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1. We shall prove

THEOREM 1. Let u(z] — u(x + iy) *? 0 be a non-negative sub harmonic function
in a half-plane x > 0, which vanishes continuously on the imaginary axis.

Let

m(r) = m(r, u) = Γ 2 u(reίθ) cos θ dθ, 0 < r < oo,
J-τt/2

( i ) m(r)/r is a continuous non-decreasing function of r and is a convex
function of l/rz. Hence

lim^L(?L = ί.>
r-+oo r

exists.
If 0 < C < oo,

n) «(jz:)=:**-J β log -l̂ r «Ά*(«), τ- 2c

z — a

where μ> is a positive mass distribution in x > 0, swc^ ί^fitf

Lα)>»~T^"^(β)<°°

(iii) Except a set of θ of logarithmic capacity zero,

lim — — = k cos #

exists.

That m(r)/r is a non-decreasing function of r is proved by Ahlfors [ 1 ] and
the proof is simplified by Dinghas [ 2 ]. (iii) is proved by Ahlfors and
Heins [3].

As a special case, we have

THEOREM 2. Let f ( z ) be regular in x > 0 and continuous and \f(z)\^ 1 on
the imaginary axis. Suppose that log+ \f(z)\ ^ 0 and let
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