
378 [Vol. 16,

83. On the Theory of Spectra.

By KSsaku YOSIDA.
Mathematical Institute, Osaka Imperial University.

(Comm. by T. TAK(I, M.I.A., Oct. 12, 1940.)

The "algebraization" of the spectral theory, inaugurated by J. yon

Neumann, H. Freudenthal and S. Steen, was taken up recently by S.
Kakutani, F. Riesz, M.H. Stone and B. Vulich,D and was treated with
their respective m.ethods and results. The purpose of the present note
is to give a ring-lattice-theoretic treatment of the problem, stressing
the analogy to the field of real numbers. Without assuming metrical
(even topological) nor divisibility axiom, a characterisation of the .func-
tion ring of the Borel-measurable .functions) is obtained. Thus the re-
sults may be applied to the operator theory as well as to the theory
of probability.

1. Axioms of Pythagorean ring. A system of elements A,
B, ..., X, Y, Z is called a "Pythagorean ring" if it satisfies the follow-
ing axioms.

(A-l) 9 is a commutative, associative ring with unit I, admitting
the field of real numbers as coefficients (Operatoren).--The real num-
bers will be denoted by small greak letters.

(A-2) X=0 implies X= O.
(A-3) If non-zero element X of the form X--y2 is called "posi-

tive" (in symbol X:>0), then the sum of positive element and "non-
negative" element is positive, viz. X24 0 or Y 4= 0 implies the ex-
istence of Z24 0 such that X+ Y2=Z-.

(A-4) By the semi-order relation X Y(X-YO), there exists,
for all X, the lowest upper bound (1. u. b.) sup (X, 0) of X and 0.-
We will write sup(X, O)=X+, sup (-X, O)=X- and IXI=X+/X-.

(A-5) X+.X-=O for all X.
(A-6) Monotone increasing sequence {X} bounded from above

admits the 1. u. b. sup X.
(A-7) If A0, X0, X+X and supX exists, then

A. sup X=sup (A-X).

Remark 1. The "real" character of is expressed by the "Pytha-
gorean axiom" (A-3) together with (A-2). (A-4) and (A-6) are lattice-
theoretic axioms2 (A-5) is equivalent to XI X , and (A-7) means
a generalised distributive law.
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