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I n t r o d u c t i o n  

On a Riemannian manifold a calibration r is simply a smooth p-form closed under exterior 

differentiation which is less than or equal to the volume form induced on each oriented 

p-dimensional submanifold. Each calibration determines a geometry of distinguished 

submanifolds, namely those submanifolds for which r is exactly the induced volume form. 

The fundamental result of the theory of calibrations says that  each closed submanifold, 

distinguished by a calibration, is automatically homologically volume minimizing. See 

the papers Harvey-Lawson [4] and Harvey [2], [3] for more details. 

The purpose of this paper is first, to establish a general procedure for constructing 

(constant coefficient) calibrations by squaring spinors, and second, to use this general 

procedure to explicitly calculate new calibrations in sixteen variables--and hence new 

geometries of submanifolds. 
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Part  I describes the basic construction of calibrations from spinors. We first review 

the general facts about Clifford algebras Cl(V) and focus on the case when dim V =  

8m. The spin representations of Sp in (V)cCl (V)  on the space of spinors have a natural  

periodicity of order eight. We show then how to construct calibrations r from products of 

spinors (Theorem 2.2) and how to determine the corresponding sets of calibrated planes, 

i.e. the contact sets G(r  (Corollary 2.4). In the last section of Part  I we examine the eight 

dimensional case. Here the group Spin(8) is transitive on the set of unit positive spinors 

and hence the calibrations produced from squares of spinors are all SO(8) equivalent. As 

elements of A(Rs) *, these are equal to l+(I)+,~, where ~ is the unit volume element and 

where r is the Cayley calibration introduced in [4]. Therefore the first possibility for 

new calibrations in dimension 8m occurs in dimension sixteen. 

The detailed analysis of the sixteen dimensional case is the subject of Part  II. It is 

based on the complete classification of Spin(16) orbits in the space of spinors (Proposition 

2.3). The main result of Part  II is Theorem 4.1 in which we compute the largest contact 

sets that  are obtainable from squares of spinors. There are eight classes of maximal 

contact sets naturally corresponding to the eight vertices of the Dynkin diagram of the 

reflection group of type Es. Each contact set G(r  is a union of compact symmetric 

spaces having up to eight components. 

In Section 1 of Part  III we construct a differential system for each geometry ob- 

tained by squaring an 8m-dimensional spinor. This differential system is the analogue of 

the Cauchy-Riemann operator which distinguishes holomorphic curves among the real 

surfaces in C 2 (expressed as graphs of functions). 

In general it is not possible to classify all orbits of the Spin group in the space of 

spinors as we have done in dimension sixteen. However, one can identify some orbits of 

interest. One such orbit in the space of complexified spinors is the orbit of the highest 

weight which is classically known as the set of pure spinors. In Section III.2 we give a 

brief discussion of pure spinors and the corresponding calibrations. 

Given a constant coefficient calibration r on R p one can always construct calibrations 

c~, ~ on R p-1 by choosing a unit vector e E R  p and writing 

r = e* A a + ~ ,  

where c~, ~EA(RV-1)  * and R P = R e @ R  p-1 is the orthogonal direct sum. In this way the 

calibrations in sixteen dimensions obtained in Part  II can be used to construct calibrations 

in lower dimensions. In particular we show in Section III.3 that  all calibrations resulting 

from squares of 15-spinors can be obtained in this manner. This is especially significant 

since there is no reasonable classification of Spin(15) orbits in the space of 15-spinors. 
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I. Spinors in dimension 8 m  

1.1. Spinors and pinors 

Assume that V is a real vector space of dimension n which is equipped with a real positive 

definite bilinear form ( , /. The associated Clifford algebra will be denoted Cl(V). 

First, we recall some of the basic facts about the Clifford algebra in any dimension. 

More details are provided in Harvey [3]. As a vector space, Cl(V) is canonically isomor- 

phic to A V, the exterior algebra over V. Let ( , / also denote the canonical extension of 

the inner product to A v ~  Cl(V). Each orthogonal transformation f E O(V) has a canon- 

ical extension to an automorphism of the Clifford algebra. Utilizing f - - I E O ( V ) ,  let 

a~-*5 denote the corresponding canonical automorphism of Cl(V). In terms of A v ,  ~--a if 

a is of even degree, while 5 = - a  if a is of odd degree. The operation of reversing the order 

in a simple tensor vl |174174174 induces an anti-automorphism of the Clifford 

algebra, which will be denoted by a~-*~ and referred to as the check anti-automorphism. 

The composition of this anti-automorphism with the canonical automorphism yields a 

second anti-automorphism, which will be denoted by a~-~g and referred to as the hat 

anti-automorphism. If a is of degree p-=0 or 1 mod 4 then (~=a, while if a is a degree 

p - 2  or 3 rood 4 then (~=-a .  These involutions map a E A P V  to 4-a as described in the 

following table. 
p mod 4 0 1 2 3 

= +a  - a  +a  - a  

= +a  +a  - a  - a  

= +a  - a  - a  +a  

A choice of orientation on V uniquely determines a unit volume element A=el ... e,~, 

where el, ..., en is an oriented orthonormal basis for V. If the dimension n is even, then 

conjugation by )~ gives the canonical automorphism, i.e. 5=Aa)~ -1. Clifford multiplica- 

tion by an element aECl(V) has adjoint given by ~. That  is, 

(ab, c) = (b, (~c) and (ba, c) = (b, cS) 

for all a, b, ceCl (V) .  

In the remainder of this section and the next section assume that  the dimension n= 

8m is a multiple of 8 and that  V is oriented. An irreducible representation of the Clifford 

algebra Cl(V) on a real vector space P is unique. In fact, any two such representations 

on, say, P1 and P~ determine an intertwining operation f :P1- -*P2  which is unique up 

to replacing f by c f ,  for some constant cER*. That  is, P is projectively canonical. The 

space P is called the space of pinors and is of dimension 16 m, with C l (V )~En d R(P ) .  

This isomorphism Cl(V)-~EndR(P)  distinguishes an n-dimensional subspace of End•(P)  
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corresponding to the subspace V c CI(V), of vectors. This subspace of EndR(P) will also 

be denoted by V. The basic identity 

v 2=- iv ]  2, for all v E V  

is valid. 

Conversely, given any n-dimensional subspace 

V C EndR(P) (with dima P -  16 "~) 

with the property that v2---Iv[ 2 for each vEV, the inclusion map of V into Endrt(P) 

extends to an isomorphism Cl(V)~EndR(P). In this case an orthonormal basis for V is 

called a set of ~ matrices. 
The volume element A squares to 1 with eigenspaces S :L of equal dimension �89 m. 

Thus the pinor space P is decomposed into P - S + @ S  -,  with S + the space of positive 
spinors and S-  the space of negative spinors. Also, Cl(V)eve~-~EndR(S+)~EndR(S-) 

is the even part of the Clifford algebra. 

The pinor space P can be equipped with a positive definite inner product r y) with 

the property that • is the adjoint a t of aEEndR(P) with respect to this inner product 

r i.e. e(ax, y)=e(x, Sy), for all x, yEP. Up to a conformal factor c>0, E is unique. The 

notation g(x, y) rather than z(x, y) will also be used. Since AAt=I, the eigenspaces S + 

and S-  are orthogonal. 

Note that each Clifford element A E Cl(V)-  Enda(S + @ S-)  blocks as 

With respect to this blocking, 

= -ca and A =  -b  t dt , since .4=A t . 

Now EndR(P) also comes equipped with a natural inner product, namely, 

(a, b) = 16 -m trace(abt), for all a, b E Enda(P)  ~ Cl(V). 

The isomorphism Cl(V)~Endrt(P) is, in fact, an isometry. Therefore, the left hand side 

of this formula can be considered to be the inner product on A V~Cl(V). 

Obviously, each form C E A p V* ~/~PV is closed under exterior differentiation. If 

r  forall ~EG(p,V) c A P V  
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then r is said to be a calibration. Here G(p, V ) c A v V  denotes the Grassmannian of unit 

oriented p-planes ~ in V, i.e. ~----elA...Aep where el, ...,ep is an oriented orthonormal 

basis for ~. A p-plane ~EG(p,V) with r is said to be a C-plane. The contact set 
o r  face 

G(r -= {~ E G(p, V): r = 1} 

is called the r A calibration is non-trivial if G(r is non-empty. 

1.2. C o n s t r u c t i n g  ca l ib ra t ions  f r o m  sp inors  

Consider the inner product space P, e, and let 5 denote the adjoint of aEEndR(P) .  Since 

c induces an identification of P with P* and E n d R ( P ) = P |  the product xoy of two 

pinors x, y E P  is an element of Endp~(P)-Cl(V) defined by: 

(xoy)(z)=~(y,z)x, for all x,y, z e P .  

That is, xoy is just the tensor product of x and y*. 
Some of the basic properties are listed here for convenient reference. 

PROPOSITION 2.1. For all a, bECI(V) and for all x, y,z, wEP: 
(1) (ax)oy=a(xoy) and xo(ay)=(xoy)~, 
(2) (xoy)(zow)= (y,z)xow, 

(3) 
(4) (a, b) = 16 -m trace ab, 
(5) tracexoy=e(x, y), 
(6) <xoy, a)=16-me(x, ay), 
(7) (xoy, zow> =16-me(x,  z)e(y, w). 

Proof. (1), (2) and (3) are immediate from the definition of xoy, while (4) was 

discussed in the first section. To prove (5), let xl,..., XN denote an orthonormal basis for 

P.  Then 
N N 

trace xoy = E r xi) = ~ e(e(y, x~)x, xi) 
N 

= = y ) .  

Now (6) follows from (4) and (5), since (xoy)5=xo(ay). Finally, (7) is a special case of 

(6). [] 

Spinor multiplication can be used to construct calibrations. If x,yEP then xoyE 
EndR(P).  However, because of the string of isomorphisms 

EndR(P) ~ CI(V) -- A V -~ A V*, 
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the product xoy can be considered as a differential form r  V*. Given a differ- 

ential form CEA V*, the degree p part of r will be denoted by Cp. 

THEOREM 2.2. Suppose V, ( , ) is an oriented inner product space of dimension 
8m. Suppose xES + is a unit positive spinor. Let 

r - 16mxox E EndR(S +) C End(P) ~ CI(V) ~/~ V*. 

Then 

(i) Ck=0 unless k=4p is a multiple of 4. 

(ii) Each Ck is a calibration, i.e., 

r for all ~EG(k ,V) .  

(iii) A k-plane ~EG(k, V) is a C-plane if and only if ~x=x. Here ~ acts on x by 
considering ~EEndrt(P) via the isomorphisms 

G(k, V) c A k V c A Y ~- Cl(V) ~ EndR(P). 

(iv) The isotropy subgroup of O(V) that fixes r is isomorphic to the subgroup Kx of 
Spin(V) that fixes the spinor x. 

Proof. Note that 

r x), for all a E A  Y~--Cl(Y)~--Endrt(P), 

by (6) of Proposition 2.1. 

Proof of (i). If a is odd then a x E S -  and hence r x)=O. Therefore CE 
fleven V. By (3) above r162 which proves (i). 

Proof of (ii). The Grassmannian G(k ,V)cSpin(V)  for k even. Therefore ~ = 1 .  

That is, ~ is an isometry of P, g, for each (EG(k,  V). Consequently, 

= x )  I xl = 1. 

Here [xl 2-e(x,  x) denotes the norm of a spinor. 

Proof of (iii). Equality occurs in this Cauchy-Schwarz inequality if and only if 
~X~-X. 

Proof of (iv). Let x:Pin(Y)--*O(Y) denote the double cover defined by Xa(v)= 

5va -1, for each aEPin(V). If aEPin(V) then ah=l  so that a-1--5. The orthogonal map 

xaEO(V) acts on A V*-~A Y~Cl(Y) by X~(r162 -1. Now this equals 

16m5(xox)a -1 = 16mh(xox)5 = 16"n(5x)o(ax). 
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If Xa (r = r then (~x) o (ax) = x ox. By the definition of spinor multiplication, this implies 

that  ~x=cx for some scalar c e R .  Since ]~xi=lx I the constant c - -+ l .  The element 

aEPin(V) must be either even or odd. If a is odd ax=+x is impossible since axES- .  

This proves that  Xa with aEPin(V) fixes r if and only if aESpin(V) and ax=+x. Since 

under the vector representation X both a and - a  have the same image, 

x: {g E o (v ) :  g*r = r 

is surjective. Finally, - l ~ K s  since -1  does not fix x. Therefore, 

X: Ks ~ {g E O(V): g*r r 

is an isomorphism. [] 

Remark 2.3. The top and bottom components of r are easy to compute. Since 

r  both r and r equal 1. Therefore, r  and Cn=)~. Thus the first 

interesting case is r E A 4 V*. 

COROLLARY 2.4. The contact set G(r ) is the intersection of the isotropy subgroup 

Ks-{aESpin(Y) :  ax=x} with the 4p-Grassmannian G(4p, V) inside the Clifford algebra 

CI(V)~ A V. Consequently the components of G(r are in one-to-one correspondence 

with K~ conjugacy classes of elements of order two in Ks. In particular every component 

is a symmetric space. 

Proof. Elements of order two in Spin(V) are precisely the union of the various 

G(4p, V). Elements of order two in any compact Lie group naturally are a union of 

symmetric spaces. [] 

Remark 2.5. A 4p-plane ~ E G (4p, V) is a r if and only if orthogonal reflection 

along ~, denoted Ref~ E O(V), fixes r In particular, (~4p is a non-trivial calibration if and 

only if Ref~ r 1 6 2  for some k-plane ~EG(k, V). 

1.3. Triality and the octonians 

Let O denote the normed algebra of octonians or Cayley numbers and let e1=1, e2--i, 

e3=j,.. . ,es--ke be the standard basis. A concrete model for C1(8) is available using 

the octonians. Let V - O  considered as an oriented eight dimensional real inner product 

space. With P -  S + @ S- ,  also let S + = O +, a copy of the octonians marked to distinguish 

it from S - - O - .  Then V can be identified with 

{(0Ru) } 
- R a  0 E EndR(P)  : u E 0 . 
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Here RuEEndR(O)  denotes right multiplication by the octonian u. Since u 2 = - i u ]  2, 

there is an induced isomorphism CI (V)~EndR(P) .  (Here u 2 is a product in Enda (P ) ,  

not O!) We have 

Spin(8) ~ {ul ... u2k E Cl(V) : ul, . . . ,  u2k E V are of unit length}. 

The vector representation of Spin(8) is given by: X~(u)-aua -a, for all uEV. Since 

Spin(8) C el(V)  even ~ EndR (S +) • EndR (S- ) ,  each element g E Spin(8) is of the form 

g -  0 g_ " 

In fact g+,g_ have determinant equal to 1. Let go=Xg. The notation g=---(g+,g_)E 

Spin(8) as well as the notation g=-(go, 9+,g-)ESpin(8) will be used. The representation 

Q+(g)-g+ is called the positive spinor representation, while Q_(g) -g_  is the negative 

spinor representation. Each pair of these three 8-dimensional representations X, Q+ and 

0-  of Spin(8) are distinct, because ker X= {(I, I),  ( - I ,  - I ) } ,  ker 0+ = {(I, I),  (I, - I ) }  and 

ker Q_ ={( I ,  I), ( - I ,  I)} are distinct. 

Let c denote conjugation on O, and given hEEndR(O) ,  let h~=c.h.c. 

THEOREM 3.1 (Triality, [3]). Suppose (go,g+,g-) is a triple of orthogonal maps 

on O. Then (g+,g_)ESpin(8) with go the vector representation of (9+,g_) if and 

only if g+(xy)=g_(x)go(y), for all x, yEO. Furthermore a(go, g+, g_ )---(g~_, gt+, g~) and 
~(go,g+,g_)-(g~,g~_,g~+) are outer automorphisms of Spin(8) satisfying (~2=ft2-- 

(a/3)3---1 and therefore they generate a group isomorphic to the symmetric group on 

three letters. 

The Clifford algebra Cl(7) is a subalgebra of Cl(8) generated by Im O c V c C I ( 8 ) .  

Since the generators of Cl(7) are of the form 

( 0 R ~ )  u E I m O R u  0 

we have 

Cl(7)even--{/~ : )  :gEEnd(O)}. 

It now follows from the Triality Theorem 3.1 that 

Spin(7) = { (go, g+, g-  ) E Spin(8) : 9+ = g_ } = { (go, g+, g - ) :  gosl = sl }. 

It is now elementary to compute the elements of order two in this Spin(7). Any such 

element must be an element of some 4p-Grassmannian. First, G(0, Im O ) = { + I }  E Cl(8) 
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is just the center of Spin(7). This leaves G(4, Im O) which consists of noncentral elements 

of order two. On O + and O-  these elements are reflections along Cayley 4-planes (see 

below). 

We shall denote the standard basis on O +, O-  by sl--i ,  s2-~j, ..., ss=ke to distin- 

guish it from the standard basis for the vectors, i.e. for OCCl(8). 

For s lEO + consider r A V*~End(P). By Remark 2.3 

r 1 6 2  

with �9 C A 4 v* and A the unit volume element. 

PROPOSITION 3.2. (i) (I) is a calibration called the Cayley calibration (see [4]). The 

set of planes it calibrates, denoted CAY(O)cG(4, O), is isometric to the Grassmannian 
G(4,1~). 

(ii) eh(ulAu2Au3Au4)=~(Ul,U2 • xu4), for all ~----ulAu2Au3Au4EG(4, 0) ,  
where the triple cross product is defined by 

u~ • u3 • u4 - �89 ( u 2 ( ~ 3 u 4 ) -  u4(~3u~)).  

Proof. (i) By triality the isotropy of Spin(8) at sl is conjugate by an outer automor- 

phism to the above computed Spin(7). 

K~ -- {(g+,go,g~ ) : (go,g+,g-) E Spin(7)}. 

Now by Corollary 2.4 the planes calibrated by �9 are elements of order two in K~ which 

we have already computed. 

(ii) The right hand side defines a 4-form on O, the Cayley calibration. We may 

assume that ul, u2, U3, U4 are orthonormal. Recall (I)(~)--s(~l+, 1+). 

The Clifford product 

(R~R~oR~3R~ ~ 0 ) 
= ul"u2"u3"ua - R~R~2R~3R~4 �9 

Therefore, 

�9 (~) = c(1+,  ( ( ~ 4 ~ 3 ) ~ ) ~ 1 )  = ~(~i ,  ( ~ 4 ~ 3 ) ~ )  

= ~ ( ~ ,  ~2(~3u4)) = ~(~, ~ • u3 • u4). 

[] 

With calculations in the next part of this paper in mind we now identify some 

additional subgroups of Spin(8). First we put on O the quateraionic structure given by 

the following three complex structures 

I = R i ,  J = R j ,  K=R~oRj  (~=l=Rk!). 
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We can lift these elements of SO(8) to Spin(8) as follows: 

I = (Ri, r12, -L i ) ,  J = (Rj, rx3, - L j ) ,  K = (RioRj, r23, LioLj), 

where rij is the reflection along the (i, j)-plane in O + and Li is the left multiplication on 

O -  by iEO. The elements I, J, K also give a quaternionic structure on O- .  The proof 

of the following lemma is now a straightforward calculation. 

LEMMA 3.3. (i) The subgroup of Spin(8) that commutes with I is 

U(4 )UU(4) ( I , - I , - I ) ,  

where U(4) acts on 0 and O-  by unitary matrices in the complex structure determined 

by I, and on 0 + by elements of SO(2)x SO(6). The center of U(4) gives rotations in the 

(1, 2)-plane while elements of SU(4) fix this plane. 

(ii) The subgroup of Spin(8) that commutes with I, J, K is Sp(2)USp(2)(I, - I ,  - I )  

where Sp(2) acts on 0 and O -  by quaternionic unitary maps in the quaternionic struc- 

ture (I, J, K), and on 0 + by elements of SO(5). These fix the (1,2, 3)-plane of 0 +. 

(iii) The subgroup Sp(1)cSpin(8) that on 0 and O-  consists of multiplications by 

unit quaternions acts on 0 + by rotations in the (1, 2, 3)-plane. 

II. D i m e n s i o n  16 and Ea 

II.1. A mode l  for the  Clifford a lgebra  Cl(16) 

In this section we build a model for Cl(16) from the model of Cl(8) described in Section 3 

of Part I. Our detailed knowledge of Cl(8) will make computations in Cl(16) in subsequent 

sections much easier. 

Let v--ele2 ...esECI(8) be the volume element and define ei,e~ECl(8)| as 

follows: 

E i ~ e i ~ e i |  Es+i=_e'i-l| i=1,2 , . . . ,8 .  

2__ A short computation shows that E i - - I  and that E i E j = - E i E j  for iCj .  So from the 

fundamental lemma of Clifford algebras we have 

C1(16) ~ C1(8) | -- End(O + @ O -  )|  + G O - )  

~ End((O+|  |  |  |  

where 

V(16) -= spanR{Ej : j = 1, 2, ..., 16} = V8 @V~ - spanR{~i } @spanR{c~ }. 



C A L I B R A T I O N S  AND S P I N O R S  93 

The volume element )~=-E1E2 ... E16 multiplies out to be 

= r o y  e C1(8) 0C1(8). 

Therefore, A is + I  on ( O + o O + ) ~ ( O - O O - ) = S + ( 1 6 )  and 

( O -  O O + ) = S -  (16). 

If {Sl, s2, ..., Ss} is the standard basis of O + we set 

Si=si| i = 1,2,.. . ,8, 

and 

A = - I  on ( O + 0 0 - ) ~  

D = s p a n R { S i  : i = 1, 2, ..., S} C S + (16). 

Let Spin(S)C Spin(16) (resp. Spin(8)'C Spin(16)) be the subgroup generated by ci~j, 

i r  (resp. c~e~, i~j). The corresponding Clifford algebras Cl(8) and Cl(S)' are given by 

Cl(S) = Cl(S)O 1 c C1(16) 

and by 

Cl(8)' = 1oC1(8) c C1(16). 

Note that 

Spin(8) nSpin(8)'  = {•  

and let (Spin(8)xSpin(8)) /Z2cSpin(16)  denote the group generated by Spin(8) and 

Spin(8)'. This group is covered twice by Spin(8) x Spin(S)'. Now (Spin(S) x Spin(8))/Z2, 

and therefore Spin(S)x Spin(8)', leaves 0 + 0 0  + invariant: 

(g,h)xOy=g+xOh+y, x, y E O  +, (g,h) ESpin(8)xSpin(8)'. 

The Spin(S) • Spin(S)' action on 0 + 0 0  + is seen to be the lift of the SO(8) x SO(8) action 

on 8 x 8 real matrices. In this model D becomes the set of diagonal matrices which is a 

cross-section of all SO(8) x SO(8) orbits. 

I I . 2 .  T h e  o r b i t  s t r u c t u r e  o f  S p i n ( 1 6 )  o n  S + ( 1 6 )  

Consider the symmetric space Es/Spin(16). It is well known [5], [1] that the isotropy 

representation of Spin(16) is equivalent to the S+(16) representation. In $+(16) there is 

an eight dimensional cross-section of all Spin(16) orbits and each Spin(16) orbit meets 

this cross-section in a W orbit. Here the W is a finite reflection group of type Es acting 

on the cross-section. We proceed to identify one such cross-section and the accompanying 

W concretely. 

For AER s we let S(A)ED denote 
8 8 

i=1  i=1  

and identify A with S(A) whenever convenient. 
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LEMMA 2.1. DCS+(16) is a cross-section of all Spin(16) orbits. Every Spin(16) 

orbit intersects D in an orbit of a finite reflection group W. This group is generated 

by reflections through hyperplanes Ai=:k)~j, i r  and the hyperplane ~ Ai=0. It is a 

reflection group of type Es. 

Proof. Let so(16) be the Lie algebra of Spin(16). According to [1] any Spin(16) orbit 

meets the orthogonal complement of so(16)-x, xES+(16). We choose X=Sl=SlGSl .  

Evidently ci~ (sl Gsl)----EiSl Ge~Sl E O-  G O - ,  so that in fact O-  G O -  Cso(16).x. Thus 

every Spin(16) orbit meets O+GO +. Now using Spin(8)• ~ we may move any 

element of O+GO + into D, and hence D is a cross-section of all Spin(16) orbits. All 

such cross-sections are Spin(16) conjugate, (see [1]). Since W is a reflection group of type 

Es (see [5]) it suffices to find in W generators for Es. First observe that the reflections 

through planes Ai =~:Aj are induced by elements of Spin(8)x Spin(8)q Next consider the 
circle in Spin(16) we shall call TI: 

{ fi, } T 1= t (0)= cos0+sin0eie~):0EN . 
i=1 

8 I The generator of T 1 in the Lie algebra of Spin(16) is X = ~ i = I  eiQ. 

LEMMA 2.2. TlcSpin(16) fixes the hyperplane H={S(,~):~__ 1 ~i---0} olD.  The 

element t(Tr/8) maps D into itself and is the reflection through H. The element ~=t(Tr/4) 

fixes D pointwise and acts on V(16)=Vs@V~ by 

' = ( ~  O1)  . 

Proof. Application of the generator X of T 1 to scGsj, j = l ,  2, ..., 8 always yields 
_ _  8 

W=~-~i= 1 Si Gs i  E O-  @ 0 -  C S + (16), and hence X annihilates elements of H. Now 

X ' W  = 8 ~ - ' ~  8iG8 i E D C O+GO +, 
i=1 

which shows that T 1 leaves D@Rw stable, fixing H c D  pointwise. Next, since [IXwH= 

8[[w II the subgroup of T 1 that fixes D @ Rw pointwise is generated by t(r/4),  and therefore 

t(~r/8) must be the reflection through H. The action of cos 0 +sin 0 eje} on V(16) is easily 

computed to be the rotation in the (ej, e})-plane by the angle 20. This then implies that 

~=t ( r /4 )  blocks with respect to V(16)=Vs@V~ as advertised. [] 

A Weyl chamber C (a fundamental region for W) is a closure of a connected com- 

ponent of the complement of all reflection hyperplanes in D. We choose 

C--  {S(A) e D: A,/> ~2/> ~3/> A4 ~> A~/> ~6/> 1~1, and E ~ -< 0}. 

Observe tha t 'C  is bounded by the hyperplanes Ai=Ai+l, i=1,2,.. . ,6, Aa=-AT, and 

Ai=0. We then have 
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Every orbit of Spin(16) on S+(16) has a unique representative 

II.3. Maximal  i so t ropy  subgroups  in Spin(16) 

It is well known [5] that the isotropy subgroup of Spin(16) at S(A)ED depends only on the 

set of reflection hyperplanes S(A) lies in. The origin lies in all the hyperplanes, and the 

isotropy there is all of Spin(16). The maximal isotropy subgroups (the ones that are not 

included in larger proper isotropy subgroups of Spin(16)) correspond to the eight edges 

of the fundamental cone C. The 8 reflections through hyperplanes bounding C generate 

W and their geometric relationships to each other are encoded in the Dynkin diagram 

of W. A point on one of the edges of C lies in all but one of these hyperplanes. Thus 

to each vertex of the Dynkin diagram of Es corresponds a maximal isotropy subgroup. 

To compute the Lie algebras of these subgroups from the structure theory of symmetric 

spaces is easy: First we strike from the Dynkin diagram the vertex corresponding to 

the chosen edge of C. The resulting diagram corresponds to a compact connected and 

1-connected Lie group G. Now G is transitive on precisely one simply connected sym- 

metric space G / K  of rank equal to the rank of G. The Lie algebra of K is then the 

Lie algebra of the maximal isotropy subgroup at the chosen edge. (In fact, there is a 

homomorphism ~o: G--*Es with finite kernel that takes K onto the identity component 

of the maximal isotropy.) Consulting the list of symmetric spaces [5] we may label the 

Dynkin diagram by the maximal isotropy Lie subalgebras: 

i spin(8) 

sp(4)+R sp(2) +sp(1) +sp(1) spin(7)+R 
o 0 o O <) 

su(8) sp(2) +sp(2) +sp(1) sp(2)+u(2) spin(7) +spin(7) 

We now proceed to determine all the components of the maximal isotropy subgroups. 

We first let 

Z(D) = {g E Spin(16) : gx = x for all x E D}. 

We shall need the following lemma valid for any polar representation: 

LEMMA 3.1. Let G be a compact group and G[V be a polar representation on a real 

inner product space V. If aC V is a Cartan subspace for this action, let 

Z ( a ) = { g E G : g . x ~ x ,  a l lxEa} .  

Then for any yea  every component of the isotropy Gv at v intersects Z(a). That is, Gvis 

generated by its identity component and Z(a). 
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Proof. According to Theorem 3 in [1] the action of G ~ the identity component of 

Gv, on the orthogonal complement of g.v is polar with a as a Cartan subspace. Let W be 

the reflection group induced by G on a. If v lies on only one reflection hyperplane of W 

then G O leaves this hyperplane fixed and contains an element that induces the reflection 

through this hyperplane (see [1]). More generally, if v lies on k reflection hyperplanes the 

G ~ induces on a the reflection group generated by reflections through these k hyperplanes. 

But by a well known property of reflection groups this group is precisely the isotropy 

subgroup of W at v. 

Now let gEGv and consider g.ac(av) • Evidently g.a is a Cartan subspace, so 

there is an hEG ~ such that hg.aca. By the preceding paragraph we may choose h so 

that h9 not only fixes v but in fact all xEa, that is hEZ(a). [] 

To apply the above lemma to the computation of maximal isotropy subgroups we 

need to compute Z(D) cSpin(16). 

The isomorphism between Vs and V~ given by ej---~r defines an isomorphism 

between Spin(8) and Spin(8)'. The graph of this isomorphism is a subgroup of 

Spin(8) x Spin(8)' that we shall denote by diagSpin(8). The image of this subgroup 

in 

(Spin(8) • Spin(S))/Z2 C Spin(16) 

we shall denote by diag SO(S) (it is covered twice by diag Spin(8)). 

In Spin(8)cCl(8) we now consider the group A of even oriented axis planes: .~ is 

generated by eiej ECI(8). We let 

A=T(A), 

where T: Spin(8) ~ Spin(8) is the automorphism T(gO, g+, g-) = (g+, go, g'-)- Note that 

A is generated by elements that on 8+(8) change a pair of signs of the standard basis, 

whereas on V(8) these elements give complex structures (see discussion preceding Lemma 

1.3.3). The group A is nonabelian, it is a central extension of (Z2) 7 by Z2. We shall also 

let A denote the corresponding group in diag Spin(8). For a multiindex I set aIEA to be 

al :r(ei)-=r(ei~ei2 ...eik), el EA. 

Note that under the covering map ~: diag Spins--~diag SOs we have 

= 

where �9 is the Hodge star operator on the set of multiindices of a standard basis for I t  s. 

Finally, let ~/E Spin(8) • Spin(8) be the image of ((I, I, I), ( - I ,  I, - I ) )  E Spin(S) x Spin(S)', 

and note that on V(16) 7/fixes ~i and changes the sign of r 
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LEMMA 3 . 2 .  

Z(D) M ((Spin(8) • Spin(8))/Z2) = ~r(A) UTr(A)~. 

Remark. Clearly ~ commutes with 7r(A). The reason for introducing A is that 

multiplication in A amounts to manipulating indices, which is easy. 

Proof. For (g, h)ESpin(8)x Spin(8)' that fixes D pointwise and all i=l,  2, ..., 8 we 

must have 

g+s~| = si| 

Hence g+=h+ change even numbers of signs of the standard basis {si}. If g=h then 

clearly (g,g)EA. The only other possibility is (go,g+,g_)=(-ho, h+,-h_) in which 

case ~r(g, h) E~r(A)~?. [] 

Next set ~ET1cSpin(16) to be (=t(~r/4) (see Lemma 2.2). We have (EZ(D)  and 

we note that on V(16) ~ sends e~ to e~ and e~ to -e i .  

PROPOSITION 3.3. Z(D ) acts faithfully on V(16). It is a group of 512 elements 
generated by ~r(A), ~1, and ~. 

Proof. The kernel of the Spin(16) representation on Y(16) is {d=I}cCl(16). Since 

- I  cannot be in any isotropy subgroup of xES+(!  6) we see that Z(D) is faithfully 

represented by 16 • 16 orthogonal matrices. 

Let GCSpin(16) be the full isotropy subgroup at SLED. The identity component 

Go is Spin(7)• Spin(7)c(Spin(8)• Spin(8))/Z2 (see Proposition I:3.2.). In fact, the de- 

gree four calibration determined by $1 is w+w', where w, w' are the Cayley calibrations 

determined by s lEO + on Vs and V~ respectively. Since GoCG is normal any gEG must 

map a Go invariant subspace of V(16) into another Go invariant subspace. Thus either 

g or g~ acts on V(16) by (o0) 
0 , a, bEO(8). 

But since this element must fix w+w' we in fact must have a, bESpin(7). 

g~E (Spin(8)• Spin(8))/Z2 and by Lemma 3.2 the result follows. 

Remark 3.4. As noted before on V(16) we have 

0) 
Furthermore, aij EZ(D) act on V(16) by 

t a i j  ,]~j 

Thus g or 
[] 

7-935201 Acta Mathematica 170. Imprim6 le 29 avril 1993 
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where Jij and J~j are complex structures on V8 and V~: Identifying Vs with O by ~j----*ej 

reveals that Jij is given by 

J,j(z)=-(ze~)e,, z e O .  

II.4. Cal ibrat ions  on  R 16 cons truc ted  by squaring spinors  

Since each positive spinor is Spin(16) equivalent to a spinor 

8 8 

S(A) -  Z AjSj = Z Ajsj|  (4.1) 
j = l  j = l  

in the diagonal DcS+(16),  we need only consider unit spinors of this form. 

THEOREM 4.1. Consider the exterior form 

r 162S(A)oS(A), on V(16), (4.2) 

where A-(A1, ..., As) is of unit length. The isotropy subgroup ofSO(16) at r lifts isomor- 

phically (under the vector representation X: Spin(16)---~SO(16)) to the isotropy subgroup 

K(A) of Spin(16) at the spinor S(A). The nonzero components of the fo~n r are of 

degree 0, 4, 8, 12, and 16. 

Each r is a calibration on V(16) fixed by the group x(K(A))cSO(16). The contact 

set is given in terms of K(A) by: 

G(r = K(A)NG(4k, V(16)). (4.3) 

The isotropy subgroups K(A) and hence the contact sets G(r are partially ordered 

under inclusion. For each spinor S(A) fixed by a maximal isotropy subgroup both the 

isotropy K(A) and the contact sets G(r k=1,2, are described below, case by case 

with each case labelled by the identity component of K(A). 

Remark. First, r and r is the unit volume element; no matter which spinor 

S(A) is selected. Second, r162 and G(r162 Thus we need only describe 

G(r and G(r for each choice of spinor S(A). Also each Cs is self dual so that the 

contact sets G(r are �9 invariant. 

Conventions. The subspaces Vs, V~C V(16) are isometric under the map r162 If 

a c Vs is an oriented k-plane we shall denote by a ~ the corresponding k-plane in Vg. 

Also, if gESO(Vs) then by the graph of g we mean the oriented 8-plane spanned by 
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(cj,g(sj)')eV8OV ~. By the quaternionic structure on V(16), (resp. Vs or Vg) we mean 

the following action by H: 

(a+bi+cj +dk).v = av+ba12(v)+ca13(v) +da23(v), 

where vEV(16) (resp. vEVs or V~), and a12,a13, and a23EZ(D) are complex structures 

described at the end of Section 3. Identifying 1/8 with O by gj--*ej this quaternionic 

structure agrees with the one of Section 3, Part I. 

Given a quaternionic structure {I, J, K} on R 4n (with the standard inner product) 

let SU(I)cSO(4n) be the special unitary group determined by I. Choose a 2n dimen- 
sional subspace R 2n c R 4n such that R 2n is J stable and Rzn@IR 2n--R 4n, orthogonal 

direct sum. Let c be the conjugation c(u+Iv)=u-Iv, u, v E R  2~. We shall denote the 

set of special Lagrangian planes determined by the ordered pair (I, J)  by SLAG(I, J). 

These are the planes that are SU(I) equivalent to R 2n. The corresponding conjugations 

are SU(I) conjugate to c, they lie in the coset SU(I)J,  and exhaust all reflections in that 

coset. 

Finally we note that the subset of J complex planes in SLAG(I, J) corresponds to 

the set of reflections in the coset Sp(I, J,K).J. These reflections form the symmetric 

space Sp(n)/U(n). 

The Spin(8) geometry. Let 

1 | -82 |  . . .  - -  88  |  s(A) _= 

i.e. choose A - ( l , - 1 , - 1 ,  - 1 , - 1 , - 1 ,  -1 ,  -1) .  The isotropy subgroup of Spin(16) at S(A) 

is: 

K(A) = Spin(8)LJSpin(8)~. (4.4) 

The calibration r is trivial, that is there are no calibrated 4-planes in this geometry. 

Calibrated 8-planes in this geometry are of four distinct types: 

VsUVL (4.5) 

: e c(4, Vs)} G(4, Rs), 
(4.6) 

where a: G(4, V~) -* G(4, V~) is a reflection through CAY(V~), 

{a: a is a graph of g+g-1, (g+, g_) E Spin(8)} ~ S 7, (4.7) 

{a : c~ is a graph of g+rg -1, (g+, g_) e Spin(8)} ~ G(3, R6), 
(4.s) 

where r is a reflection through any Cayley plane. 
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The Spin(7) x Spin(7) geometry. Let 

S ( ~ ) - - - - S  1 : 8 1 ~ 8 1  , 

i.e. choose A-(I ,0 ,0,0,0,0,0,0) .  The isotropy subgroup of Spin(16) at S(A) is: 

K(A) - (Spin(7) x Spin(7))U (Spin(7) x Spin(7))~. (4.9) 

Calibrated 4-planes in this geometry are: 

G(r = CAY(Vs) uCAY(V~). (4.10) 

Calibrated 8-planes in this geometry are of three distinct types: 

YsUY L (4.11) 

{ahf~: a E CAY(Vs) and ~3 E CAY(V~)}, (4.12) 

{graph g: g E Spin(7)}. (4.13) 

The Spin(7) x T i geometry. Let 

1 S(A) -=  (7sl|174174 

i.e. choose 
1 

The isotropy subgroup of Spin(16) at S(A) is 

K(A) -- (diag Spin(7) x Ti)/z2U(diag Spin(7) xTi)/z2-~?. (4.14) 

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this 

geometry form five disjoint components: 

{aAa':a E CAY(Vs), a '  E CAY(V~)} ~ G(3, RT), (4.15) 

{graph J : J E Spin(7) is a complex structure Spin(7) conjugate to a12} -~ S 6, (4.16) 

{graph J :  J E Spin(7) is a complex structure Spin(7) conjugate to a23} ~- G(2, RT), 

(4.17) 
{t(a):t E T i, a is the graph of the identity} ~ S i, (4.18) 

{t(a) : t E T  l, a is a graph of Cayley reflection in Spin(7)} ~ S 1 xG(3, RT). (4.19) 



CALIBRATIONS AND SPINORS i01 

The SU(8) geometry. Let 

1 
S(A) - ~ ( s l  @sl-s2| 

i.e. choose A--(I/v/2)(1,-i,0,0,0,0,0,0). The isotropy subgroup of Spin(16) at S(A) is 

K(A) -- SU(8)USU(8).a23. (4.20) 

The calibrated 4-planes in this geometry are: 

{(~ :c~ is a complex 2-plane in the a12 complex structure on V(16)} ~ G(2, cS). (4.21) 

The calibrated 8-planes form two components: 

{c~ : ~ is a complex 4-plane in the a,2 complex structure on V(16)} -~ G(4, Cs), (4.22) 

{a:c~ �9 SLAG(a12, a23)} -~- SU(8)/SO(8). (4.23) 

The Sp(4) xSO(2) geometry. Let 

1 (2sl|174174 

i.e. choose A = ( 1 / v ~ ) ( 2 , - 1 , - 1 , 0 , 0 , 0 , 0 , 0 ) .  The isotropy subgroup of Spin(16) at S(A) 

is 

K(A) -- Sp(4) x SO(2)/Z2U (Sp(4) x SO(2))/Z2-a12. (4.24) 

The calibrated 4-planes in this geometry are: 

{a : a is a quaternionic 1-plane} -- Sp(4)/(SD(3) • Sp(1)). (4.25) 

The calibrated 8-planes in this geometry form three components: 

{a:(~ is a quaternionic 2-plane} ~ Sp(4)/(Sp(2) x Sp(2)), (4.26) 

{a : c~ is both a complex 4-plane in structure a23 
(4.27) 

and c~ �9 SLAG(aI2, a23)} ------- Sp(4)/U(4), 

{g(c~) :g �9 SO(2), a is both a complex 4-plane in the structure a1~ 
(4.28) 

and a �9 SLAG(a23, a12)} ~ (S 1 x Sp(4) /U(4)) /Z2.  
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The Sp(2) x Sp(2) x Sp(1) geometry. Let 

S(~) - -~3 (sl | + s2| sa| 

i.e. choose A= ( i /x /3)(1 ,  1, 1, 0, 0, 0, 0, 0). The isotropy subgroup of Spin(16) at S(A) is 

K(A) = (Sp(2) x Sp(2) x diag Sp(1))/Z2 U(Sp(2) • Sp(2) x diag Sp(1))/Z2.~. (4.29) 

The calibrated 4-planes in this geometry are: 

{a:a is a quaternionic 1-plane in V8 or in V~}----S4uS 4. (4.30) 

The calibrated 8-planes in this geometry are of five distinct types: 

VsUV~, (4.31) 

{aA/~:a  (resp. fl) is a quaternionic 1-plane in Vs (resp. V~)}~-S4xS 4, (4.32) 

{g(aAfl) : g E diag Sp(1), a c V8 (resp. fl C V8 ~) is a complex 2-plane in the 

structure a12 and a, ~ E SLAG(a23, at2)} ~- (S 2 • Sp(2)/U(2)  x Sp(2) /U(2)) /Z2,  
(4.33) 

{a:(~ is a graph of g E Sp(2)} ~ Sp(2), (4.34) 

{a : a is a graph of Jg, g E Sp(2), J unit imaginary quaternion} ~ (S 2 x Sp(2))/Z2. 

(4.35) 

The Sp(1) x Sp(1) • Sp(2) geometry. Let 

1 
S()~) ~- --~(84|174174174 

i.e. choose A---(1/v~)(0,0,0,  1, 1, 1, 1, 1). The isotropy subgroup of Spin(16) at S(A) is 

K(s  = (diag Sp(2) x Sp(1) x Sp(1))/Z2.~. (4.36) 

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this geom- 

etry are of seven distinct types: 

VsUV~, (4.37) 

{aA~'  : c~ C Vs is a quaternionic 1-plane} ~ S 4, (4.38) 

{~A*~' : ~ C Vs as above, * is the Hodge operator on ]/8' } ~ S 4, (4.39) 
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{ h ( a A a  ~) : h �9 Sp(1) x Sp(1), a C Vs is a complex 2-plane in the structure a23, 
(4.40) 

and a �9 SLAG(a12, a23)} ~ (S 2 x S 2 x Sp(2)/V(2))/Z2, 

{a : a  is a graph of h �9 Sp(1)} ~ S 3, (4.41) 

{a : a is a graph of hg, h �9 Sp(1), g �9 Sp(2) is a reflection 
(4.42) 

through a quaternionic l-plane} ~- (S 3 x $4)/Z2, 

{a : a  is a graph of hg, h �9 Sp(1), g is a complex structure in Sp(2)} 

~-- ( S  3 X Sp(2)/U(2))/Z2. (4.43) 

The Sp(2) x U(2) geometry. Let 

1 ( 5 8 3 ~ 8 3 _ 8 4 ~ 8 4 _ 8 5 ~ 8 5 _ 8 6 ~ 8 6 _ 8 7 ~ 8 7 _ 8 8 ~ 8 8 )  ' 
- 

i.e. choose A = ( 1 / v / ~ ) ( 0 , 0 , 5 , - 1 , - 1 , - 1 , - 1 , - 1 ) .  The isotropy subgroup of Spin(16) 

at S(,/) is 

K ( , I ) = ( d i a g S p ( 2 ) x U ( 2 ) ) / Z 2 U ( d i a g S p ( 2 ) x V ( 2 ) ) / Z 2 . a 1 3 .  (4.44) 

There are no calibrated 4-planes in this geometry. The calibrated 8-planes in this geom- 

etry form eight components: 

{ a A a  ~ : a is a quaternionic 1-plane in Vs} -~ S 4, (4.45) 

{h(a) : h E U(2), a = Vs} ~ S 2, (4.46) 

{h(aAa ' )  : h e U(2), a : Vs is a quaternionic 1-plane} - (S ~ x $4)/Z2, (4.47) 

{aAa~ : a  C Vs is a complex 2-plane in the structure a12 and a C SLAG(a13, a12)} 

= Sp(2)/U(2) ~ G(2, R5), 
(4.48) 

{h((~A*(~') : h E U(2), a C Vs is a complex 2-plane in the structure a12, 
(4.49) 

a E SLAG(al3, a12), and �9 is the Hodge operator on Vd} TM (S2x G(2, R5))/Z2, 

{a : a is a graph of e i~  ~ S 1, (4.50) 

{a : a is a graph of eieJg, g e diag Sp(2) so that  glVs is a reflection 
(4.51) 

through a quaternionic l-plane} -~ (S 1 x $4)/Z2, 

{h(aAa  t) : h E U(2), a C Vs is a complex 2-plane in the structure a13, 
(4.52) 

a e SLAG(a12, a13)} = [G(2, R 5) x U(2)/O(2)]/Z2. 

Proof of Theorem 4.1. For each conjugacy class of maximal isotropy subgroups we 

select S()~)ED and compute explicitly the maximal isotropy subgroup K(,/) at S(//) 
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that represents the class. In all cases the isotropy K(A) has two components. Using the 

maximal torus theorem or other classical methods we determine the elements of order 

two in K(A) and then apply Corollary 1.2.4 to identify all components of the contact sets 

G(r and G(r 

The Spin(S) geometry. Let Spin(S)cSpin(16) be the subgroup that acts on V(16) 

as follows 

(go, g+, g-)" (x, y) = (g+x, g_y), (4.53) 

where xEVs, yEVg. We claim that this Spin(8) fixes S(A) with A = ( 1 , - 1 , - 1 , - 1 , - 1 ,  

- 1 , - 1 , - 1 ) .  First Spin(8)c(Spin(S)• and it acts on O+ |  + by 

(g0, g+, g- )u| = gou| v. (4.54) 

To see this observe that by triality both (g+, go, g~-) and (g_, g~, g~_) are in Spin(8) and 

from the definition (4.53) of this Spin(8) the second factors of these elements are relevant 

for the action on O+ |  +. It is then clear from (4.54) and the definition of g~-cogooc 
that Spin(S) fixes S(~). 

A short calculation shows that of the generators of Z(D) the only one not in Spin(8) 

is ~, and so we have the full isotropy subgroup 

g (~)  = Spin(8) USpin(S)~. 

Next we determine the elements of order two in Spin(8). The center has four elements 

of order two. Besides the two elements that are •  on V(16) we get reflections through 

Vs on V~ giving us (4.5). 

Besides the center, Spin(8) has only one conjugacy class of elements of order 2, and 

that is the Grassmannian G(4, R s) c Spin(8). The outer automorphism (go, g+, g-)  

(g~,g_,g+) of Spin(8) induces an involution a on G(4, R s) whose fixed point set is 

G(4, RS)M{(go, g+,g_): g+=g_}=G(4, RS)MSpin(7), the set of Cayley reflections (see 

Section 3, Part I). This establishes (4.6). 

Finally we determine the elements of order two in Spin(8)~. First we note that 

K()~) C End(V(16))-Cl(8) is really the group Pin(8). Indeed, 

E End(V(16)) -- End(Vs ~V~) -~ End(O+ @O - )  

is the element 

0 0,1) 
~---- (R1  

where R1 is multiplication by 1E O (see Section 1.3). The group Pin(8) is generated by 

Spin(8) and ~. (We note that Z(D)CPin(8)CCl(8) is just the group of all oriented axis 
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planes in C1(8).) Now among the odd dimensional Grassmannians in Pin(8) only G(3, R s) 

and G(7, R s) consist Of elements of order 2. They are both conjugacy classes of Spin(8) 

whence (4.7), (4.8) follow once we find representatives. If {u2, us, u4} is an orthonormal 

set in Im O, then u2 Au3 Au4 E G(3, Im O) c G(3, O) is represented on O + @ O -  by 

Ru2 Rua Ru4 0 

Now observe that r=R~,~ oRu3 oRu4 is a reflection through a Cayley plane since r 2 = I  and 

(g+, g_) = (r, r) lies in 

Spin(7) = { (g+, g_) e Spin(8) : g+ = g_ }. 

The Spin(7) x Spin(7) geometry. The Spin(7) • Spin(7) c (Spin(8) • Spin(8))/Z2 that 

fixes Sl| contains all the generators of Z(D) except for ~. Hence K(A) has two 

components (4.9). We proceed to find the elements of order 2 in K(A). In Spin(7) 

these are the center {+l}, and the reflections through Cayley planes (see Part I). This 

determines all elements of order two in Spin(7)x Spin(7) and establishes (4.10), (4.11), 

and (4.12). 

The reflections in Spin(7)• Spin(7)~ on V(16) look like 

(0 :) 
g-1 , gESpin(7). 

This set gives the planes in (4.13). 

The Spin(7)x T 1 geometry. First, diag SO(8) fixes any S(~) with ~ a multiple of 

#=(1,  1, 1, 1, 1, 1, 1, 1). Therefore S(,~)=aS(#)+bS~ (a, bER) is fixed by diagSO(8)n 

(Spin(7)xSpin(7))=diagSpin(7). Since for , ~ = ( 7 , - 1 , - 1 , - 1 , - 1 , - 1 , - 1 , - 1 )  we have 

~ ,~i=0, Lemma 2.2 shows that S(,~) is also fixed by T ~. On V(16) the intersection of 

T ~ with diag Spin(7) is {=El}. Finally of the generators of Z(D) the only one that is not 

in diagSpin(7) or in T 1 in rl. Thus we have established (4.14). 

We proceed to find elements of order two in diag Spin(7) x T1/Z2. Let gEdiag Spin(7) 

and tET 1. If t=I then g must be an element of order two in diagSpin(7). The center 

of diag Spin(7) contributes 0 and 16-dimensional planes and the "Cayley reflections" in 

diag Spin(7) give (4.15). 

If t2----I (i.e. t= ( )  then we must have g2=-I on V(16) be a complex structure. 

Now 

diag Spin(7) c Spin(8) C End(Vs ~ V~) ~ C1(8) ~ A o 

are the even elements in diag Pin(7)cPin(8). Here diag Pin(7) is generated by the unit 

sphere in A~(ImO)cCl(8).  The elements of diagSpin(7) that square to - IECI(8)  are 
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the Grassmannians G(2, Im O) and G(6, Im O). These Grassmannians then contribute 

the following reflections on V(16) (here we identify VsGV~ with O + @O-) 

gives (4.16) and 

{ ( -R~oRv e I m O  R ~ R v )  :u,v orthonormal} 

gives (4.17). 

Finally we consider reflections in (Spin(7)x T1)/Z2.77. Noting that (t~)2=I for all 

tET 1 gives us (4.18). Since any gCdiagSpin(7) commutes with TI~?, the only other 

reflections in this component are gt~ with gEdiagSpin(7) a Cayley reflection, hence 

(4.19). 

The SU(8) geometry. The connected isotropy at A=(1, -1,  0, 0, 0, 0, 0, 0) must be 

SU(8) because up to conjugation there is only one monomorphism from SU(8) to SO(16). 

We claim that this SU(8) is determined by the complex structure a12. First, the subgroup 

of diagSO8 that commutes with a12 is diagSU(4) which fixes sl| and s2| and 

therefore also S(~). This follows from Lemma 1.3.3. Let J be the complex structure 

that determines the connected isotropy SU(8). Since diagSU(4)cSU(8) leaves Vs,V~ 
invariant we must have J=• separately on V8 and V~. Let us arrange J=a12 on V8 

by changing sign of J if necessary. If now J = - a l 2  on V~ then (by explicit calculation) 

the circle exptJcSO(16)  would fix S(A) showing that U(8)cK(A),  a contradiction. 

Finally we compute Z(D)ASU(8) by checking which elements in Z(D) commute with 

a12. Besides ~ and ~ we get 

{a leA: IN{1 ,2} - -g  or {1,2}}. 

Thus Z(D) is generated by Z(D)nSU(8) and a23, whence (4.20). 

Now the reflections in SU(8) are reflections through even dimensional complex planes 

giving us (4.21) and (4.22). The reflections in SU(8)a23 form one SU(8) conjugacy class of 

conjugations on C s -~ (R 16, a12). These are reflections through special Lagrangian planes 

denoted by SLAG(a12, a23) listed under (4.23). 

The Sp(4)x SO(2) geometry. The SU(8) determined by the complex structure a13 

fixes $1-$3.  The intersection of this SU(8) with the one that fixes $1-$2  (discussed in 

the preceding case) gives an Sp(4) that certainly fixes 2S1 - $2 - $3 = ($1 - $2) + ($1 - $3). 

This Sp(4) is the set of quaternionic linear maps on V(16)~H 4 where the quaternionic 
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structure is given by a12,a13, and a23. Let diagSp(1)cSpin(16) be the group that on 

V(16) consists of multiplication by unit quaternions. Let SO(2)cdiagSp(1) be the 1 

parameter subgroup containing a23 (the "circle through a23"). This circle acts diagonally 

on O+ |  by rotations in the (2,3)-planes of each O + factor. Hence this 

SO(2) fixes 2S1-$2-$3 .  We note that SO(2)NSp(4)==t=I on V(16). Finally, Z(D)N 

Sp(4) is the set of elements of Z(D) that commute both with hi2 and hi3. Since a23E 

SO(2) a short calculation reveals that Z(D) is generated by Z(D)M(Sp(4)xSO(2))/Z2 

and hi2, hence (4.24). 

To determine reflections in Sp(4)• let gESp(4) and tESO(2). If gt is of 

order 2 we must have g2 =t2= +I.  If t - - I  then the conjugacy classes of reflections in Sp(4) 

give (4.25) and (4.26). If t 2 = - I  we may choose t=a23. The set of complex structures 

g in Sp(4) is isometric to Sp(4)/U(I).  Observe that the reflection ga23 lies in SU(8).a23 

(see SU(8) geometry) and that ga23 certainly commutes with the complex structure a23, 

and hence (4.27). 

To find the reflections in the second component we consider the equation (gta12) 2 =I. 

Since (ta12)2=-I for all tESO(2) we must have gESp(4) be a complex structure. Finally 

note that the reflection ga12 commutes with hi2 and lies in the component SU(8)'al2 

where SU(8)' is determined by the complex structure a23. Thus the calibrated plane 

corresponding to gal2 is both complex and special Lagrangian (4.28). 

The Sp(2)x Sp(2)• Sp(1) geometry. First we note that the group diag Sp(1) intro- 

duced in the previous geometry acts on O+ |  + CS+(16) by rotations in the (sl, s2, s3)- 

plane in each O + factor (Lemma 1.3.3). Therefore diag Sp(1) fixes S(A) with A=(1, 1, 1, 

0, 0, 0, 0, 0). Similarly the Sp(2) • Sp(2) c (Spin(8) • Spin(8))/Z2 determined by the com- 

plex structures hi2, al3, and a23 on V8, Vs t is seen to fix S(A). On V(16) the intersection 

of diag Sp(1) and Sp(2) • Sp(2) is {+I}. Finally, the only generator of Z(D) not in the 

above determined identity component is ~, and hence (4.29). 

To classify the reflections let (gl, g2) E Sp(2) x Sp(2) and hEdiag Sp(1). In the identity 

component we must have ,2.~2L2 ~I .  If h e---I then each gi must be a reflection (classified :41Y2 I~ 

as in the Sp(4) geometry) and we get (4.30), (4.31), and (4.32). If h 2 = - I  on V(16) 

then both gl and g2 must be complex structures in Sp(2). Taking h:al2  and arguing 

analogously as in the Sp(4) geometry we obtain (4.33). 

As for the reflections in the second component h2(glg2~)2=I on V(16) implies that 

either h=I  or hEdiagSp(1) is a multiplication by an imaginary quaternion. Observe 

that on V(16) 

glg2~ = -g2 0 " 

Hence if h : I  we must have g 2 = - g l  1, (4.34), and if h 2 = - I  we must have g2=gl 1, (4.35). 
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The Sp(1) x Sp(1) • Sp(2) geometry. The quaternionic structure {a12, a13, a23} on V8 

and V~ defines a Sp(1) • Sp(1) action (multiplication by unit quaternions) on V(16). This 

Sp(1) • Sp(1) as well as diag Sp(2)cSp(2)• Sp(2) of the previous geometry fix S(A) with 

A=(0,0,0, 1,1, 1, 1, 1). The intersection of these groups is {• on V(16). As in the 

previous geometry the only generator of Z(D) not in (Sp(1)• Sp(1)• diag Sp(2))/Z2 is 

~, hence (4.36). 

To compute the reflections in the identity component let gEdiag Sp(2) and (hi, h2)E 

Sp(1) • Sp(1), and consider the equations g2h~=I on V8 and V~. If g=I then h=+I and 

we obtain (4.37). If g2=I but g~I then either hl=h2=+I, (4.38), or hl=-h2=4-I, 
(4.39). 

If gEdiagSp(2) is a complex structure on V(16) then both hi (resp. h2) must be 

complex structures on V8 (resp. V~), that is they must be unit imaginary quaternions 

(4.4O). 

To compute the reflections in the other component note that on V(16) 

( 0  - h l g )  
hlh2g~ = 

h2g 0 

Again, if g2=I then hl=-h21 and we get (4.41) in case g=I, or we get (4.42) in case 

gr Similarly, if g2=-I we must have hi--h21 and the corresponding set of reflections 

is (4.43). 

The Sp(2)• U(2) geometry. First note that diag Sp(2) discussed in the previous ge- 

ometry fixes S(A) with A=(0, 0, 5, - 1 , - 1 , - 1 , - 1 , - 1 ) .  Next, the complex structure a12 

defines multiplication by unit complex numbers on Vs and V~ separately. This gives the 

action of the 2-torus of diagonal matrices in U(2) on V(16). This 2-torus operates trivially 

on $3,$4, ...,S s, and hence fixes S(A) as well. Finally, by Lemma 2.2 the T1ESpin(16) 

that operates on V8~V~ by 
cos O I - sin O I ) 
sin t? I cos {? I 

fixes S(A). This T 1 and the previously discussed 2-torus generate U(2)cSpin(16) that 

commutes with diag Sp(2). Observe that diag Sp(2)MU(2)={4-I} on V(16). To compute 

the other components of the isotropy at S(A) note that a12,~, ~EU(2) and that 

Z(D)Mdiag Sp(2) -- {al: IM{1, 2, 3} = 0 or {1, 2, 3}}. 

Adding a13 to Z(D)M(diag Sp(2)• U(2)/Z2) generates all of Z(D), and hence (4.44). 

Now let gEdiagSp(2) and hEU(2). If h292=I on V(16) either g2=h2=I or g2= 
h2=-I. In the former case if h=I then g=• or gESp(2) is a reflection through a 
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quaternionic 1-plane (4.45). If g=I and hEU(2) is nontrivial reflection then (in the 

standard representation) h is a reflection through a complex line in C 2, hence (4.46). 

Finally, if both g, h are nontrivial reflections we get (4.47). 

Next, if gEdiagSp(2) is a complex structure then hEU(2) is either the complex 

structure defining U(2) (in the standard representation) yielding (4.48) or h is obtained 

from the above complex structure by a sign change on a complex line. There is a CP  1 

of such complex structures and thus we get (4.49). 

Now let us consider the reflections in the other component of K(A). Either we must 

have g2=(ha13)2=I or g2=(ha13)2=-I. The elements g arising from these equations 

have already been discussed~ By a short computation it is seen that (he13)2=-hh, where 

hEU(2) is the complex conjugate of h in the standard representation on C 2. Let c be 

a conjugation on C 2. If heV(2) then (hc)2=hh. Therefore the V(2) conjugacy class 

of conjugations in U(2).c is isometric to the complex structures in U(2).a13CSpin(16). 

This is the symmetric space U(2)/0(2) ( ~ S l x  R P  2) with a13 as a representative. The 

complex structures in U(2).c is the circle of multiplications by unit imaginary quaternions 

in H---C 2 orthogonal to the quaternion i that determines the U(2). Therefore there is a 

circle of reflections in U(2)a13, the U(2) conjugacy class of ~a13: 

{( 0 0) o1 } ~ 

Putting these facts about conjugacy classes of heU(2)a13 and gEdiagSp(2) together 

yields (4.50), (4.51), and (4.52). [] 

I II .  Addi t ional  resul ts  in higher  d imens ion  

III.1.  A differential system for each geometry 

A calibration r on a Riemannian manifold determines a geometry of distinguished sub- 

manifolds, sometimes called r Each such submanifold is homologically 

volume minimizing. Frequently there is a useful system of differential equations (more 

special than the minimal submanifold equations) whose solutions are exactly the r 

submanifolds. For example, if ~b-(1/p!)w p where w is the K~ihler form on a K~ihler 

manifold then the r are just the p-dimensional complex submanifolds and 

these submanifolds are distinguished by the Cauchy-Riemann equations. 

Remark. If r is a calibration and a submanifold M is given then the differential 

equation r distinguishes the r However, this differential equation 

is not very useful. Note that in the example: r the standard Kiihler form on C 2, if 

M-g raph  f then ~b(M)--1 is not the Cauchy-Riemann equation for f: C--~C. 
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The problem of finding the r version of the Cauchy-Riemann equations can be solved 

for the calibrations constructed in this paper. 

In Harvey-Lawson [4], a partial solution to the general problem was described as 

follows. Suppose one can complete the inequality 

r  for all ~ �9  TX), 

to an equality, 

r  for all ~EG(p,  T X ) ,  

where ~1, ..., kON are d-closed p-forms on X. Then M is a r submanifold (with the 

appropriate orientation) if and only if M is an integral submanifold for the differential 

system generated by ~1, ..., ~g .  

Now suppose r is constructed from squaring a spinor as in Theorem 1.2.2. 

THEOREM 1.1. Suppose V, ( , ) is an oriented inner product space of dimension 

8m. Suppose xES + is a unit positive spinor. Let 

r = 16mxox E EndR(S +) C EndR(P) ~ Cl(V) ~ A v*. 

Consider a component calibration r 4v V*. There exist forms ~01, . . . ,  ~I/N EA 4p V* 

such that: A submanifold M of V is a r if  and only if  

VIIM . . . . .  VNIM =0. (1.1) 

Proof. Let Xo=X and complete to an orthonormal basis xO,Xl, . . . ,x  N for S §  Let 

�9 j denote the degree 4p component of 

16mxj ox0 E EndR(S +) C EndR(P) -= Cl(V) ~ A v*. 

Given ~EG(4p, V), first note that ~Xo is of unit length in S +. By Proposition 1.2.1 (6) 

(with a -~) ,  

N N N 

E kOJ (~)2 ---- E 162m (xJ oxo, ~)2 = E ~(xj, ~Xo) 2 = ~(~Xo, ~xo) = 1, 
j---o j=0 j =o 

completing the proof. [] 
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III.2. Pure spinors and calibrations 

For simplicity we assume that  V, ( , ) is an oriented inner product space of dimension 

8m=2p.  Other even dimensions will be discussed in a remark at the end of this section. 

The first objective is to develop a model for the pinor representation 

and for its complexification 

Cl(8m) ~ EndR(S + ~ S - )  : 

Clc(8m) = E n d c ( S +  @Sc).  

A model for Cl(8m). Let el, . . . ,  ep denote the standard orthonormal basis for R p 

with the standard inner product ( , ). Also, let ( , ) denote the induced inner product 

on the isomorphic vector spaces 

Cl(p) --- k RP- (2.1) 

This canonical vector space isomorphism will be considered as an identification, with 

RPcCI (p )  identified with A 1 R  p. Let Eu(x)=_uAx denote exterior multiplication of 

xE A R p by u E R  p on the left. Let I u ( x ) - u l x  denote interior multiplication of x E A  R p 

by u E R  p on the left. The canonical automorphism on CI(p)~A R p is +1 on A eve" R p 

and - 1  o n  A ~ R p and denoted by x~-*2. Right and left Clifford multiplication can be 

expressed by: 

u . x = u A x - u L x ,  for a l l u E R  p a n d x E A R  p 

~.u = uAx+ukx,  for all u C R p and x E/~ R v. 

Let a--el.... .ep=elA...Aep denote the unit  volume element for R v. 

Also, let ( , ) denote the C-symmetric bilinear form on A Cp extending ( , ) and 

identify: 

Cl (p) h cp (2.2) 

(the complexified version of (2.1)). Define 

P c  - A Cp - Clc ~ (A RP)|  C --- Cl(p) |  

Define a set of 2p 7- matrices 71, .-., 72p E Endo ( P c )  by: 

~/j(w)=_ej.w and 

Equivalently, 

~r = Ee~ - I ~  

7p+j(w)- i~ .e j ,  for w E P t  and j = l , . . . , p .  

and ~/p+j=i(E~+Iej), j= l , . . . , p .  

Identify V(2p) with the span R of 71,..-, 72p by choosing an orthonormal basis for V(2p). 
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PROPOSITION 2.1. The real subalgebra of Endc(Pc)  generated by 71,...,~2p is iso- 

morphic to the real Clifford algebra Cl(2p). 

Proof. First verify that amstexTiTj =-5~j. The fundamental lemma of Clifford alge- 

bras provides an extension of the embedding of V into Endc to an algebra homomorphism 

of Cl(V) into Endc(Pc) .  Since Cl(2p) is simple this is an injection. [] 

Let c denote conjugation on Pc=(ARP)| i.e. c(w)--~. Let r~EEndc(Pc)  

denote right multiplication by (7, i.e. r ,(w)-w.(7.  Define R e E n d c ( P c )  by R~-r, oc= 

cor~. Since p-=0 mod 4, (72--1 and hence R2=l .  Also, note that Roi=- ioR ,  so that if 

P denotes the +1 eigenspace of R then iP is the -1  eigenspace. Thus P c  =P@iP, with 

R a second conjugation on Pc .  Define a conjugation or reality operator ~ on Endc(Pc)  

by T~a-RaR for all aEEndc(Pc) .  Note that T~i=-i so that 7E is a conjugation on 

Endc(Pc) .  

PROPOSITION 2.2. The Clifford algebra Cl(2p)CEndc(Pc) generated by 71,..., 72p 

is the fixed set of T~, i.e. 

Cl(2p) = {a E Clc(2p) - n n d c ( P c )  : na  = RaR = a}. 

Proof. By a dimension count it suffices to prove that T~ fixes 71, ..., 72p. First, note 

that for j = l , . . . , p  both c and r~ commute with 7j and hence T~Tj-RTjR=TjR2=Tj.  

Second note that for p<j<.2p, c and r~ both anticommute with 7j so that T~Tj=7 j as 

before. [] 

and 

Define 

A+ RP - {x E A RP: x.a  -- x}, the self dual elements, 

A _  R P  - {x  E A R P :  x.(7 = - ( 7 } ,  t h e  anti-self dual elements. 

PROPOSITION 2.3. The +1 eigenspace of R is given by 

P -- A+ RP@ i A_ RP. 

Proof. If xEA+ R p then Rx=5:.(7=x. If xEA_ R p then R i x = - i R x = - i ~ . a = i x . r 7  

COROLLARY 2.4 (The pinor representation). The subalgebra Cl(2p) of Endc(Pc)  

is equal to the subalgebra EndR(P) of Enda(Pc)  with P ~ A +  RP@ i A-  RP. 

The vector space P is called the space of pinors for V, ( , >. 

The unit volume element A-71-.-72p is given by A(w)-a.wa-~(v. Therefore, the 

positive spinors S + are given by 

even S+ - A+ RP@i A e-ven Rp 
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and the negative spinors S - a r e  given by 

S -  - A %  dd R'@i  A~ dd R v. 

Since A is also the unit volume element for C1c(2p)mEnd(Pc), the positive and negative 

spinors for the complex Clifford algebra are given by 

S + = A eve" C p and S c = A Odd c p .  

PROPOSITION 2.5. The form g(z, w ) ~ ( z ,  w.o'), for all z, wePc, is a complex sym- 

metric bilinear form on Pc ,  called the pinor inner product, which satisfies: 

e(az, w) = r Sw), (2.3) 

for all aEEndc (Pc )~Clc (2p ) .  That is, the hat anti-isomorphism on Clc(2p) is the 

adjoint with respect to r 

Note that r  on /~:  C v, and that A+ Cv and A -  CV are orthogonal. 

Proof. It suffices to verify (2.3) for a=Tj,  j = l ,  ...,2p. First, for j = l ,  ...,p, 

~(~z,w) = (ej.z,w.~) = - ( z ,  e~-w.~) =-~(z ,~ jw) .  

Second, for j = 1, ...,p, 

~(~p+j z, w) = (i~.e~, w-~) = -(~, iw-o.ej) = (~, iw.e~ .~) = - (z ,  i~ .e j  .o) 

= -e(z ,  %+jw). 

[] 

COROLLARY 2.6. On P ~ - - S + G S  - ,  g is a real valued positive definite inner product, 

with S+ and S_ orthogonal, and r w)=c(z,  5w), for all z, wEP and aECl(2p). 

Pure spinors and complex structures. Let Vc denote V| with the complex 

symmetric bilinear form ( , ) extending ( , ) on V. Let Cpx(p) denote the set of 

orthogonal complex structures on V, i.e. 

Cpx(p) = {g �9 O(V): j2 = -1}  ~ O(2p)/U(p). 

Given JeCpx(p),  let V1,0 denote the +i  eigenspace of J in Vc and V0,1:V1,0 the - i  

eigenspace. 

Note that V0,1 is a complex p-dimensional totally null subspace of Vc. Let N denote 

the space of all complex p-dimensional totally null subspaces of Vc. Given W � 9  the 

subspace W must be a graph over V in V c = V ~ i V ,  since iV does not contain any null 

8-935201 Acta Mathematica 170. Imprim~ le 29 avril 1993 
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vectors. Let J denote the linear map J: V - - , V  with W - g r a p h  J. Since W is totally null, 

JE  Cpx(p). Thus 

N ~ Cpx(p) ~ O(2p)/U(p). 

Let N• + denote the two connected components (WEN + are called a-planes 

and W E N -  are called E-planes). 

A pinor S E P c  is said to be pure (i.e. SEPUREc)  if: 

N s - -  {Z  E Vc : Z ( S ) = O }  E N.  

Since Ns  is automatically totally null, S is pure if and only if Ns has dimension p. Note 

that Spin(2p) acts on PUREc.  

The map S~-~Ns from 

is equivariant with 

P U R E c / C *  to N 

P U R E c / C *  ~ Pin(2p)/(J(p). 

This isotropy subgroup lJ(p) is obtained from U(p) by lifting U(p)CSO(2p) to 

Spin(2p) under the vector representation. In the following we will exhibit a pure spinor 

in S +. It follows that, of the two connected components PURE~c of PUREc,  one of 

these PURE + C S +, while the other PURE~ c S~. 

THEOREM 2.7 (p--=0 mod 4). Suppose SEPURE + is a pure Spinor with S = S l +  

is2 and s l ,s2ES + unit positive spinors. Let JECpx(2p) denote the associated complex 

structure with Kdhler form w. There exists a unitary basis ~/1, ...,'Ip for V (with the 

complex structure J) such that (with Z j - % + i~/p+ j and ~/p+ j - J ~ j , j--1,. . . ,p),  

1 2 1 4 
2PSl @81 : Re Z1A...AZp+ 1 -- ~ w  + ~ w  --... (2.4) 

1 2 1 4 
2P s2| = - Re Z1A. . .AZp + I -  ~.w + ~.w - . . .  (2.5) 

2Psi | = Im Z1A... A Zp + w -  l w 3  +... (2.6) 
3. 

2Ps2| =Im Z1A...A Z p - w +  1w3 - . . .  (2.7) 
3. 

In particular, 

~.2ps| = 21A . . .  A 2,, .  (2.8) 1 . 2 P S o S =  ZIA . . .AZp  and 
2 

Proof. Because of the equivariance it suffices to prove the theorem for a particular 

S EPURE +. Utilizing the model for Cl(2p)~EndR(P) introduced earlier, let 

Z j  -- ~j -bi'Tp+j = -2I~j and Zj - "/j -i'Tp+j = 2E~j, j = 1,..., p, 
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where jeCpx(2p) is defined by J'Ij="/p+j, j= l , . . . , p .  Therefore, l e S ~ = A  even C p is a 

pure spinor. Since, in our model P=-A+ RP@i A - R P ,  the pure spinor S - -v~ES  + has 
real part sl and imaginary part s2 given by: 

1 1 
sl = ~ ( l + a )  and s2= ~ - ~ ( 1 - a )  

which are both unit positive spinors for Cl(2p). Let 

wj =-TjTp+j, j = 1,...,p, 

so that 

a) - -  0)1 - t - . . . §  p 

is the Kg&ler form on V with respect to the complex structure J. 
immediate from the next temma.: 

L E M M A  2 . 8 .  ( i )  2 P l Q 1 - - - Z 1  ... Zp, 

(ii) 2Pa| ... Zp, 

(iii) 2pa| +iwj) ,  

(iv) 2plQ(y=yIP=l(1- iwj) ,  and 

(v) ~P=I ( l+iwj)  = (1 -  (1/2!)w2+(1/4!)w 4- . . .  ) +i (w- (1 /3 ! )w3+. . .  ). 

Proof. Since Zj =-2Ie j  and p - 0  mod 4, 

/ 2v' if w = a  
Z1 z~(~) 

O, if w • a. 

Also, for I ~ A C P = P c ,  

16m(l | = 2Pc(1, W) '1= (1, W.a)" l = (~, w).  l. 

This proves part (i). 

Part (ii) can be proven in the same manner as part (i). Alternatively, 

2 P ~ o ~  = 2 P ~ p + l  . . . - y 2 p ( 1 o  1)-yp+l  ... ~2p = ~p+~ ... ~2pZ~ ... z p ~ p + ~  ... ~2p = 2 1  ... 2 p .  

Similarly, 
2 P ( ~ G 1  ----- 2P ' ) ' l  ... ~ p ( 1 Q  1)  = 3'1 ... ~/pZ1 ... Zp = % ... " /1Z1  ... Zp 

p p 

and 

= I - [ ( - l §  1-[(1-i~j),  
j = l  j = l  

2P(I| = 2P(1| 1)3'1 ... % = Z1 . . .  Z p ~ / 1  , . .  " ~ p Z l  . . .  Z p ~ / p  . . .  ~fl 
p p 

= I ~ ( - l - i w j ) =  1~(1 +ia~j). 
j=l j=l 

The theorem is 
[] 

[] 
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COROLLARY 2.9. PURE+--Spin(2p)/SU(p) with S0(p)~SU(p) under the vector 
representation. 

Proof. The lift of SU(p) to a subgroup of Spin(2p) has two components since SU(p) 

is simply connected. Since -IESpin(2p) does not fix 1ES + only the component of the 

identity can be in the isotropy SU(p). [] 

Remark. Note that, under the vector representation, (1/v~)(1 +wj )e  Spin(2p) maps 

to the orthogonal transformation equal to J acting on the (Tj, 7p+j)-plane and equal 

to the identity on the orthogonal complement of this plane. Thus, under the vector 

representation, 

o=2 
j = l  

maps to'JeSO(2p).  Also, 02=A, the unit volume element. 

COROLLARY 2.10. The isotropy subgroup of Spin( 2p) at s168 + has two components 

SlJ(p) and SU(p)-ra (where r~, denotes the right multiplication by a). Under the vector 

representation this isotropy group maps to SU(p)USU(p).c (where c is the conjugation 

on V(2p) given by c(Tj)=Tj and c (~+ j )= -Tp+ j ,  j=l , . . . ,p ) .  

Remark (A differential system). Theorem 2.7 can be used to provide a concrete 

example of a differential system guaranteed by Theorem 1.1. Consider the form (I)= 

2Psi |  Z1 ... Zp+l- (1 /2[ )w 2 +(1/4[)co4+ .... The main Theorem 2.7 is applicable. 

The calibrations 

1 k 1 k 
~W and R e Z i . . . Z p + ( - 1 ) k ~ w ,  k=p/2 ,  

A- even Aeven R p  ' are well known (cf. [4]). Using our model with S =A+ RP@i _ the unit 

spinors sl = ( 1 / V ~ ) ( l + a ) ,  s2=-(1/iv~)(1-c~) can be completed to an orthonormal basis 

sl, . . . ,SN, for S + (N=�89 consisting of elements of the form (1 /v~)(e l+ex .a)  and 

( 1 / i v ~ ) ( e l - e l . a ) .  The products ~j=2PSl| can be easily computed using Lemma 

2.8 yielding an example of a differential system described by Theorem 1.1. 

Remark (An alternate differential system). The conjugation Rx=~ on A CV con- 

verts the C-symmetric bilinear form r (x, y) on A C to a positive definite (C-Hermitian) 

inner product r Y). Suppose x is of unit length with respect to this inner product, 

i.e. r  and Xl=_X, X2 .... ,XN is an orthonormal basis for S + with respect to this 

positive definite inner product. Then, for each ~EG(k, V(2p)), 

N 

Z 2p I (zj | -- I~l 2. (2.9) 
j = l  
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This equality can be proved as follows. Note that  (2j |  ~(x)), by Propo- 

sition L2.1 (6). Also, one can show that  Spin(2p) preserves this positive definite inner 

product on P c  = A  CP. Therefore, 

I~12 = 1 = cc  (~(~), ~(x)) = ~ t ~ c ( ~ ,  ~(x))l ~ 
J 

= ~ 2"1(~ | ~ 
J 

as desired. 

Now consider the basis for S + = A ~ C  p given by xz- -1  and x1=el for II] even. 

Note that  2i=xi .a .  Then: 

In particular, 

P 

j = l  

2P21 ..... p |  = Z1 ... Zp. 

Consequently, with this choice of spinor basis the equality (2.9) is the same as the equality 

discovered in [4], Theorem II.6.11. 

Remark. Given a pure spinor SES + the real oriented two plane slAs2EG(2,S+), 

with S - s l + i s 2 ,  will be referred to as a pure spinor two plane and the collection of all 

such 2-planes denoted by PURE(2, S+). One can show that  

PURE(2 S +) ~ Spin(2p)/U(p) "~ Cpx(p) 

since the degree 2 part of 2Psl|174 is the K~ihler form w. 

III.3. Spinors in dimensions ~ 0  rood 8 

As explained in the introduction one may construct from a calibration r on a p cali- 

brations on lower dimensional Euclidean spaces. In this section we shall show how to 

completely analyze calibrations on R 15 that  come from squares of 15-dimensional spinors. 

Let e0E V(16)cC1(16) be a unit vector. Let V(15, eo)-=eo ~ be the orthocomplement 

of eo in V(16). Recall [3] that  sending a vector uEV(15,eo) to e0-uECl(16) induces an 

isomorphism ~ o  of CI(V(15, ee)) with Cl(16) even. In particular ~2~ o gives a vectorspace 

isomorphism between A(e~) and Cl(16) even. Furthermore, 

~ o  : Pin(15, eo) --* Spin(15, e0) USpin(15, e0)A C Spin(16) 
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where A is the unit volume element in C1(16). The Grassmannians G(4k, eo l )  form the 

set of elements of order two in Spin(15, eo) while G ( 4 k - l , e ~ )  exhaust all elements of 

order two in Spin(15,e0)A. The unit volume element A is central and of order two. It is 

easily seen that multiplication by A is up to a sign the Hodge * operator on AP(e~). 

For sES+(16) let %o=162sosEA(Y(16)). We may view sES+(16) also as a pinor for 

Cl(15, e0) and let r The relationship between ~ and ~b is given by: 

THEOREM 3.1 ([3], Theorem 14.129). Let a=eoL~ and write ~=e~Aa+~3. Then 

r  Furthermore, the Grassmannian elements calibrated by ~ are the elements of 

order two in Spin(15, e0)8={gESpin(16)~: xg(eo)=eo}. The Hodge * (in %• of these 

calibrated planes are the planes calibrated by a. 

The above theorem combined with our analysis of squares of spinors S(A)ED enables 

us to compute the planes in e0 ~ calibrated by r explicitly. However, not 

every Spin(15, eo) orbit in S+(16) meets D. To deal with the general r we shall use: 

PROPOSITION 3.2. Let eE A(eo~ )~-Cl(15) be the square of a 15-pinor sES+(16), r  

162sos as described above. Let S(A)eD and eEV(16) determine forms ~,ZEA(e • by 

the decomposition of S(A)oS(A)ECI(16), 162S(A)oS(A)--e*Aa+/~. For each r there is a 

choice of S(A)ED and eEV(16) such that r is the pullback of a+fl under a linear isom- 

etry of V(16) sending eo to e. In particular, ~b and a+~ determine the same geometry. 

Proof. Choose gESpin(16) so that g.sED. Set S(A)=g.s. In Cl(16) we have by 

Proposition 1.2.1 

sos = g - '  S(:~)og-'S(A) = ~(S(A)o S(:~))g. 

As an element of A V(16)*, [TS(A)oS(A)g is the pullback of S(A)oS(A) by X~- Next set 

e--Xg(eo) and let a and j3 be defined by the decomposition 

162S(A) oS(A) ~ -  e* Aa+~.  

Applying X~ to both sides now yields the C1(16) identity 

162sos = 162X*g(S(A)oS(A)) = eoAx*ga+X*gj3. [] 

According to Proposition 3.2 to study the calibrations arising from squares of 

15-pinors s E S + (16) it suffices to decompose the squares of 16 spinors S(A)E D according 

to eEV(16). Is is also clear from the proof of the proposition that for a fixed S(A)ED the 

decompositions according to el, e2 E V(16) are isometrically equivalent if el and e2 are 

on the same K(A) orbit, where K(A)cSpin(16) is the isotropy at S(A). For construct- 

ing calibrations whose faces are maximal among calibrations obtained from squares of 
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15-pinors we need to choose S(A) with K(A) maximal, and eE V(16) such that the isotropy 

K(A)e is maximal in K(A) (cf. Theorem 3.1). In every maximal geometry discussed in 

Section II.4 with the exception of the Sp(2) x U(2) and Sp(2) x Sp(1) x Sp(1) geometries 

the action of K(A) on V(16) is polar and so finding maximal isotropy subgroups of K(A) 

is straightforward. 

Example: The Spin(8) geometry. Let A=(1/v~)(1, -1,  -1,  -1,  -1,  -1,  -1,  -1). For 

the action of K(A)=Spin(8)U Spin(8)~ on V(16)= Vs @ 1/~ there is only one orbit for which 

the isotropy subgroups are maximal. This is the orbit of e=el E Vs. The isotropy K(A)e ~- 

Spin(7): Recall that (go,g+,g_)ESpin(8) acts on Vs by g+ and V~ by g_. Hence 

K(A)e = {(go, g+, g-) E Spin(8): g+~l = c1}. 

As we have seen in Section 1.3 there is only one nontrivial conjugacy class of elements 

of order two in Spin(7). For an element (go, g+, g-) in this class g+ is a reflection along 

a 4-plane in ~ c V s  while g_ is a reflection along a Cayley plane in Vs ~. This defines an 

isometry f between G(4, ~ )  and CAY(V~). Summarizing: 

16S(A) oS(A) = ~ Aa+/3, 

f l=  l+~s,  

~ = v o l ( ~ ) + a T ,  a7 = * Z s .  

The 8-form/3s calibrates planes of the form ~rAf(Tr), 7rEG(4, c~). The planes calibrated 

by c~7 are obtained by Hodge �9 from the planes calibrated by/3s. They are of the form 

7rAh(Tr) where 7rEG(3,~) and h: G(3, e~)--~CAY(V~) is the isometry h=*f*.  
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