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On Pathwise Projective Invariance
of Brownian Motion. III
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Department of Mathematics, Nagoya University
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In part I we demonstrated that the group SL(2, R) acts on the path
space of Brownian motion {B(t) t e R} as

B(t )----(ct+ d)B( at+bct+,d )--ctB a(,-- )--dB(- ),
(1)

g__(a, b) e zL(2 R)
c, d

and that the above action is compatible with the group action,
(B0(t w)=B(t; w).

In this part we obtain analogous invariance properties of multi-parameter
Brownian motions.

8. Multi-parameter Brownian motion. A real Gaussian system
{B(t) t e Rn) is called a Brownian motion if it satisfies the ollow.ing condi-
tions ([3])

(_1) B(0)--0,
(_2) B(s)--B(t)_N(O, Is--tl)

and
(_3) B(t) is continuous in t.

It is easy to see that the following transformed processes B,o, B., and
B, satisfy the conditions (_1)-(_3). That is, all these processes are
Brownian motions.

(1) B,(t)B(t v)-- B(v), v R (shift),
(2) B2.u(t)e-u/2B(eut), u e R (homogeneous dilation)

and
(4) B,,(t)=_B(g. t), g e SO(n), (rotation).
A difficulty occurs when we consider about multi-parameter analogue

of the transform (3). Let us recall that in the case of l-parameter
Brownian motion, we employed the transformation

(3) B(t)=t.B(---), t e R

as the projective inversion and obtained the pathwise projective invariance.
We can consider this inversion map as a coordinate map between 0-neigh-
borhood ((x, y) e P’, y:/:0} and c-neighborhood {(x, y); x:/:0} of the l-dimen-
sional real projective space P,
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