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COMPLEX PRODUCT MANIFOLDS AND BOUNDS OF

CURVATURE
∗

LUEN-FAI TAM† AND CHENGJIE YU‡

Abstract. Let M = X × Y be the product of two complex manifolds of positive dimension.
In this paper, we prove that there is no complete Kähler metric g on M such that: either (i) the
holomorphic bisectional curvature of g is bounded by a negative constant and the Ricci curvature is
bounded below by −C(1 + r2) where r is the distance from a fixed point; or (ii) g has nonpositive
sectional curvature and the holomorphic bisectional curvature is bounded above by −B(1 + r2)−δ

and the Ricci curvature is bounded below by −A(1+r2)γ where A, B, γ, δ are positive constants with
γ + 2δ < 1. These are generalizations of some previous results, in particular the result of Seshadri
and Zheng [8].
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1. Introduction. In [8], Seshadri and Zheng proved the following result:

Theorem 1.1. Let M = X × Y be the product of two complex manifolds of
positive dimension. Then M does not admit any complete Hermitian metric with
bounded torsion and holomorphic bisectional curvature bounded between two negative
constants.

In particular, there is no complete Kähler metric on M with holomorphic bisec-
tional curvature bounded between two negative constants. For earlier results in this
direction see [11, 15, 16, 7]. The result of Seshadri-Zheng has been generalized by
Tosatti [10] to almost-Hermitian manifolds.

On the other hand, there is an open question whether the assumption on the
lower bound of the curvature can be removed. In fact, it is an open question raised by
N. Mok (see [8]) whether the bidisc admit a complete Kähler metric with holomorphic
bisectional curvature bounded from above by -1.

In this work, by using a local version of the generalized Schwartz lemma of Yau [14]
and an Omori-Yau type maximum principle of Takegoshi [9], we prove the following:

Theorem 1.2. Let M = Xm × Y n be the product of two complex manifolds
of positive dimension. Then, there is no complete Kähler metric on M with Ricci
curvature ≥ −A(1 + r)2 and holomorphic bisectional curvature ≤ −B, where A and
B are some some positive constants, and r(x, y) = d(o, (x, y)) is the distance of (x, y)
and a fixed point o ∈ M .

On the other hand, Seshadri [7] has constructed a complete Kähler metric on Cn

with negative curvature. It seems that the assumption on the upper bound of the
curvature in Theorem 1.1 is necessary. However, one can also relax the upper bound
of the curvature as follows:
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