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Introduction

On a Riemannian manifold a calibration ¢ is simply a smooth p-form closed under exterior
differentiation which is less than or equal to the volume form induced on each oriented
p-dimensional submanifold. Each calibration determines a geometry of distinguished
submanifolds, namely those submanifolds for which ¢ is exactly the induced volume form.
The fundamental result of the theory of calibrations says that each closed submanifold,
distinguished by a calibration, is automatically homologically volume minimizing. See
the papers Harvey-Lawson [4] and Harvey [2], {3] for more details.

The purpose of this paper is first, to establish a general procedure for constructing
(constant coefficient) calibrations by squaring spinors, and second, to use this general
procedure to explicitly calculate new calibrations in sixteen variables—and hence new
geometries of submanifolds.
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Part I describes the basic construction of calibrations from spinors. We first review
the general facts about Clifford algebras Cl(V) and focus on the case when dimV =
8m. The spin representations of Spin(V)CCIl(V') on the space of spinors have a natural
periodicity of order eight. We show then how to construct calibrations ¢ from products of
spinors (Theorem 2.2) and how to determine the corresponding sets of calibrated planes,
i.e. the contact sets G(¢) (Corollary 2.4). In the last section of Part I we examine the eight
dimensional case. Here the group Spin(8) is transitive on the set of unit positive spinors
and hence the calibrations produced from squares of spinors are all SO(8) equivalent. As
elements of A(R?®)*, these are equal to 1+ ®+A, where A is the unit volume element and
where @ is the Cayley calibration introduced in [4]. Therefore the first possibility for
new calibrations in dimension 8m occurs in dimension sixteen.

The detailed analysis of the sixteen dimensional case is the subject of Part II. It is
based on the complete classification of Spin(16) orbits in the space of spinors (Proposition
2.3). The main result of Part II is Theorem 4.1 in which we compute the largest contact
sets that are obtainable from squares of spinors. There are eight classes of maximal
contact sets naturally corresponding to the eight vertices of the Dynkin diagram of the
reflection group of type Es. Each contact set G(¢) is a union of compact symmetric
spaces having up to eight components.

In Section 1 of Part III we construct a differential system for each geometry ob-
tained by squaring an 8m-dimensional spinor. This differential system is the analogue of
the Cauchy-Riemann operator which distinguishes holomorphic curves among the real
surfaces in C? (expressed as graphs of functions).

In general it is not possible to classify all orbits of the Spin group in the space of
spinors as we have done in dimension sixteen. However, one can identify some orbits of
interest. One such orbit in the space of complexified spinors is the orbit of the highest
weight which is classically known as the set of pure spinors. In Section III.2 we give a
brief discussion of pufre spinors and the corresponding calibrations.

Given a constant coefficient calibration ¢ on R? one can always construct calibrations
a, 8 on RP! by choosing a unit vector e RP and writing

p=e"Na+p,

where o, Be A(RP~1)* and RP=Re®RP~! is the orthogonal direct sum. In this way the
calibrations in sixteen dimensions obtained in Part II can be used to construct calibrations
in lower dimensions. In particular we show in Section I11.3 that all calibrations resulting
from squares of 15-spinors can be obtained in this manner. This is especially significant
since there is no reasonable classification of Spin(15) orbits in the space of 15-spinors.
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I. Spinors in dimension 8m
I.1. Spinors and pinors

Assume that V' is a real vector space of dimension n which is equipped with a real positive
definite bilinear form ( , ). The associated Clifford algebra will be denoted CI(V).
First, we recall some of the basic facts about the Clifford algebra in any dimension.
More details are provided in Harvey [3]. As a vector space, CI{(V') is canonically isomor-
phic to A V, the exterior algebra over V. Let ( , ) also denote the canonical extension of
the inner product to A V=CI(V). Each orthogonal transformation f€O(V) has a canon-
ical extension to an automorphism of the Clifford algebra. Utilizing f=-I€O(V), let
a—a denote the corresponding canonical automorphism of CI(V). In terms of AV, a=a if
a is of even degree, while #=—a if a is of odd degree. The operation of reversing the order
in a simple tensor v;®...QVi Ut ®...®v; induces an anti-automorphism of the Clifford
algebra, which will be denoted by a—a and referred to as the check anti-automorphism.
The composition of this anti-automorphism with the canonical automorphism yields a
second anti-automorphism, which will be denoted by a+—a and referred to as the hat
anti-automorphism. If a is of degree p=0 or 1 mod 4 then d=a, while if a is a degree
p=2 or 3 mod 4 then d=—a. These involutions map ac A’V to La as described in the

following table.
p mod4 O 1 2 3

o
Il

4a —-a +4a -a
+a +a -—-a -a

¢
I

f= 93
Il

+a —-a —-a +a

A choice of orientation on V uniquely determines a unit volume element A=e; ... en,
where ey, ...,€e, is an oriented orthonormal basis for V. If the dimension n is even, then
conjugation by A gives the canonical automorphism, i.e. @=XaA~!. Clifford multiplica-
tion by an element a€Cl(V') has adjoint given by 4. That is,

(ab,c)=(b,ac) and (ba,c)=(b,cd)

for all a,b,ceCI(V).

In the remainder of this section and the next section assume that the dimension n=
8m is a multiple of 8 and that V is oriented. An irreducible representation of the Clifford
algebra Cl(V) on a real vector space P is unique. In fact, any two such representations
on, say, P; and P3 determine an intertwining operation f: P;— P, which is unique up
to replacing f by cf, for some constant ce R*. That is, P is projectively canonical. The
space P is called the space of pinors and is of dimension 16™, with Cl(V)=Endgr(P).
This isomorphism CHV)=Endg (P) distinguishes an n-dimensional subspace of Endg (P)



86 J. DADOK AND F. R. HARVEY

corresponding to the subspace V CCl(V'), of vectors. This subspace of Endg (P) will also
be denoted by V. The basic identity

vi=—|v|?, forall veV

is valid.

Conversely, given any n-dimensional subspace
V CEndg(P) (with dimg P=16™)

with the property that v?=—|v|? for each v€V, the inclusion map of V into Endg (P)
extends to an isomorphism Cl(V)=~Endgr(P). In this case an orthonormal basis for V is
called a set of v matrices.

The volume element ) squares to 1 with eigenspaces S* of equal dimension -;-16"‘.
Thus the pinor space P is decomposed into P=S*®S~, with S* the space of positive
spinors and S~ the space of negative spinors. Also, C1(V)*¥*"~Endgr(S*)$Endr(S™)
is the even part of the Clifford algebra.

The pinor space P can be equipped with a positive definite inner product £(z, y} with
the property that @ is the adjoint a® of a€Endgr(P) with respect to this inner product
g, i.e. e(az,y)=¢(z,ay), for all z,ycP. Up to a conformal factor ¢>0, ¢ is unique. The
notation é(z,y) rather than (x,y) will also be used. Since AA*=1, the eigenspaces S*
and S~ are orthogonal.

Note that each Clifford element A€ Cl(V)=Endr(S*®8S™) blocks as

b
A= (a ) .
¢ d
With respect to this blocking,

- -b . t et .
Az( “ d ) and A:( abt df ), since A=A’
_c —

Now Endg (P) also comes equipped with a natural inner product, namely,
{a,b) = 16"™ trace(ab’), for all a,b€ Endg(P)=CI(V).

The isomorphism Cl(V)2Endg (P) is, in fact, an isometry. Therefore, the left hand side
of this formula can be considered to be the inner product on A V=CKV).
Obviously, each form ¢e AP V* = APV is closed under exterior differentiation. If

#(€)<1, forall £€G(p,V)C APV
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then ¢ is said to be a calibration. Here G(p, V)C AP V denotes the Grassmannian of unit
oriented p-planes £ in V, ie. {=ejA...Ae, where eq,...,e, is an oriented orthonormal
basis for £. A p-plane {€G(p, V) with ¢(£)=1 is said to be a ¢-plane. The contact set
or face

G(#)={{cGp,V):¢(§) =1}

is called the ¢-Grassmannian. A calibration is non-trivial if G(¢) is non-empty.

I.2. Constructing calibrations from spinors

Consider the inner product space P, ¢, and let ¢ denote the adjoint of a€ Endg (P). Since
¢ induces an identification of P with P* and Endr{P)=P®P*, the product zoy of two
pinors z,y€P is an element of Endg (P)=Cl(V) defined by:

(zoy)(2)=e(y,2)z, forall z,y,z€P.

That is, zoy is just the tensor product of z and y*.

Some of the basic properties are listed here for convenient reference.

PROPOSITION 2.1. For all a,b€ClV) and for all z,y, z,weP:

(1) (az)oy=a(zoy) and zo(ay)=(z-y)a,

(2) (zoy)(zow)=¢(y, 2)zow,

(3) Toy=you, )

(4) {a,by=16""traceab,

(5) tracezoy=c(z,y),

(6) (zoy,a)=16""¢(z,ay),

(7) (zoy, zow)=16""¢(x, 2)e(y, w).

Proof. (1}, (2) and (3) are immediate from the definition of zoy, while (4) was
discussed in the first section. To prove (5), let z1, ...,z denote an orthonormal basis for
P. Then

N N

trace oy =Y e((zoy)(z:), ) = Y e(e(y, 3}, )

N
= Z e(y, zi)e(z, ;) =&z, y).

Now (6) follows from (4) and (5), since (zoy)a=zo(ay). Finally, (7) is a special case of
(6). O

Spinor multiplication can be used to construct calibrations. If z,y€P then zoye
Endg (P). However, because of the string of isomorphisms

Endg(P)2CIV)XAV AV,
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the product zoy can be considered as a differential form ¢=zoyec A V*. Given a differ-
ential form ¢€ A V*, the degree p part of ¢ will be denoted by ¢,.

THEOREM 2.2. Suppose V, { , ) is an oriented inner product space of dimension
8m. Suppose T€S™T is a unit positive spinor. Let

¢=16"zoz € Endr(St) C End(P) = CI(V) = A V*.

Then
(i) ¢x=0 unless k=4p is a multiple of 4.
(ii) Each ¢x is a calibration, i.e.,

$(6)<1, for all E€G(k,V).

(iii) A k-plane £€G(k,V) is a ¢-plane if and only if éx=x. Here £ acts on z by
considering £ € Endg (P) via the isomorphisms

Gk, V) N*V Cc AV =CI(V)~Endg(P).
(iv) The isotropy subgroup of O(V) that fizes ¢ is isomorphic to the subgroup K, of
Spin(V') that fixes the spinor z.
Proof. Note that

¢(a) =¢(azx,z), forall ae AV =ClV)=Endg(P),

by (6) of Proposition 2.1.

Proof of (i). If a is odd then az€S~ and hence ¢(a)=¢e(az,z)=0. Therefore p€
A" V. By (3) above ¢=¢ which proves (i).

Proof of (ii). The Grassmannian G(k,V)CSpin(V) for k even. Therefore ££=1.
That is, £ is an isometry of P, &, for each £€G(k, V). Consequently,

$(§) =€z, 2) < [zl x| =1.
Here |z|?=¢(z,z) denotes the norm of a spinor.

Proof of (iii). Equality occurs in this Cauchy-Schwarz inequality if and only if
fr=z.

Proof of (iv). Let x:Pin(V)—O(V) denote the double cover defined by x.(v)=
ava™!, for each a€Pin(V). If acPin(V) then ad=1 so that a~'=a. The orthogonal map
Xa€O0(V) acts on AV*ZAVCIV) by xa(d)=ada~t. Now this equals

16™d(zox)a™! = 16™a(zox)a = 16™(dz)o(az).
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If xo(#)=¢ then (ax)o(ax)=zoz. By the definition of spinor multiplication, this implies
that az=cz for some scalar c€R. Since |az|=|z| the constant c=x1. The element
a€Pin(V) must be either even or odd. If a is odd axr==z is impossible since az€S™.
This proves that x, with aePin(V) fixes ¢ if and only if a€Spin(V') and az==z. Since
under the vector representation x both a and —a have the same image,

x:Kz—{9€0(V):g"¢=4¢}

is surjective. Finally, —1¢ K, since —1 does not fix z. Therefore,

x:K;2{g€0(V):g"¢p=¢}
is an isomorphism. a

Remark 2.3. The top and bottom components of ¢ are easy to compute. Since
d(¢)=e(€z,x) both ¢(1) and ¢$(A) equal 1. Therefore, o=1 and ¢,=X. Thus the first
interesting case is g4 \* V*.

COROLLARY 2.4. The contact set G(pap) is the intersection of the isotropy subgroup
K,={a€Spin(V): ax=z} with the 4p-Grassmannian G(4p,V') inside the Clifford algebra
CIV)ZAV. Consequently the components of G(¢4p) are in one-to-one correspondence
with K2 conjugacy classes of elements of order two in K. In particular every component
15 a symmetric space.

Proof. Elements of order two in Spin(V) are precisely the union of the various
G(4p,V). Elements of order two in any compact Lie group naturally are a union of
symmetric spaces. a

Remark 2.5. A 4p-plane £€G(4p, V) is a ¢4p-plane if and only if orthogonal reflection
along ¢, denoted Ref, €O(V), fixes ¢. In particular, @4, is a non-trivial calibration if and
only if Ref; $=¢ for some k-plane E€G(k, V).

I.3. Triality and the octonians

Let O denote the normed algebra of octonians or Cayley numbers and let e; =1, ez =i,
es=j,...,eg=ke be the standard basis. A concrete model for Cl(8) is available using
the octonians. Let V=0 considered as an oriented eight dimensional real inner product
space. With P=S1T®S™, also let ST =0, a copy of the octonians marked to distinguish
it from ST=0". Then V can be identified with

{ (~22ﬁ }(z)u> EEndR(P):uEO},
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Here R,€Endr(O) denotes right multiplication by the octonian u. Since u®=-—|u|?,
there is an induced isomorphism CI(V)2Endg(P). (Here 42 is a product in Endg(P),
not O!) We have

Spin(8) = {uy ... ugx € C(V) : uy, ..., ugg € V are of unit length}.

The wvector representation of Spin(8) is given by: Xq(u)=aua™?, for all ueV. Since
Spin(8) CCl(V)*v**~Endg (S*)®Endr (S™), each element g€ Spin(8) is of the form

{9+ O
9= ( 0 g-) '
In fact g4,9- have determinant equal to 1. Let go=x,. The notation g=(g+,9-)€
Spin(8) as well as the notation g=(go, g+,9-)€Spin(8) will be used. The representation
0+(g)=g+ is called the positive spinor representation, while o_(g)=g- is the negative
spinor representation. Each pair of these three 8-dimensional representations x, ¢4 and
o— of Spin(8) are distinct, because ker x={(I,I),(=I,—I)},ker o4 ={(I,I),(I,—I)} and
kero_={(I,I),(—1,1)} are distinct.
Let ¢ denote conjugation on O, and given he Endg(O), let h'=c-h-c.

THEOREM 3.1 (Triality, [3]). Suppose (go,9+,9-) s a triple of orthogonal maps
on O. Then (g+,9-)€Spin(8) with go the vector representation of (9+,9-) if and
only if g+ (zy)=g-(x)go(y), for all z,y€O. Furthermore a(go,9+,9-)=(9_,9%,90) and
B(g0,9+,9-)=(gb,9",9,) are outer automorphisms of Spin(8) satisfying o®=F*=
(aB)®=1 and therefore they generate a group isomorphic to the symmetric group on
three letters.-

The Clifford algebra C1(7) is a subalgebra of Cl(8) generated by Im OCV CCI(8).
Since the generators of CI(7) are of the form

R,
( 0 )ueImO
R, O

Cl(7)eve = { (g 2) g€ End(O)}.

we have

0
It now follows from the Triality Theorem 3.1 that

Spin(7) = {(g0, 9+, 9-) € Spin(8) : g+ =g} ={(90, 9+, 9-) : gos1 =51}

It is now elementary to compute the elements of order two in this Spin(7). Any such
element must be an element of some 4p-Grassmannian. First, G(0,Im O)={+1}€CI(8)
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is just the center of Spin(7). This leaves G(4,Im O) which consists of noncentral elements
of order two. On O* and O~ these elements are reflections along Cayley 4-planes (see
below).

We shall denote the standard basis on OF, 0~ by s;=1, s3=3, ..., ss=ke to distin-
guish it from the standard basis for the vectors, i.e. for OCCI(8).

For s;€0™ consider ¢=16s;0s,€ A V*~End(P). By Remark 2.3

o=1+P+A
with ®¢ /\4 V* and A the unit volume element.

ProrosITION 3.2. (i) ® is a calibration called the Cayley calibration (see [4]). The
set of planes it calibrates, denoted CAY(O)CG(4, 0), is isometric to the Grassmannian
G(4,R7).

(i) ®(uiAupAuzAug)=c(u1, uz Xuz X uy), for all E=u; AugAuzAus€G(4,0),
where the triple cross product is defined by

Uz X U3 XUg = %(’llq(ﬁ;;’lh;) —U4(ﬂ3U2)).

Proof. (i) By triality the isotropy of Spin(8) at s; is conjugate by an outer automor-
phism to the above computed Spin(7).

Ko, ={(9+:90,9"): (90,9+,9-) € Spin(7)}.
Now by Corollary 2.4 the planes calibrated by ® are elements of order two in K,, which
we have already computed.
(ii) The right hand side defines a 4-form on O, the Cayley calibration. We may

assume that u;,us,u3, us are orthonormal. Recall ®(¢)=¢(£14,14).
The Clifford product

R, Ry Ry, Ry, 0 )

E=uy uz-us-us = ( 0 RﬁlRquﬁsRu4

Therefore,
Q(&) =e(1y, ((Baus)ua)ur) = (@1, (B4us3)U2)
=e(uy, ug(Usts)) =e(ur, us X ug X uq).
ad

With calculations in the next part of this paper in mind we now identify some
additional subgroups of Spin(8). First we put on O the quaternionic structure given by
the following three complex structures

I:Ri, J=RJ’, K:RiORj (94 iRk')
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We can lift these elements of SO(8) to Spin(8) as follows:
I=(Ri,r12,-L;), J=(Rj,m3,—Lj), K=(RioRj,ro3,L;oLj),

where r;; is the reflection along the (4, j)-plane in Ot and L; is the left multiplication on
O~ by i€ 0. The elements I, J, K also give a quaternionic structure on O~. The proof
of the following lemma is now a straightforward calculation.

LEMMA 3.3. (i) The subgroup of Spin(8) that commutes with I is
U4uu)I,-1,-1),

where U(4) acts on O and O~ by unitary matrices in the complex structure determined
by I, and on O% by elements of SO(2) x SO(6). The center of U(4) gives rotations in the
(1,2)-plane while elements of SU(4) fiz this plane.

(if) The subgroup of Spin(8) that commutes with I,J, K is Sp(2)USp(2)(1,—-1,—1I)
where Sp(2) acts on O and O~ by quaternionic unitary maps in the quaternionic struc-
ture (I, J,K), and on Ot by elements of SO(5). These fiz the (1,2, 3)-plane of O.

(iii) The subgroup Sp(1)CSpin(8) that on O and O~ consists of multiplications by
unit quaternions acts on OF by rotations in the (1,2, 3)-plane.

I1. Dimension 16 and Eg
II.1. A model for the Clifford algebra C1(16)

In this section we build a model for CI(16) from the model of CI(8) described in Section 3
of Part I. Our detailed knowledge of C1(8) will make computations in C1(16) in subsequent
sections much easier.
Let v=ejes...es€Cl(8) be the volume element and define ¢;,¢;€CI(8)@CI(8) as
follows:
E,=¢;=e;®v, Fgy;i=¢;=1®e;, 1=1,2,..,8.

A short computation shows that E?=—1I and that F;E;=—F;FE; for i#j. So from the
fundamental lemma of Clifford algebras we have

Cl(16) 2 C1(8)®CI(8) 2 End(O*®O " )®End(O*®0O™)
~End((0*®07)a(0" 907 )a(0T907)a(0~90™))

where

V(16)=spang {E;:j=1,2,...,16} = Vs @V, =spang {¢; } ®spang {¢;}.
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The volume element A=F1Es ... E1g multiplies out to be
A=v®v e Cl(8)QCI(8).
Therefore, A is +I on (OTQOT)®(0O~®0~)=S*(16) and A=—1 on (Ot®07)®
(O~ ®0*)=S"(16).
If {s1,52,...,88} is the standard basis of OF we set
Si=s5,®s,€81(16), i=1,2,..,8,
and
D =spang{S;:i=1,2,...,8} c ST (16).
Let Spin(8) CSpin(16) (resp. Spin(8)’ CSpin(16)) be the subgroup generated by ¢;¢;,

i#J (resp. i€}, i#J). The corresponding Clifford algebras C1(8) and C1(8)’ are given by

CI(8) =Cl(8)®1 C CI(16)
and by

CI(8)' = 1®CI(8) C Cl(16).
Note that

Spin(8)NSpin(8)’ = {+I},
and let (Spin(8)xSpin(8))/Z,CSpin(16) denote the group generated by Spin(8) and
Spin(8)’. This group is covered twice by Spin(8) x Spin(8)’. Now (Spin(8) x Spin(8))/Z.,
and therefore Spin(8) x Spin(8)’, leaves O* ® O™ invariant:

(9, h)z®y=g,2®hyy, z,y€0%, (g,h)eSpin(8)xSpin(8).

The Spin(8) x Spin(8)’ action on O ® O™ is seen to be the lift of the SO(8) x SO(8) action

on 8x 8 real matrices. In this model D becomes the set of diagonal matrices which is a
cross-section of all SO(8) xSO(8) orbits.

11.2. The orbit structure of Spin(16) on S(16)

Consider the symmetric space Fg/Spin(16). It is well known [5], [1] that the isotropy
representation of Spin(16) is equivalent to the S*(16) representation. In S*(16) there is
an eight dimensional cross-section of all Spin(16) orbits and each Spin(16) orbit meets
this cross-section in a W orbit. Here the W is a finite reflection group of type Es acting
on the cross-section. We proceed to identify one such cross-section and the accompanying
W concretely.

For AeR® we let S(\)€D denote

8 8
S)=)_XSi=)_ Aisi®s,
i=1 =1

and identify A with S()\) whenever convenient.
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LEMMA 2.1. DCS*(186) is a cross-section of all Spin(16) orbits. Every Spin{16)
orbit intersects D in an orbit of a finite reflection group W. This group is generated
by reflections through hyperplanes A\;==%X;, i#j, and the hyperplane 3 A\;=0. It is a
reflection group of type Eg.

Proof. Let s0(16) be the Lie algebra of Spin{16). According to [1] any Spin(16) orbit
meets the orthogonal complement of so(16)-z, z€S1(16). We choose z=5;=35:®s;.
Evidently ;¢}(s1®s1)=¢€:81 ®e51€07®07, so that in fact O~ ®0~ Cs0(16)-z. Thus
every Spin(16) orbit meets Ot ®0O*. Now using Spin(8)x Spin(8) we may move any
element of OTY®O™* into D, and hence D is a cross-section of all Spin(16) orbits. All
such cross-sections are Spin(16) conjugate, (see [1]). Since W is a reflection group of type
Eg (see [5)) it suffices to find in W generators for Eg. First observe that the reflections
through planes A\;=+\; are induced by elements of Spin(8) x Spin(8)’. Next consider the
circle in Spin(16) we shali call T!:

8
T = {t(&) = H(cos O+sinfec;):0¢€ R}.

i=1
The generator of 7! in the Lie algebra of Spin(16) is X :Zf’zl £iE5.

LEMMA 2.2. T'CSpin(16) fizes the hyperplane H={S()\):3 12, Ai=0} of D. The
element t(w/8) maps D into itself and is the reflection through H. The element £ =t(n/4)
fizes D pointwise and acts on V(16)=VadV{ by

(7 7).

Proof. Application of the generator X of T! to s;®s;, j=1,2,...,8 always yields

wEZle 5;®5,€0~®0~ C8*(16), and hence X annihilates elements of H. Now
X"wzgz $;®s;, €D C O+®0+,
i=1

which shows that T leaves D@Rw stable, fixing HC D pointwise. Next, since || Xwl||=
8||w|| the subgroup of T that fixes D& Rw pointwise is generated by t(7/4), and therefore
¢(n/8) must be the reflection through H. The action of cos #+sinf¢;e’; on V(16) is easily
computed to be the rotation in the (¢}, £;)-plane by the angle 26. This then implies that
§=t(m/4) blocks with respect to V(16)=Vz®Vy as advertised. a

A Weyl chamber C (a fundamental region for W) is a closure of a connected com-
ponent of the complement of all reflection hyperplanes in D. We choose

CZ{S(/\)ED/\I 2/\22/\32/\42/\52/\62'/\7', and Z)\,QO}

Observe that‘C is bounded by the hyperplanes A;=X;;1, i=1,2,...,6, Ag=—A7, and
3~ A;=0. We then have
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PROPOSITION 2.3. Every orbit of Spin(16) on S*(16) has a unique representative
in CCD.

IL.3. Maximal isotropy subgroups in Spin(16)

It is well known {5} that the isotropy subgroup of Spin(16) at S()A) € D depends only on the
set of reflection hyperplanes S()\) lies in. The origin lies in all the hyperplanes, and the
isotropy there is all of Spin(16). The maximal isotropy subgroups (the ones that are not
included in larger proper isotropy subgroups of Spin(16)) correspond to the eight edges
of the fundamental cone C. The 8 reflections through hyperplanes bounding C generate
W and their geometric relationships to each other are encoded in the Dynkin diagram
of W. A point on one of the edges of C lies in all but one of these hyperplanes. Thus
to each vertex of the Dynkin diagram of Eg corresponds a maximal isotropy subgroup.
To compute the Lie algebras of these subgroups from the structure theory of symmetric
spaces is easy: First we strike from the Dynkin diagram the vertex corresponding to
the chosen edge of C. The resulting diagram corresponds to a compact connected and
I-connected Lie group G. Now G is transitive on precisely one simply connected sym-
metric space G/K of rank equal to the rank of G. The Lie algebra of K is then the
Lie algebra of the maximal isotropy subgroup at the chosen edge. (In fact, there is a
homomorphism ¢: G— Eg with finite kernel that takes K onto the identity component
of the maximal isotropy.) Consulting the list of symmetric spaces [5] we may label the
Dynkin diagram by the maximal isotropy Lie subalgebras:

spin(8)
sp(4)+R sp(2)+sp(1)+sp(1) spin(7)+R
su(8) sp(2)+sp(2)+sp(1) sp(2)+u(2) spin(7)+spin(7)

We now proceed to determine all the components of the maximal isotropy subgroups.
We first let

Z(D)={g€Spin(16): gr =z for all z € D}.
We shall need the following lemma valid for any polar representation:

LEMMA 3.1. Let G be a compact group and G|V be a polar representation on a real
wnner product space V. If aCV is a Cartan subspace for this action, let

Z(a)={geG:g-x=x, allz€a}.

Then for any v€a every component of the isotropy G, at v intersects Z(a). That is, Gyis
generated by its identity component and Z(a).
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Proof. According to Theorem 3 in {1] the action of G?, the identity component of
G, on the orthogonal complement of g-v is polar with a as a Cartan subspace. Let W be
the reflection group induced by G on a. If v lies on only one reflection hyperplane of W
then GY leaves this hyperplane fixed and contains an element that induces the reflection
through this hyperplane (see [1]). More generally, if v lies on k reflection hyperplanes the
GY induces on a the reflection group generated by reflections through these k hyperplanes.
But by a well known property of reflection groups this group is precisely the isotropy
subgroup of W at v.

Now let g€G, and consider g-aC(av)’. Evidently g-a is a Cartan subspace, so
there is an h€GY such that hg-aCa. By the preceding paragraph we may choose h so
that kg not only fixes v but in fact all z€a, that is he Z{(a). O

To apply the above lemma to the computation of maximal isotropy subgroups we
need to compute Z(D)CSpin(16).

The isomorphism between Vg and Vg given by e;—¢); defines an isomorphism
between Spin(8) and Spin(8)'. The graph of this isomorphism is a subgroup of
Spin(8) x Spin(8)’ that we shall denote by diag Spin(8). The image of this subgroup
in

(Spin(8) x Spin(8))/Z, C Spin(16)

we shall denote by diag SO(8) (it is covered twice by diag Spin(8)).
In Spin(8) CC1(8) we now consider the group A of even oriented axis planes: Ais
generated by e;e; €CI(8). We let
A=1(A),

where 7:Spin(8)—Spin(8) is the automorphism 7(go, g+,9-)=(9+,90,9"). Note that
A is generated by elements that on S*(8) change a pair of signs of the standard basis,
whereas on V' (8) these elements give complex structures (see discussion preceding Lemma
1.3.3). The group A is nonabelian, it is a central extension of (Z2)? by Z,. We shall also
let A denote the corresponding group in diag Spin(8). For a multiindex I set ar€ A to be

ar=7(er)=r(ei€i,-.€), €r€ A.
Note that under the covering map =: diag Sping —diag SOg we have
7l'(0‘1) = 7['((1*1),

where * is the Hodge star operator on the set of multiindices of a standard basis for R®.
Finally, let ne Spin(8) x Spin(8) be the image of ((I,I,1),(—I,I,—I))€Spin(8) x Spin(8)’,
and note that on V(16) 7 fixes ¢; and changes the sign of ¢;.
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LEMMA 3.2.

Z(D)N((Spin(8) x Spin(8))/Zs) = m(A)Ur(A)n.

Remark. Clearly n commutes with 7(A). The reason for introducing A is that
multiplication in A amounts to manipulating indices, which is easy.

Proof. For (g,h)€Spin(8) x Spin(8)’ that fixes D pointwise and all i=1,2,...,8 we
must have
9+5iQh;8;i=5,;9s;.
Hence g, =h, change even numbers of signs of the standard basis {s;}. If g=h then
clearly (g,g)€A. The only other possibility is (go,g+,9-)=(—ho,h+,—h_) in which
case m(g, h)en(A)n. O

Next set £€T*CSpin(16) to be {=t(n/4) (see Lemma 2.2). We have £ € Z(D) and
we note that on V(16) £ sends ¢; to ¢} and ¢/ to —e;.

PROPOSITION 3.3. Z(D) acts faithfully on V(16). It is a group of 512 elements
generated by w(A), n, and .

Proof. The kernel of the Spin(16) representation on V' (16) is {£/}CCl(16). Since
—1I cannot be in any isotropy subgroup of z€S*(16) we see that Z(D) is faithfully
represented by 16x 16 orthogonal matrices.

Let GCSpin(16) be the full isotropy subgroup at S;€D. The identity component
Gy is Spin(7) x Spin(7) C (Spin(8) x Spin(8))/Z> (see Proposition 1.3.2.). In fact, the de-
gree four calibration determined by S is w+w’, where w,w’ are the Cayley calibrations
determined by s; €07 on V3 and V§ respectively. Since GoCG is normal any g€G must
map a Gy invariant subspace of V(16) into another Gy invariant subspace. Thus either
g or g€ acts on V(16) by

(g 2) a,be0(8).

But since this element must fix w+w’ we in fact must have a,beSpin(7). Thus g or
g€ €(Spin(8) x Spin(8))/Z> and by Lemma 3.2 the result follows. O

Remark 3.4. As noted before on V(16) we have

=1 ) = 1)

Furthermore, a;; € Z(D) act on V(16) by

Ji 0
Y%=\ 9 g )
(A}

7-935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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where J;; and J;; are complex structures on Vg and Vy: Identifying V3 with O by ¢;—e;
reveals that J;; is given by

I1.4. Calibrations on R constructed by squaring spinors

Since each positive spinor is Spin(16) equivalent to a spinor

Z)\ijIZ)\jS]’®Sj (41)

j=1 j=1

5(2)

in the diagonal DCS*(16), we need only consider unit spinors of this form.

THEOREM 4.1. Consider the exterior form
$=162S(X)oS()), on V(16), (4.2)

where A=(A1, ..., Ag) is of unit length. The isotropy subgroup of SO(16) at ¢ lifts isomor-
phically (under the vector representation x: Spin(16)—SO(16)) to the isotropy subgroup
K(X) of Spin(16) at the spinor S(\). The nonzero components of the form ¢ are of
degree 0,4,8,12, and 16.

Each ¢y 1s a calibration on V(16) fized by the group x(K(A))CSO(16). The contact
set is given in terms of K(A) by:

G(¢ar) = K(NNG(4k, V (16)). (4.3)

The isotropy subgroups K(A) and hence the contact sets G(¢ar) are partially ordered
under inclusion. For each spinor S(A) fized by a mazimal isotropy subgroup both the
isotropy K(A) and the contact sets G(dar), k=1,2, are described below, case by case
with each case labelled by the identity component of K()).

Remark. First, ¢g=1 and ¢y is the unit volume element; no matter which spinor
S(A) is selected. Second, ¢1o=+¢4 and G(¢12)=+G(¢4). Thus we need only describe
G(¢4) and G(¢s), for each choice of spinor S(A). Also each ¢g is self dual so that the
contact sets G(¢g) are * invariant.

Conventions. The subspaces Vg, Vg CV(16) are isometric under the map ¢;—¢’. If
aCVg is an oriented k-plane we shall denote by o' the corresponding k-plane in V§.
Also, if geSO(V3) then by the graph of g we mean the oriented 8-plane spanned by
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(¢5,9(¢5)")€Vs@Vy. By the quaternionic structure on V(16), (resp. Vs or V§) we mean
the following action by H:

(a+bi+cj+dk)-v=av+baya(v)+caiz(v)+dazs(v),

where v€V(16) (resp. v€ Vs or Vy), and a12,a13, and az3€ Z(D) are complex structures
described at the end of Section 3. Identifying Vi with O by €;—e; this quaternionic
structure agrees with the one of Section 3, Part I.

Given a quaternionic structure {I,J, K} on R*" (with the standard inner product)
let SU(I)CSO(4n) be the special unitary group determined by I. Choose a 2n dimen-
sional subspace R?" CR*" such that R?" is J stable and R?*@®IR?"=R*", orthogonal
direct sum. Let ¢ be the conjugation c(u+Iv)=u—Iv, u,v€R?". We shall denote the
set of special Lagrangian planes determined by the ordered pair (I,J) by SLAG(I, J).
These are the planes that are SU(I) equivalent to R?". The corresponding conjugations
are SU(I) conjugate to c, they lie in the coset SU(I)J, and exhaust all reflections in that
coset.

Finally we note that the subset of J complex planes in SLAG(Z, J) corresponds to
the set of reflections in the coset Sp(I,J, K)-J. These reflections form the symmetric
space Sp(n)/ U(n).

2 he Spln(8) g601llet1 y- Let
\/_8

i.e. choose A=(1,-1,-1,-1,—1,—1,-1,-1). The isotropy subgroup of Spin(16) at S(}\)
is:
K(A)=Spin(8)USpin(8)¢. (4.4)

The calibration ¢, is trivial, that is there are no calibrated 4-planes in this geometry.
Calibrated 8-planes in this geometry are of four distinct types:

VaUVs, (4.5)
{ano(d): a€ G(4,V3)} 2 G(4,R3), (46)
where 0: G(4,V3) — G(4,Vy) is a reflection through CAY (Vy), '
{a:ais a graph of g1 97", (94+,9-) € Spin(8)} = 57, (4.7)
{a: o is a graph of g, 79", (g4, 9_) € Spin(8)} = G(3, R, s)

where r is a reflection through any Cayley plane.
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The Spin(7) x Spin(7) geometry. Let
S(A)=51=59s1,
i.e. choose A=(1,0,0,0,0,0,0,0). The isotropy subgroup of Spin(16) at S(}) is:
K(A) = (Spin(7) x Spin(7))U(Spin(7) x Spin(7))¢. (4.9)
Calibrated 4-planes in this geometry are:
G(¢4) = CAY (V3)UCAY (Vg). (4.10)

Calibrated 8-planes in this geometry are of three distinct types:

VgU‘/sl, (411)
{aAB:0€ CAY(V3) and BeCAY(V)}, (4.12)
{graphg:g € Spin(7)}. (4.13)

The Spin(7)x T geometry. Let

1
S(A) = _5%(781®81_S2®32_m_88®88)’

N

i.e. choose 1
A= —(7,-1,~1,-1,-1,-1,-1, —1).
\\/53( )
The isotropy subgroup of Spin(16) at S(A) is

K () = (diag Spin(7) xT")/Z,U(diag Spin(7) x T") / Z3-7. (4.14)

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this
geometry form five disjoint components:

{ana' i€ CAY(Vs), o/ € CAY(V{)} = G(3,R7), (4.15)

{graph J : J € Spin(7) is a complex structure Spin(7) conjugate to a1z} =S%, (4.16)

{graph J : J € Spin(7) is a complex structure Spin(7) conjugate to az3} = G(2,R"),
(4.17)
{t{a):t€T*, a is the graph of the identity} = S, (4.18)

{t(a):teT", ais a graph of Cayley reflection in Spin(7)}=S'xG(3,R"). (4.19)
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The SU(8) geometry. Let
S(A\) = L(sl ®$1—82®82),
V2
i.e. choose A=(1//2)(1,~1,0,0,0,0,0,0). The isotropy subgroup of Spin(16) at S(}) is
K(A) =SU(8)uUSU(8)-azs. (4.20)
The calibrated 4-planes in this geometry are:
{a: e is a complex 2-plane in the a;2 complex structure on V(16)} = G(2,C®). (4.21)
The calibrated 8-planes form two components:
{o:c is a complex 4-plane in the a;2 complex structure on V(16)} = G(4,C?), (4.22)

{a ae SLAG(alg, (123)} ] SU(8)/ 30(8) (423)
The Sp(4) xSO(2) geometry. Let
1
V6

i.e. choose A=(1/v6)(2,-1,-1,0,0,0,0,0). The isotropy subgroup of Spin(16) at S(\)
is ‘

S(A)=—=(251051,—52R52—53853),

K () =Sp(4) xSO(2)/Z2U(Sp(4) x SO(2))/Z2-a12. (4.24)

The calibrated 4-planes in this geometry are:
{o:a is a quaternionic 1-plane} =2 Sp(4)/(Sp(3) xSp(1)). (4.25)

The calibrated 8-planes in this geometry form three components:

{o: ar is a quaternionic 2-plane} = Sp(4)/(Sp(2) xSp(2)), (4.26)
{@:a is both a complex 4-plane in structure ass (4.27)
and o € SLAG(a;2,a23)} = Sp(4)/ U(4), '
{9(a) : g €S0(2), « is both a complex 4-plane in the structure a;2 (428)

and o € SLAG(az3,a12)} = (S* xSp(4)/ U(4))/Z,.
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The Sp(2) xSp(2) x Sp(1) geometry. Let
S(\)= ! (51®51+52®82+53®53)
=7 1081 +82882+353%53),

i.e. choose A=(1/v/3)(1,1,1,0,0,0,0,0). The isotropy subgroup of Spin(16) at S(}) is
K (X)=(Sp(2) xSp(2) xdiag Sp(1))/Z2U(Sp(2) x Sp(2) x diag Sp(1))/Z2-§.  (4.29)
The calibrated 4-planes in this geometry are:
{a:a is a quaternionic 1-plane in V3 or in Vg } = Stus*. (4.30)
The calibrated 8-planes in this geometry are of five distinct types:
VaUVg, (4.31)

{aAB:a (resp. B) is a quaternionic 1-plane in Vy (resp. Vy)} = S x 5%, (4.32)
{g(anpB): g ediag Sp(1),a C Vg (resp. 8 C Vy) is a complex 2-plane in the

structure a1y and o, 3 € SLAG(a23,a12)} = (5% xSp(2)/ U(2) xSp(2)/ U(2))/Z2,
(4.33)

{a:«a is a graph of ¢ € Sp(2)} = Sp(2), (4.34)

{a:a is a graph of Jg, g€ Sp(2), J unit imaginary quaternion} 2 (S xSp(2))/Zs.
(4.35)

The Sp(1) xSp(1) xSp(2) geometry. Let
1
S(A) = —3(54®s4+35®s5+56®56+s7®s7+58®38),

i.e. choose A=(1/+/5)(0,0,0,1,1,1,1,1). The isotropy subgroup of Spin(16) at S(}) is
K(\) =(diag Sp(2) xSp(1) xSp(1))/Z; -£. (4.36)

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this geom-
etry are of seven distinct types:
A7 (4.37)

{aAa’:a C Vg is a quaternionic 1-plane} = S, (4.38)

{aAxa':a C Vg as above, * is the Hodge operator on Vg } = 5%, (4.39)
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{h(ana’):h e Sp(1)xSp(1l), a C Vs is a complex 2-plane in the structure ags,

and o € SLAG (a12, a23)} = (S? x $? xSp(2)/ U(2))/Z, (4.40)
{a: is a graph of h € Sp(1)} = S3, (4.41)
{a:a is a graph of hg, heSp(1), g€ Sp(2) is a reflection
through a quaternionic 1-plane} = (8% x §%)/Z, (4.42)
{o::a is a graph of hg, h € Sp(1), g is a complex structure in Sp(2)} (4.43)

= ($7xSp(2)/ U(2))/Zo-
The Sp(2) xU(2) geometry. Let

S = —

(553883 —54Q 84— S5R85—56® 56— S7R87— S5 ®S3),

5

i.e. choose A=(1/+/30)(0,0,5,~1,—1,—1,—1,~1). The isotropy subgroup of Spin(16)
at S(X) is :
K()\) = (diag Sp(2) xU(2))/Z,U(diag Sp(2) x U(2))/Z2-a13. (4.44)

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this geom-
etry form eight components:

{aAd’:a is a quaternionic 1-plane in Vz} 2 5%, (4.45)
{h(@):heU(2),a=Vg} =S5, (4.46)
{h(ana'):he€U(2),a C Vg is a quaternionic 1-plane} = (5% x §%)/Z,, (4.47)

{ana':a C Vg is a complex 2-plane in the structure a;2 and o € SLAG(a13,a12)}

~Sp(2)/ U(2) = G(2,R?),

{h(anxa'}: he U(2),a C Vs is a complex 2-plane in the structure ajo, (49

a € SLAG(a13,a12), and # is the Hodge operator on Vg}2 (5% xG(2,R"%))/Zs, (4.49)

{a:ais a graph of €. J} = S, , (4.50)

{a:a is a graph of e? Jg, g € diag Sp(2) so that g|V; is a reflection (4.51)
through a quaternionic 1-plane} = (S x §%)/Z,

{Mana'):heU(2), a C V4 is a complex 2-plane in the structure a3, (152)

[0 AS SLAG(alg, 0,13)} & [G(Z, Rs) X U(2)/ O(2)]/Z2

Proof of Theorem 4.1. For each conjugacy class of maximal isotropy subgroups we
select S(A\)eD and compute explicitly the maximal isotropy subgroup K(A) at S(}A)
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that represents the class. In all cases the isotropy K () has two components. Using the
maximal torus theorem or other classical methods we determine the elements of order
two in K (A) and then apply Corollary 1.2.4 to identify all components of the contact sets
G(¢4) and G(gs).

The Spin(8) geometry. Let Spin(8)CSpin(16) be the subgroup that acts on V(16)
as follows

(90,9+,9-)(z,9) = (9+7,9-¥), (4.53)

where z€Vg, yeVy. We claim that this Spin(8) fixes S(A) with A=(1,-1,-1,-1, -1,
—1,-1,-1). First Spin(8)C (Spin(8) x Spin(8))/Z, and it acts on Ot QO™ by

(90, 94, 9-)u®V = gou®gov- (4.54)

To see this observe that by triality both (g4, g0,9") and (g9-,gg, g% ) are in Spin(8) and
from the definition (4.53) of this Spin(8) the second factors of these elements are relevant
for the action on O ®O™. It is then clear from (4.54) and the definition of gj=coggoc
that Spin(8) fixes S(}).

A short calculation shows that of the generators of Z(D) the only one not in Spin(8)
is &, and so we have the full isotropy subgroup

K ()\) =Spin(8)USpin(8)¢.

Next we determine the elements of order two in Spin(8). The center has four elements
of order two. Besides the two elements that are +I on V' (16) we get reflections through
Vs on V§ giving us (4.5).

Besides the center, Spin(8) has only one conjugacy class of elements of order 2, and
that is the Grassmannian G(4,R®)CSpin(8). The outer automorphism (gg,g4,9-)—
(96, 9-,9+) of Spin(8) induces an involution & on G(4,R®) whose fixed point set is
G(4,R®)N{(g0,9+,9-): 9+ =9-}=G(4, R®)NSpin(7), the set of Cayley reflections (see
Section 3, Part I). This establishes (4.6).

Finally we determine the elements of order two in Spin(8)¢. First we note that
K(X)CEnd(V(16))=Cl(8) is really the group Pin(8). Indeed,

¢ € End(V(16)) =End(Vs®Vy) 2 End(0t 90 ™)

0 -R,
€=<Rl 0 >’

where R; is multiplication by 1€ O (see Section 1.3). The group Pin(8) is generated by
Spin(8) and £. (We note that Z(D)CPin(8)CCI(8) is just the group of all oriented axis

is the element
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planes in C1(8).) Now among the odd dimensional Grassmannians in Pin(8) only G(3,R8)
and G(7,R®) consist of elements of order 2. They are both conjugacy classes of Spin(8)
whence (4.7), (4.8) follow once we find representatives. If {us,us,us} is an orthonormal
set in Im O, then us AuzAug €G(3,Im O)CG(3,0) is represented on Ot SO~ by

( 0 RyyoRyyoRy, )
Ry,oRy,oRy, 0 '

Now observe that r=R,,, Ry oR,, is a reflection through a Cayley plane since r?=1I and
(9+,9-)=(r,7) lies in

Spin(7) = {(g+,9-) € Spin(8) : g4 =g-}.

The Spin(7) x Spin(7) geometry. The Spin(7) x Spin(7) C (Spin(8) x Spin(8))/Z; that
fixes s;®s; contains all the generators of Z(D) except for £&. Hence K(XA) has two
components (4.9). We proceed to find the elements of order 2 in K()). In Spin(7)
these are the center {+I}, and the reflections through Cayley planes (see Part I). This
determines all elements of order two in Spin(7)xSpin(7) and establishes (4.10), (4.11),
and (4.12).

The reflections in Spin(7) x Spin(7)¢ on V(16) look like

0 g .
(g‘l O) , g€Spin(7).
This set gives the planes in (4.13).

The Spin(7)x T geometry. First, diag SO(8) fixes any S(A) with X a multiple of
p=(1,1,1,1,1,1,1,1). Therefore S(A\)=aS(x)+bS1 (a,b€R) is fixed by diagSO(8)N
(Spin(7) x Spin(7))=diag Spin(7). Since for A=(7,-1,-1,—-1,-1,—-1,—1,—~1) we have
>~ X;=0, Lemma 2.2 shows that S()) is also fixed by T'. On V/(16) the intersection of
T! with diag Spin(7) is {+I}. Finally of the generators of Z(D) the only one that is not
in diag Spin(7) or in T in . Thus we have established (4.14).

We proceed to find elements of order two in diag Spin(7) x T /Z. Let g€diag Spin(7)
and teT!. If t=1 then g must be an element of order two in diag Spin(7). The center
of diag Spin(7) contributes 0 and 16-dimensional planes and the “Cayley reflections” in
diag Spin(7) give (4.15).

If 2=—1I (i.e. t=¢) then we must have g>=~1 on V(16) be a complex structure.
Now

diag Spin(7) C Spin(8) C End(Ve® V) = CI(8) X A O

are the even elements in diag Pin(7) CPin(8). Here diag Pin(7) is generated by the unit
sphere in A'(Im O)CCI(8). The elements of diag Spin(7) that square to —I€CI(8) are
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the Grassmannians G(2,Im O) and G(6,Im O). These Grassmannians then contribute
the following reflections on V(16) (here we identify V3@ Vy with Ot®0™)

{(—ORu Izu):lu|=1, ueImO}

{ ( 0 Ruolty ) 4, v€ImO orthonormal}
—-R,°R, 0

gives (4.16) and

gives (4.17).

Finally we consider reflections in (Spin(7)xT*')/Z>-n. Noting that (tn)?>=I for all
teT! gives us (4.18). Since any g€diagSpin(7) commutes with 77, the only other
reflections in this component are gtn with gediagSpin(7) a Cayley reflection, hence
(4.19).

The SU(8) geometry. The connected isotropy at A=(1,-1,0,0,0,0,0,0) must be
SU(8) because up to conjugation there is only one monomorphism from SU(8) to SO(16).
We claim that this SU(8) is determined by the complex structure a;». First, the subgroup
of diag SOg that commutes with ays is diag SU(4) which fixes s;®s; and s2®s,, and
therefore also S(A). This follows from Lemma [.3.3. Let J be the complex structure
that determines the connected isotropy SU(8). Since diagSU(4)CSU(8) leaves Vg, Vg
invariant we must have J=xaq;, separately on Vg and V§. Let us arrange J=a12 on V3
by changing sign of J if necessary. If now J=-—a;2 on V{ then (by explicit calculation)
the circle exptJCSO(16) would fix S()\) showing that U(8)CK()), a contradiction.
Finally we compute Z(D)NSU(8) by checking which elements in Z(D) commute with
a12. Besides £ and 1 we get

{er€ A:In{1,2} =@ or {1,2}}.

Thus Z(D) is generated by Z(D)NSU(8) and as3, whence (4.20).

Now the reflections in SU(8) are reflections through even dimensional complex planes
giving us (4.21) and (4.22). The reflections in SU(8)az3 form one SU(8) conjugacy class of
conjugations on C3~(R1!6 a;,). These are reflections through special Lagrangian planes
denoted by SLAG(a12,a93) listed under (4.23).

The Sp(4) xSO(2) geometry. The SU(8) determined by the complex structure a;3
fixes S1—S3. The intersection of this SU(8) with the one that fixes S;—.S; (discussed in
the preceding case) gives an Sp(4) that certainly fixes 25 — S — S3=(S1 —S2)}+ (51— Ss3).
This Sp(4) is the set of quaternionic linear maps on V(16)=H* where the quaternionic
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structure is given by a12,a13, and ag3. Let diag Sp(1)CSpin(16) be the group that on
V(16) consists of multiplication by unit quaternions. Let SO(2)CdiagSp(1) be the 1
parameter subgroup containing aps (the “circle through a3”). This circle acts diagonally
on Ot®O*CS*(16) by rotations in the (2,3)-planes of each O factor. Hence this
S0(2) fixes 251 —S2—S53. We note that SO(2)NSp(4)==+TI on V(16). Finally, Z(D)N
Sp(4) is the set of elements of Z(D) that commute both with a;2 and a13. Since ag;z€
SO(2) a short calculation reveals that Z(D) is generated by Z(D)N(Sp(4)xSO(2))/Z;
and a2, hence (4.24).

To determine reflections in Sp(4) x SO(2)/Z, let geSp(4) and t€SO(2). If gt is of
order 2 we must have g?=t2=41. If t=1 then the conjugacy classes of reflections in Sp(4)
give (4.25) and (4.26). If t?=—1 we may choose t=as3. The set of complex structures
g in Sp(4) is isometric to Sp(4)/ U(4). Observe that the reflection gags lies in SU(8)-az;
(see SU(8) geometry) and that gass certainly commutes with the complex structure a3,
and hence (4.27).

To find the reflections in the second component we consider the equation (gta;2)*=1.
Since (ta12)?=—1I for all t€ SO(2) we must have g€Sp(4) be a complex structure. Finally
note that the reflection ga;s commutes with ai2 and lies in the component SU(8)a;,
where SU(8)’ is determined by the complex structure as3. Thus the calibrated plane
corresponding to ga;s is both complex and special Lagrangian (4.28).

The Sp(2) xSp(2) xSp(1) geometry. First we note that the group diag Sp(1) intro-
duced in the previous geometry acts on O @O CS*(16) by rotations in the (s;, 52, 83)-
plane in each O* factor (Lemma 1.3.3). Therefore diag Sp(1) fixes S(\) with A=(1,1,1,
0,0,0,0,0). Similarly the Sp{2) x Sp{(2)C (Spin(8) x Spin(8)}/Z2 determined by the com-
plex structures a2, a;s, and agg on Vg, Vy is seen to fix S(A). On V(16) the intersection
of diag Sp(1) and Sp(2) xSp(2) is {£1}. Finally, the only generator of Z(D) not in the
above determined identity component is £, and hence (4.29).

To classify the reflections let (g1, g2) €Sp(2) xSp(2) and hediag Sp(1). In the identity
component we must have g2gsh?=I. If h2=1 then each g; must be a reflection (classified
as in the Sp(4) geometry) and we get (4.30), (4.31), and (4.32). If h®=—1I on V(16)
then both g; and g, must be complex structures in Sp(2). Taking h=a;, and arguing
analogously as in the Sp(4) geometry we obtain (4.33).

As for the reflections in the second component h2(g192£)?=1 on V(16) implies that
either h=1I or hediagSp(1) is a multiplication by an imaginary quaternion. Observe

that on V(16)
0
91926 = < 91) )
~-g2 0

Hence if h=1 we must have go=—g; !, (4.34), and if h2=—1I we must have gzzgl’l, (4.35).
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The Sp(1) xSp(1) x Sp(2) geometry. The quaternionic structure {a;2,a13,a23} on Vg
and Vy defines a Sp(1) x Sp(1) action (multiplication by unit quaternions) on V(16). This
Sp(1) xSp(1) as well as diag Sp(2) CSp(2) x Sp(2) of the previous geometry fix S(A) with
A=(0,0,0,1,1,1,1,1). The intersection of these groups is {£I} on V(16). As in the
previous geometry the only generator of Z(D) not in (Sp(1)xSp(1l)xdiagSp(2))/Z. is
&, hence (4.36).

To compute the reflections in the identity component let gediag Sp(2) and (hq, h2) €
Sp(1) xSp(1), and consider the equations g2h?=1 on Vg and Vy. If g=I then h==+I and
we obtain (4.37). If g?=1I but g#I then either hy=hy==I, (4.38), or hy=—hy=%I,
(4.39).

If gediag Sp(2) is a complex structure on V(16) then both hy (resp. hy) must be
complex structures on Vg (resp. Vy), that is they must be unit imaginary quaternions
(4.40).

To compute the reflections in the other component note that on V(16)

0 —h
hahagt = ( hag Olg ) :

Again, if g?=1 then hy=—h;"' and we get (4.41) in case g=1I, or we get (4.42) in case
g#I. Similarly, if g?=—1I we must have hy=h; " and the corresponding set of reflections
is (4.43).

The Sp(2) x U(2) geometry. First note that diag Sp(2) discussed in the previous ge-
ometry fixes S(A) with A=(0,0,5, —1,—1,—1,~1,—1). Next, the complex structure a;2
defines multiplication by unit complex numbers on Vg and V{ separately. This gives the
action of the 2-torus of diagonal matrices in U(2) on V(16). This 2-torus operates trivially
on S3,54,...,Ss, and hence fixes S()\) as well. Finally, by Lemma 2.2 the T €Spin(16)

that operates on Vz@®Vy by
(cos€ I —sinf I)

sinf I cosd I
fixes S(A).. This T! and the previously discussed 2-torus generate U(2)CSpin(16) that
commutes with diag Sp(2). Observe that diag Sp(2)NU(2)={=%I} on V(16). To compute
the other components of the isotropy at S(A) note that a;2,£,7€U(2) and that

Z(D)Ndiag Sp(2) = {a;: IN{1,2,3} =@ or {1,2,3}}.

Adding a;3 to Z(D)N(diag Sp(2) x U(2)/Z2) generates all of Z(D), and hence (4.44).
Now let g€diagSp(2) and heU(2). If h2g>=I on V(16) either g2=h2=I or g?>=
h?=~1I. In the former case if h=1I then g==+I or geSp(2) is a reflection through a
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quaternionic 1-plane (4.45). If g=I and h€U(2) is nontrivial reflection then (in the
standard representation) h is a reflection through a complex line in CZ%, hence (4.46).
Finally, if both g, h are nontrivial reflections we get (4.47).

Next, if gediagSp(2) is a complex structure then h€U(2) is either the complex
structure defining U(2) (in the standard representation) yielding (4.48) or h is obtained
from the above complex structure by a sign change on a complex line. There is a CP?!
of such complex structures and thus we get (4.49).

Now let us consider the reflections in the other component of K (). Either we must
have g>=(ha13)?=1 or g>=(ha;3)?=~1. The elements g arising from these equations
have already been discussed. By a short computation it is seen that (he;3)2=—hh, where
heU(2) is the complex conjugate of h in the standard representation on C2. Let c be
a conjugation on C2. If heU(2) then (hc)?=hh. Therefore the U(2) conjugacy class
of conjugations in U(2)-c is isometric to the complex structures in U(2)-a;3 CSpin(16).
This is the symmetric space U(2)/ O(2) (=S5 x RP?) with a;3 as a representative. The
complex structures in U (2) -¢ is the circle of multiplications by unit imaginary quaternions
in H2C? orthogonal to the quaternion i that determines the U(2). Therefore there is a
circle of reflections in U(2)a;3, the U(2) conjugacy class of £ays:

(s 7)o ) even (5 5) =}

Putting these facts about conjugacy classes of heU(2)a;3 and g€diag Sp(2) together
yields (4.50), (4.51), and (4.52). |

ITI. Additional results in higher dimension
ITI.1. A differential system for each geometry

A calibration ¢ on a Riemannian manifold determines a geometry of distinguished sub-
manifolds, sometimes called ¢-submanifolds. Each such submanifold is homologically
volume minimizing. Frequently there is a useful system of differential equations (more
special than the minimal submanifold equations) whose solutions are exactly the ¢-
submanifolds. For example, if ¢=(1/p!)wP where w is the Kéhler form on a Kahler
manifold then the ¢-submanifolds are just the p-dimensional complex submanifolds and
these submanifolds are distinguished by the Cauchy-Riemann equations.

Remark. If ¢ is a calibration and a submanifold M is given then the differential
equation ¢(]\7 )=1 distinguishes the ¢-submanifolds. However, this differential equation
is not very useful. Note that in the example: ¢ the standard Kihler form on C2, if
M=graph f then ¢(M)=1 is not the Cauchy-Riemann equation for f: C—C.
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The problem of finding the ¢ version of the Cauchy-Riemann equations can be solved
for the calibrations constructed in this paper.

In Harvey-Lawson [4], a partial solution to the general problem was described as
follows. Suppose one can complete the inequality

$(6)<1, forall £€G(p, TX),
to an equality,
BE)P+U1(6)2+..+UN(€)? =1, forall £€G(p,TX),
where Uy, ..., ¥y are d-closed p-forms on X. Then M is a ¢ submanifold (with the
appropriate orientation) if and only if M is an integral submanifold for the differential

system generated by ¥y,..., Uy.

Now suppose ¢ is constructed from squaring a spinor as in Theorem I.2.2.

THEOREM 1.1. Suppose V, { , ) is an oriented inner product space of dimension

8m. Suppose x€St is a unit positive spinor. Let
¢=16"zor € Endr(S*) CEndgr (P)=CI(V)= A V™.

Consider a component calibration ¢4p€ /\4” V*. There exist forms Uy,..,UNE /\4” v
such that: A submanifold M of V' is a ¢4p-submanifold if and only if

\If]‘M=...=‘IfN|M:0. (1.1)

Proof. Let zg=z and complete to an orthonormal basis zg, z1,...,zny for S*. Let
¥, denote the degree 4p component of

16™z;0z0 € Endr (S*) C Endr (P) 2 CI(V) = A V*.

Given £€G(4p, V), first note that £xg is of unit length in S*. By Proposition 1.2.1(6)
(with a=¢),

N N N
D W)= 167 (g om0, 8)> = Y e(x;,€m0)” = e(€xo, E0) = 1,
=0 7=0 =0

completing the proof. a
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IIL.2. Pure spinors and calibrations

For simplicity we assume that V, ( , ) is an oriented inner product space of dimension
8m=2p. Other even dimensions will be discussed in a remark at the end of this section.
The first objective is to develop a model for the pinor representation

Cl(8m) ¥ Endr(ST®S™):
and for its complexification
Cle(8m) 2 Endc(Sé @SE).

A model for Cl(8m). Let ey, ...,e, denote the standard orthonormal basis for R?
with the standard inner product { , }. Also, let { , ) denote the induced inner product
on the isomorphic vector spaces

Cl(p) 2 ARP>. (2.1)
This canonical vector space isomorphism will be considered as an identification, with
R?CCl(p) identified with A"RP. Let E.(z)=uAz denote exterior multiplication of
z€ A RP by ueRP on the left. Let I,(z)=ulz denote interior multiplication of z€ A R?
by u€RP on the left. The canonical automorphism on Cl(p}=ARP? is +1 on A°" RP
and —1 on /\Qdd R? and denoted by z+—Z. Right and left Clifford multiplication can be
expressed by:

wr=uAz—ulz, forallucRP and ze ARP

Z-u=uAz+ulz, for all ueRP and z€ ARP.
Let 0=e;-...-.ep=e€1A...Ae, denote the unit volume element for RP.
Also, let ( , ) denote the C-symmetric bilinear form on A CP extending ( , ) and
identify:
Clo(p) = A C (22)
(the complexified version of (2.1)). Define
Pc=ACP=Clc 2 (ARP)QrC=Cl(p)®rC.
Define a set of 2p y-matrices 71, ..., y2p € Endc(Pc) by:
vi(w)=e;-w and vypij;(w)=iw-e;, forwePcand j=1,..,p.

Equivalently,

Vi EEe;—Ie; and vy =i(Ee;+1;), j=1,..,p.

J

Identify V' (2p) with the spang of 71, ...,72p by choosing an orthonormal basis for V(2p).
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PROPOSITION 2.1. The real subalgebra of Endc(P¢) generated by 71, ..., v2p 5 180-
morphic to the real Clifford algebra C1(2p).

Proof. First verify that amstex~y;y;=—6;;. The fundamental lemma of Clifford alge-
bras provides an extension of the embedding of V into Endc to an algebra homomorphism
of C1(V) into End¢c(Pc). Since C1(2p) is simple this is an injection. O

Let ¢ denote conjugation on Pc=(AR?)®rC, i.e. c(w)=w. Let r,€Endc(Pc)
denote right multiplication by ¢, i.e. 7,(w)=w-o. Define ReEndc(Pc) by R=rsoc=
¢or,. Since p=0 mod 4, 02=1 and hence R?2=1. Also, note that Rei=—icR, so that if
P denotes the +1 eigenspace of R then P is the —1 eigenspace. Thus Pc=P®:P, with
R a second conjugation on Pc. Define a conjugation or reality operator R on Endc(Pc)
by Ra=RaR for all a€Endc(Pc). Note that Ri=—¢ so that R is a conjugation on
Endc (Pc)

PROPOSITION 2.2. The Clifford algebra Cl(2p)CEndc(Pc) generated by 71, -, ¥2p
is the fized set of R, i.e.

Cl(2p) = {a € Clc(2p) 2 Endc(Pc) : Ra= RaR =a}.

Proof. By a dimension count it suffices to prove that R fixes vi,...,72p. First, note
that for j=1,...,p both ¢ and r, commute with v; and hence R~; ER’)']-R=’)’]‘R2:’)’J~.
Second note that for p<j<2p, ¢ and r, both anticommute with 7; so that Ry;="~; as
before. a

Define
AN RP={ze ARP:z-0 =2}, the self dual elements,

and
A_RP={ze ARP:x.0=—0}, the anti-self dual elements.

PrOPOSITION 2.3. The +1 eigenspace of R is given by

P=A, R?®i\_RP>.

Proof. If ze A\ RP then Rz=%-0=x. If z€ A_ R” then Riz=—iRz=—iZ-0=iz.00

COROLLARY 2.4 (The pinor representation). The subalgebra Cl(2p) of Endc(Pc)
is equal to the subalgebra Endg (P) of Endr(Pc) with P=A\  R?®iA_RP.
The vector space P is called the space of pinors for V, { , ).

The unit volume element A=7; ...Y2p is given by A(w)=c-wo=1w. Therefore, the
positive spinors St are given by

St = A" RP&i \“*" RP
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and the negative spinors S~ are given by
ST =AM RPOiI\ R

Since A is also the unit volume element for Clc(2p) 2End(Pc), the positive and negative
spinors for the complex Clifford algebra are given by

SE=A""CP and Sg=A""cCr.

PROPOSITION 2.5. The form e(z,w)=(z,w-0), for all 2,weP¢, is a complex sym-
metric bilinear form on P, called the pinor inner product, which satisfies:

e(az, w) =¢(z, dw), (2.3)

for all a€Endc(Pc)=Clc(2p). That is, the hat anti-isomorphism on Clc(2p) is the
adjoint with respect to €.

Note that e(z,w)==%(z,w) on A CP, and that A\ CP and A_ CP are orthogonal.
Proof. 1t suffices to verify (2.3) for a=v;, j=1,...,2p. First, for j=1,...,p,
e(rz,w)=(ej-2,w-0)=—(2,e;-w-0) = —&(z,y;w).
Second, for j=1,...,p,
e(Yprjz, w)=(i%-ej,w-0)=—(Z,iw-0-¢;) = (£, iw-e;-0) = —(2,iW-¢;-0)
= —5‘(2,’)',,+j’€f)).
O

COROLLARY 2.6. On P=ST@S, ¢ is a real valued positive definite inner product,
with S and S_ orthogonal, and e(az, w)=¢(z,aw), for all z,weP and a€Cl(2p).

Pure spinors and complex structures. Let Vo denote VQ®grC with the complex
symmetric bilinear form ( , ) extending ( , ) on V. Let Cpx{(p) denote the set of
orthogonal complex structures on V, i.e.

Opx(p) = {J € O(V) : J2 = -1} 2 O(2p)/ U(p).

Given JeCpx(p), let V; ¢ denote the -4 eigenspace of J in V¢ and Vo,lsz the —i
eigenspace.

Note that V;,; is a complex p-dimensional totally null subspace of V. Let N denote
the space of all complex p-dimensional totally null subspaces of Vz. Given WeN, the
subspace W must be a graph over V in Vo=V @iV, since iV does not contain any null

8—935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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vectors. Let J denote the linear map J: V —V with W=graph J. Since W is totally null,
JeCpx(p). Thus

N = Cpx(p) = 0(2p)/ U(p)-
Let N*=~Cpx(p)* denote the two connected components (W eN* are called a-planes

and WeNT are called 8-planes).
A pinor SePc is said to be pure (i.e. SEPURE() if:

Ns={ZeVc:Z(S)=0}eN.

Since Ny is automatically totally null, S is pure if and only if Ns has dimension p. Note
that Spin(2p) acts on PUREc.
The map S+»Ng from
PUREc /C* to N

is equivariant with
PUREc /C* = Pin(2p)/U(p).

This isotropy subgroup U(p) is obtained from U(p) by lifting U(p)CSO(2p) to
Spin(2p) under the vector representation. In the following we will exhibit a pure spinor
in SE. It follows that, of the two connected components PURE% of PUREc, one of
these PUREL CSE, while the other PUREG C Sg.

THEOREM 2.7 (p=0 mod 4). Suppose SGPUREE is a pure spinor with S=s;+
is2 and s1,s2€S™ unit positive spinors. Let Je€Cpx(2p) denote the associated complex
structure with Kéhler form w. There exists a unitary basis y1,...,7Yp for V (with the
complez structure J) such that (with Z;=7;+1vp+j and Yp+;=J75, j=1,...,p),

2”31631:ReZl/\.../\Zp-+-l—%w2+211-!w4—..‘ (2.4)
2”32@32=—ReZl/\.../\Z,,+1—%wz-k%w“—... (2.5)
2”31@32:IleA...AZp+w—%w3+... (2.6)
2P59@s; =Im Zl/\.../\Zp—w—f—%ws—... (2.7)

In particular,
32808 =2ZiA..AZ, and }-2°SOS=ZiA..AZp. (2.8)

Proof. Because of the equivariance it suffices to prove the theorem for a particular
SePURES. Utilizing the model for Cl(2p)=Endg (P) introduced earlier, let

Zi=vjt+ivpyj=—2I; and Z;=vj—ivps;=2E,;, j=1,..,p,
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where j€Cpx(2p) is defined by Jv;=%p+j, j=1,...,p. Therefore, 1€SE=A""CP is a
pure spinor. Since, in our model P=A_ RP®i A _ R?, the pure spinor S= v2€8E has
real part s; and imaginary part ss given by:

1

\/51(1—0)

1
s1=—=(140) and s3=
1 \/5( ) 2
which are both unit positive spinors for Cl(2p). Let
Wi =YiYp+3> j=l,...,p,

so that

W=Ewr+t...Fwp

is the Kahler form on V with respect to the complex structure J. The theorem is
immediate from the next lemma. O

LEMMA 2.8. (i) 22101=2, ... Z,,

(ii) 22000=2; ... Z,,

(iif) 2P0 O1=[T7_, (1+iw;),

(iv) 22100=]T}_,(1~iw;), and

(v) [Ty (1+iwy) = (1-(1/2)w? + (/4w - ... ) +i(w - (1/3Dw+...).
Proof. Since Z;=—2I,; and p=0 mod 4,

2y 7 (w) 2% fw=0o
b 0, ifwdlo.

Also, for 1e A CP=Pc,
16™(101)(w) =2Pe(1,w)-1=(1,w-0)-1=(0,w)-1.
This proves part (i).

Part (ii) can be proven in the same manner as part (i). Alternatively,

000 = 2p’)’p+1 ...’72p(1®1)’yp+1 wY2p = VYp+i1 ...fyngl Zp’7p+1 = Y2p = Zl Zp.
Similarly,
22601 = 2p’)’1 ’)’p(lG)l) =71 - 'y,,Zl Zp =Y ...’)‘1Z1 Zp

= H(—1+in): H(l—iwj)v
=1 =1

and
22(100)=22(10)M .. Yp =21 ... ZpM1 . YpZ1 - ZpYp .- M1
P P
= [I(-1-iwj) = [T +iw;).

J=1 Jj=t
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COROLLARY 2.9. PUREY2Spin(2p)/ SU(p) with SU(p)=SU(p) under the vector
representation.

Proof. The lift of SU(p) to a subgroup of Spin(2p) has two components since SU(p)
is simply connected. Since —I€Spin(2p) does not fix IES;E only the component of the
identity can be in the isotropy SU(p). O

Remark. Note that, under the vector representation, (1/v/2 )(1+w;)€Spin(2p) maps
to the orthogonal tramsformation equal to J acting on the (7;,7p+;)-plane and equal
to the identity on the orthogonal complement of this plane. Thus, under the vector
representation,

0=2"P/2 ﬁ(1+w-)=2""/2 (1+w+iw2+ +1wP>
j o

2!
J=1

maps to J€SO(2p). Also, o=, the unit volume element.

COROLLARY 2.10. The isotropy subgroup of Spin(2p) at 51 €S has two components
SU(p) and SU(p)-r, (where r, denotes the right multiplication by o). Under the vector
representation this isotropy group maps to SU(p)USU(p)-c (where ¢ is the conjugation
on V(2p) given by c(v;)="; and c(Vp+j)=—"Yp+j» 3=1,..,D).

Remark (A differential system). Theorem 2.7 can be used to provide a concrete
example of a differential system guaranteed by Theorem 1.1. Consider the form ®&=
2P510s1=Re Z; ... Zp+1~(1/2)w?+(1/4!)w*+.... The main Theorem 2.7 is applicable.
The calibrations
%wk and ReZj.. Zp+(—1)k%wk, k=p/2,
are well known (cf. [4]). Using our model with ST=AT"RP@®i A”" R?, the unit
spinors s1=(1/v2)(1+0), so=(1/iv/2)(1—0) can be completed to an orthonormal basis
81y...,8N, for 8t (N=1.27), consisting of elements of the form (1/v/2)(e;+e;-o) and
(1/iv2)(er—er-0). The products ¥;=2Ps;®s; can be easily computed using Lemma
2.8 yielding an example of a differential system described by Theorem 1.1.

Remark (An alternate differential system). The conjugation Rz=Z on A CP con-
verts the C-symmetric bilinear form ec(z,y) on A C to a positive definite (C-Hermitian)
inner product ec(Z,y}. Suppose z is of unit length with respect to this inner product,
ie. ec(Z,z)=1, and z; =z, 23, ..., T is an orthonormal basis for Sé with respect to this
positive definite inner product. Then, for each £€G(k, V(2p)),

N
3 27|(z502)()|" =1 (2.9)

i=1
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This equality can be proved as follows. Note that (Z; 9z)(§)=2"Pec(Z;,£(x)), by Propo-
sition 1.2.1(6). Also, one can show that Spin{2p) preserves this positive definite inner
product on Pc=A CP. Therefore,

6 =1=ec(E(@).é@) =} lec(@; é@)P

=3 2l(z;00)(6)F

as desired.
Now consider the basis for SE=A"" C? given by z5=1 and z;=e; for |I| even.
Note that Z;=1z;-0. Then:

P
T 0y = ZI-H(I-f—iwj).
j=1
In particular,
2pf1,.,.,p@flfz == Z1 Zp-

Consequently, with this choice of spinor basis the equality (2.9) is the same as the equality
discovered in [4], Theorem I11.6.11.

Remark. Given a pure spinor S€S§ the real oriented two plane s;As2€G(2,S87),
with S=s1+1isg, will be referred to as a pure spinor two plane and the collection of all
such 2-planes denoted by PURE(2,S™). One can show that

PURE(2,S*) 2 Spin(2p)/U(p) = Cpx(p),

since the degree 2 part of 2Ps; ©s5,—2Ps5,® s is the Kihler form w.

IT1.3. Spinors in dimensions Z0 mod 8

As explained in the introduction one may construct from a calibration ¢ on RP cali-
brations on lower dimensional Euclidean spaces. In this section we shall show how to
completely analyze calibrations on R!5 that come from squares of 15-dimensional spinors.

Let eg€V(16)CCl(16) be a unit vector. Let V(15,e9)=eg be the orthocomplement
of g in V(16). Recall [3) that sending a vector u€V (15, €p) to eg-u€Cl(16) induces an
isomorphism ¥, of C1(V(15,e0)) with C}{(16)*¥*". In particular ¥, gives a vectorspace
isomorphism between A(eg) and Cl(16)¢Ve®. Furthermore,

V., : Pin(15, eg) — Spin(15, €9)USpin(15, eg) A C Spin(16)
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where ) is the unit volume element in Cl(16). The Grassmannians G(4k,eg) form the
set of elements of order two in Spin(15,ep) while G(4k~1, ey ) exhaust all elements of
order two in Spin(15,ep)A. The unit volume element A is central and of order two. It is
easily seen that multiplication by X is up to a sign the Hodge * operator on A (eg).
For s€S*(16) let p=162s505€ A(V(16)). We may view s€S+*(16) also as a pinor for
Cl(15, e) and let p=162s0s€ A(eg). The relationship between ¢ and v is given by:

THEOREM 3.1 ([3], Theorem 14.129). Let a=eqly and write p=ejAa+3. Then
Y=a+F. Furthermore, the Grassmannian elements calibrated by B are the elements of
order two in Spin(15,e0)s={g€Spin(16)s: x4(€0)=eo}. The Hodge * (in ef) of these
calibrated planes are the planes calibrated by a.

The above theorem combined with our analysis of squares of spinors S(A) €D enables
us to compute the planes in eg calibrated by ¥=1625())oS(A) explicitly. However, not
every Spin(15, eg) orbit in S*(16) meets D. To deal with the general 1) we shall use:

PROPOSITION 3.2. Let € A(eg )2 C1(15) be the square of a 15-pinor s€ ST(16), =
162s0s as described above. Let S(A\)€D and ecV(16) determine forms o, € A(et) by
the decomposition of S(A)eS(A)eCl(16), 162S(A)oS(A)=e*Aa+B. For each ) there is a
choice of S(\)€D and eV (16) such that ¥ is the pullback of a+ under a linear isom-
etry of V(16) sending ey to e. In particular, ¢ and a+0 determine the same geometry.

Proof. Choose ge€Spin(16) so that g-s€D. Set S(A)=g-s. In Cl(16) we have by
Proposition 1.2.1
s05=g""S(X)og T S(A)=§(S(A)°S(A))g.

As an element of A V(16)*, gS(X)oS())g is the pullback of S(X)eS(X) by xj- Next set
e=xg(€o) and let & and 3 be defined by the decomposition

162S(X\)oS(A) =e*Aa+p.

Applying x; to both sides now yields the CI(16) identity
162305:162)(;(5()\)05()\))=eo/\x;a+x;ﬁ. a

According to Proposition 3.2 to study the calibrations arising from squares of
15-pinors s€ S*(16) it suffices to decompose the squares of 16 spinors S())€D according
to eV (16). Is is also clear from the proof of the proposition that for a fixed S(A\)€D the
decompositions according to e;,e;€V(16) are isometrically equivalent if e; and e are
on the same K (\) orbit, where K(A)CSpin(16) is the isotropy at S(A). For construct-
ing calibrations whose faces are maximal among calibrations obtained from squares of



CALIBRATIONS AND SPINORS 119

15-pinors we need to choose S(A) with K (A\) maximal, and e€ V' (16) such that the isotropy
K(X), is maximal in K(A) (cf. Theorem 3.1). In every maximal geometry discussed in
Section I1.4 with the exception of the Sp(2)xU(2) and Sp(2)xSp(1) xSp(1) geometries
the action of K () on V(16) is polar and so finding maximal isotropy subgroups of K ()
is straightforward.

Ezample: The Spin(8) geometry. Let A=(1/v/8)(1,-1,-1,-1,-1,~1,—1,—1). For
the action of K(A)=Spin(8)USpin(8){ on V(16)=V3&Vjy there is only one orbit for which
the isotropy subgroups are maximal. This is the orbit of e=¢; € Vg. The isotropy K (),
Spin(7): Recall that (go, g+, 9-)€Spin(8) acts on V3 by g4 and V§ by g_. Hence

K(A)e=1{(90,9+,9-) € Spin(8) : gre1=¢1}.

As we have seen in Section 1.3 there is only one nontrivial conjugacy class of elements
of order two in Spin(7). For an element (go, g+,9—) in this class g, is a reflection along
a 4-plane in £ CV; while g is a reflection along a Cayley plane in V{. This defines an
isometry f between G(4,ei) and CAY(V{). Summarizing:

168(\)oS(\) =€l A+,

B = 1+ﬂ8a
a=vol(e})+ar, a7 =xbs.

The 8-form Ss calibrates planes of the form 7 A f(7), 7€G(4,e1). The planes calibrated
by a7 are obtained by Hodge * from the planes calibrated by (5. They are of the form
nAh(m) where m€G(3,¢ei) and h: G(3,e1)—CAY(Vy) is the isometry h=xf+.

References

[1] DADOK, J., Polar coordinates induced by actions of compact Lie groups. Trans. Amer. Math.
Soc., 288 (1985), 125-137.

[2] HARVEY, R., Calibrated geometries, in Proceedings of the International Congress of Mathe-
maticians, Warsaw, 1983, pp. 797-808.

[8] — Spinors and Calibrations. Perspectives in Mathematics, 9. Academic Press, New York,
1990.

[4] HARVEY, R. & LAWSON JR., H. B., Calibrated geometries. Acta Math., 148 (1982), 47-157.

[5] HELGASON, S., Differential Geometry, Lie Groups and Symmetric Spaces. Academic Press,
New York, 1978.



120

JIrI DADOK

Department of Mathematics
Indiana University
Bloomington, Indiana 47401
U.S.A.

Recetved July 3, 1990

Received in revised form October 1, 1991

J. DADOK AND F. R. HARVEY

F. REESE HARVEY
Department of Mathematics
Rice University

Houston, Texas 77251
U.S.A.



