Simson, D.
Osaka J. Math.
39 (2002), 985-1003

ON LOCAL RIGHT PURE SEMISIMPLE RINGS
OF LENGTH TWO OR THREE

DanieL SIMSON!
(Received January 8, 2001)

1. Introduction

We investigate in this paper non-commutative local rilys thef smallest length
that are potential counter-examples to the pure semisiiplconjecture.

Throughout the papeR is an associative ring with an iderglgment. We call
R local, if the Jacobson radical R( ) oR is a two-sided maximal ideaé Wénote
by mod(R ) the category of finitely generated right -modulese® a right R -module
Xy of finite length we denote by X ) the length afg

We recall that a ringR is said to be déhite representation typdf R is artinian
and the number of the isomorphism classes of finitely geedratdecomposable right
(and left) R -modules is finite. Following [24] we call a ring right pure semisimple
if every right R -module is a direct sum of finitely generateddules.

It is well known that a ringR is of finite representation typeaifid only if R is
right pure semisimple an® is left pure semisimple (see [21],[[18], [22]-[24]).
It is still an open question, called theure semisimplicity conjecturdf a right pure
semisimple ringR is of finite representation type (see [2] {4, [25], [28]). In [13]
the question is answered in affirmative for rinBs  satisfyingolynomial identity and
for self-injective ringsR (see also [7], [19] and [31]). Theader is referred to [42]
and to the author’s expository papers [30] and [32] for adasickground and histor-
ical comments on the pure semisimplicity conjecture.

It was shown by the author in [28] and [33] that there is a ckatw find
a counter-example&®  to the pure semisimplicity conjecturé Enmight be hereditary
with two simple non-isomorphic modules. The existence obanter-example depends
on a generalized Artin problem on division ring extensions.

In the present paper we are mainly interested in the existehcounter-examples
R to pure semisimplicity conjecture that are local of the dewllength, that is,
of length! Rg ) two or three. This continues our study started2®], [35] and [33].

It is shown in Lemma 3.1 that every such a local riRg  Wa® ?E 0. Therefore
we study representation-infinite right pure semisimplealaéngs R with J R¥ = 0
such that the Auslander-Reiten quivEr (n®d ) is of the form — e —e — e —
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