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Differentiability properties
of Orlicz—Sobolev functions

Angela Alberico and Andrea Cianchi

1. Introduction and main results

In this paper we are concerned with the pointwise behaviour of functions in
certain classes of weakly differentiable functions.

The ancestor of all modern results dealing with pointwise properties of non-
smooth functions is certainly the Lebesgue differentiation theorem, which asserts
that if Q) is an open subset of R™, n>1, and u is a locally integrable function in 2,
then lim, o+ JCBT(ZE) u(y) dy exists and is finite for a.e. x€€), and

(1.1) lim lu(y) —u(z)| dy=0
r—0+ B, (x)

for a.e. z€Q. Here, B,.(z) is the ball centered at x and having radius r, and
fpuly) dy stands for (1/|E|) [ u(y)dy, when E is a measurable set with finite
Lebesgue measure |E|. A point x where (1.1) holds will be called a Lebesgue point
for u, or a point of approrimate continuity for u. (This terminology is borrowed
from [AFP]|, where a comparison with a slightly weaker definition of approximate
continuity due to Federer can also be found.} The function defined as the limit
of the averages of u at those points where such a limit exists, and 0 elsewhere, is
usually referred to as the precise representative of u. Henceforth, we shall assume
that every locally integrable function is precisely represented.

It has been long known that Sobolev functions fulfill (1.1) in a stronger sense,
in that the exceptional set of those points where (1.1) does not hold is consider-
ably smaller. The size of this exceptional set can be properly estimated through
the notion of capacity. Indeed, one of the fundamental fine properties of Sobolev
functions tells us that any element » from the Sobolev space WIIZCP(Q) of functions

endowed with kth order weak derivatives in L¥ ((2) satisfies

(1.2) lim lu(y)—u{x)|P dy=0

r—0+ B (x)
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for every z in Q outside a set of Cj p-capacity zero (see e.g. [AH] and [Z]).

The theory of fine properties of Sobolev functions is strictly related to an analo-
gous theory for the Bessel potential spaces L? (R") (and also for the Riesz potential
spaces), consisting of those functions which are the Bessel potential of order ®€R of
some function in ZP(R™); we refer to [AH] and [A1] for a comprehensive treatment
of this topic. In fact, inasmuch as W*?(R™)=L?(R") for every p€(1,c0) and every
integer k>1, any property of Sobolev spaces can be derived as a special case of a
corresponding property of potential spaces.

Fine properties of functions from potential spaces L4(R™), where the role of
the Lebesgue space LP(R™) is more generally played by the Orlicz space LA(R")
associated with a Young function A, were studied in [CS] in terms of Orlicz capaci-
ties. Results in a similar spirit for functions from first-order Orlicz—Sobolev spaces
VV&:‘(Q) are contained in [MSZ]. Related results can also be found in [AHS2]. Let
us emphasize that, unlike the classical Sobolev spaces, Orlicz—Scbolev spaces and
Orlicz potential spaces do not agree in general, unless the defining Young function
satisfies additional assumptions. Let us also mention that a theory of capacity in
Orlicz spaces requires some regularity of the involved Young function (see e.g. [AB],
[CS] and [AHS1]).

All the above-mentioned results in the Orlicz space setting deal with the Le-
besgue points of functions, i.e. with their (approximate) continuity properties. Our
aim here is to further investigate the regularity of Orlicz—Sobolev functions and to
initiate a study of their differentiability properties.

A classical theorem by Rademacher [R] states that any locally Lipschitz contin-
uous function in an open subset Q2 of R™ (and hence any function from the Sobolev
space V[/licC><> (Q)) is differentiable at a.e. point in €2, and that its classical gradient
agrees with its weak gradient a.e. in 2. An extension of this result ensures that the
same conclusion remains true even for functions from the Sobolev space I/Vlicp (Q),
as long as p>n (see e.g. [EG, Section 6.2, Theorem 1] and [MZ, Theorem 1.72]).
Counterexamples show that exponents p<n cannot be allowed; in fact, for these
values of p, functions from VV&)CP (©) need not even be continuous at any point of €,
nor bounded in a neighborhood of any point of Q ([S1, Chapter V, 6.3]).

When functions from Wli’f (), with 1<p<n, are taken into account, a substi-
tute for these results holds, provided that the notion of classical differentiability is
replaced by that of differentiability in L?" sense, where p*=np/(n—p), the Sobolev
conjugate of p. Precisely, if ueri’Cp(Q) for some pe[l,n), then

"
) )~ (Tute).y=a) [

(1.3) lim

r—0+ B, ()

for a.e. zeQ ([EG, Section 6.1.2, Theorem 2|, [Z, Theorem 3.4.2]). Here, (-,-)
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denotes scalar product, and Vu is the gradient of u. In fact, any such function u
enjoys a slightly stronger property: it is a.e. approximately differentiable in L?", in
the sense that

u(y) —u(z) = (Vu(z),y—=) "
ly—z|

(1.4) lim

r—0t B, (z)

dy =0,

for a.e. z€€).

The borderline Sobolev space Wlicn () has been considered by D. Adams in
[A1], [A2], where, in the spirit of Trudinger’s embedding theorem, it is shown that,
for every function u from this space, a constant o exists such that

r—0+

for a.e. z€$Q, where n'=n/(n—1).

Properties (1.2) and (1.4) are special cases of general theorems for the Sobolev
spaces VVIIZCI’(Q), where the set of points of approximate differentiability of order
me(0, k] with (k—m)p<n is shown to be the complement in  of a set of Cx_p, -
capacity zero. These theorems go back to [FZ] for the case where k=1, and to
[BaZ], [Me] and [CFR] for general k>1. Another notion of differentiability of func-
tions, resting upon the concept of thin set, is that of fine differentiability (see [M1]
and [M2]). Fine differentiability properties of Sobolev functions follow via potential
theory techniques. In particular, both approximate differentiability and fine differ-
entiability of Sobolev functions can be recovered as a consequence of the ultra-fine
differentiability property of potentials proved in [A2].

In the present paper we focus on first order Orlicz—Sobolev spaces, and we
establish optimal theorems of Rademacher type and of approximate differentiability
type in this setting. In particular, we provide a unified framework for the classical
results (1.3)—(1.5). Moreover, in their strongest form, our conclusions also slightly
sharpen these results.

Our proofs rely upon Sobolev spaces techniques, and are related to a method
presented in [S1] and [EG] for ordinary Sobolev spaces. Hence, apart from the
Lebesgue differentiation theorem (1.1), tools from harmonic analysis or potential
theory are avoided. This is of basic importance, since, as already pointed out,
Orlicz—Sobolev spaces and Orlicz potential spaces are not equivalent in general.
Of course, a study of differentiability properties of functions from Orlicz potential
spaces would be of independent interest, but this goes beyond the scope of this
paper.
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We begin our discussion on exhibiting a sharp assumption on A ensuring the
a.e. differentiability of functions from VVI(IDCA (©), which extends the condition p>n
for the ordinary Sobolev spaces VVlif (). The relevant assumption is that A grows

so fast at infinity that

(1.6) /+0o (ﬁ)ﬂm_l) dt < +oc.

Condition (1.6) is known to be necessary and sufficient for I/Vli’cA(Q) to be contin-
uously embedded into the space of locally bounded ([M, Par. 5.4], [T1], [C1]) and
also continuous ([C1]) functions. Here, we prove the following result.

Theorem 1.1. Let ) be an open subset of R™ and let A be a Young function
satisfying (1.6). If ueVVhl)’CA(Q), then u is differentiable a.e. in Q and ils classical
gradient agrees with its weak gradient a.e. in 2.

Remark 1.2. A theorem by Stein [S2] ensures that any weakly differentiable
function whose gradient is in the Lorentz space Lﬁ)cl (1) (a space strictly contained
in L7 ()} is a.e. differentiable in . Since

loc
miey= J L),
A satisfies (1.6)

(see [KKM]), then Theorem 1.1 turns out to be equivalent to the result of [S2].
We present here a direct proof of Theorem 1.1, which, in particular, provides an
alternative approach to Stein’s theorem.

Assume now that

(1.7) /M <ﬁ>1/(n1) dt = +cc.

With condition (1.7) in force, the a.e. differentiability of functions from W.2(Q) is

loc
not guaranteed anymore, as demonstrated by the following proposition.

Proposition 1.3. Let Q be an open subset of R™ and let A be a Young func-
tion satisfying (1.7). Then there exists ueWé’f(Q) such that u is nowhere differ-
entiable in €.

On the other hand, under (1.7) results in the spirit of (1.3), (1.4) and (1.5)

can be shown to hold, where the role of the function t?*, or ef” —1, respectively, is
played by the Sobolev conjugate A,, of A defined by

(1.8) An(t)y=AcH, '(t) for t>0,
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where H ! is the (generalized) left-continuous inverse of the function H,,: [0, co)—
[0, 00) given by

(1.9) Ho(r) = </0 (ﬁt))ﬂ(nl) dt)l/n, for 1> 0.

Obviously, for H,,, and hence A,, to be well defined, A has to fulfill

(1.10) A(%)ﬂ(nl) dt < +o0.

However, this is by no means a restriction, since VVI}DCA (Q) is unchanged if A is
modified near 0; thus, we may always assume that (1.10) is satisfied on replac-
ing, if necessary, A by an equivalent Young function near infinity. Under custom-
ary regularity conditions on Q, L“4»(Q) turns out to be the smallest Orlicz space
into which WH4(Q) is continuously embedded ([C3]; see also [C2] for an equiva-
lent formulation). A corresponding Sobolev—Poincaré type inequality suitable for
our applications is recalled in Theorem 2.1, Section 2. The relevant results about
LA~ differentiability are contained in the next two theorems. In the statements,
LA7(B,(x)) denotes an averaged Luxemburg norm-—see Subsection 2.1.

Theorem 1.4. Let Q be an open subset of R™ and let A be a Young function
satisfying (1.7) and (1.10). Assume that ue W A(Q). Then, for every o>0,

loc

(111) lim An(IU(y)—U(x)-WU(éE),y—@I) dy—0
Br(z)

r—0F or

for a.e. x€Q, and hence

u(-) ~u(z) = (Vu(z), -—=)
r

(1.12) lim =0

r—0t+

LAn (Br(z))
for a.e. €.

Theorem 1.5. Under the same assumptions as in Theorem 1.4, for every
o>0,

13) iy o (e Syl

r—0+ B.(x) O'|:l./—$,

for a.e. x€Q), and hence

=0

(1.14) lim

r—0+

£An (B (z))

for a.e. x€f).
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Since A, (t) is equivalent to t?” when A(t)=t? for some p€([1,n), Theorems 1.4
and 1.5 recover (1.3) and (1.4), respectively. In the following corollary, Theorems 1.1
and 1.5 are applied to the borderline spaces I/VlicA (Q), with A(t)=t"log“(e+t),
which have attracted much attention in recent years (see e.g. [FLS], [EGO], [CP]
and [AHS2]). Obviously, the important special case (1.5) is included here.

Corollary 1.6. Let Q be an open subset of R™ and let A(t)=t"log"(e+1),
with a>0. Let ue WA ().
If a<n—1, then, for every o >0,

im ex f1t(y)—u(x)~<vu(x)7y7m>| n/(n—l;a)_ B
(115) 1 Bm( p( ol ) 1) et

r—0+
for a.e. z€Q), and hence

u(-) —u(x) —(Vu(z), —x)

(1.16) lim
|-~z

r—0t

=0
Lexpn/{(n—1—a) (BT(I))

for a.e. x€Q. Here, L¥®"(B,(z)) stands for the Orlicz space associated with the
Young function e*’ —1 with ¢>1.
If a=n—1, then, for every >0,

1.17)  lim " (exp <exp<‘“(y)“($)_<vu(x>’ y—2)| >n> —e> dy =0

e aly—z|

for a.e. x€S), and hence

u(-) —u(z) = (Vu(z), —z)

|l =0

Eewp e’ (B, ()

(1.18) lim

r—0+

for a.e. z€Q. Here, Lexpexp” (B(x)) stands for the Orlicz space associated with
the Young function exp(exp(s™))—e.
If a>n—1, then u is differentiable a.e. in Q.

We now address the problem of whether conclusions (1.3)—(1.5), and, more
generally, (1.11), can be somewhat sharpened. Consider first (1.3), involving the
norm in L?” (), the Lebesgue space into which W?(Q) is continuously embedded
when (2 is a sufficiently smooth open subset of R™. This embedding is optimal, as
long as Lebesgue (and also Orlicz) range spaces are allowed, but it can be improved
if Lorentz spaces are employed. Actually, WP(Q) is continuously embedded into
the Lorentz space LP '?(Q), a space strictly contained in L?" (), whenever 1<p<n.
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Moreover, LP P(Q) is known to be the smallest rearrangement invariant range space
for Sobolev embeddings of W?(Q) ([CP], [EKP]). Thus, one may expect that a
result in the spirit of (1.3) holds with the LP -norm replaced by the LP"P_norm.
This is indeed the case, and it follows as a special instance of Theorem 1.7 below.
This theorem relies on a version for Orlicz—Sobolev spaces W14 (), recently proved
in [C4], of the Sobolev embedding into Lorentz spaces, which involves certain spaces
of Orlicz—Lorentz type and yields the best possible rearrangement invariant range
space—see Theorem 2.3, Subsection 2.3. Here, a key role is played by the Young
function Dy ,, associated with any Young function A satisfying (1.10)} as follows.
Let a: [0, +00) —[0, +00] be the non-decreasing left-continuous function such that

¢
A(t):/ a(r)dr fort>0,
0

and let d:[0,4+00)—>[0,400) be the left-continuous function whose (generalized)
left-continuous inverse obeys

Then
t

(1.19) DA’n(t):/ d(r)dr for t>0.
0

Let us notice that A always dominates D4 ., and is in fact equivalent to Dy, if
and only if A(t) is strictly below t" (see [C4, Proposition 5.2] for a precise statement
of this fact). For instance, if A(t)=t* with 1<p<n, then Dy ,(t) is equivalent to
tP, but if A(t) is equivalent to t™ near infinity (and satisfies (1.10)), then D4 ,(¢) is
equivalent to t™log™ " (e+t) near infinity.

Theorem 1.7. Let €2 be an open subset of R™ and let A be o Young function
satisfying (1.7) and (1.10). Let ue WhA(Q). Then there exists a constant n>0
such that

. |Br ()] _
(1.20) lim Dan(ns ™ (u(-)—u(z)— (Vu(z), —z))*(s)) ds =0

r—0t Jo
for a.e. x€). Here “x” stands for the decreasing rearrangement.

Remark 1.8. Theorem 1.7 strengthens Theorem 1.4, gsince a constant k, de-
pending only on n, exists such that, for any measurable subset  of R™ and any
Young function A satisfying (1.7) and (1.10),

klf(x))
(1.21) /Q An (4(1‘00" Dan(r=t/nf*(r))dr)t/n

) dr < /Oo Dan(r V" f*(r)) dr
0
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for every measurable function f in Q. Thus, in particular, Theorem 1.4 could be
deduced from Theorem 1.7, via (1.21). We are not going to prove inequality (1.21)
for a general A; let us just mention that it can be established by the methods of
[C4, Theorem 4.1]. Instead, we illustrate the situation in the classical setting where
A(s)=sP with pc[l,n). Let ue WP(Q2). Then (1.20) yields

(1.22) lim flu(-)—w(z) = (Vu(z), =) 2r» (B, (2)) =0

r—0+

for a.e. €. Since a constant ¢, depending only on p and n, exists such that

1 £l o= (B, 2y S e fll gom (B, (2))

for every feLP P(B,(z)), then (1.22) implies (1.13). Equation (1.22) contains
however more accurate information, due to the strict inclusion of LP"?(B,(z)) into
¥ (Br(x)).

Let us also notice that, when A(t) is equivalent to t™ near infinity, and hence
D4, (t) is equivalent to ¢"log™ "(e+t) near infinity, then (1.20) is related to the
embedding of [BW] and [H].

The remaining part of the paper is organized as follows. Section 2 contains
the necessary background from the theory of Orlicz spaces and, more generally,
rearrangement invariant spaces, as well as some preliminary results about Sobolev—

Poincaré type inequalities in Orlicz—Sobolev spaces. Proofs of the results stated
above are presented in Section 3.

2. Background and preliminary results
2.1. Rearrangements and rearrangement invariant spaces
Let 2 be a measurable subset of R™. Given any real-valued measurable function
v in 2, we denote by u*: [0, +00) =0, +00] its decreasing rearrangement, defined as

u*(s)=sup{t>0:|[{x€Q:|u(z)| >t} >s} fors>0.

It is easily checked that «* is non-increasing and right-continuous in [0, +o00), and
that v* and u are equidistributed. Note that the support of u* is contained in
[0,192]}. The function u** is defined by u**=(1/s) f; u*(r) dr for s>0.

The signed decreasing rearrangement u° of u is the function from [0, []] into
R given by

u’(s)=sup{tcR: {z € Q:u(z) >t} >s} for s€]0,|Q]].
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A rearrangement invariant space— briefly, an r.i. space—X (€2) is a Banach function
space whose norm || - [ x () satisfies

(2.1) vl x ) = llullx @), ifu"=v".

The associate space X (Q) of X () is the r.i. space defined as
X'(Q) = {v ;v is a real-valued measurable function in  and
/Q |uv| dz < oo for all uEX(Q)}
and is endowed with the norm

dx
(2.2) T p— UL Ly
wro [ullx(e)

As a consequence, the Holder type inequality

(2.3) /Q ju] de < [[ull x oy o e

holds for every ue X(Q) and ve X' ().
The fundamental function px of X () is defined in [0, |2]] as

ex(t)=lxelxq for te[0, |9,

where F is any measurable subset of € such that |E|=¢t. The fundamental functions
of X(€2) and of X’(Q) are related by the equality

(2.4) ex(tiox ()=t for te 0, |0l

We refer to [BS] for more details on these topics.

2.2. Orlicz, Lorentz and Orlicz—Lorentz spaces

Let Q be a measurable subset of R™, and let A be a Young function, as defined
in Section 1. Then the Orlicz space LA(Q) is the set of all real-valued measurable
functions w in 2 such that

(2.5) ||u|\LA(Q):inf{A>o:/QA<@> dxg1}
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is finite. The expression || - |4 (q) is called the Luzemburg norm; clearly, LA(Q) is
an r.i. space equipped with this norm. The space Li_(Q) is defined as the set of
those functions which belong to LA(') for every compact subset 2 of . When
2] <00, we define the averaged norm || - || ga(q) as in (2.5) with [, replaced by f,.
Notice that the Lebesgue spaces LP({)) are recovered as special instances of Orlicz
spaces with A(s)=s?, if 1<p<oo, and with A(s)=0 for 0<s<1 and A(s)=+o0c for
5>1, if p=+oc0. In both cases, || - |/ a(q) agrees with the usual norm in LP(£2).
Notice also that

1

Ixellza = —
(@)
E]

(2.6)

for every subset E of  having finite measure. Hereafter, A~! denotes the (gener-
alized) right-continuous inverse of A.

The associate space of L4(Q) is, up to equivalent norms, LA(Q), where A is
the Young conjugate of A defined as A(s)=sup{rs—A(r):r>0} for s>0. In fact,
one has

(2.7) vl L) < llvliay@ <2lvlLag

for every UELA(Q).

A function A is said to dominate another function D near infinity if positive
constants k and s exist such that D(s) <A(ks) for $>s.. If this inequality holds
for every s>0, then A is said to dominate D globally. The functions A and D
are called equivalent near infinity [resp. globally equivalent] if they dominate each
other near infinity [globally]. If A and D are Young functions, then the inclusion
LA(Q)C LP(Q) holds if and only if either |Q2|=co and A dominates D globally, or
|2]<oo and A dominates D near infinity. Hence,

(2.8) LA Q) CLP (Q) if and only if A dominates D near infinity.

Lorentz spaces represent another example of r.i. spaces. Recall that, if either
1<p<oo and 1<g<oo, or p=¢=00, the Lorentz space LP2({2) is the space of real-
valued measurable functions « in G such that the quantity

(2.9) Jull zoacey = 18477 90" (8) ]| Lao,10)

is finite. Such a quantity is a norm in LP9(Q) if ¢<p. In general, it can be turned
into an equivalent norm after replacing v* by u** in the right-hand side of (2.9).
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The averaged norm | - || zr.q() is defined accordingly, with | - || a0,y replaced by
I~ [l 220,12 in (2.9).

Various notions of Orlicz—Lorentz spaces have been introduced in the litera-
ture, in the attempt of providing a unified framework for Orlicz and Lorentz spaces.
Here, we need to work with spaces from a family of Orlicz—Lorentz spaces consid-
ered in [C4] and defined as follows. Given any g€ (1, 00| and any Young function
D satisfying [™(D(¢)/t}79) dt<oo (if g<o0), we call L(g, D)(Q) the r.i. space of
those real-valued measurable functions u on € such that the norm |ju|| (g, py)=
||8—1/qu*(3)||LD(0"QD is finite. Plainly, the Orlicz spaces L*(Q) and the Lorentz
spaces LP?(}), with ¢<p, are recovered as special cases of the spaces L(q, D)(Q2).

2.3. Orlicz—Sobolev spaces

Let €2 be an open subset of R™ and let A be a Young function. The Orlicz—
Sobolev space WHA(Q) is defined as

WhA(Q) = {u:uc LA(Q), u is weakly differentiable in Q and |Vu| € LA(Q)}.

The space VVﬁ)CA (Q) is defined accordingly. Furthermore, we denote by W, ’A(Q)
the subspace of Wh4(Q) of those functions u which vanish on 0, in the sense
that the continuation of u outside © by 0 is a weakly differentiable function in R™.
A Sobolev-Poincaré type inequality with sharp Orlicz range norm is given by the
following result.

Theorem 2.1. Let B be any ball in R™. Let A be a Young function satisfying
(1.10) and let A,, be the Sobolev conjugate of A defined by (1.8). Then a constant
ky(n}, depending only on n, exists such that

(210) HU_UB”LAn(B)Skl(n)H {Vul HLA(B)
for every weakly differentiable function u in B such that |Vu|€ LA(B). Here, ug=
f 5 u(z) dz, the mean value of u over B.

A proof of inequality (2.10) is given in [C2, Theorem 2] (for a much larger class
of ground domains ), with A4, replaced by the Young function 4,, given by

(2.11) fln(s):/ r”/_l(dyfl(r"/))"/ dr for s >0,
0
én(s) :n// :S;), dt for s> 0.
0

Thus, Theorem 2.1 follows from this result and the next lemma, a combination
of [C4, Lemma 2.4] and [C3, Lemma 2].
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Lemma 2.2, Let A be a Young function. Then

too sy \/{nmD) +o0 A(t)
(2.12) / <M) dt <400 if and only if / e dt < 400

and

(2.13) /o(%) dt <+4oo if and only if /0 pm dt < +o0.

If (1.10) holds, then the Young functions A, and A, defined by (1.8) and (2.11),
respectively, are globally equivalent with equivalence constants depending only on n.
Moreover, the function given by

An(s)= (5971 ()" for 20
satisfies
(2.14) A7) = 1) Xeomey (M paoey for 50,

and is globally equivalent to A, and to A,, with equivalence constants depending
only on n.

Theorem 2.1 is a key tool in our proof of Theorem 1.4. The proof of The-
orem 1.7 requires the stronger Sobolev—Poincaré inequality, involving norms of
Orlicz-Lorentz type defined in Subsection 2.1, contained in the next result.

Theorem 2.3. Let B be any ball in R™. Let A be a Young function satisfying
(1.10) and let D4 p be the Young function associated with A and n as in (1.19).
Then there exists a constant ko(n), depending only on n, such that

(2'15) HU_UB”L(n,DA,n)(B) < kz(n)H |VU’ HLA(B)

for every weakly differentiable function u in B such that |Vu|€LA(B).

A version of (2.15), with [u—upll(n,p, .)(B) replaced by [lullLn,p, )5y and
for functions ue W, “4(B), is established in [C4] via symmetrization and interpola-
tion techniques. The proof of Theorem 2.3 follows an analogous scheme. However,
the first part of the proof, whose task is to reduce (215) to a one-dimensional
inequality, is more delicate, due to the fact that functions are taken into account
which do not necessarily vanish on 0B. The symmetrization argument in this case
rests upon a form of the Pélya—Szegé principle (see e.g. [C1]), which tells us that if
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A is a Young function and u€ Wh4(B), then u° is locally absolutely continuous in
(0,|B]), and a constant ks(n), depending only on n, exists such that

) n' du’®
210 [ratmmint (. B G ) <[ 194 [
s LA(0,|BI)
Proof. We have
(2.17) lu—uglliinDa.yB) =1 —uBlLo,pa )0 8-

By the triangle inequality and the very definition of the norm in L(n, D4, )(0, |B|),

0" —up|lL(n,Daw)018) < (W —uB)X(0,B1/2)/lL(n,Da)0,1B)
+(w” —uB)x(BI/2,B) LD a0, BI)
(2.18) =|I(- )71/71((“0 _UB)X(O,\B|/2))*( M pram (0,/B])
HNC) TV (= us)xs1/2180) () om0, 8-

Since u° is locally absolutely continuous in (0, |B|), it is easily verified that

19) (s un- [ . (xearmn )5 ) (-5 ) ar ox se 0,18,

Let ¢(s) be the right-hand side of (2.19). The function ¢ is non-increasing in
(0,1|B]) and non-decreasing in (3|B|, |B|). Hence,

(exo,181/2))" (8) = ()X (0, B1/2)(5)s

(2.20) (exB1/2.18)) () =¢(|B|=$)x(0,1B]/2) (8)

for s>0. From (2.18)—(2.20) we infer, after a change of variable, that

(2.21)
d o
(— i(r)) dr
dr LPAR(0,B))

v —uB| L(n.0an)0.B])
du’®
(— o (|B|—r)) dr

o |B| .
SH(') X(O,\B|/2)(')/O
Now, define the linear operator T', at a locally integrable function ¢ on (0,|B]), as

X<~,|B\>(T)—|—B—]

,
X(~,\B|)(T)_|“B—|

i 15
+H(-> "xtoima) [

LP 4 (0,|B)

T

_|_'§| q][)(T) dr for s¢& <0, ‘BD

|B| ,
T¢(8)=5*1/"X<o,\3|/2>(8)/0 rot/m ‘X(&BI)(T)




14 Angela Alberico and Andrea Cianchi

If we prove that a constant ¢, depending only on n, exists such that
(2.22) 1760 200, 31y < ¥l 220,31

for every ¢€LA(0,|B|), then we deduce from (2.21) and from the Pdlya—Szegd
principle (2.16) that
o du
VA C el
S E0)

(-5 0)

< 2cks(n)|| [Vul HLA(B)'

[u* ~uB|lL(n,Da )0, B)) S €
L4(0,|B))

(2.23) e

LA(0,1B))

Hence, (2.15) follows with kz(n)=2cks(n). As for (2.22), it is not difficult to show
that constants ¢; and co, depending only on n, exist such that

(2.24) 1T% 210,18 < e1ll¥llzro, B))

for v €L'(0,|B]), and

(2.25) T3] oo 0,18) < C2l|¥limr(0,18))

for 1€ L™1(0,|B|). Thus, by the interpolation theorem [C4, Theorem 3.1], inequal-
ity (2.22) holds with c=max{cy,ca}. O

3. Proof of the main results

Our approach exploits some recent developments in the theory of Orlicz—So-
bolev spaces, as well as techniques employed in [S1] and [EG] for ordinary Sobolev
spaces. An underlying idea is to make use of the Lebesgue differentiation theorem
applied to the gradient of a weakly differentiable function. In this connection, a
basic result in the present setting is contained in the following lemma.

Lemma 3.1. Let Q) be a measurable subset of R™ and let A be a finite-valued
Young function. Let f€LA(Q). Then there exists \>0 such that

o fw)—f@)y ,
(3.1) 1 B(w)A< )dy 0

r—0t A

for a.e. x€Q.

A proof of Lemma 3.1 closely follows that of [EG, Corollary 1, Section 1.7.1].
We include it for completeness. Let us emphasize that this proof, as well as the
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proofs of the other results of this paper, does not rely upon approximation argu-
ments. This is of fundamental importance, since any such approximation argument
would require a Ay condition on the Young function A, an assumption which we
never make in this paper.

Proof. Since f€L#, there exists A>0 such that [, A(4]f(y)|/X) dy<-+oco. Con-
sequently, for every t€R and for every subset E of {1 having finite measure,

[E <2|f(/\) 1>dy§/E (M)
S%/EA(zllfgfl)I)dy‘F%/EA(zd%) a
L a3 gy L a (o

< +40o0.

Thus, A(2|f(y)—t|/N) €L (Q) for every teR. Let {t;}ien be any dense sequence
in R. By the Lebesgue differentiation theorem (1.1), a family {N;}ien of subsets
of Q exists such that, for every i€N, |N;|=0 and

i () e ()

for every €\ N;. Hence, by setting N={J,.y Vi, we have that |[N|=0 and

: 21/ (y) —til 2if (=) —ti|
2 1 Al —L——
(3 ) T—1>ré1+ B, (%) ( A dy A )\
for every € Q\N. Now, fix any z€Q\N and any £>0, and choose ¢;€R such that
2
(3.3) ( |f()\) I) <e.

Thus, by (3.2) and (3.3),

imsup ]i . A(@/);_MLI> < tms ][B » A(|f<yl-ti| N if(a:;—til) "
il f,, ()
. A<2|f( A) |>}
4 <2lf(xA)~ti|>

<Ee€.

Hence, (3.1) follows, owing to the arbitrariness of . [
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Proof of Theorem 1.1. Thanks to (2.8), after replacing, if necessary, A with
another Young function still satisfying (1.6), we may assume that A is finite-valued.
Let vGVVliCA (Q). By (1.6) and by [C1, Theorem 1b], v is a continuous function. Fix

any €} and any >0 such that B,(2)€Q. Plainly,

(3.4) |v(y)*l’($)f§][ ( )(Yv(y)*U(Z)HW(QT)—U(Z)DdZ

for y& B.(x). By [EG, Lemma 1, Section 4.5.2] (which is stated for veC'(B,(z)),
but continues to hold even if v is any continuous function from W!(B,(z))), a
constant ¢g(n), depending only on n, exists such that the right-hand side of (3.4
does not exceed

co(n) </Br(m) V()] |z —y[ " dz+/Br(w) |Vo(2)] |z —z|' " dz>‘

Hence,
w(y)_v(l’)l n v(2) 12— 1-n vl lz2—z l=n g,
Pt < )<JZBT@) Vol 2 -] d”][w V()] |24l d)
(3.5) <2c0m) (|| 1=y 24, oy

+|| |-zt nH-LA(BT(m)))H Vol HaEA(BT(x))'
After denoting the measure of the unit ball in R™ by w,,, we have

<[l

3:6) {11 ="l tags, oy < " g =n ™ 1) ka0 15, @)y

where the inequality is a consequence of the Hardy—Littlewood inequality (see e.g.
{BS, Theorem 2.2, Chapter 2|) and the equality is due to the fact that

(=l ") =wi/ ™ s
for s>0. Combining (3.5) and (3.6) yields

(3.7) %@ < Adeo(n)wr/™ (- )*””'Hymgr(@pﬂ Vol || pags. 0y

for y& By (z). By setting

(3.8) F(t)=n/t" / f(:), dr for t>0,
t
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we have

(3.9) |/B < s )ds-F(W) for A 0.

Notice that, by (2.12), F(t) <+4oo for every ¢t>0; moreover, F' strictly increases from
0 to +o0 as t goes from 0 to +oo. Hence,

1

(3.10) 1™ sk 080000 = 15, T F D)
From (3.7) and (3.10) one gets
(3.11) lv(y)—v(z)| < 46}(;(_#” IVl | a ey

for yeB,(x). Now, let A be any positive number such that fBr(x) A(|Vol/X) dy<
+oo. Let us set M:fBT(z) A(|Vv|/X) dy and

(3.12) Ap(s)y=—+= fors>0.

By the definition of the averaged Luxemburg norm, we have || |Vv|/)\H£AM (B(2)) =
1. Moreover, if we let Fyr be the function defined as in (3.8) with A replaced by
Ay, then Fyy(t)=(1/M)F(tM) for >0, whence F,,' (s)=(1/M)F~'(Ms) for s>0.
Consequently, setting

L(s):% for s >0

~H(s)
and applying (3.11) with v replaced by (1/A)(u(y)—u(z)—(Vu(z),y—z)) and with
A replaced by Ay yield

(3.13) M) —u@) A<TW( z),y—)| §4C°(n)w”L<]{gr<x)A<M)«;M) dy>

for ye B.(x).

An application of the I'Hospital rule shows that lim; .o F(t)/t=0, whence
lim,_,o L(s)=0. By Lemma 3.1, for any fixed open set Q' €2, the averaged in-
tegral on the right-hand side of (3.13) converges to 0 as r goes to 0 for a.e. z€ if
A is sufficiently large. Thus, (3.13) applied to r=|y—x|, ensures that

(3.14) L [e@) —w(@) = (Vu(@). y—)|
’ y—0 |y—.'1,‘1

=0

for a.e. x€€). Hence, the conclusion follows. [
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Proof of Proposition 1.3. When A satisfies (1.7), as a consequence of [CI,
Theorems 1a and 1b] and of Lemma 2.2, W4 (B;(0)) is not continuously embedded
into L>°(B1(0)). In particular, an inspection of the proofs of those theorems reveals
that a sequence of nonnegative spherically symmetric functions {ug}ren can be
chosen in such a way that ukEWOl’A(Bl (0)), fBl(O) A(lVugl|) dz<1 and esssup ug=
ur(0)>4F. Let us still denote by wuy the continuation by 0 of uy outside B1(0).
Thus, uy is weakly differentiable in the whole of R™. Let {zs}ren be the sequence
of points in R” with rational coordinates, and let u: R™®— [0, +00) be the function
defined as u(z)=>_ ;o (1/2")up{z—ax) for zeR™.

Since esssup ug(2r)>(1/2¥)ug(0)>2%, w is not essentially bounded in any
neighborhood of any point of B;(0). Hence, u is not equivalent to any function
which is differentiable at some point of B;{(0). On the other hand, inasmuch as
fBl(o) (Jug)) dx<f31(0> A(|Vuy|) dz for every k (see [T2, Lemma 3]),

/31(0) A(lM:ﬂ)')de/El(o)A(i 2%|uk(:v—:pk)|) dz

k=1
1
A(lup(z—2x)| SE —,;Z ,
B (0

where the second inequality is due to the convexity of A. Thus, ue LA(B;(0)), and

since
A( —{Vuk(x—xk)|> dx < —/ A(|Vug(z—x)]) dz
/}31(0) :4;12’“ ,;2k B.(0)
1
<D =L
k=1

u is easily seen to be a weakly differentiable function in B (0) with

/ A(Vu(@)]) dz < 1.
B, (0)

Hence, uc Wh4(B,(0)). O

The proofs of Theorems 1.4 and 1.7 require the next lemmma, containing a weak
version of (1.11).
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Lemma 3.2. Let ) be an open subset of R™ and let A be a Young function.
Assume that ueVVl})CA(Q) Then
(3.15)
B7(®) Bsr(z)

T 0<s<1

for a.e. x€Q and for every r>0 such that B, (z) €.

Proof. Let uEVV]iCA(Q) Hence, in particular, ueVVlic1 (©). Thus, for a.e. z€
2, v is absolutely continuous on a.e. ray issued from z (see e.g. [Z, Chapter 3,
Exercise 3.15]). Fix any such « and let r be a positive number such that B,.(z)&S.
Then, for a.e. y&€ B, (x), the function s—s>u(z+s(y—x)) is absolutely continuous in
[0,1]. Moreover,

(3.16) %u(xﬂLs(yﬁ:c)) =(Vu(z+s(y—=z)),y—x)
for a.e. s€[0,1] (see e.g. [AFP, Theorem 3.108]). Consequently,
BT uly)~ua)~(Vulz).y—o) = [ (Vule+a(y—e))~Vu(r). y=a) ds

for a.e. y€B,(z). Hence,

][ A(IU(y)*U(x)<VU(z),y~w>|) dy
By (x)

r

<f A vuterstu-a) v -aias) dy

SJ{M) /O1 A(%\Vu(ﬂc—i—s(y—x))Vu(wﬂ |y—x|) ds dy
(3.18) :/O1 ésr(x)A($1Vu(z)—Vu(x)| |z—x|> dz ds

</01 ]{Bsrm A(IVu(z)-Vu(z)]) dzds

< sup ][B ANV -V ¢

0<s<1

where the second inequality holds by Jensen’s inequality. [
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Proof of Theorem 1.4. Fix any open set ' €Q. Let z€Q’ and >0 be such
that B, (z)€®’. Let veW,5*(Q). Then

[Vl Lan (B S v—vB, @) LAn (B (2)) T[VB () | LAn (B, (2))
< kl(”)H |Vl HLA(BT(;C))+H’”Br($)“[/‘“(3-,—(l))
) ,
Skl(n)“ |VU| HLA(BT(I))+W/B ) |v] dm””lLAn(Br(z))

(3.19) <k ()| 1V || a5, 0
i IBTQ(J:)I oz @ @p s, @yl Hizan o)

=k )| VOl ]| a5, ()
) 1

2 lliaee '
+[Br(a;)l (Bx( ))/11(73:@) A51<|Brl(x)1>

Notice that the second inequality holds thanks to the Sobolev—Poincaré inequality
(2.10) and that the last equality follows from (2.6). [C2, Inequality (3.26)] and
Lemma 2.2 ensure that a constant c;(n), depending only on n, exists such that

1

t1/n" A=1 1 At 1
t t

Combining (3.19) and (3.20) yields

(3.20) <ei(n) for ¢>0.

v ‘

(3'21) HU”LAn(BT(:c)) <ki (n)H |V1}' ”LA(BT(x))+2cl (n)wr:l/n

rllLAB.(z))

Assume for a moment that the quantity

(3.22) /Br(m) A(IV)) dy+/BT(m> A(@) dy

is finite, and call it M. For such a choice of M, define Ay as in (3.12), and observe
that, if (Anr)y is the function associated with A as in (1.8), then

1 t
Since

v
H ivv‘ ||LAM(B,(1‘)) S 1 and H;J

<1,
LAM (Br(z))
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then, after replacing A by As in (3.21), one gets
(3.24) [0l Learnn (s, (@)) < c2(n),

where cz(n):kl(n)—}-Qc(n)w;l/n. From (3.23) and (3.24) we deduce that

f An( [o(y)| w)
(3.25) o C3(n>r<][Br($) A(WUDdH]{eT(z) A(%) dz)

<f avehdy+f A(i)dy,
By (x) Br(x) r

where c3(n)=co (n)w}/ ". Obviously, inequality (3.25) continues to hold even if the
expression (3.22) is infinite. Applying (3.25) with

dy

o(-) = 5 () ~u(a) ~(Vu(z), —a))

and A>0, and setting

w1 o) T g f y NECEICELICRE TP

A Ar
yield
u(y) —u(z)— (Vu(z), y—z)|
Define
o) a2 sy f AT g,

Then we get from (3.26) and from Lemma 3.2,

July) —u(z) = (Vu(z), y—=)| .
(328) fé}r(m) An< )\03(77,)7’¢(7’,=’17)1/n ) dy§¢<77 )

for a.e. €Y. By Lemma 3.1, a number A exists such that lim,_,o ¢(r,z)=0 for
a.e. z€€). Fix any such z. Given any >0, there exists r. such that ¢(r,z)<e if
0<r<re. Thus, by (3.28),

(3.20) /o IR TGRE AP

Aez(n)rel/n
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if 0<r<r.. Choosing e<(g/Ac3(n))™ in (3.29) yields (1.11).
Finally, given any ¢>0, fix any z for which (1.11) holds. Then there exists

rs >0 such that
[ (st ey,
BT(x) or

if 0<r<r,. Hence,

u(-)—u(w) = {(Vu(z), -—x)

r

<o

LAn(By(x))

if 0<r<r,, and (1.12) follows. O

Proof of Theorem 1.5. The conclusion will be derived from Theorem 1.4, via a
discretization argument (see e.g. [AFP, Example 3.16]). Fix any open set ' €2, Let
2€Q’ and r>0 be such that B,(z)€S. Let ueW,>*(Q) and let ¢ be the function,

non-decreasing in r, defined by (3.27). Let c3(n) be the constant appearing in (3.28).
Given any A>0, we have

u(y) —u(z) = (Vu(z),y—)|

][r(m) An( 2)\03(n)|y—x'¢>(r,w)1/” )dy
- |u(y) —u(@) = (Vu(z),y—)|
;“W" /72 (@N\B,y i1 (2) A”( 2xc3(n) ly —x|B(r, x)1/m )dy

330) <Y = ( e )

1=0 Ba-
Ny |u(y) —u(z) = (Vu(e),y—)|
“;2 ][37.21(96) An( 7'272.)\03(71) ( 2—1 ;L‘)l/" )dy

By inequality (3.28) applied with r replaced by r2~% for i=0,1, ..., the last sum
does not exceed Y o0 27" @(r27% x) for a.e. x€Q' , and this expression is smaller
than or equal to > = 27" (r, x)=(2"/(2" —1))¢(r,z). Thus,

ju(y)~u(z) (Vulw).y=2)|\ , . 2"
ey, ) S g

for a.e. z€(Y. Starting from (3.31) instead of (3.28) and arguing as in the proof of
Theorem 1.4 yield (1.13) and (1.14). O
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Proof of Corollary 1.6. Assume first that 0<a<n—1. Let A(¢) be any Young
function which is equivalent to t*/("~®) near 0 and is equivalent to A(t) near in-
finity. Then A satisfies (1.7) and (1.10). Moreover, V[/écA(Q):I/Véf(Q) Thus,

VVI%)CA(Q) It is easily verified that the function exp(t™ (*=1=%))—1 and the func-
tion A4, (t) associated with .4 as in (1.8) are globally equivalent. Hence, (1.15) and
(1.16) follow from (1.13) and (1.14), respectively.

Consider now the case where a=n—1, and let A(t) be any Young function
which is equivalent to ¢ near 0 and to A(¢) near infinity. Since A, (¢) is globally
equivalent to exp(exp(t"))—e, the conclusion follows as above.

Finally, if a>n—1, then A fulfills (1.6). Hence, by Theorem 1.1, u is differen-
tiable a.e. in 2. O

Our last task is the proof of Theorem 1.7. We shall need the following lemma.

Lemma 3.3. Let A be a Young function satisfying (1.10). Then a positive
constant kq(n), depending only on n, exists such that

1
(3.32) X0 1L0r,D4,0)(0,00) S ka(n) ——7<- for t>0.
AEl( >
t

Proof. By [C4, Inequality (3.1)] a constant ¢, depending only on n, exists such
that

<[Pl Lao,00)
L(n,D 4 n)(0,00)

(3.33) H /( Oj =1 (Y dr

for every ¢»€ L4(0,, 00). Thus,

c¢>  sup Hf '1/” ‘dr“L(n D 4,n)(0,00)
T YeLA(0,00) 191l L4 (0,00)
fl/n
~ ap sup e (s) [ [o(r)| dr ds

YELA(0,00) 9EL(n,Da ) (0,00) 1PN L(n,Da ) (0,00 18] £4(0,00)

_ sup Jo (e Yt/ fo " (s)dsdr
GEL(n,Da.n) (0,00) $ELA(0,00) 1P L(n,Da ) (O oo)||¢HLA 0,00)

L) i o (s) dslgagoey

PEL(n,Da.n) (0,00) ol L(r,Da.0) (0,00)

(3.34)

>
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Notice that the first equality relies on (2.2), and the last inequality is due to (2.7).
We have from (3.34) that

 Zclellnm,pan) 00
LA(D,00)

(3.35) [ | " ) ds

for p€L(n, Da ) (0,00). Given t>0, choose ¢(s)=x(o,:)(s) and observe that

0

if r>¢. Thus, (3.35) yields

(3.36) ™™ Xtro0) (- N rig00) SClix@pllnin,pam 0 fort>0.
Hence, by Lemma 2.2, a constant ¢, depending only on n, exists such that

t /
(3.37) < ¢ for ¢ > 0.
X0l LnDamy(000) T 41 (l)
Tt

By (2.4), the left-hand side of (3.37) equals ||X (0,6l L(n, D4 )0,00)> and (3.32) fol-
lows. [

Proof of Theorem 1.7. For any fixed £, any >0 such that B,.(x)€&S2, and
given any v€Wh4(Q), we start as in the proof of Theorem 1.4. Making use of
inequality (2.15) instead of (2.10) we get

1o 2(0,04,)(Bo@)) SNV —=vB.@) | L(n,D4.0) (B @) TNVB ) | L(r,Da ) (B2
k2 ()| V0] | a5, o)

1
(3.38) Bl . x)l W] QYN LD a0 (B (2))

<ka(n)| Vo HLA(BM))
2 ollza,on 1] 1l
1By "IeAE @) LA, @) 1Lt Da ) (B ()

=ka(n)|| [V 248, ()
2 X018 @)Dl 2(n,D.4.n)(0,00)
+ lBT(w)] “v“LA(Br(CC)) A_l <__1_>
5,6l
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Inequalities (3.32) and (3.20) ensure that

“X(O,t) ”L(n,DA,n)(Oyoo)

tl/n’A—l 1
t

Combining (3.38) and (3.39) yields
(3.40)

2
10 Ltn.Da 0} (Br () < (1) || V0] ||L.4(Br(m))+m01(n)k4(“)HU/THLA(BT(x))-

(3.39) <ecr(n)ka(n) for t>0.

Now, let M denote the quantity (3.22), let Aps be given by (3.12), and let Dy be an
abbreviated notation for D4,, », the function defined as in (1.19) with A replaced
by Aar. Then an analogous argument as in the proof of Theorem 1.4 enables us to
deduce from (3.40) that

(3.41) V£, Dar) (B (2)) < €a(n),

where cg{n)=ky(n)+2wn Une, {n)ks(n). It is easily verified that

_ Danlt)

Day(t) i

for ¢t>0. Thus, inequality (3.41) implies that

Be(a)| AL
(3.42) ][‘ ( Dy, (871)@> ds S][ A(|VU|)dy+]l A(M) dy.
0 ca(n) B,(x) B, (x) r

By applying (3.42) with v(-)=(1/M)(u(-)—u(z)—(Vu(z), -—)) and making use
of Lemma 3.2, we get

B, ()] sV (u( ) —u(z)— (Vulz), - —z))*(s)
/ DA’”( Aea(n) ) o

of NECE LRI

(3.43)

AT

<2 sup ][ A(M) dy.
0<5<1J B, (2) A

By Lemma 3.1, a positive number A exists such that the last expression converges
to 0 as r goes to 0 for a.e. x€). Hence (1.20) follows. [J
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