ON SOME FAMILY OF MULTIVALENT FUNCTIONS

By VYasuharu SASAKI

1. Quasi - convex Functions,

Let
22 K
o F’(Z)=2P+g:.’“ Mz-”

be any function regular in Jzl<1i |
where P 1is a positive integer

If we denote a fariily of functions

of the fornm (1), by which (gl«<i 1s
transtormed into a starshaped (with
the center at the origin) or a convex
region of p-valencg,respectively de-
noted by @, oOr , then %he fol-
lowing theorem is well known.

Theoren 1,

The necessary and quxficient con~
dition that F(z) should belong
to Tl’ or Rr is that

Fig
R[z F'lz)] >0
or
1rRr[z t"(z)] -t Rz F;:::))]>o

holds respectively in IZ] <1 .

Now we denote by a family
ol functions of the foJE (1) which is
characterized by the following pro-
perties:

1° fThe mapped region of [Z]<1
by w= F(z) 1is p-valent,

2° The curvature at any point
on the mapped curve of [Z|= YV
by w= [(Z) 1is positive and
tinite, where ¢y 1is an arbi-
trary positive number less than
unity.

And we say that F(x) in of, is
n quasi-convex function, then we have
vhe theorem as follows:

Theoren 2.

The necessary and sutficient con-
dition that F'(2) should belong
to %ﬁ, is

o

1+ R [i"‘_‘ >0

(l21<1),

Proof. We have, by (1),

F‘fz\
[—z"pT =P to.

X=20

Therelore, if

RELEEELT o

F?i)]
F/( 2) < F ?Z) > 9,

then —Ezg* 0 in [zl< 1 and

Faa¥ 0 tn o<izi<t Y pe-
noting by § the curvature at any
point given in 29, we have

F
S = IZF(z)l K[I -/((.))] 0.

The _ma ped curve C of J2|=T by
is regular and the angle
between the real axis and the
tangent to the curve C at any point
on C is given by m};zr(z) .
Hence we have, as g describe |z)=
in the positive direction,

foa 1 dg +m

[layzP = 2pe,

and consequently the curve C 1is
closed and p-valent, Here 7t belng
arbitrary, the mapped region of

zl< L is p-valent.

Converaely, ir f£>o , then
1R [z F'(‘)] >0

from the equality for S cited
above., COur theorem is thus proved.

follows directly

2. Relations among ¥ , g@r
and r .

Let F(Z) be any function
ragular and p-valent in [zl< { s



