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The C'-numerical range of a 3 X 3 normal matrix

Hiroshi NAKAZATO

Abstract In this note we study the shape of the C-numerical range of a 3 x 3
normal matrix.

1. Introduction and Results

In this decade many authors obtained new results in numerical ranges, numerical
radii of linear operators and their related topics (cf. [2, 3, 6, 7, 9, 11]). In the paper
[5] the author studied a special case of the C-numerical ranges. Recent work [4]
provides us a new method to treat the C-numerical ranges. We will prove ”weak
convexity” of the C-numerical ranges in some sense.

Suppose that C = diag(cy, cz,c3) and T = diag(as, @, a3) are complex 3 x 3
diagonal matrices. We consider a compact subset Wg(T') of the Gaussian plane C
defined by

Wo(T) = {tr(CUTU*) : U € M3(C), U*U = UU* = I3}. (1.1)

However this range is not necessarily convex, this range is star-shaped with
respect to the point

(1/3)(61 + co + C3)(Otl + ag + 013) € Wc(T) (1.2)
We consider the following 6 special points of W¢(T') :

01 = C10q + cap + c3ai3, O3 = Ciap + caa3 + C3ayy, 03 = C1Q3 + Caary + czaz, (1.3)

04 = €101 + a3+ C3Q2, 05 = C1a3 + Co2 + 31, O = C102 + Coaq + czaz. (1.4)

These are called o-points of the range W¢(T"). The 9 line segments
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