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1. Introduction

The infinite-dimensional unitary representations of an arbitrary locally compact
group ¢ have been extensively studied since 1947. For some purposes, however, the unitary
restriction is very undesirable—for example, if we wish to carry out “analytic continuation”
of representations of G. This paper investiga;tes some general concepts concerning non-
unitary representations. Extending the ideas of [3], we define a ‘‘non-unitary dual space”
@G of G. Roughly speaking, G is the space of all equivalence classes of irreducible (not neces-
sarily either unitary or finite-dimensional) representations of G. It is not however a trivial
matter to decide what we ought to mean by ‘representation’, ‘irreducible’, or ‘equivalence
class’. At first sight it might appear reasonable to restrict ourselves to representations
living in a Banach space. We shall therefore begin with an example showing that Banach
spaces form too narrow a framework if we have in mind analytic continuation of representa-
tions of general groups.

Let G be the Galilean group, that is, the three-dimensional nilpotent Lie group of all
triples of real numbers, multiplication being given by {a,b,c) <(a',¥',¢'>={a+a’,b-+¥,
¢+c’—ab")y. The unitary representations of @ are well known (see [15]). For each non-zero
real number A there is a unique (infinite-dimensional) irreducible unitary representation 7%
of G with the property that, for each real ¢, T* sends the central element <0,0,¢> of G into
the scalar operator ¢*°-1. One would hope by a process of “analytic continuation” to
obtain non-unitary irreducible representations 7* having the same property for complex 1.
But we shall now show that such a T* could not live in a Banach space. Indeed: Let us
write y,(a) =<{a,0,0)>, y,(b) ={0,5,0>, y5(c) =0,0,¢> (,b,c real); and let us suppose that T
is a homomorphism of @ into the group of bounded invertible operators on some Banach
space H such that T, =¢"* -1 for all real ¢, where 1 is a non-real complex number (and 1

is the identity operator on H). Since y;(—1)yy(b)y,(1) =73(b)ys(b), we have
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for all real b. From this follows |€™| [T, |l < Tyu-nll | Toer | 1Tyl or |€20] <
1Tyl 1 Tyqy || for all real b, which is 'impossible since A is not real. Thus such a T
cannot exist.

Instead of merely Banach representations, therefore, we shall follow [5] and consider
the more general objects called linear system representations. These were introduced by
Mackey in [16], and amount to representations in a locally convex linear topological space
where the only interesting property of the topology is its continuous linear functionals.
Among their advantages is the fact that the theory of non-unitary induced representations
is most naturally formulated in terms of them (compare [16], § 8).

Using linear system representations it will be very easy to construct the 7 required
in the preceding example for non-real 1 (see Appendix, Example 1).

Apart from a few superficial generalities, the theory of linear system representations of
quite general locally compact groups G is as yet a closed book. Only for a certain special
class of groups will we be able to obtain non-trivial results, namely, those having a “large”
compact subgroup K (see below). Indeed, the “largeness” of K will reduce the study of G
to the study of the finite-dimensional representations of certain subalgebras of the group
algebra of @; and for these finite-dimensional representations we have available the results
of [5].

Our paper is divided into thirteen sections and an appendix. In § 2 we recall the basic
notions connected with linear system representations of an associative algebra A. The
most useful concept of irreducibility for these seems to be that of topological complete ir-
reducibility. Denoting by J(A) the family of all topologically completely irreducible
linear system representations of A, we topologize J(A4) with the so-called functional topo-
logy, and define two elements S and 7' of J(A) to be functionally equivalent if they are
not distinguished by the functional topology. The space of equivalence classes in J(A4)
under functional equivalence is called the (functional) dual space 4 of A. (This dual space
is a larger object than the A defined in [5], which consisted of the algebraically completely
irreducible linear system representations.)

In § 3 we mention commutative algebras, and in § 4 we show how A is related to I or
(ede)”, I being a two-sided ideal of 4 and e an idempotent element of 4. §4 is a generaliza-
tion of § 4 of [5].

Now let G be a locally compact group, and M (@) the convolution algebra of measures
on G with compact support. In § 5 we define linear system representations of G. These have

“integrated forms” which are linear system representations of M(G). Thus the definitions
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in § 2 applied to 4 =M (&) can be pulled back to G; and we obtain the notion of the dual
space G of @ with its functional topology. This G is the main object of study in this paper.
One asks such questions as the following: For what groups @ is ¢ locally compact? When
does the functional topology of G coincide on unitary representations with the hull-kernel
topology discussed (for example) in [3]?

In § 6 we digress somewhat to discuss a relation between representations which we call
Naimark-relatedness. It was introduced by M. A. Naimark in his study of the Banach
representations of the Lorentz group (see [17]), and is closely connected with functional
equivalence. Unfortunately Naimark-relatedness is not in general an equivalence relation
(see Appendix, Examples 3 and 4). It becomes one, however, if we restrict ourselves to
what we call FDS representations, in which “enough” of the operators have finite-dimen-
sional range. For FDS representations in G, indeed, Naimark-relatedness turns out to be
the same thing as functional equivalence.

To answer the questions about G raised above, it appears necessary to make some kind
of finiteness assumption about the representations in G; only then will the results in [5] on
finite-dimensional representations of Banach algebras become available. Let us refer to an
idempotent element u of My(G) as “small” if T'(u) is of bounded finite rank for all 7' in G.
The appropriate finiteness assumption seems to be roughly the existence of ‘‘enough’ small
idempotents in My(G). If this holds, then of course all elements of G are FDS. In § 7 we
show that if “enough’ small idempotents exist and if one further condition holds (‘“local
boundedness” of @), then G is locally compact.

If K is a compact subgroup of @ such that, for every irreducible representation D of K,
the multiplicity of D in 7 is finite and bounded for all 7' in G, we say that K is “large”.
(Our notion of “largeness’™ is a little stronger than that of Godement [8], who requires only
that the multiplicity of D in 7' be finite for each 7 in G.) If G has a large compact sub-
group, M(G) has enough small idempotents and hence @ is locally compact. Further, in
this situation we can relate the topology of G to the subalgebras L°(d) of Godement ([8],
§ 10); this is done in § 8. In § 9 we show that, if @ has a large compact subgroup, the hull-
kernel and the functional topologies coincide on irreducible unitary representations.

Among the groups which have a large compact subgroup we find the connected semi-
simple Lie groups with finite center [9] and the Euclidean groups [8]. We conjecture that
the connected semisimple Lie groups G with infinite center, though they have no large
compact subgroup, are nevertheless FDS (in the sense that all elements of G are FDS) and
have locally compact duals. We do not know of any groups @ without a large compact
subgroup for which My (G) has enough small idempotents.
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§ 10 gives the condition for local compactness and local boundedness of the duals of
Abelian groups.

Suppose now that @ is a Lie group. In that case the measure algebra of G can be en-
larged to the distribution algebra Dy(@) (the algebra, under convolution, of all Schwartz
distributions on @ with compact support). It is shown in § 11 that each element 7' of G
gives rise to a complex homomorphism y, of the center Z of D), and that the map
T -y, is continuous. A very important subalgebra of Dy(@) is the enveloping algebra & of
the Lie algebra of G. If G has a large compact subgroup, it is shown in § 12 that each element
T of G gives rise in a natural way to an (algebraically) irreducible linear system representa-
tion T of E, and that the map 7 -7 is one-to-one and continuous (in the functional topo-
logies of G and E). It would be very interesting to know whether it is a homeomorphism.

In § 13 we relate the topology of @ (or rather, of the subset of G corresponding to a fixed
idempotent measure and a fixed ‘‘norm-function”) to the topology of uniform convergence
on compact sets of “generalized spherical functions” on G. In so doing we verify a conjecture
of Godement.

The Appendix contains four examples and counter-examples.

The ideas of this paper suggest two plausible and interesting conjectures. First, could
it be that for some classes of groups the generalization from Banach representations to
linear system representations was unnecessary? To be more precise, let us say that the
" group @ is Banach-representable if every class in @ contains some Banach space representa-
tion of G. The Galilean group is certainly not Banach-representable (see Example 1 of the
Appendix). However, we conjecture that every group with a large compact subgroup
(perhaps even every FDS group) is Banach-representable.

As for the second conjecture, we notice from § 10 that an Abelian group G' which is
compactly generated has a locally compact dual @. Could it be that every compactly
generated group having a large compact subgroup has a locally compact dual?

Combining the results of [10] and [5] we can show that for connected semisimple
matrix groups both the above conjectures are correct. These results will be published later,
along with other facts about the topology of G when @ is semisimple or Euclidean.

Here are a few words on notation. € denotes the complexes, and R the reals. f| 4 means
the restriction of the function f to 4. If X is a complex linear space, X* is the space of all
complex linear functionals on X; if X is a Banach space, X* is the space of all continuous
elements of X*. Dim(X) is the dimension of X. Pairs are denoted by angular brackets {, .

By a locally compact space we mean a (not necessarily Hausdorff) topological space in
which every point has a basis of compact neighborhoods.
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2. The functional dual space of an algebra

A linear system H is a pair of complex linear spaces H;, H, together with a duality
between them, that is, a complex bilinear funection ( | ) on H, X H, such that (§| H,) =0 only
if £=0 and (H,|7) =0 only if  =0. An isomorphism F between two linear systems H and H’
is a pair (Fy, Fy>, where F, is a linear isomorphism of H, onto H; (¢=1,2), and (&)=
(Fy(&)| Fo(n)) forall £€ Hy, 5 € H,y. If (Hy, H,) is a linear system, the locally convex topology
of H, generated by the functionals & —(&|%) (& € H,), where 5 runs over H,, is called the
o(H)-topology of H,; similarly we define the o(H)-topology of H,. 1f K, H, (1=1,2), let

K= {n € Hy|(K,|n)=0}, K21={§€ H,|(|K,)=0}.

Then K, * =K, if and only if K, is ¢(H)-closed; similarly for K,.

We write dim(H) for dim(H,) (=dim(H,)) if the latter is finite.

If H and K are two linear systems, their direct sum H® K is defined as the pair
(H ®K,, H,® K,», with the duality (EDu|n@v)=(£|n)+ (u|v).

Throughout this paper, 4 will be a fixed associative algebra over the complex field; 4
will denote the “reverse algebra”, having the same underlying linear space and with
(@y) i = (y=)a

A representation of A is a homomorphism 7' of A into the algebra of all linear endo-
morphisms of a complex linear space H=H(T) (the space of T). By dim(7T) we mean
dim(H(T)). Equivalence and irreducibility of T are to be understood in the purely alge-
braic sense (the latter being taken to exclude the case of a zero- or one-dimensional zero
representation). Suppose that H(T)=+ {0}; and that, for any positive integer r and any 2r
vectors &,,...,&, 9y,...,5} such that the &,,...,&, are linearly independent, there is an @ in 4
such that T(a)&,=%; (j=1,...,r); then T is called completely irreducible.

A linear system representation of A in a linear system H =(H,,H,> is a pair T =T, T,
where T is a representation of 4 in H,, T, is a representation of 4 in H,, and (T(a)é |m) =
(&| To(a)n) for all £€ H,,n€ H,. We shall frequently write H(T)=(H(T),H,(T)) for the
linear system H. Two linear system representations 7" and 7" of 4, in H and H' respectively,.
are equivalent (in symbols 7'=7") if H and H' are isomorphic under an isomorphism ¥
satistying F, o T;(a)="T1(a)o F, (and hence F,o Tya)="Ts(a)o F,) for all @ in A. Let T
be a linear system representation of 4 in H such that 7;(a) %0 for some a. T is irreducible
[resp. completely irreducible] if T, is irreducible [resp. completely irreducible] for each i =1,2.
T is topologically irreducible if H, has no non-trivial ¢(H)-closed T',-stable subspaces (and
hence H, has no non-trivial o(H)-closed 7',-stable subspaces). T is topologically completely
irreducible if, given any finite collection of linearly independent elements &, ...,&, of H,, any
18— 652933 Acta mathematica 114. Imprimé le 15 octobre 1963.
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finite collection of linearly independent elements 7, ...,n,, of H,, and any complex numbers
ri; (8=1,..,m;§=1,...,m), there is an @ in A such that (Tl(a)§;|77,-)=r,», for all ¢ and J.
Equivalently, T is topologically completely irreducible if and only if, whenever &,,...,&,,
&1, ...,&, are 2n vectors in H, such that the £,,...,&, are linearly independent, there is a net
{a,} of elements of 4 such that Tl(a,,)&?é,' (o(H)-wise) for each i=1,...,n. There is of
course a similar equivalent condition in terms of H, and 7T',. Topological complete irreduci-
bility will be for us the most important kind of irreducibility for linear system representa-
tions. It obviously implies topological irreducibility.

A finite-dimensional linear system representation T =(T,,T,> is determined by its
first term 7T';; in this case we may fail to distinguish between 7', and T'.

If 7T is a linear system representation of 4, the kernels of 7', and T, are the same; we
call either one Ker(T'), the kernel of T.

If X is a Banach space, the pair (X, X*> with the obvious duality is called the linear
system associated with X. It follows easily from the uniform boundedness principle that the
linear system (X,X*) determines the norm of X to within equivalence. By a Banach
representation of A on X, we mean a homomorphism § of 4 into the algebra of all bounded
linear operators on X; X is called the space of S, and is denoted by X(S). Each Banach
representation S of 4 on X gives rise in an obvious manner to an associated linear system

representation 7' of A on the linear system H=<{X,X*):
Ti@)=8(@a),  Tsla)=(S(a)*.

We shall say that S is topologically irreducible (or topologically completely irreducible) if its
associated linear system representation is so. Since norm-closure and weak closure of
linear subspaces of X(S) are the same, the conditions of weak denseness and weak closure in
these definitions can be replaced by the corresponding norm-conditions, which we will not
rewrite explicitly.

We shall frequently fail to distinguish between a Banach representation of 4 and its
associated linear system representation.

Let J(A) denote the family of all equivalence classes of topologically completely ir-
reducible linear system representations of 4. We note that, if 7€ J(4), H,(T) and Hy(T)
each contain a dense subset of cardinality no greater than that of 4, and hence the H,(T)
(T€ J(A); i=1,2) are of bounded cardinality. It follows that J(4) is a set rather than
merely a class, in the sense of von Neumann’s set theory.

When no ambiguity can arise we shall frequently confuse classes in J(4) with represen-

tations in those classes.
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Qur next goal is to topologize T(A4). Let T be any linear system representation of 4.
As in [5] we define ®(T') to be the linear span (in 4%) of the set of all functionals on 4 of the
form a—(T,(a)é|n), where £€ H,(T) and n€ Hy(T). Since

Ker(T)={a € A|$(a)=0 for all ¢ in O(T)},

the pair L={A4/Ker(T), ®(T)> is a linear system under the natural duality; and one may
define a linear system representation S ={S;,S,> on L of the tensor product algebra A ® 4
as follows:
S1(a®b) (¢ +Ker(T)) =acb+Ker(T), (1)
(Sx(a®b)g) (c) =(ach) (@)
(a,b,c€A; ¢ €ED(T)).

Leuma 1. If T€ J(4), then 8 is topologically irreducible.

Proof. Assume that 0==¢ €ED(T'), ¢ € 4, and that ¢(ach) =0 for all a, b in 4; it suffices
to deduce from this that ¢ € Ker(7'). Now ¢ can be written in the form

T

@)= 3 (Ty(@é&ln) (a€d),

i=

where the £; and the 7, are linearly independent in H,(T) and Hy(T) respectively. By as-
sumption

ST T, O & Ty(@) ) =0 ®

for all @, b in 4. Suppose T(c) + 0. Then by the topological complete irreducibility of 7' we
can first choose b so that {=T'(¢)T,(b)&,== 0, and then choose a so that ({| Ty(a)n,) +0 and
(T'y(c)Ty(b)E;| T'o(@)n;) = 0 for each 4=2,...,7. But these relations contradict (3). So 7';(c) =0
or ¢ € Ker(7T). This proves the lemma.

We shall always give to A* the topology of pointwise convergence on A. If § is a
family of linear system representations of 4 we write ®($) for U 5; ®(S). By (®(8))~ we
mean the closure of ®(S§) in 4%,

COROLLARY. Let § be a family of linear system representations of A and T an element

of J(A). If ®(T) n(D(8))~* {0}, then O(T) < (D(S))~.

Proof. Let S, be the representation of 4@ A on all of 4* defined by (2). For each
«in A®A, 8y(a) is continuous on 4* and leaves () stable; hence Sy(«) leaves (D(S))~
stable. Thus, if 0==¢ € ®(T) N (®(S))~, Sx(A® A)p < (®(S))~. But, by Lemma 1, S,(A ® 4)é
is dense in (7). So @(T)< (®(S§))~, and the corollary is proved.
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If S< J(A), we define the closure of § to consist of all T' in J(A) such that @(T)<= (D(S))~
(or equivalently, by the corollary, some non-zero ¢ in ®(T') belongs to ($(§))~). Because of

the above corollary, this closure satisfies the Kuratowski axioms, and so defines a topology

for J(4).

Definition. The topology for J(A4) defined by this closure operation is called the

functional topology.

Definition. Two elements S and 7' of J(A4) which are not separated by the functional
topology will be called functionally equivalent (in symbols, S~ T).

Leuma 2. If 8, T are in J(A), then 8~ T if and only if Ker(S)=Ker(T).
This is easily checked.

Definition. By the (functional) dual space A of A we shall mean the quotient space
J(A)/~, that is, the space of all functional equivalence classes of elements of J(4). A will
always be equipped with its functional topology, that is, the functional topology of J(A)
“lifted”” to A.

If 7 € 4, we shall write Ker(z) for the common kernel of all members of 7 (see Lemma 2).
One could of course identify v with Ker(z), and regard 4 as the space of all kernels of
elements of J(4). We shall not do this however.

By definition 4 is always a T -space.

Our present dual space A differs from that defined in [5]. The dual space of [5] con-
sisted of the algebraically completely irreducible elements of J(A4) (with the same functional

topology).

3. Central characters and commutative algebras

Let us denote by Z the center of A. If T€ J(A4), we have a complex homomorphism
Az of Z such that T'(a)=1,{a) 1, for each a in Z and ¢=1,2 (1, being the identity operator
on H(T)). This A, is the central character of T.

LeMMA 3. The map T —Ar (T€ F(A)) is continuous in the functional topology of J(A)
{the topology for the A, being that of pointwise convergence on Z).

Proof. Let T€ J(A), and let 0=+¢=lim, ¢, D(T), where ¢, €D(T,), T', € T(4). Tt will
suffice to show that A, —~ 1, in Z*. Choose a in A so that ¢(a) 0. If b€ Z, we have $(ab) =
Az(B)d(a), ¢, (ab) =/1T7(b)¢,,(a). Thus, from ¢,(a)>¢(a) and ¢,(ab)—~¢(ad) it follows that
].Ty (b) = A,(b). This proves the lemma.
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In particular, if S~T (8,7€ J(4)), then A4s=21;. So 1, can be considered as defined

for classes v in A, and v —/, is continuous on 4 to Z*.

CorROLLARY. If A is commutative, J(A) (or A) can be identified with the space of all non-
zero homomorphisms of A into C; and the functional topology of J(A) coincides with the topo-

logy of pointwise convergence on A.

This corollary is the special case n=1 of Theorem 1 of [6].

4. Restriction to ideals and subalgebras

If I is a subalgebra of A, and T is a linear system representation of 4, we write T | 1
for the linear system representation (T,|I,T,|I) of I. Clearly, if I is a two-sided ideal of
4, I¢Ker(T), and T is topologically irreducible, then T'|I is topologically irreducible.

In fact we have:
LemMa 4. If T€ J(4), I is a two-sided ideal of A, and I & Ker(T), then T|I€ J(I).

Proof. If T is finite-dimensional the result is obvious by Burnside’s Theorem. Assume 7T
is infinite-dimensional.

Suppose that n=max {rank(7(a))|a € I} < oo. Clearly there are linearly independent
vectors &,£,,...,&, in H,(T), linearly independent vectors &, &1, ...,&, in H,(T), and elements
a, b of I, such that T(a)f,=£; and T(b)§;,=¢&/ for each i=1,...,n. By the topological com-
plete irreducibility of 7' there are nets {c,}, {d,} of elements of 4 such that 7'(c,)&, > &,
T1(dy)é,~0, and T,y(c,)é;,~0 and Ty(d,)&,~&, for each i=1,...,n. So T\(ac,+bd,)E,—~&,
for all ¢=0,1,...,n. Thus, for large ¥, Ti(ac,+bd,) has rank at least »-+1, and ac, +bd, € I.
This contradicts our supposition about n. Thus we have shown that rank(T,(a)) will be
arbitrarily large for suitable a in I.

Now let &,,...,&,, be any finite number of linearly independent elements of H,(T'), and
&1,..»&m any other elements of H,(T). By the preceding paragraph and the topological
complete irreducibility of 7', there are elements ¢ of I and a of A such that the 7'(ca);
(¢=1,...,m) are linearly independent. We may then choose a net {b,} of elements of 4 so
that T, (b, ca) &~ & for each i. Since b, ca € I, our lemma is proved.

Thus, if I is a two-sided ideal of A4, the restriction map
771 @
carries (J(A4));={T € J(A4)|I ¢ Ker(T)} into T(I).

LeMma 5. (J(A4)); is open in F(A); and the map (4) is a homeomorphism of (F(A4)).
into J(I).
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Proof. 1t is clear that (J(4)); is open, and that (4) is one-to-one. Since ¢|IED(T|I)
whenever ¢€ ®(T'), (4) is evidently continuous.

Assume that 0+ ¢ =lim,, ¢, € O(T'| I), where ¢, € (17| I); here T', T7 are in (J(4)),. The
continuity of the inverse of (4) will be proved if we exhibit functionals g and 1, such that
0=+y=lim, v, € H(T), »,€ D(T?). Choose b in I so that ¢(b)=+0. Then, by the topological
complete irreducibility of 7' the functionaly: @ —¢(ab) on A is non-zero. Evidently y € ®(T);
similarly u,: a ~>¢,(ab) is in ®(T7). Since ¢, —>¢ on I, we have p,—>y on 4, and our task
is done.

In particular, if S, T are in (J(A4)), then S~ T if and only if §|I~T'|I; and the map
(4) lifts to a homeomorphism of 4, into f, where we have put 4,={r€ A4 | I 4 Ker(z)}.

LEMMA 6. The range of (4), considered as a homeomorphism of 4, into I, is all of 1.

Proof. Let S be an element of J(I), acting in a linear system H. Let K, be the linear
span of {S,(a)¢|a € I,£€ H,} (¢=1,2). Then K, is S,-stable and non-zero, hence o(H)-dense
in H,. By the same argument as in the proof of Lemma 5 of [5], there is a linear system
representation 7' of 4 acting in K =(K,, K,» such that T',(a) =8(a)| K, for i=1,2 and all a
in I. Since S € J(I), T € J(A4). Further T'| I and S have the same kernel. Thus the class of 7'
in 4 is carried by (4) into the class of S in 1.

Summarizing Lemmas 4, 5, and 6, we have:

TarorEM L. Let I be a two-sided ideal of A, and let A;={v€ A|I¢ Ker(z)}. Then 4,
is open in A, and (4) lifts to a homeomorphism of A, onto 1.

Now suppose that e is a fixed idempotent element (e2=e) of 4. If 7' is a linear system

representation of A satisfying 7T,(e)+0, let H%T) be the linear system

Crange(T(e)), range(T'5(¢))>
(with the restricted duality of H(T)); and let T be the linear system representation of ede
on H%(T) defined by T (b) =T (b) |range(T'(e)) (i=1,2; b € ede). A standard argument ([8],
Lemma 3) shows that if 7 € J(A4) then 7% € J(eAe). Thus, putting
(T(A)).={T € T(4)| Ti(e)=*0},
we obtain a map T-Te )
of (J(4)). into F(ede). If S,T € (F(4))e, we have Ker(T¢)=Ker(T) N ede and Ker(T) ==
{a € A| ebace €XKer(T*) for all b,c in A}, and similarly for S; hence S~ T if and only

if Se~T°. So (5) lifts to a one-to-one map of A, into (ede)”, where we have put 4,=
{r€ 4|e ¢ Ker(z)}.
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LeMMA 7. A, is open in A; and the map A, (ede)” lifted from (5) is a homeomorphism.

Proof. Obviously A4, is open in A. The continuity of (5) results from the fact that
$|(ede) € D(T?) whenever ¢ ED(T) (T € 4,). To prove that the inverse of (5) is continuous,
it suffices to show that if § is a subset of (J(A4)), closed in (F(A4))., then §¢= {S°|S€ §}
is closed relative to {T¢| T € (T(4)).}. Assume that T € (J(A))., T € (§°)~. Then there is a
non-zero functional ¢ in ®(7*) such that ¢ =lim, ¢,, where ¢, € D(S§°). Setting y(a) =p(eae),
(@) =d,(eae) (a€A), we have p €D(T), p, €D(S), and y,—>p on 4. So T € §-, whence
Te€S, or Te€ §°. It follows that the inverse of (5) is continuous. The lemma is now proved.

We do not know whether the map A, > (ede)” lifted from (5) is always onto (ede)”.
By Lemma 8 of [5], if the class 7in (ede)” contains an (algebraically) completely irreducible
member, then 7 belongs to the range of (5). In particular all finite-dimensional elements of
(ede)” belong to the range of (5).

5. The functional dual space of a group

Throughout the rest of this paper @ is a fixed locally compact group with unit e;
My(@) is the algebra (under convolution %) of all complex regular Borel measures on G
with compact support; and A is a left Haar measure on Q. An element x of G will be identi-
fied with the unit mass at x; thus G< M (G). The space L(G) of all continuous complex
functions on G with compact support becomes a subspace (in fact a two-sided ideal) of
M (@) when we identify f with fdA.

We now define a linear system representation 7 of G. We wish every such 7' to possess
an “integrated form” (a representation of My(@)). Rather than assume “completeness” of

the underlying linear system, we shall put this requirement into the definition itself.

Definition. By a linear system representation T of G on a linear system H(T)=<H,,H,,

we mean a pair {T,,T,>, where

(i) Ty [resp. T) ié a homomorphism [resp. anti-homomorphism} of ¢ into the group
of invertible linear endomorphisms of H, [resp. H,];
(i) (Ty(@) E|m) =(&| To(@)n) @EG, &€ Hy,m€ Hy);
(iil) « ->(T'(x)&|n) is continuous on @ for each & in H, and 7 in H,;
(iv) for each u in M (@), there exist (unique) linear endomorphisms 7' (u) and Ty(x) of
H, and H, respectively such that, if &£ € H, and 5 € H,,

(Ty(w)&|m)= fG(Tl () &| ) dux = (&| Ty(p) 1)
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One should remark that, if (H,,H,> is the linear system (X,X*) associated with a
Banach space X, the above definition tallies with the usual definition of a Banach represen-
tation of G. Indeed, we define a Banach representation of G on X as a homomorphism § of G
into the group of invertible bounded linear operators on X such that x-~>8;¢ is norm-
continuous on G for each £ in X. Now it is a known but anonymous theorem (see [2],
Theorem 2.8) that the definition is unchanged if we replace norm-continuity by weak
continuity of x—8,£, that is, if we assume merely that x—a(S,£) is continuous on ¢ for
each £ in X and o« in X*. Thus S is a Banach representation of ¢ on X if and only if
x—~{S(x), (S(x))*> (¥€ G) is a linear system representation of G on the associated linear
system (X, X*>. We shall refer to  >{S(z), (S(z))*> as the linear system representation of
G associated with 8.

We shall frequently fail to distinguish between a Banach representation of ¢ and the
associated linear system representation of G.

If T is a linear system representation of G, one easily checks that u—<{ T, (u), Ta(1)>
(see (iv) of the definition) is a linear system representation of My(G) on H(T); call it the
integrated form of T. We say that T is topologically irreducible [resp. topologically completely
irreducible] if its integrated form is so. Two linear system representations S and T of @
are equivalent [resp. functionally equivalent] if their integrated forms are so. We define J(G)
[resp. (] as the family of all equivalence classes [resp. functional equivalence classes] of
topologically completely irreducible linear system representations of G. Thus we can regard
J(G) and G as subspaces of J(M,(G)) and (M(G))” respectively, and equip them with the
relativized functional topology of F(M(@)) and (My(G))". So equipped, G will be called the
(functional) dual space of G.

Recall that L(G) is a two-sided ideal of M,(G); and note that the integrated form 7' of a
non-zero linear system representation of G never vanishes on L(G). In fact T' is determined
by T'|L(G). By Lemma 4 T|L(G) is topologically completely irreducible whenever T is; and,
by Lemma 5, T —T|L(G) is a homeomorphism of J(G) into J(L()). Thus J(@) and G
(with their functional topologies) can also be regarded as topological subspaces of J(L(G))
and (L(G))" respectively.

The functional topology of J(G), as defined above, has certain drawbacks. For one
thing, on the subfamily of wnitary representations it does not always coincide with the
“huil-kernel” topology (studied in [3] and elsewhere). Consider for example the “ax +b”
group G. This has precisely two distinct infinite-dimensional topologically completely
irreducible unitary representations; call them S and 7. Further S and 7' are distinguished
by the hull-kernel topology (see [4], p. 263). However, it is easy to check that the integrated
forms of 8 and T are both faithful on M (@), and hence are not distinguished by the func-
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tional topology of J(G). Fortunately, for groups having large compact subgroups, it will
turn out that the hull-kernel and functional topologies coincide on the unitary elements of
TG (see §9).

Naturally, the elements of J(G) which are Banach representations will be of particular
interest to us. For handling these we shall need the idea of a norm-function. A norm-
function on @ is & positive-real-valued lower semi-continuous function « on G which is
bounded on compact sets and satisfies a(zy) < o(x)a(y) for all z,y in G. If « and B are norm-
functions so is max(«,f); thus the norm-functions form an upward directed set. If xisa

norm-function, My(@) is a normed algebra under the norm || ||, defined by

il [ ate)dlulz

(|#] being the total variation of u).

If T is a Banach representation of @, the function o: - || T, || is a norm-function on G,
and the integrated form of 7' is continuous on M(G) with respect to || ||,

Definition. Suppose that « is a norm-function on G. Then (J(&)). will be the set con-
sisting of those Banach representations 7 in J(G) such that, for some constant k> 0, we
have |T,| <ko(x) for all z in G. By G, we shall mean the family of classes v in G which

contain some element of (J(G)),.

6. Naimark-equivalence and FDS representations

Closely connected with functional equivalence is the idea of Naimark-relatedness.

Let T be a linear system representation of A in H=<{H,,H,>; suppose K, is a o(H)-
dense 7T';-stable subspace of H, (i=1,2); then K={(K,,K,> is a linear system (with the
duality restricted from H). Putting Sya)=7Ta)| K, (:=1,2, a € 4), we shall refer to S=
{81, 85, acting in K, as a dense contraction of T.

Note that a dense contraction of a dense contraction of 7' need not be a dense contrac-
tion of 7' (see Appendix, Example 2).

The following lemma is stated without proof in [16], § 8. We include the proof for

completeness’ sake.

Lemwma 8. Let T and T be two linear system representations of A, acting in linear systems

H and H' respectively. Then the following two conditions are equivalent:

(i) T and T" have equivalent dense contractions;

(ii) There exists a o(H@® H')-closed one-to-one linear map F of a o(H)-dense Ty -stable
subspace D of H, onto a o(H')-dense T;-stable subspace D’ of Hy, such that FT,(a)r=
Ti(a)Fzx for all a in A and x in D.
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Proof. (I) Let T and T" have dense contractions S and §” acting in K and K’ respec-
tively; and suppose S8’ under an equivalence G=(G,,G;>. Let F be the o(H®H')-
closure of G, (considered as a subspace of H;® H;). Now the equation (&|n)=(&'|Gx(n))
holds for all £®&’ in Gy; hence it holds for all £®& in F. Thus, if (0®&')E F, we have
(£'|n") =0 for all 5" in range(G,) = K3, and hence &’ =0. Similarly (§®0) € F only if §=0. So ¥
is a o(H® H’)-closed one-to-one linear map. Since G, is stable under the o(H @ H')-contin-
uous endomorphism 7',(a)® T1(a) of H,®H; (for each a), so is its closure F. This implies
the remaining conditions on F required in (ii).

(IT) Assume that (ii) holds. Let F°={&'®(—§&)|£®&'€ F}, and put

F*= PO = {(5f ©n)€ Hi® Hy| (€| ) =(F(€) ) for all £ in D}.

If (0@n) € F*, then (D|n) =0, so that =0. Similarly (' @®0) € F* only if ' =0. So F*isa
one-to-one function. If &€ H; and £ € (domain(F*))*, then (& ®0) € F*:=F° (the latter
equality holding because F° is g(H’'@ H)-closed), whence &' =0. So domain(F*) is o(H’)-
dense in H;. Similarly range(F*) is o(H)-dense in H,. Since F? is stable under Ti(a)® T,(a),
F*=FoL ig gtable under Ts(a)® T,(a) for each a in A; consequently domain{F*) and
range(F*) are stable under 7T'; and T, respectively, and F* is an equivalence between the
restrictions of 7', and 7, to these subspaces. Thus, if we put K,=D, K,=range(F*),
K;=D', K;~=domain(F*), the dense contractions of 7 and 7" on <{K,,K,> and <{K;,K;)

respectively are equivalent under {F, F*13.

Definition. Two linear system representations 7' and 7" of A will be said to be Nas-
mark-related if conditions (i) and (ii) of Lemma 8 hold.

Two linear system representations S and 7' of the locally compact group G are
Naimark-related if their integrated forms (on M(@)) are Naimark-related. Since L(Q) is a
two-sided ideal of M (@) and contains an ‘‘approximate identity”’, one verifies easily that S
and 7' are Naimark-related if and only if their integrated forms restricted to L{G) are Nai-
mark-related.

If S and T are Banach representations of 4 (or &), the conditions of weak denseness
and weak closure in the definitions of Naimark-relatedness can be replaced by the corre-
sponding norm-conditions.

In general Naimark-relatedness is not transitive, hence not an equivalence relation
(see Appendix, Examples 3 and 4). Two Naimark-related linear system representations S
and T of A clearly have the same kernel and hence, if they are in J(4), are functionally
equivalent. It is conceivable (though quite unlikely) that, on J(4), functional equivalence

coincides with the smallest equivalence relation containing Naimark-relatedness. (In
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Example 4 of the Appendix we show that the two functionally though not unitarily equiva-
lent infinite-dimensional irreducible unitary representations of the “ax+b” group can
indeed be joined by a chain of Naimark-related pairs.)

The non-transitivity of Naimark-relatedness is due to the fact that different dense
contractions of the same linear system representation may have small intersection. How-

ever, if there exists a “smallest” dense contraction, this cannot happen.

Definition. Let T be a linear system representation of 4. A dense contraction of T
acting in (K, K, will be called the strictly smallest dense contraciion of T if, given any dense
contraction 7" of a dense contraction of T, with 7" acting in <{L,,L,», we have K,< L, and
K,cL,

If a strictly smallest dense contraction exists, it is unique.

Let 7' and 7" be two linear system representations of 4, having strictly smallest dense
contractions S and S’ respectively. Then clearly T and 7" are Naimark-related if and
only if S=§’. Thus, restricted to the family of linear system representations which possess
strictly smallest dense contractions, Naimark-relatedness becomes an equivalence relation,
which we shall call Natmark-equivalence. .

Our next job is to single out a useful class of linear system representations which possess
strictly smallest dense contractions.

Let T be a linear system representation of 4 in H, and put
I(T)={a € A| T(a) is of finite rank}.

(Note that T',(a) is of finite rank if and only if Ty(a) is.) Let HY(T) (i =1,2) be the linear span
of the ranges of the T(a) with a € I(T). Evidently H{(T) is T -stable.

Definition. T is finite-dimensionally spanned (FDS for short) if HY(T) is o(H)-dense in
H, for i=1, 2.

If T is FDS, then T restricted to HY(T)=(HYT),HYT)> is a dense contraction of T,
which we shall in future always denote by 7',

LemmA 9. If T is FDS, T° is the strictly smallest dense contraction of T

Proof. Let T' be a dense contraction of 7 acting in (K,,K,>. Since K, is ¢(H)-dense
in H, and T(a) is ¢(H)-continuous, T',(a) (K,) is dense in range(7T;(a)), hence equal to
range (Ty(a)), for each a in I(T). It follows that HY(T)< K,; and similarly HY(T)< K,; in
particular 7" is FDS. Applying the same argument to a dense contraction of 7" which
acts in (Ly,L,», we find that H)(T)< H)(T')< L,. This proves the Lemma.
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Thus, as we have observed, Naimark-relatedness is an equivalence relation when
restricted to FDS linear system representations of 4.

Note that, if T is topologically irreducible, it will be FDS provided that T,(a) is of
non-zero finite rank for at least one @ in 4.

If T is FDS, any dense contraction of 7 is obviously FDS. But the converse is false; 7'
may have an FDS dense contraction without itself being FDS (see Appendix, Example 2).

Lemma 10. If T is FDS, the following five conditions are equivalent:

(1) T 1s topologically irreducible,

(i) T is topologically completely irreducible,
(iii) 7% is irreducible,
(iv) T3 is irreducible,

(v) T is completely irreducible.

Proof. We shall first show that (i) = (iii). Suppose T is topologically irreducible. Let K,
be a T;-stable non-zero subspace of H}(T). Then K, is o(H)-dense in Hy; so the restriction
of 7 to (K,,H,> is a dense contraction of 7. Consequently HY(T)< K,, or HY(T)=K,.
Thus 79 is irreducible.

Next we show that (iii) = (i). Let K, be a non-zero T',-stable subspace of H,. For a in
I(T) we have T, (a) K, < K, N HY(T), and T(a) K, == {0} for some a in I(T). So K, N HY(T)
is a non-zero T%9-stable subspace of H}(T), and therefore, if 7% is irreducible, K, > HY(T).
So K, is g(H)-dense in H,. Therefore (iii) = (i).

Similarly (i)= (iv)=(i). Thus (i)< (iii)<>(iv). Next we shall show that (i) = (v) = (ii).
Since (ii) = (i) trivially, the proof will then be complete.

Assume (i). Since (iii) and (iv) then hold, (v) will hold by Jacobson’s Theorem ({13]),
p- 28) if we show that the division algebra E; of endomorphisms of H{(7') commuting with
all TY(a) is finite-dimensional over the complexes, and hence coincides with the complexes.
Assume then that E, is infinite-dimensional; and pick an infinite sequence {@,} of elements
of E, which are linearly independent over the complexes. Choose £ in HY(T) and @ in I(7T)
so that =T%(a)é+0. Then, for each n, @,n=T3(a)Q,&€ range(T(a)). But the latter is
finite-dimensional, so the @, are not linearly independent; that is, there exist complex
numbers {4, } (some, but only finitely many, of which are non-zero) such that (>, 1, Q,)n=0.
Since E, is a division algebra, the last equation implies >, 4, @, =0, contradicting the
independence of the @,. So E, is finite-dimensional, and 77 is completely irreducible. Simi-
larly 79 is completely irreducible. Thus (i) = (v).

We shall next prove that (v) = (ii). Assume (v); and let &,,...,&, be linearly independent
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elements of H,. Since H3(T) is o(H)-dense in H,, there are elements ), <oy in HY(T') such
that the matrix {(&;|9;)}:,;-1,....» has non-zero determinant. Now it follows from (v) that
the restriction 7" of 7 to the ideal I(T') is completely irreducible. Indeed, since (v) = (iii)
trivially and since I(T)dKer(T,), 7" must be irreducible; hence, by the implication
(iii) = (v) applied to 1", 1" is completely irreducible. Thus there exists an element a of I(T)
such that Ty(ayy,=n; for all j; and the matrix of numbers (T, (a)&,;|n,) =(&;|Ts(a)y,) =
(£:]n,) has non-zero determinant. Therefore the T',(a)&; (=1, 2,...,n) are linearly indepen-
dent elements of HY(T'). Now suppose &1, ...,&,, are any elements of H,. By (v) applied to the
T,(a)¢;, we can find a net {b,} of elements of 4 such that

T1 (bya) &= T1(by) T,(a) 517&,

for each 4. By the arbitrariness of the &, and the &/, this proves that 7' is topologically
completely irreducible. So (v)= (ii).

Note that Theorem 6 of [8] and its consequences are a special case of the construction
of T° from T

Lemma 11. Two topologically irreducible FDS linear system representations S and T of A
are Naimark-equivalent if and only if Ker(S)=Ker(T).

Proof. Clearly Ker(8) =Ker(8°), and likewise for 7'. Hence by Lemma 10 it is sufficient
to assume that § and 7' are completely irreducible, and to show that Ker(8) =Ker(T) if and
only if ST,

Tet a€A. T claim that 8,(a) is of rank 1 if and only if {b€4|S,(aba)=0} is of co-
dimension 1 in 4.

Indeed, assume that S;(a) has range CZ (0 £€ H,(S)). Then it is easy to see that there
is a non-zero linear functional 4 on 4 such that S,(aba)=1(b)S,(a) (b€A4). In particular
it follows that {b|S,(aba)=0} has co-dimension 1. Now assume that the rank of S(a) is
greater than 1; and let » and ' be elements of H,(8) such that £=8;(a)u and & = 8,(a)u’ are
linearly independent. By the complete irreducibility of S;, there are elements b, ¢ of 4 such
that S;(b)s =u, 8;(b)¢' =0, S,(c)§ =0, S;{c)¢’ =u’. It follows that S,(aba)u =&, 8,(aba)u’ =0,
Si(aca)u =0, S;(aca)u’ =& . Thus the operators S,(aba) and S,(aca) are linearly independent;
and therefore the kernel of the map b —8S;(aba) (b € A) must have co-dimension greater than
1. This proves the above claim.

To prove the lemma we must show that Ker(8) =Ker(7") only if S=7'. Assume then
that Ker(S) =Ker(T'). Since S is FDS, there exists an a in A such that §;(a) (and hence also
8s(a)) has rank 1. By the preceding claim and the fact that Ker(S)=XKer(T), this implies
that T,(a) and T'y(a) likewise have rank 1. Let &, #, &', " be non-zero vectors in the ranges
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of S(a), Sy(@), Ty(a), and Ty(a) respectively; and put p(b)=(S,(b)¢|n), p'(d) =(T1(b)¢'|n’)
(b€A). If bEA, we have p,(b) =0<0=(S,(ba)u|Sy(a)v) = (S,(aba)u|v) for all u in H,(S) and
v in H,(8)< 8,(aba) =0; that is, p(b) =0<aba €Ker(S). The same holds for p'. Thus p and
p' are non-zero and have the same kernel, whence p'=k-p for some non-zero complex

constant k. By Proposition 2 of [5], this implies that S= 7. The proof is now complete.

CoroLLARY L. For FDS elements of F(A), functional equivalence and Naimark-equival-

ence are the same.

CoroLLARY 2. If 8, T are functionally equivalent elements of J(A) and T is FDS,
then S s also FDS.

Proof. By Lemma 10, S is FDS if and only if S)(e) is of rank 1 for some a in 4. Now
it is easy to see that the claim asserted in the second paragraph of the proof of Lemma 11 is
true whenever S€ J(4), regardless of whether 8 is initially assumed to be FDS or not.
Thus, choosing @ so that 7T,(a) is of rank 1, we see that S,(a) is also of rank 1, and hence
that S is FDS.

In view of Corollary 2, we can refer to a class 7 in A as FDS if some (hence all) of its
members are FDS.

A linear system representation 7' of G is FDS if its integrated form is FDS, or equiva-
lently, if its integrated form restricted to L(@) is FDS.

Definition. The locally compact group G will be said to be ¥DS if every element of
J(@) is FDS.
By the above Corollary 1, for FDS groups functional equivalence in J(G) can always

be replaced by Naimark-equivalence.

7. Groups with enough small idempotents

Let u be an idempotent element of M ((); we shall write L*(() for the subalgebra
u¥*L(G) %y of L(G). If T is a linear system representation of G, form the linear system
representation % of ux My(GF)%u on H¥(T) as in §4 (identifying 7' with its integrated
form). We shall denote the restriction of 7% to I*(G) by T®. By § 4, if T € J(G) and T',(u) +
0, then 7% € J(LA(G)).

LEemMA 12. Let y be an idempotent element of M((Q), and m a positive integer. The follow-
ing conditions (i)—(iv) are equivalent:

(i) Every topologically completely irreducible linear system representation of L*(@) is of

finite dimension < m;
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(ii) There are enough representations of L*(G) of finite dimension < m to distinguish
points of L*(G);
(i) if T is any topologically completely irreducible linear system representation of G,
. then dim(H*(T)) <m;
(iv) there are enough linear system representations T of G satisfying dim(H*(T))<m to
separate points of L(G).

Proof. That (ii) implies (i) follows from Kaplansky’s theory of polynomial identities
(see [8], Lemma 1). The remark preceding this lemma shows that (i) implies (iii). That
(iii) implies (iv) follows from the fact that points of L(®) are separated by the topologically
completely irreducible Banach representations of G (in fact by the unitary ones; see [7]).
The construction of 7 from T shows that (iv) implies (ii).

Definition. An idempotent element y of M(G@) which for some m satisfies conditions
(1)~(iv) of Lemma 12 will be said to be small.

Notice that if y is small, and ¢ is an idempotent in M (@) satisfying y <u (that is,
y ¥ u=p*%y=y), then by (iii) of Lemma 12 y is also small. This observation makes the term
‘small’ appropriate. Likewise, if y and u are small idempotents with y =y %y =0, then
y +u is a small idempotent.

Suppose now that y is a fixed small idémpotent in M (@), and m is the positive integer
of Lemma 12. Denoting by G*° the set of all classes 7 in G such that u ¢ Ker(z), and noting
that L*(G) is an ideal of y % My(G) % u, we have by Lemmas 5 and 7:

LemmA 13. G% is an open subset of G; and the map

T - T (6)

~

is @ homeomorphism of G* into (L*(@))".
We recall from Lemma 12 (i) that all elements of (L*(@))” are of dimension no greater
than m.

What can we say about the range of the mapping (6)?

Levma 14, If 8 is a finite-dimensional irreducible representation of L¥(G) which is
continuous with respect to || |l, for some norm-function «, there is a topologically completely
trreducible Banach representation T of G such that

(i) the integrated form of T on M (@) is continuous with respect to || ||u
(i) T®Wa 3.
(Note that, in view of (ii), T is FDS.)



286 J. M. G. FELL

This is proved in the course of the proof of sufficiency for Theorem 8 of [8].

Lemma 14 can be restated in the following form:

Lemma 15. For each norm-function o, the image of G* N G, under the mapping (6)
consists precisely of those elements of (L*(G))” which are continuous with respect to || ||,.

Definition. @ is said to have enough small idempotents if, for each topologically comple-
tely irreducible linear system representation T' of G, there is a small idempotent element
u of My(G) such that T'(u)=+0.

If this condition holds, G is FDS.

LEMMA 16. If G has enough small idempotents, then G, is a closed locally compact

- subspace of G for each norm-function a.

Proof. Let a be a norm-function. Let x be any small idempotent. Let Ly(G) be the
completion of L*(G) with respect to || ||, Since every finite-dimensional irreducible repre-
sentation of L%(®) is continuous ([5], Proposition 10), and hence determined by its (irredu-
cible) restriction to L#(G), we may regard (L%(@))" as a subset of (L*(&))”. In fact, by Re-
mark 2 of § 8 of [5], the embedding is topological.

By Lemma 15, the mapping (6) carries G, N G* onto (L4(@))". Since (6) is a homeo-
morphism (Lemma 13), and since (L%4(G))” is a closed and locally compact subset of (LM@Y
([5], Proposition 14 and Theorem 6), it follows that G, N G® is a closed and locally compact
subset of G*. Now the G* (u running over all small idempotents) form an open covering of
G (open by Lemma 13, a covering since G has enough small idempotents). Hence since
G, G" is closed in G® for each such yu, G, is closed in @ and since G, N G is locally

compact for each such u, G, is locally compact.

LemMma 17. If G satisfies the second axiom of countability and has enough small idem-

potents, then G, satisfies the second axiom of countability for all norm-functions «.

Proof. The hypothesis implies that L4(@) (defined as in the preceding proof) is separable
for each small idempotent u and each norm-function «, and hence (by [5], Theorem 5) that
LA™ satisfies the second axiom of countability. Thus, by the argument of the preceding
proof, G, N G* satisties the second axiom of countability for each such # and «. The proof
will therefore be complete if we show that G can be covered by countably many G% (the x
being small idempotents).

Let {D,} be an increasing sequence of compact subsets of G such that every compact
set is contained in some D,. Let p,(f) =supzep, |f(z)| for each f in the space C(G) of all

continuous complex functions on @; and let
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8o ={u€My(@)| ()] < qpa(f) for all f in C(G)}.

On each 8§, , the topology of pointwise convergence on C(() is metrizable and separable.
Since the S, , (r,g=1, 2, ...) form a countable covering of M (@), it follows that, to every
subset S of M (G) there is a countable subset S of S which is pointwise dense in S (that is,
in the topology of pointwise convergence on C(G)).

In particular there is a countable family W’ of small idempotents which is pointwise
dense in the set W of all small idempotents. If T is an element of , then, since G has enough
small idempotents, (7'(u)é|n) =+ 0 for some x in W, some & in Hy(T), and some % in Hy(T).
But then the denseness of W’ in W implies that x4 may be chosen to lie in W’. Thus 7',(u) +0
for some p in W’, and we have U, G* =@. The proof of Lemma 17 is now complete.

Now there is no a priori reason to suppose that U,G.=G. Even if U, G,=G, the fact
that each G, is locally compact (Lemma 16) does not imply that @ is locally compact, as we
shall see for Abelian groups in § 10. Let us make the following definitions.

Definition. G will be called Banach-representable if every class in G contains some

Banach representation.

Definition. Assume that G has enough small idempotents. We shall say that G has a
locally bounded dual (or, less logically, that @ is locally bounded) if, for each T in @, there
exists a norm-function « such that G, is a neighborhood of 7 in G

I @ has a locally bounded dual it is obviously Banach-representable. The converse is
false, since an Abelian group is Banach-representable but need not have a locally bounded
dual (see § 10). In Example 1 of the Appendix we shall show that the Galilean group (see
the Introduction) is not Banach-representable.

We conjecture that all FDS groups are Banach-representable, but we cannot prove it.

THEOREM 2. Assume that G has enough small idempotents and a locally bounded dual_
Then G is locally compact. If in addition G is compactly generated and satisfies the second

axiom of countability, then G satisfies the second axiom of countability.

Proof. The first statement is evident from Lemma 16. The second statement will follow

from Lemma 17 if we can show that there exist countably many norm-functions {e,} such
that ~

UG, =6

n

To establish this, choose a compact neighborhood U of e such that U;2; U?=G.
For each positive integer », define «, to be the supremum of all the norm-functions g on G
satisfying f(z) < for all  in U. Since U2, U?=G, «,(x) < oo for each x; and it is easy
19 — 652933 Acta marhematica 114. Imprimé lo 15 octobre 1965,
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to see that «, is itself a norm-function. Clearly, to every norm-function «, there is an »
such that o <a, (take n>sup,y «(2)), and hence G, =@, . It follows that

UG, =UG-=6
The proof is complete. " )
Conjecture. Every compactly generated locally compact group which has enough small
idempotents has a locally bounded dual.

8. Large compact subgroups
Let us fix a compact subgroup K of G. Identifying each f in L(K) with the measure

f(w)du on K (du being normalized Haar measure on K) and hence with a measure in M (G)
(the “‘injection” of f(u)du into @), we shall regard L(K) as a subalgebra of My(G) under

convolution.

Definition. K is a large compact subgroup of @ if every idempotent element of L(K)
is small (with respect to G).

Since every idempotent in L(K) is contained in a central idempotent, and every central
idempotent is a finite sum of minimal central idempotents, K will be large if its minimal
central idempotents are small in @ (see the paragraphs preceding Lemma 13).

By K we shall mean as usual the family of all equivalence classes of irreducible (finite-

dimensional) Banach representations of K. If D € R, let
yp(u)=(dimD) (Trace(D,))~

(u€ K; — means complex conjugate). The y, are precisely the minimal central idempotents
of L(K). Further, if 7T is a linear system representation of @ in H, then the range of T'(yp)
is the D-subspace of T,, that is, the sum of all those T';-stable subspaces of H, on which
T,|K acts equivalently to D. It follows that K is a large compact subgroup of G if and
only if, for each D in K, there is a positive integer m,, such that, for any topologically
completely irreducible linear system representation 7' of @, the multiplicity of D in T, | K is
no greater than m,.

From the last remark we deduce that, if K is large and L is a compact subgroup of G
containing K, then L is likewise large. This makes the term ‘large’ appropriate.

Since, for every linear system representation 7', T;| K contains some D in R, we have
Lemma 18. If G has a large compact subgroup K, then G has enough small idempotents.

LeMmA 19. If K is a large compact subgroup of G, and K is a closed subgroup of K such
that K|K is finite, then K, is a large compact subgroup of G.
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Proof. By Frobenius’ Reciprocity Theorem, there are only finitely many irreducible
representations of K whose restrictions to K, contain a given irreducible representation of
K. From this the lemma follows immediately.

Suppose now that K is a large compact subgroup of G. For each f in L(Q) let f*(x)=
fx fuzu=) du (x€G). Thus f—f° is an idempotent linear map of L(G) onto the subalgebra
I of L(G) consisting of all f for which f(uzu=)=f(x) (w€K, z€Q). If DER, we write L2(G)
instead of L¥? (@), and put I® =1 n L?(G). One verifies easily that {f°|f€L?(G)}=1P. We
shall write G instead of GYP (the subset of @ consisting of those 7' such that 7;|K
contains D); and, for each 7' in G we shall write 7? for T®?, the corresponding finite-
dimensional irreducible representation of L?(G) on H?(T)=HYo(T).

It has been observed by Godement ([8], Lemma 9) that, if DER and T€GP, the
restriction of 72 to I? is a multiple of a (unique) irreducible representation of 7° which
we shall denote by 7?. Thus we have a mapping

T D) (7)
of GP into (I2)".

THEEOREM 3. Suppose that K is a large compact subgroup of G. Then, for each D in K,
the map (7) is a homeomorphism of G™ into (IP)". In particular, (7) is one-to-one.

Proof. Since the map T —>T? is already known (Lemma 13) to be a homeomorphism
of G into (L2(G))", it suffices to show that 7 —7*? is a homeomorphism.

Let T€G?, S GP; and assume first that 72 belongs to the functional closure of
§P={8?|8€§}. Choose a functional ¢ on L2(G) associated with TP (see [5], § 1) which
does not vanish on I?2; then there exists a net {¢,} of functionals on L?(@}, each associated
with some S5 (S, € §), which converges pointwise to ¢. But then the ¢,|I” and ¢ | I” are
associated with S and T? respectively, and ¢y| I —>¢| I” pointwise on 7. Thus 7o
belongs to the functional closure of $ = {S~(D) | S € §}; and we have proved that T” - T?
is continuous.

Conversely, assume that 7? belongs to the functional closure of §®_ Then there is a
non-zero functional ¢ on I associated with 77, and a net {y,} of functionals on I? each
associated with some 82 in $P, such that , -y pointwise on I2. Define ¢, ¢, on L2(G)
as follows: ¢(f)=v(f), ¢,(f) =, (f*) (fELP(@)). Clearly ¢,->¢==0 pointwise on L?(G). If
fEL?(G) and TP =0, then

TR = f T, T T, du=0;
K

and, since T'F)} is a direct sum of copies of T'R), this implies 7% = 0, whence y(f°) =0, or
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&(f)=0. Thus ¢ is associated with 7%P; and likewise ¢, is associated with S{?. It follows
that T® belongs to the closure of $®.

Since ¢ was defined from 7?, and in its turn determines T2 ([5], Proposition 2), the
map TP —>T® is one-to-one. It follows from the preceding paragraph that 72 — T¢? is
continuous. So the proof of Theorem 3 is complete.

It can be shown, though we shall not need it here, that every finite-dimensional irredu-
cible representation of I” which is continuous with respect to || |, for some norm-function
«, is of the form 7P for some 7' in G 0 G..

9. Unitary representations

A unitary representation of @ is a Banach representation 7 such that X(T') is a Hilbert
space and 7', is unitary for each x in G. Let G, be the family of all unitary equivalence clas-
ses of topologically irreducible unitary representations of G. By the von Neumann double
commuter theorem the elements of G,, are actually topologically completély irreducible;
and by Mackey’s form of Schur’s Lemma (see [12]) Naimark-relatedness is the same as
unitary equivalence for elements of .. It follows that G, may be regarded as a subset of
J(G). In fact, if G is an FDS group, @, may be regarded as a subset of G (namely, the set
of those classes in G which contain some unitary representation).

Now in [3] we imposed a topology on G, called the hull-kernel topology; it could be
defined by means of uniform convergence on compact sets of functions of positive type
associated with the representations (see [3], Theorem 1.5). For FDS groups it is natural to
ask (a) whether the hull-kernel topology of G,, coincides with the relativized functional
topology of G, considered as a subset of G, and (b) whether the functional topology of G
can also be defined in terms of uniform convergence on compact sets of functions on @
associated with the representations. We do not know the answers to these questions in
general. However, if G has a large compact subgroup, the answer to both questions is ‘yes’.

Question (a) in this case will be answered in the next lemma. Question (b) is treated in § 13.

LemMa 20. If G has a large compact subgroup K, the relativized functional topology of
G, coincides with the hull-kernel topology.

Proof. Let C*(G) be the group C*-algebra of G (see for example § 3 of [3]); L(G) is of
course a dense subalgebra of C*(G). The left and right action of M (@) on L(G) is continuous
with respect to the norm of C*(G), and so can be extended to C*(@). Thus, fixing D€ K, we
may form the closed *-subalgebra C(G) =y, ¥ CXQ) % y, of C*(G).If T€G,, n GP, TP
extends to an irreducible finite-dimensional *-representation of Ch(G), which we shall
identify with 7,



NON-UNITARY DUAL SPACES OF GROUPS 291

Now, by an argument exactly similar to that of [5], § 4, we can prove that (a) G,, N G?
is open in @, in the hull-kernel topology, and (b) that 7' —>7T? is a homeomorphism of
G.n N GP into the set § of all irreducible *-representations of C%(G) with the hull-kernel
topology. Comparing these facts with Lemma 13, we see that Lemma 20 will be proved if
we show that the hull-kernel topology of § coincides with the functional topology of
ene relativized to §. But this follows from [5], Proposition 15, and [5], Remark 2 of
§ 8, if we remember that the elements of § are of bounded finite dimension.

We remark that Lemma 20 holds if we merely assume that G has enough small self-
adjoint idempotents. We do not know whether it holds if G merely has enough small

idempotents.

10. Abelian groups

In this section the group @ is assumed to be Abelian. G consists of all continuous ho-
momorphisms of ¢ into the multiplicative group of non-zero complex numbers. Setting
()= fe 2(x) f(x) dAx, we may regard each X in G as a multiplicative linear functional on
L(@). By the corollary of Lemma 3 and the paragraph dealing with L(@) in § 5 we have:

LeMma 21. The functional topology of G is the topology of pointwise convergence on L(G)
of the corresponding functionals on L(G).

TEEOREM 4. The functional topology of G coincides with the topology of uniform con-

vergence on compact subsets of G.

Proof. It is obvious from Lemma 21 that the uniform-on-compacta topology contains
the functional topology.

To prove the converse we invoke a well-known structure theorem for locally com-
pact Abelian groups ([12], p. 389), to write

G=R"xH,

where R" is the additive group of real n-space and H is a locally compact Abelian group
having a compact open subgroup K. Now suppose that ¢, ¢ pointwise on L(G) ($,, $ €G),
and put a=¢|R", B=¢|H, a,=¢,|R", B,=¢,|H. We have a(x)=e™?, a,(zx)=cw o
(x€ R"), where w”, w€C", and (u,xz)=>,um,; Choose g in L(H) such that B(g)+0, and a
differentiable function f in L(R") such that «(f) 0. Integrating by parts, we find that

“(g) - muelh e (%)= ~ o (-
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) (o of  \_
Hence o, (f) Byg)= — ¢, (6—:;, X g) i é (6_:121 x 9) =u;(f) Blg)

for each j; also (/) By (g) = by (fx9) > $(fxg) = (/) Blg) 0.

(Here (f Xg) (xy)=f(x)g(y), x€ R", yE€H, and similarly for (6f/ox;) xg.) This implies that
u} —u; for each j, whence 4~ » in C". Thus &, -> « uniformly on compacta.
If f is as before and A€ L(H), we have

1) By ()= by (X 1) = $(F xh) = (f) B0

But by the preceding paragraph o, (f) - «(f) # 0. Hence f,(h) ~ p(k); so §, — § pointwise on
L{H). Since the 8,| K are characters of the compact group K, this implies that, for all large
enough y, f,=p on K. Hence to prove that §, - uniformly on compacta in H, we need
only show that f,(y) ?ﬂ(y) for each y in H. Fix y in H, and let

__[p(u) for u€K,
f(y“)—{o for u€H—K.

Then f€ L(H); and we check that 5(f) =B(y), and B,(f) =B,(y) for all largey. But 8,(f) ~p(f);
so B,(y) ~> B(y). Consequently B, - uniformly on compacta in H.

From the last two paragraphs it follows that ¢, - ¢ uniformly on compacta in G. Thus,
for elements of G, pointwise convergence on L(G) implies uniform convergence on compacta

in G; and the theorem is proved.

THEOREM 5. Let G be a locally compact Abelian group. Then the following three condi-

tions are equivalent:

(i) G is locally compact;
(ii) G has a locally bounded dual;
(ili) there exists a compact subset U of G such that, for every x in G, there is a positive
integer n for which =" belongs to the subgroup of G generated by U.

Proof. We have already seen that (ii) implies (i).

Let U be as in (iii); and let k be any positive number. To prove (ii), it is enough (by
Theorem 4) to find a norm-function « on G such that, if €@ and |B(z)| <k for all z in U,
then |B(x)| <«(x) for all z in G. We may assume without cost that U is a neighborhood of e
and that U=U-1. For each z in G put a(z) =sup; |f(x)|, where § runs over those elements
of @ such that [Bw)| <k forally in U. From (iii) we deduce that «(z) < oo for all z, and that
in fact e« is a norm-function with the required property. Thus (iii) implies (ii).
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Assume that (iii) is false. Let B", H, and K be as in the proof of Theorem 4, and put
D=G/(B"x K). It is easy to see from the failure of (iii) that the discrete group .D has no
finite maximal independent ([12], p. 441) subset. From this we shall now prove thatD is
not locally compact. Indeed: Let I' be any finite subset of D; since no subset of I" is maximal
independent, there exists a w in G'—I" such that, for all positive integers », w"™ does not
belong to the subgroup of D generated by I'. Thus for each positive integer m there is a
Zn in L (L being the subgroup of D generated by w and I') such that %,=1 on I' and
[Xm(w)|>m. It is well known and easily proved that %, can be extended to an element
Zm of D; and {%,} has no convergent subnet. By the arbitrariness of I' this shows that
D is not locally compact. Now D is a closed topological subspace of G. It follows that & is

not locally compact; and we have shown that (i) implies (iii). This completes the proof.

11. Lie groups

In this section G is assumed to be a Lie group. Let Cy° (G) be the space of all infinitely
differentiable complex functions on G with compact support; and let Dy(G) be the distribu-
tion algebra of G, that is, the associative algebra consisting of all distributions (in the sense
of L. Schwartz) on @ with compact support, with the operation of convolution defined by

@ep) @)= | [ dandady

(o, B € Dy(G);  €ECF (G); we use the integral notation for distributions acting on functions).
Evidently Ci°(G) < L(G) < M y(G)< Dy(R); C&(G) is a two-sided ideal of Dy(G). (See [8].)

Let T be a linear system representation of G on the linear system H(7T)=<{H,,H,>. We
shall denote by H*(T) (¢ =1, 2) the linear span of the T',(/)¢ (f€CY(G), E€EH,). Since C5°(G)
contains an approximate identity for ¢, and H{°(T') is stable under the integrated form of
T,, T restricted to H>(T)=<HP(T),Hy(T)) is a dense contraction of (the integrated form
of) T'; call this dense contraction 7". By the argument of Lemma 5 of [5], 7 can be extended
uniquely to a linear system representation 7' of Dy(G) on H*(T'). This T will be called the
distribution form of T'. The linear system H*(T') on which T'* acts is the Garding system for T

One verifies without difficulty that, if «€Dy (@), £€HY (T), and n€H,(T), then
x~>(Ty(x)&|n) is infinitely differentiable on G and :

(T (@) ) = a(Ta(2)E | )

(where ‘o,” means that o« acts on the expression which follows it considered as a function

of z).
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Lemma 22. If K, is a o(H®(T))-dense subspace of H°(T) which is stable under the
restriction to O (G) of the integrated form of T'; (i =1, 2), then K, is 6(H(T))-dense in H;.

Proof. Without loss of generality take i =1. Assume that € H, and that (£|7)=0 for
all £ in K,; we must show that  =0. Now for each f in CF’(G), T,(fip€ Hz*(T), and, for all
in Ky, (&| To(fim) = (T1(HE|n) =0 (since Ty(f)E € K,). Since K, is o(H*(T'))-dense, this implies
that T'5(f)n =0; and the latter holds for all f in C§°(G). Since C§’ (@) contains an approximate
identity, this gives 5 =0.

CoroLLARY 1. T is topologically irreducible [resp. topologically completely irreducible,
resp. FDS] if and only if T is topologically irreducible [resp. topologically completely irredu-
cible, resp. FDS].

Proof. Tt is evident that if 7 has any one of these properties then so does 7. The con-

verse follows easily from Lemma 22.

CoROLLARY 2. If S and T are linear system representations of G, then S and T are
Naimark-related [resp. have the same kernel in My(@)] if and only if 8 and T* are Naimark-
related [resp. have the same kernel in Dy(G)].

Proof. The statement about Naimark-relatedness is a routine consequence of Lemma
22. The statement about kernels is almost evident.

By Corollaries 1 and 2, the map T —T* carries J(G) into J(Dy(G)), and lifts to a one-
to-one map of @ into (Dy(G))".

Lemma 23. The map lifted from T —T is a homeomorphism of G into (Dy(G))".

Proof. Since CP(G) is a two-sided ideal of both My(G) and Dy(@), the lemma results
from a double application of Theorem 1.

Let Z be the center of Dy(G). For each T in J(G), let y ; be the central character (see §3)
of the element 7'* of J(D(G)). We shall refer to y ras the central character of T. By Lemmas
3 and 23 we have:

LeEMMA 24. The map T~y 1 (T €J(@)) is continuous with respect to the functional topo-
logy of T(Q) and (for Z*) the topology of pointwise convergence on Z.

Since the hull-kernel topology of @, (see § 9) contains the relativized functional topo-
logy of G,,, Lemma 24 strengthens and generalizes a result of Bernat and Dixmier [1].

In particular, it follows from Lemma 24 that two functionally equivalent elements of
J(G) have the same central character. Thus we may speak of the central character y; of a

class 7 in G, and the map © -y, is continuous.
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It is curious to observe that, if @ is the “ax +b’ group (see Example 4 of the Appendix),
Z is trivial (i.e. Z=C"1). Indeed, let R be the regular representation of . Then R is the direct
sum of ¥, copies of § and R, copies of T, where S and 7' are the two infinite-dimensional
irreducible unitary representations of G. Since S and T are functionally equivalent (see & 5),
they have the same central character; and hence RS is a scalar operator for each z in Z.
Thus { R’ |2€Z}is of dimension 1. Since B* is faithful on Dy(@) it follows that Z is of dimen-
sion 1. We leave it to the reader to fill in the details of this argument.

We conclude this section with a remark on Banach representations. Let S be a Banach
representation of G on a Banach space X. It is well known that S gives rise in a canonical
manner to a representation S of Dy(G) not merely on the Girding subspace (the linear
span of the S;&, £€X, f€C(G)) but on the larger space X, of all C* vectors (that is, vec-
tors & for which x - S,£ is infinitely differentiable on G).

Lemma 25. If S is a topologically completely irreducible Banach representation of G on a
Banach space X, then for each o in Z, S is the scalar operator ys(a)- 1 on the space X, of all C*°

vectors for S.

Note: ys means the same as y ;, where T is the linear system representation associated
with 8.

Proof. By what we have already shown for 7, 82 is the scalar operator yg(x)-1 on the
Géarding subspace. Our result now follows by a trivial generalization of the proof of Lemma
32 of [9].

12. The enveloping algebra and infinitesimal equivalence

In this section G will be a fixed connected Lie group with unit e, and K a fixed connected
compact subgroup of G. Let ¢ be the (real) Lie algebra of G' (consisting of the left-invariant
vector fields) and E the enveloping algebra of the complexification g, of g. It is well known
that £ may be identified with the subalgebra of Dy(G) consisting of those distributions
whose closed supports are contained in {e} (see [11], Chapter II).

Let K and the y,, (DEK) be as in § 8.

Definition. A linear system representation 7' of G will be called K-finite if T',(y,) (and
hence also T'5(yp)) is of finite rank for each D in k.

That is, 7 is K-finite if and only if each D in K has finite multiplicity in 7.

A K-finite linear system representation 7 is certainly FDS.

Throughout the rest of this section we shall denote range (T (yp)) by HP(T) (for
DEeR), and shall put H{(T)=73p .z HP(T).
20— 652933 Acta mathematica 114. Imprimé le 15 octobre 1965,
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Lemma 26, If T is a K-finite linear system representation of G, then

(i) H(T)=HZ(T) (i=1,2)

(i) H{(T) is stable under T (a) for each i=1,2 and each a in E.

Proof. Since H*(T) is o(H(T))-dense in H(T), and stable under T';(yp),

Hy(T)n HP (T) .

is dense in HP (T). But the latter is finite-dimensional. Therefore HP (T) < Hy"(T), and
(1) is proved.

(ii) is proved by the same argument as Lemma 26 of [8].

The H{(T) of Lemma 26 is evidently o(H(T))-dense in H,(T). Let us write H'(T)

for the linear system (H{(T), HL(T)> with the restricted duality of H(T), and T for the
linear system representation of E on H’(T) given by T',(a) =T/ (a) | H{(T).

Definition. For each K-finite linear system representation 7 of ¢, T will be called the
restricted infinitesimal form of T.

Before embarking on the next result we need the notion of an analytic vector in the
space of a linear system representation. Of course, we shall not be able to generalize Nelson’s
result ([18]) and state that analytic vectors are dense in the space of an arbitrary linear
system representation. Nevertheless the weaker argument of Godement in [8] gives us the

following definition and lemma which are sufficient for our purposes.

Definition. If T is a linear system representation of G, the vector & in H (T') is analytic
(for T) if the function z ~(T(x)§|7) is analytic on G for all  in Hy(7). Similarly a vector
7 in Hy(T) is analytic (for T) if x —(T'(x)€|n) is analytic on G for all & in H,(T).

Note: ‘Analytic on G means of course with respect to the real analytic structure of G,

even if G has a complex analytic structure.

Lemuma 27. If T is a K-finite linear system representation of G, then every vector in
H{(T) (=1, 2) is analytic for T.
The proof is identical with that of Lemma 17 of [8].

Definition. Two K-finite linear system representations S and T of G are infinitesimally

equivalent if their restricted infinitesimal forms S and T are (algebraically) equivalent.

The following lemma is proved for unitary representations in [8], § 23.

LeMmA 28. Two K-finite linear system representations S and T of G are infinitesimally
equivalent if and only if they are Naimark-equivalent.
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Proof. (I). Assume that S and 7' are equivalent under an isomorphism @ ={®,, ®,> of
H'(8S) onto H(T).

First, I claim that ®,(HP(S))=HP(T) for each D in K. Indeed, let Z, be the center
of the enveloping algebra Ej of the complexification k, of the Lie algebra k of K. Each D
in K gives rise to the complex homomorphism A, of Z, such that D,=1,(a)-1 for all a in
Zyg. Since K is a compact connected Lie group, we know ([19], Exposé 18) that A,=4p.
=D=]'. Thus, if DER, a vector £ in H{(S) belongs to HP?(8) if and only if

T (@) é=2p(a)&

for all @ in Zg; and similarly for H{(T). Since Zx < E and ®, is an equivalence of 51 and
T, this implies that @, (HP (S)) = HP (T). Similarly ®,(H2 (8))=H2(T). This proves the
claim. (See also [8], just before the Appendix.)

Now let ¥ be the o(H(S)® H(T')}-closure of @, considered as a subspace of H,(8)® H (7).
I claim that F is a one-to-one function; that is, (0®&)EF =& =0 and (§®0)EF =£=0.
Assume that (0@&') € F. That means that there is a net {£,} of elements of H{(S) such that
&,—0 (in o(H(8))) and @&, & (ino(H(T))). Now let D be any element of K. Since Sy p)
is continuous, we have S,(y,)&;->0. But since HY(S) is finite-dimensional, @, | HP(S) is
continuous; hence the preceding limit statement implies that ®,8;(y,)é;—+0. But by the
last paragraph @,8;(yp) &= Ty(pp) D&, so Ti(yp) D, &,—0. But ®,&;~&'; therefore
Ty(pp)®:& =T (wp)€', and we have T (y,)& =0 for all D in K. But this implies & =0; and
we have shown that (0®&') € F = £’ =0. Similarly (§®0)€ F = £=0. This proves the claim.

Now let £€HI(S), n € H5(S), & =B,&, ' =Dyp. I claim that (S;(x)é|n) = (Ty(x)& |’) for
all z in G. Indeed, since @ is connected and since by Lemma 27 these functions are analytic
in z, it will be enough to show that all their derivatives at e coincide, in other words that
o, (81(@)E|n) = o (Ty ()& |7’) for all « in E. But by the remark preceding Lemma 22 and the
definition of ®@, o, (S,(x)&[n)= (S’l(oc){-‘ln) =(Ty()¢ |n') = oo(Ty(2)&|7'); and the claim is
proved.

Integrating the last claim we find that (S,(/)&|n)=(T,()D,|Pgm) (FEL(S), £EHL(S),
n€HY(S)). Let us temporarily denote by M the linear span of the ¢, % f (f€L(G), DER).
Then 8,(f) leaves Hi(S) stable for each f in M; and so the last equation shows that ®,8, ()& =
TN D& (fEM, E€H)(S)). Now, for an arbitrary f in L(G), we can clearly choose a net {f;}
of elements of M such that

8,18, (H§ and T,(f) 6> T, () P, &

Since ®; < F and F is closed we conclude that Si(f)£ €domain (¥) whenever fEL(G) and
EEH(S), and FS,(f)E = T.(f)FE. Again applying the continuity of 8,(f) and T,(f) and the
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closure of F, we find that, for each f in L(@®), the domain and range of F are stable under

8,(f) and T,(f) respectively, and
FoS8,(fy=T,(f)o F on domain(F).

This proves that S and 7' are Naimark-equivalent.

(II). Now assume that S and T are Naimark-equivalent. Then (see § 6) the strictly
smallest dense contractions S° and 7 of the integrated forms of S and 7' are equivalent
under an isomorphism F of H%S) onto H%T). Evidently F,(HP(S))=H/(T) for each D in
R, and so F(H/{(S))=H{(T). Let ®,=F,|H{(S). I claim that ® sets up an equivalence
of 8 and 7. Indeed, if &€ H/(S) and 5 € H4(S), we have (8,(2)&|n) = (T(2) F;&| Fyn) for all
in G. Both sides are C* in x; so, applying the element « of E to both sides, we find that
(Sy()& |) = (Ty() F,&| Fyn). But él(oc) and 7', (x) leave H{(S) and H{(T) respectively stable.
Thus it follows from the last equation that ®,0 S~1(a) =T (x)o®, for all «in E. Similarly
®,08,() = T(a)oD,. Thus S and T' are equivalent.

This completes the proof of the Lemma.

The following lemma strengthens Theorem 16 of [8].

LeEmMA 29. Let S be a K-finite linear system representation of G. Then the following

conditions are equivalent:

(i) 8 is topologically irreducible;
(ii) 8, s (algebraically) irreducible;
(iii) S, is irreducible;
(iv) S is (algebraically) completely irreducible.

Proof. We shall first show that (ii) = (i). Assume that él is irreducible, and let L be a
closed non-zero 8,-stable subspace of H,(S). Let
U= 3 8o (D).
DekK
By Lemma 26 L' is an Sl-stable subspace of H(S). Since »§1 is irreducible, L’ is either {0}
or H{(S). The former is impossible, since L= {0} and therefore Sy(y )L =+ {0} for some D.
Hence L' = H/(S), which is dense in H,(8). So L is dense in H,(S), and therefore L =H,(S).
It follows that (ii) = (i). Similarly (iii) = (i).
Since obviously (iv) = (ii) and (iii), the proof will be complete if we show that (i) = (iv).
Let us therefore assume that S is topologically irreducible, and show that S is completely

irreducible.
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We shall first prove that S is irreducible. Let L be a non-zero S’l-stable subspace of

H{(S). I claim that
L= ZA (HP(S) n L).
DekK

Indeed: It will be enough to show that, if D,, ..., D, are distinct elements of K, & ;EHPI(8) for
each j, and £=37_; £,€ L, then each &,€ L. Let Z, and A, be as in (I) of the proof of Lemma
28. Since Ap,, ..., 4p, are all distinet, we may choose an element a of Z, such that 1, (a)=1
and Ap;(a)=0 for all j>1. Then & =>, lnj(a)§j=;§l(a)§€L. Similarly &,€ L for all 4, and
the claim is proved.

We shall next show that the o(H(S))-closure L of L is S;-stable, and hence equal to
H,(S). For this it is enough to take an element £ of L and an element # of H,(S) such that
(L|n)=0, and to show that (S;(x)¢|n) =0 for all z in G. For each « in the enveloping algebra
E we have «,(S;(z)¢|n) =(S‘1(oc)£[17) =0 (since §,(a)£ € L). Therefore all the derivatives of
x—~>(8,(x)&|n) at e are 0. Since @ is connected and x —~(8,(z)€|7) is analytic (Lemma 27), it
follows that (S,()&|7) =0 for all z.

Assume that L= H{(S). Since L=3,.z (H?(S) N L), there must exist a D in K
and a non-zero % in HP(S) such that (L|n)={0}. But this contradicts the fact that
L =H,(8). Therefore L= H}(8). Thus S, is irreducible. Similarly éz is irreducible.

Hence S is irreducible.

To show now that A§1 is completely irreducible, it will be sufficient to show that the
division algebra 4 of all endomorphisms 4 of H{(S) commuting with each S,(a) (¢ € E) must
be one-dimensional. Let 4 be such an endomorphism. I claim that each HP(S) is stable
under 4. Indeed, let £€HP*(S), and suppose A& =§&, +&,+...+&,, where &,€HPi(8), the
D, ..., D, being distinct. Let Z; and the 4, be as in (I) of the proof of Lemma 28, and choose
@ in Zy so that A, (a)=1 and Ap;{a) =0 for j> 1. Then

E ... +E=AE=A8,(a)E=5,(a) AE=8,(a) (&, + ... + &)= ilo,(a)éﬁfl-
j=1 ¢

Thus &,=...=&,=0, whence 4£€H*(S). It follows that HP*(S) is stable under 4, and the
claim is proved. Let 0=£€H{(S). The map 4 —~AE (4 € 4) is linear and one-to-one (since ,4
is a division algebra), and has finite-dimensional range by the above claim (since HP(S)is
finite-dimensional). Therefore 4 is a finite-dimensional division algebra over the complexes,
and so is one-dimensional. Thus 671 is completely irreducible; and similarly for S,. So S is
completely irreducible and the lemma is proved.

Let us now suppose that K is a fixed connected large compact subgroup of G. (We notice

from Lemma 19 that if G, being a Lie group, has a large compact subgroup, then it has a
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large connected compact subgroup.) Then every topologically completely irreducible linear
system representation T of G is K-finite; and by Lemmas 28 and 29 the equivalence class of
T belongs to £ and depends only on the class in G to which 7' belongs. Thus, if 7' is a class
in G we can unambiguously define 7' as the class in £ to which the restricted infinitesimal

form of any representative of 7' belongs.
TaEOREM 6. The map T T is a one-to-one continuous map of G into B.

Proof. We have seen that it is one-to-one. To prove its continuity, let W< G and let 7'
belong to the functional closure of W. We must show that 7' belongs to the functional clo-
sure of W={S|SEW}.

Choose a D in K which oceurs in T; and let §€HP(T), n€HZ(T), and fECT(G) be so
chosen that (i) f=y %, and (ii) (T',(f)§|n) = 0; such a choice is clearly possible. We now set
$(u) =(T1(n)&|n) (€ M(R)). Then 4 is a functional on M (@) associated with the integrated
form of 7. Since T €W, there is a net {S”} of elements of W, and for each j a functional
¢; associated with S® such that ¢,—4 pointwise on M, (@) (see § 2).

Now CF°(G) is an ideal of Dy(G); hence for each a in E, p % a f belongs to C°(G), and it

makes sense to define the functionals @, ®; on E as follows:
Dla)=d(yp*ax]), Qa)=¢,pp*axf) (a€EH).

Note that @ +0 (since O(1)=d(yy*f)=(T,(f)é|n)=+0); and that ®,—~>d pointwise on E.
Thus it remains only to show that ® and @, are associated with 7' and (S)~ respectively.
Consider the functional ¢;. It must be of the form

Bl = 3 (SP@ Elnd (mEM, (@),

where the &, and 7, belong to H,(8”) and H,(S") respectively. Therefore, if ¢ € E,

y

0= 3 (PpoxaxNblm) = 3 (SMF @ SP() & S wo) ).

Since f=yp*f, SP(f)& and SP(yp)ne are in HI(S?P) and HL(SP) respectively, so
that in the above formula (S?){*(a) can be replaced by (S¥); (a); and we see that ®@;
is associated with (S%). Similarly ® is associated with 7. This completes the proof.

Remark. Tt would be very interesting to know whether the map 7' -7 of Theorem 6 is a

homeomorphism.
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13. Generalized spherical functions
Once again let G be an arbitrary locally compact group. Let u be a fixed small idempo-

tent element of M(@), and « a fixed norm-function on G. As usual L,(G) is the completion
of L(@) with respect to || ||x, L*(@) =u%L(@) % u, and L4(G) is the closure of L#(Q) in L(G).
For brevity we shall write 4 for L4(G). Since y is small, A9 =A™ for some integer n (see
Lemma 12; also [5], Proposition 10; recall that A” = {T €4 |dim(T) < o0 }).

LemMma 30. If SEAY and ¢ €D(S) (see § 2), there exists a unique continuous complex
function y on G such that $(u % f % u) = ey (@)f(x) dAz for all f in L(Q). For some constant k>0
we have [y(x)| <ko(x) for all z in Q.

Proof. The uniqueness of y is evident. To prove its existence, we invoke Lemma 15
to obtain a Banach representation 7' in G n @G, such that 7®=8 and || 7T,|<ka(z)
(x€G). If £,,...,&, is a basis of range(7,), with dual basis £j,...,&;, there will exist complex
numbers ¢;; (4, j=1,...,r) such that

¢(f) = 1.12110” Ei,(Tij)

for all f in L*(G). Now the function

T

y() = 2 & (T, T.6)

clearly has the required properties.

The function y of Lemma 30 will be called a generalized spherical function of type p
associated with S (or with T if T®=8). If y+0, y uniquely determines .S and hence the
Naimark-equivalence class of 7'.

Our goal in this section is to express the functional topology of G, so far as possible,
in terms of the uniform-on-compacta convergence of generalized spherical functions
associated with the elements of G*. Unfortunately we shall have to restrict our attention
to G® n G,, where o is a norm-function fixed as before.

If in Lemma 30 ¢ = (the character of S), the resulting y will be called {;, the spherical
function of type p associated with S (or with T if T® =8).

Lumma 31. Let {S,} be a net of elements of AP such that Xs,—>$ pointwise on A, where
¢=Dha1my Xrgs the Ry,..., B, being pairwise inequivalent elements of A9 and the my, being
positive integers. Then there is a subnet {S,} of {S,}, and for each g there are r +1 generalized
spherical functions B3, ..., B2, 2 associated with S, such that:
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() 3 Byl
(ii) ﬂ%’c—;g‘nk (k=1, ...,7) uniformly on compact subsets of G;
(i) f ¥ (@) @) ddz—>0 for all f in L(G).

G

Proof. Passing to a subnet, we may as well assume (by [5], Proposition 10) that the S,

are matrix representations of 4 all of the same dimension , with

[ (S <ENflle (7)

for all 4, §, and », and f in 4; and that, for each f in 4,
8.(h > eh,

where @ is a matrix representation of 4 (of dimension n) in triangular block form. Along
the diagonal @ contains just the R, (R, occurring m, times), together with the zero repre-
sentation oceurring # — >%_1 m,dim (R,) times.

By the Extended Burnside Theorem there are elements b, of L*(G) (k=1,...,7) such
that, if §, k=1,...,7, R,(by) is the zero matrix if j 4k and the unit matrix if j=k.

For each » and each k=1, ...,r we define the linear functional &; on 4:

&k (f)="Trace (S,(bxxf)) (f€4).

Then &, is associated with S, ([5], Lemma 1), and is bounded in norm uniformly in »; for

f€EA
&1 (f)— Trace Q(by* f) = my Xr,(f)-

Thus, by Gelfand’s Lemma,

51—?”&;‘ Xz, uniformly on norm-compact subsets of 4. 8)

Now, if D is a compact subset of G and f€ L(G), then {u%z % f* u|x€D} is a norm-
compact subset of 4; so by (8)

& (% % by) = My X m, (1 5% 2 by)

uniformly in z on compact subsets of G. Let T', be a Banach representation of G in G* n G,
with T = R,. Since R,(b,) =1, T,(b,%p)=Ty(u) so that

Xr, (1% 2 % by) = Trace (T (% x % b % u)) = Trace (Ty(p %z p)) =g, (7).
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Thus & (1 % % by) = my, (g, () (9)

uniformly in # on compact sets. Now it is easy to see that the left side of (9), as a function
of z, is a generalized spherical function associated with S,.

In view of (9}, defining

Y @)=L, @)~ 3 Bluxaxby,

we shall have completed the proof of the lemma if we prove that (iii) holds. By the definition
of a generalized spherical function,

fy” (@) f(x) dAz = |y" (@) (% | % 1) () dd.
Hence it is enough to prove (iii) for all f in L*(@). For such f we have
[rev@am=r,0- 3 &uxby=2,0- 3 10001200

2 %alf)~ 3 Zolbux fxB) =0,

This completes the proof.

TuEOREM 7. Let § AP, TE€AP. Then the following three conditions are equivalent:

(i) T belongs to the functional closure of §;

(ii) every generalized spherical function on G of type u associated with T can be approxi-
mated uniformly on compact sets by generalized spherical functions of type u associated with §
(i.e., with some S in §);

(ili) some non-zero generalized spherical function on G of type p associated with T can be

approximated uniformly on compact sets by generalized spherical functions of type u associated
with §.

Proof. One sees immediately that (ii) = (iii) = (). We shall prove that (i) = (ii). Assume
{i). Then it follows from Lemma 31 and [5], Theorem 3, that £ is a uniform-on-compacta
limit of genefalized spherical functions associated with §. Now, if g € L#(@®), the generalized
spherical function y, of type u corresponding to the functional f — X .(f % ¢) (f € 4) is given by
vo@) =fe Cl@y)g(y) dAy (x€GQ). Since £, is a uniform-on-compacta limit of generalized
spherical functions associated with §, so is y,. But every generalized spherical function
associated with 7' is a linear combination of such y,. Therefore (ii) holds. This completes the
proof.
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If 8, > 8 in A, when can the spherical functoin of type u associated with S be approx-
imated uniformly on compacta by the spherical functions associated with the §,? The next
theorem tells us that this is the case when 8 and S, all have the same dimension. Thus it

verifies a conjecture of Godement ([8], § 15).

TurorEM 8. Let m be a fized positive integer. Then the map S (g restricted to 4,
(the subset of A" consisting of representations of dimension exactly m) is a homeomorphism
with respect to the functional topology of A ,, and the topology of uniform convergence on compact
sets for the .

Proof. The map {s—S is obviously continuous. To prove that 8 — (s is continuous, we
choose an element 7T of 4,, and a subset § of 4,, containing 7' in its functional closure. We
must show that , can be approximated uniformly on compacta by the {5 (S€S).

By [5], Proposition 10, we may choose a net {S,} of matrix representations belonging
to §, and a constant k> 0, such that

|(Su(f)yy| <kllfll.  (for all 4, j, and all f in 4), (10)

and 8,() > T(f) (11)

(where T is taken to be a matrix representation). By Burnside’s Theorem there is an

element b of L*(G) such that
T(b)=1. (12)

Let & (f)=Trace (S,(bxf)) (f€A). By (11) and (12), if f€L,(G),
Elp [ p) = Xr(b % f6 p) = Xp(p % [ ). (13)

Since the &, as functionals on A, are norm-bounded uniformly in », Gelfand’s Lemma
applied to (13) shows that

Trace (S, (bxz% b)) =&, (u%x%b) > X (% x%b) ={r{(x) (14)

uniformly in # on compact subsets of G.
Let T, be a Banach representation in G n G, such that (7,)* =S, (see Lemma 15).
We shall now prove that

Trace (T, (b % x % b) ~ T\, (u* x % u)) >0 (15)
uniformly in # on compact subsets of G. Since Trace (T, (u % z*u))="{_s (x) and Trace

(T, (b>z%b)) =Trace (8, (bxx*b)), it will follow from (14) and (15) that {5 —{ r uniformly
on compact sets, and the theorem will be proved.
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To prove (15) we observe that

8, (b %z %b) — 8, (1% x% p) = (S,(b) — 1) S, (1 % 2 % ) + 8, (% x % ) (8, (b) ~ 1)
+(8,(B) — 1) 8, (u 3 & % ) (S, (b) — 1) (16)

(S, (u %% p) means that we extend S, to a matrix representation of % M(G)*u, and
evaluate at ux % u). Since S,(b) ~T(b)=1, (15) will follow from (16) if we show that, for
each compact subset D of G,

{8,(u*xxp)|all »,all in D}

is a bounded set of matrices. Let D’ be a compact neighborhood of D, and F the set of all
non-negative elements f of L(G) with supports contained in D’ and with [fdA=1. Since for
xinD 8,(u%x%u) can be approximated by matrices S,(u f%u) with f€F, it is sufficient

to show that
{Su(u*fxu)|allv,all fin F} (17)

is a bounded set of matrices. Let I = sup,., «(x). Then |f|,<! for all fin F, so that
luxfxula<tiule (fEF),

whence by (10) |(S,(u%f%u));| <kl[u«|? for all », all 4, j, and all { in F. Thus (17) is a
bounded set, and the proof of the theorem is complete.

Remark. In the context of Lemma 31, consider the statement that
T
&s,~ 3. miln, (18)

uniformly on compact sets. The only impediment to the validity of (18) is the presence of
the 42 in Lemma 31. It might be conjectured that if all S, were of dimension n, and if
k-1 m, dim(R,)=n, then the y° could be taken to be 0, so that (18) would hold. We have
seen of course in Theorem 8 that this is true if r=1, m, =1. We do not know, however, if it
is true in general. The only bar to carrying through the proof of Theorem 8 in this more
general situation is this: Unless the T' of the proof of Theorem 8 is irreducible, we may not
be able to choose b in L#(G) to satisfy (12), but only to be triangular with ones on the dia-
gonal. But there is one other case in which (12) can still be satistied—namely, when S, and
T are matrix *-representations of the *-algebra L*(GY, i.e., they come from unitary represen-
tations of G. In that case T' is a diagonal block matrix representation, and so b can be
chosen to satisfy (12). Then the proof of Theorem 8 goes through as before.
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Appendix

In this Appendix we give four counter-examples. The first shows that the Galilean
group (defined in the Introduction) is not Banach-representable. In the second we exhibit
a linear system representation 7' of a group such that 7', although not FDS itself, has an
FDS dense contraction. The third (essentially due to M. Tomita) consists of three (not topo-
logically irreducible) Banat;h representations of a group for which Naimark-relatedness
fails to be transitive. In the fourth we show that Naimark-relatedness fails to be transitive
on arbitrary topologically completely irreducible linear system representations of groups.

We do not know of an example of the non-transitivity of Naimark-relatedness involving

only topologically completely irreducible Banach representations of a group.

Ezample 1. Let G be the Galilean group defined in the Introduction. Let L(R) be
the space of all continuous complex functions with compact support on the real line B, and
H the linear system (L(R), L(R)> with the duality (f|g)=f. f(t)g(t) dt. Take a “non-
unitary character” X of R2; that is, for some complex A, u we have X(b, c)=exp (b -+uc)
for all real b,c. We shall define a linear system representation U* of G on H as follows:

(Ut(a, b, ¢) ) (8)=x(b, c + bt) f(t — a),

(Uk(a,b,¢)g) ()) =X(b,c + (t+a)b) f(t + a)
(Ka,b,c>€Q; f,g€ L(R); tE R). One verifies that U* is indeed a linear system representa-
tion of G.

I claim that, if 4+ 0, U* is topologically completely irreducible. Indeed: Let f,,...,f, be
linearly independent elements of L(R), and let g,,...,g, be elements of L({R) such that

2 Wt@b,0h19)=0 )

for all {a,b,c> in G. The claim will be proved if we show that the g, must all be 0. Now let a

be a fixed real number, and define

Fo- [ e awne-aa. @

F is complex analytic, and by (1), F(ub) =0 for all real b. Since u = 0, this implies that F=0,
whence 271 ¢,(¢) f;(t —a)=0 for all real ¢ and a. But this amounts to saying that

S 0, 1,8)=0
j=1

for all real ¢, s. From this and the linear independence of the £, it follows that ¢;=0 for all 5.
So the claim is proved.
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On central elements (0,0,¢> of @, U%(0,0,c) and U%(0,0,¢) are the scalar operators
e“*-1. Now we showed in the Introduction that a Banach representation cannot have this
property unless g is pure imaginary. Hence:

If u is not pure imaginary, U¥* is a topologically completely irreducible linear system
representation which is not functionally equivalent to any Banach representation of G.

Thus @ is not Banach-representable.

Ezample 2. It is very simple to exhibit a linear system representation of an algebra
which, though not FDS, has an FDS dense contraction. But it is slightly less simple to
exhibit such a representation of a group. Here is an example for groups.

Let K be a two-element group {e, #}, I an infinite eyclic group with generator ¢, and @
the free product of K and I (considered as discrete). Let X be the Banach space of all
continuous complex functions on [0, &], with the supremum norm. Let ¢ be the function

in X given by ¢(x)=sinz, A the element of X* given by
2 (* .
A= —f f(x) sin z dz,
TJo

and P the idempotent operator on X given by Pf=A(f)-¢ (f€X). Let T be the Banach
representation of ¢ on X such that 7', =1—2P and (7T,f) (x) = (exp(z)) {(z) (f€ X, 0 <z <n).
If Y is the weakly dense subset of X* consisting of all ¢, (g€ X), where ¢, (f) = [ f(x) g(z)dx,
we note that ¥ is stable under 7%, and so the restriction 7" of (7', T*) to (X, Y is a dense
contraction of the linear system representation 7" =(T, T*> associated with 7.

Now T,—T, has one-dimensional range Co. Further it is easily seen that the linear
span of the (7,)"c (» running over all integers) is weakly dense in X with respect to Y.
Therefore 7" is FDS.

But I claim that 7" is not FDS. Indeed, let X, = {{€ X |{(0) =0}. Since X, is not weakly
dense in X (with respect to X*),it will be sufficient to show that if € L(G) and 7', has finite-
dimensional range, then range (7)< X,. Now clearly T4=1T,+ A4, where p €L(I) and 4 is a
linear combination of terms of the form B,PB,, where B; and B, leave X, stable. Obviously
4 has finite-dimensional range contained in X,. Thus if 7 has finite-dimensional range,
the same is true of T'y; but this clearly implies y =0. So, if 7, has finite-dimensional range,
we have range (7'4) =range (4)< X,,.

Hence 7" is not FDS, but has an FDS dense contraction 7.

Example 3. Let G be the additive group of integers, and S the unit circle {u €C||u| =1}.
Take two Borel measures y, and p, on 8 whose closed support is all of § but which
are not both absolutely continuous with respect to each other. Let X be the Banach
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space of all continuous complex functions on 8, with the supremum norm. Consider
the Banach representations S, 7, and 72 of @ on the Banach spaces X, Ly(u,), and Ly(u,)
respectively, all given by the formula

(Vaf) (W) =u"f(u) (u€S)

(where V is 8, T, or T?, and f runs over X, L,(u,), or Ly(u,)). Now the identity map of X
into Ly(p,) is continuous and one-to-one, and intertwines § and T*. Thus § and 7" are
Naimark-related. Similary § and 7' are Naimark-related. But I claim that 7 and 72 are
not Naimark-related. Indeed 7 and T2 are unitary, and are not unitarily equivalent (since
Hy and u, have different null sets). Now it is known that, for unitary representations of a
group, Naimark-relatedness and unitary equivalence are the same ([14], Theorem 1.2; the
latter is valid for closed unbounded intertwining operators). Therefore 7 and 7 are not
Naimark-related. Thus S, , T, and T? demonstrate the non-transitivity of Naimark-related-

ness for Banach representations.

Example 4. Here is an example of the non-transitivity of Naimark-relatedness
involving only topologically completely irreducible linear system representations.

Let G be the “ax+b" group, that is, the group of all pairs {a,b> where a,b are real and
a>0, with {a,b) {a’,b'>=<aa’,b+ab’y. f 0<p< /4, 0<0o<n/4, and A is any non-zero
complex number, we shall define a linear system representation 7'=T"¢¢ of & as follows:
Let K =K% ? be the family of all entire functions f on C with the following two properties:
(i) f(0) =0, (ii) there exist positive constants k, ! (depending on f) such that | f(re®®)| <le™*"
whenever r >0 and —p <0 <. Clearly (K, K is a linear system under the duality

(f]9) = f " f0)g(o) da.
Now for each <a, 8> in G let
| (T, (2, 0)1) () = 7 f(a2), )
(Ty(a, 0)g) (2) = 452 fla~2) @

(fEK, z€C). Evidently T=T*¢°=(T,,T,> is a linear system representation of G on
H(T)=(K,K). By an argument exactly analogous to that of Example 1 of this Appendix
we prove that 7% ¢ is topologically completely irreducible.

Now we verify that, if —p<6<a, o'=0+0, ¢’ =0—0, and I’ =1e¢®, then

T*e° and T*+¢-° are equivalent (5)

under the isomorphism F: K%° - K® " given by (Ff) (z) =f(¢'’z). Furthermore, if 0 < gy <p,
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0<0,<0, then T%2° is a dense contraction of 7%¢ %, In fact, let L be the Hilbert space
L,([0, ); z-1dx) and, for non-zero real A, let U? be the unitary representation of G on L
defined by the formula (3) (with U? in place of 7). Then it is easy to see that, for real 2,
T*27 is a dense contraction of U*. (Here we identify an entire function with its restriction
to the positive real axis.) It is known that U* is topologically completely irreducible (this
can be proved directly by the argument of Example 1), and that U and U-? are unitarily
inequivalent,

Thus, if 0<e<n/8, Th&e*@® gpd Jrexe tnid.e+ (8¢ 416 dense contractions of U and
Tex0@n®.2.¢ respectively, and are equivalent by (5). Thus U* and T ¢/®-¢ 3re Naimark-

related. Similarly, each consecutive pair in the chain

Ul, Texp(in/B).e.s, ez (in/d), e, e, e Texp(7ln/8), &, s, U—l

is Naimark-related. But we know that the end terms U' and U™! are not unitarily
equivalent, hence not Naimark-related (see Example 3). Hence Naimark-relatedness is not

transitive for topologically completely irreducible linear system representations of G.
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