ¢*€ S for all u € M(I'),
by (7.2), so T()=S. Conversely, if ¢ €S, then by conformal naturality

E(p)oyoE(p) '€G for all yET.

Moreover, by Theorem 2, E(@) is quasiconformal and E(g)=f*, where 4 €M is given
by

u = E(@),/E(@)..
Since f“oyo(f*)~'€G for all y€T, u€M() and ¢#*=¢€ T(T). Q.E.D.

The space M(I) inherits a topology from L*(D, C), and T(T) is given the quotient
topology induced by the map 7: M(I)—T(I') defined by a(u)=¢*. 1t is clear from (6.5)
and (7.1) that M(T) is a convex, hence contractible, subset of L*(D, C). Our next goal
is to prove that T(I') is also contractible. That will be an easy consequence of

LeMMA 5. If T is a Fuchsian group and o: M—M is defined by (6.1), then

(@) 0 maps M(T) into itself,
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(b) there is a continuous map s: TT)—M() such that son = o: MI)—M(),
() moo=m: M(D)—-M().

Proof. (a) Let u€ M(I'). Then ¢#€ T(') and, as we saw in the proof of Proposi-
tion 4,

E(¢g*)oyoE(¢*) '€G for all yET.

By (6.2), E(¢*)=f"", so a(u) € M(T).

(b) By definition, if m(u)=n(v), then ¢*=¢", so E(p")=E(¢*) and o(u)=o(v).
Hence there is a well defined map s: T(I')—>M(I) such that sox=0 on M(I'). The map s
is continuous because o is, by Proposition 3. ,

(c) Since E(¢p")=f°", ¢°® js the restriction of E(¢*) to S!. Therefore
" “=g¢* and m(ow))=m(u). Q.E.D.

THEOREM 3. The Teichmiiller space T(T) of any Fuchsian group T is contractible.

Proof. By Lemma 5, zosox=noo=m, so nos: T(I)—T() is the identity map.
Since M) is contractible, so is T(I). An explicit contraction is the map
(@, )—=m((1—1) s(¢)) from T(I)x[0,1] to T(). Q.E.D.

Remarks. (1) For more information about Teichmiiller spaces see Bers [5] and the
literature quoted there.

(2) Itis classical that T(T') is contractible when T(I") is finite dimensional (i.e. I\D
has finite Poincaré area). The contractibility for all ' was conjectured by Bers [3,
Lecture 1], who introduced the infinite dimensional Teichmiiller spaces. Bers’ conjec-
ture was proved for I'=1 in [11] and announced for finitely generated subgroups of G
in [9]. Tukia [15] proved that T(I') is contractible for many infinitely generated groups
T, and indeed is homeomorphic to a Banach space in many cases. He also informed the
second author in 1983 that the methods of [16] can be extended to prove that all T(T")
are contractible.

(3) If '=G., Proposition 4 has an equivalent formulation. By results of Bers [4],
there is a homeomorphism @ from 7(1) onto an open subset A of the Banach space B of
holomorphic functions f on C\ D with norm

A1l = sup {AD(1-|z)?; || > 1} < .

G, acts on B so that g-f=h if and only if f=(hog)(g’')*>. Bers proves that  maps T(I)
homeomorphically into
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BI)={f€B;y-f=f forall y€T},
s0o A(T()=BI)NA. If
S={p€ET();poyop '€G forall yET},

then the Lemma in [8] says that 8(S)=B([')N A, so Proposition 4 is equivalent to the
statement

o(T@M)=BI)NA.

For further comments on Proposition 4 see Section two of Tukia [16].

8. Analytic dependence on u
In this section we shall prove that o: M—M is a real-analytic map. First we need to

strengthen the corollary to Proposition 2.

LEMMA 6. For each @o€ #.,.(S’) there is a holomorphic function f: V—C, defined
in an open neighborhood V of ¢ in €(S 1.C), such that

If@)|<1 forall p€EV, ' 38.1)
f(@) = E@)0)/E@),0) forall pEVN ¥, (S). 8.2)

Proof. The proof of Proposition 2 shows that for each ¢, € #.(SY) there is a real-
analytic function h(z, @), defined for (z,¢) near (0,q@,) in CX%(S',C), such that
E(p) (2)=h(z, ) if p € ¥,(S") and (z, @) is in the domain of k. The complex derivatives
h (0, @) and k)0, ) are real-analytic functions of ¢, and

|10, @)l <10, @y,

so f(@)=h)0,9)/h )0, @) is real-analytic and satisfies (8.1) and (8.2) in some open
neighborhood V of g.
Now the map H: €(S!, C)— %(S!, C) defined by

Hwy) (&) =Cexp(ip(t)) for all LES' and y € €(S’,C)

is holomorphic. Choose 1€ €(S',C) so that H(ypg)=g,. By the Inverse function
theorem, H maps some open neighborhood W of 3, biholomorphically onto an open
neighborhood H(W) of ¢ in €(S!,C); we may assume H(W)cV. Since the function
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foH is real-analytic in W, there is a holomorphic function F, defined in an open
neighborhood W'cW of w,, such that |F(p)|<l for all y €W’ and F=foH in
Wn%S',R). The function FoH™! is holomorphic in H(W’) and equals f on
HW')n%.(SY). Q.E.D.

THEOREM 4. The map o: M—M defined by (6.1) is real-analytic.

Proof. Let M(C) be the open unit ball in L*(C, C), and define a conjugate linear
involution u—u* of L*(C, C) onto itself by

u*(2) = a(1/z) (z/z)* for all zEC.

Let M*={u€M(C);u=u*}. The map that sends u to its restriction to D is a real-
analytic equivalence of M* with M, and we shall identify M with M* for the remainder
of this section.

The projection operator Pu=(u+u*)/2 has norm one, and so does I-P; note that
PM(C))=M*.

For each u€M(C) there is a unique quasiconformal map f* of the extended
complex plane onto itself that fixes the points 1,i, and —1 and satisfies the Beltrami
equation

fi=uf,

in C. Let ¢ be the restriction of f* to S!. For u € M*, f4(D)=D, so the new definitions
of f# and ¢ agree with the old ones.
Now the results of Ahlfors and Bers [2] show that if 0<k’<1 there is r'>0 such that

l*©)| <2 if CES!, |jul| <k’ and |ju—Pu||<r'.
Further, the map u—¢* from
ViK', ') = {u€M(C); ||u|| <k’ and |ju—Pu||<r'}

to (S, C) is holomorphic (and bounded). Since the set V(k',r’) is convex, it follows
that u—¢* is Lipschitz continuous on V(k, r) if 0<k<k' and 0<r<r'. We conclude that
given any k€]0,1[ and 6>0, there is r=>0 such that

lo“—¢”||<d if u and vEV(k,r) and |ju—v||<r. (8.3)
Now fix k€]0,1[ and put M}={u € M*;||u||<k}. The set

Ar={@E H.(S"); p = ¢* for some u € M}}
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has compact closure in €(S!,C). Therefore, by Lemma 6, there is 6>0 such that for
every @o€A, there is a holomorphic function f: B(gy,)—C that satisfies (8.1) and
(8.2) with V=B(¢g, 0). Given that 6>0, choose r>0 so that (8.3) holds.

By construction, for each u,€ M} there is a holomorphic function F(u)=f(¢"),
defined in the convex open set V(k, r) NB(ug, ), such that

IF)| < 1 (8.4)

and

F)=o0@©0) if u€M*. (8.5

These open sets cover V(k, r), so analytic continuation produces a holomorphic func-
tion F: V(k, r)—C that satisfies (8.4) and (8.9).

Again we will use conformal naturality to complete the proof. Formula (6.5)
defines an action of G on L”(C,C), and the map P from L*(C,C) to itself is
conformally natural. Therefore the set V(k, r) is G-invariant, and we can define a map H
from V(k, r) to the Banach space B(D, C) of bounded complex valued functions on D by
putting

H() (w) = F((8,,)4(w)) for all u€V(k,r) and wED.

(Here g, is defined as in formula (1.1).) Since (g,). and F are holomorphic, the
function u— H(u) (w) is holomorphic for each w€D. Since |[H(u) (w)|<1 for all w€D
and u € V(k, r), H is holomorphic (see for instance Lemma 3.4 in [10]). Finally, (8.5) and
the conformal naturality of the map ¢ imply that H(u) (w)=0(u) (w) for all u€ M¥ and
w € D. Therefore o is real-analytic in M. Q.E.D.

9. The derivative of &(u) at u=0

ProPOSITION 5. The derivative of o:M—sM at u=0 is the linear map
¢'(0): L*(D, C)-L™(D, C) given by

2
g0 v(z) = %j.f V(uz)l(l_—)f ) dudv for all zED and vEL*(D,C). (9.1)
D -Zw

Proof. Fix any v€ L*(D, C). For t ER sufficiently close to zero, Theorem 4 implies
that

a(tv) = to’ (0) v+o(?).
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By the results of Ahifors—-Bers [2],

@) = E+tp&)+o(f) uniformly for €S’

and

®"(2) = f"(2) = z+1f (2)+o() for all zED.
Further, f;=0'(0) v.
Now, for z €D, the definition of ®(z) gives

0= L f ¢"O-"@) (=lz) ;0
27 Jo 1-d"@) @™ (8) |z

_1 f [C—z +,{ P©-R2) | &= z)(§ﬂz)+z¢(§))}] A=L2D) e+ o).
27

oL 1-2C 1-2¢ (1-28)? |l=—¢f
Therefore
0= L J’ [«p@) LME-26@) _ 2 |, te-2) fD) ](1 &) e,
2 Jall-28 0 (- z§)2 -2 | (-2 lz—&f
: 1 1 zz
A2) = f (C) C C|2 l ¢l
-1 d_C
_ZﬂJ (§)<1 ZC) t-2’
and
IO V) =D =5 f w(@)—UC—),,— dz. 9.2)

Now the Ahlfors—-Bers theory gives
PO=-+ f J vwdudy )
7 p w—¢

where & is continuous in D and holomorphic in D. Since

(1— |z|
2m ’ (C) 1=z dt=0 forall zED,

by Cauchy’s theorem, (9.2) gives

2
oo (1] 2 )
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An application of Fubini’s theorem and Cauchy’s formula gives (9.1). Q.E.D.
CoroLLARY 1. ||0’(0) v||<3|v|| for all vEL™(D, C).

Proof. For all zED,

|0'(0)v(z)|<—3MJ’J'(l—_i_ilidudv=3”v||. Q.E.D.
n p |1—Zw|

COROLLARY 2. For ¢ € #*(S"), put

K(p) =inf {K; @ has a K-quasiconformal extension to D} 9.3)

and let K*(p) be the coefficient of quasiconformality of ®=E(@). Given any >0 there
is 6>0 such that for all p € ¥.(S)
K*(@) < K(@)***  if K(p)<1+90.

Proof. We may assume that K(gp)<e and, by conformal naturality, that ¢ fixes 1,i
and —1. Then there is 4 € M such that ¢g=¢* and

1+
Kay = 1l
AP

In addition, since ®=f",

ooy 10wl
@ = ol

By Corollary 1, if ¢>3, then ||o(u)||<c||«|| and

K*((P) < ﬂ”ﬁl.l.

1—c|jull
if u is close to zero. Furthermore, if 3<c<3+¢, then
3+
et _ ( 1+t> +
1—ct 1—t
for small positive numbers ¢. Q.E.D.

Remark. If v(z)=1, then o'(0)»(z)=3(1—|z|*)*. Therefore the operator ¢’'(0) has
norm three, and the exponent 3+¢ in Corollary 2 cannot be replaced by any number
less than three.
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10. Estimating K*(¢)

We shall give an explicit upper bound for the coefficient of quasiconformality K*(¢) of
®=E(gp) if ¢ admits a K-quasiconformal extension to D. The estimates here provide a
second proof of Theorem 2.

PROPOSITION 6. Suppose @ € H.(S') admits a K-quasiconformal extension to D.
If ®=E(¢) fixes 0E D, then for all &, and &, € S!

—_ K
(k)™ ('—C‘ITCZ') <lp(&) - (&)l < 16 a6, ~ 5"~ (10.1)
where
a(K)=4(1+V2)(16/V3)X. (10.2)

Proof. Let y: D—D be a K-quasiconformal extension of ¢, let w=v(0), and put
P=g,oy. Then P(0)=0, so the boundary values ¢=g, 0@ of ¥ satisfy the Holder
inequalities

_ s I\K
(_1511652'> <IPE)-PEI <16 6 -&" forall & and L,ES'  (10.3)

(see [13, p. 66]). In addition E(¢) (0)=g,(0)=—w. We shall estimate |w|.

If J=[a,Bic §"is any arc with |a—g|<c=(V 3 /16), then (10.3) implies that
@«(0) (D<1/3. Choose r€10,1[ so that the arc J,=[a,a;] with |a,~dy|=c is seen
from r with an angle 37/2 in Poincaré geometry. As in the proof of Proposition 1,
Lemma 1 and conformal naturality imply that &, points inward on C,. Thus

Pulng
|lw|=|E(¢@) (0)|<r, and
1- 1
<1—+—:) 81— 8ol <lg_u(C) —g_, &Il < (1—“::) 1&,—&) (10.4)

for all §; and ,€S'. Since @=g_,o@, (10.3) and (10.4) imply (10.1) with
a(K)=(1+r/(1-r).

It remains to show that (1+r)/(1—r) is bounded by the right hand side of (10.2). Put
a;=€", where 0<t<x/2 and |a,—d,|=2sinr=c. The defining property of r€]0,1[ is that
gAa)=e>*, That implies

p= 24V 2(cost—sing) _ c+(@d-cH)"?
2cost+V 2 24¢V2 -
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SO

+r _ (1+V2)2+¢=c)"?) _401+V2) QED.
4

1—r c
PRrOPOSITION 7. There are positive numbers A<4x10® and B<35 such that
K*(@)<A exp(BK(p)) forall p€ 3. (S"). (10.5)

Here K*(g) is the coefficient of quasiconformality of ®=E(¢), and K(g) is defined
by (9.3).

Proof. Assume that K=K(gp)<, and put ®=FE(¢). Suppose that-®(0)=0, so that ¢
satisfies the Holder inequalities (10.1). Implicit differentiation yields the formula
@) _ (F(0, 0)*—|F;0,0)) (|F, 0, 0)*—|F7(0,0))
|0 IF;,(0,0) F30,0) —F,,(0,0) F(0,0)

(10.6)

Here F(z, w) and its derivatives at (0,0) are given by (3.1) and (3.2). We must estimate
the right side of (10.6).
The inequality

|F;(0,0) F,(0,0) — F[,(0,0) F0, 0)|2 <4
is immediate from (3.2). Moreover, (3.5) implies that

. 1 2 2n (273 ) €
F’ 2—-|F! Iz — t=—
[F1(0, 0)P—|F (0, 0)| (2”> J, H(t, w)sinu dudt >~

=0 Ju=n/3
if H(t, u)=¢ in [0, 2x]x[n/3, 2n/3]. According to (3.6), H(z, u) is the sum of four terms
sin (p(')—y("),
and each increment (¢’ —¢") € [n/3, 2n/3] if u € [n/3, 21/3]. Therefore
le* —e"|= 1,
and (10.1) gives
| =¥ = |g(e™)— p(e™)
= (16%a(K)) ™' = 6(K) > 0.

Hence y(t")—y(t)=d0(K), and H(t, u) is bounded below on [0, 2] X [7/3, 27/3] by
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4 4
eK)= min{E sinaj;Z a;=2m and ajzd(K) iflsj<4}

Jj=1 Jj=1

= 3 sin 8(K)— sin 36(K) > 3.996(K)’.
Therefore |F(0, 0)*—|F(0, 0)]* > 3.996(K)*/2x.
Next, (3.3) gives
[F.,(0, 0) - |F,(0, 0) =‘213{ J; @)z,
with

/1(z)=-41— f |@(8)*—p(2)*|dg].
JT st

Given z€ S, find z’ so that @(z')=—@(z). Then
9~ p(2)| = (@)~ 9(2) (@)~ P))-

The inequality (10.1) and Holder’s inequality imply that

47A(z) = 8(K)* f [(E—2) &—2") |*¥|dE]
sl

' K
aa(K)“(zn)""< f €G- (52" IZIdCI)
sl
= 6(K)42K+ln’
where 6(K)=(16%a(K))~! as before. Therefore
IF".(0, 0)*—|F,(0, Q) > 2K~ 16(K)*

and (10.6) gives the inequality

[Py
1__
@)

> 3.99%2%8(K)"/16m, (10.7)

first when z=®(z)=0, then in general, by conformal naturality.
If k*=sup {|®;(z)/®P(2)|; z€ D} (<1), then

1+k* 4
1—-k*  1—(k*)?

K*(@) =
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Therefore (10.7) and the definition of 6(K) imply that
K*(@) < 64 x2¥Kq(K)'/3.99,
with a(K) given by (10.2). Q.E.D.

Remark. For purposes of comparison, we note that if #: R—R has a K-quasicon-
formal extension to C. then it has a Beurling-Ahlfors extension w: C—C with coeffi-
cient of quasiconformality

Kw) < % oK. (10.8)

Indeed the assumption on % implies that 4 satisfies a *‘p-condition’” with

1
h) <—¢"™.
o(h) 16 ¢
(For a proof see p. 65 of [1].) This in turn implies that s has a Beurling-Ahlfors
extension w satisfying (10.8), by results of M. Lehtinen (see [14]).

11. The higher dimensional case

Let @:8"'—>8""! be a homeomorphism, n=3. The methods of Sections 2 and 3
generalize to extend ¢ to a continuous map ®:B"—B". First we must define the
conformal barycenter of a probability measure x4 on $”~' with no atoms. As in Section
2, Remark 4, let

a2
h”(x)=if logl—lﬁllyd,u(u), x€B",
sn—l

2 x—u

and let £, be the gradient of A, in Poincaré (hyperbolic) geometry. The proofs of
Proposition 1 and Lemma 1 generalize to show that £, has a unique zero in B”. By
definition, that zero is the conformal barycenter B(u) of u. The map u—B(u) is
conformally natural (with respect to the group G of all Mobius transformations that
map B” onto itself).

For x in B", the (hyperbolic) harmonic measure 7, on $"~! is defined using the
hyperbolic Poisson kernel:

() =L f (—‘ﬂﬂz—)"'ldw(u).
sn—l

W,y |x——u|2
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Here dw(u) is the (n—1)-dimensional Hausdorff measure on $"~!, and w,_; is the
total measure of S"~!. Now, as in Section 3, we extend the homeomorphism
@:8"" '85! to B" by putting ®(x)=B(@,(.)) if xEB". The proof of Lemma 2
generalizes to show that ®:B"—B" is continuous. The map g—® is conformally
natural. ‘

The proof of Proposition 2 in Section 4 also generalizes, but the statement must be
modified because in general @ is not a homeomorphism. The general statement is

PRrOPOSITION 2'. The assignment g—>® defines a continuous map of H(S"™") into
€*(B",R")n €(B",R").

Here 94S"™ ') and 4(B", R”) have the compact-open topology, €7(B",R") has
the €~ topology, and €*(B", R")n ¢(B", R") has the topology induced by the diagonal
embedding in €*(B", R")x €(B", R").

Given these preliminaries we can prove the following theorem about quasiconfor-
mal extensions, which was pointed out to us by Pekka Tukia.

THEOREM 5 (Tukia). Given any M>1 there is a number K>1, depending only on M
and n, such that if ¢: 8" '—>S8""! is K-quasiconformal, then ®:B"—B" is a quasi-
conformal homeomorphism and

M™'d(x, y) < d(®(x), ®(y)) < Md(x,y) for all x,yEB". (1.1

Here d is the Poincaré distance in B".

Proof. We imitate the proof of Theorem 2. Given ¢ € 4S"~!) and x € B", put

e ] U= ) ]|, n_l}
=inf ;u€S ,
alp)(x) =i { - [e@ u

_ sup { =PI @] S}
Bl@) (x) SUp{ 1= [P ‘U )

LemMMA 7. Given any M>1 there is K>1, depending only on M and n, such that if
@: 8" 158" is K-quasiconformal, then

M < a(p)(x) sB(@)x)s<M forall x€EB". (11.2)

Proof. Since G is the group of isometries of B” in the Poincaré metric, the
conformal naturality of the map ¢—>® implies that

a(gogpoh)=a(p)oh and P(gopoh)=p(p)oh
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for all g and 7 in G. Therefore it suffices to prove the existence of K>1 such that
M '<a@O<f@O)<M

if ¢: §”"'558"! is K-quasiconformal and fixes the points e,, —e;, and ¢,. The proof
is by contradiction. If no such K exists, a compactness argument produces a sequence
(@) of quasiconformal maps and an element g € G such that ¢;—g in H(S" ') and, for
each %, either a(@)(0)<M~! or B(gy) (0)>M. Now Proposition 2’ implies that the
functions @—a(@)(0) and @—>B(@)(0) are continuous on HS"!). Since
a(g)(0)=PB(g) (0)=1 we have reached the required contradiction. Q.E.D.

End of proof of Theorem 5. If M>1, let K>1 be given by Lemma 7. If
@:8""'—§"! is K-quasiconformal, the left hand inequality in (11.2) implies that the
Jacobian of @ is never zero, so ®:B"—B" is a local homeomorphism. This in turn
implies that ®: B"—B" is a homeomorphism, and (11.2) then implies both that @ is
quasiconformal and that inequality (11.1) holds. Q.E.D.
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