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Let F be an open Riemann sur-
face. A "subsurface" G of F
means & connected open set G on
F whose boundary set C consists
of a finite or infinite number of
compact or non-compatt simple con-
tinuous curves clustering nowhere
on F, Further it is assumed that
the closure G + C of G has the
same boundary set C as G. C is
the "relative boundary" of G.

Let HB, HD and HBD denote the
classes of single-valued harmonic
functions in a region, which are
respectively bounded, have a
finite Dirichlet integral or have
both of these properties.

A surface I' is said to belong
to the clasd Oy 1f every func-
tion u(p) € HD on ¥ reduces to a
constant ( (1] )« The classes
Oyg and Ougp are defined simlilar-
l“]o It 1is known that OHB < OHD At
Opgp’ ( 161, [7] ).

By analogy we shall denote by
SOyp the class of subsurfaces G
with the relative boundary C, such
that every funcétion u(p) .conti-
nudus on G + C, =0 on C.and € HD
in G vanishes identically. Two
subsurfaces G and G* (of two sur-
races F and F* respectively) are
identiftied when there exists a
one-to-one and conformal transfor-
mation between G and G* which is
one-to-one and bicontinuous also
on the closures of G and G*. The
classes SOyg and SOygp are derined
sirilarly, and again there holds
SOy € SOyp = SOpgy  ( [4] ).

Let {F;}n.ad“" be an exhaustion
of F, and '[7, be the boundary of
Fn. Let en(p, G) denote the har-
monic measure of G-T, with re-
spect to G-F,, and put w(p, G) =
im WP, G). It 1s irmediately
proved that G € SCyg and (p,
G) = 0 are equivalent. Further,
1f w(p, G) 2= 0 then sup w(p,

G) =1, .(cf. [4], (56)%nd (6].)

ot G, G' be a palr of dis-
oint subsurtaces of F. It is
known that, i1 both G and G' are
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not of class SOyp, then F 4 Oyp
({31, (41 ). 1In this note we shall
prove:

and

heorem. If G <« SOwp
G! & SOwg , then F € Owp .
Whether the inclusion
Ous Owp be proper or not re-
mains still unknown. As for the
classes ol subsurfaces, however,
the tollowing example shows that
SOMp is a proper subclass of

S !2 °

Let E be a closed set of points
on the real axis of the complex
z-plane, F be 1ts complement and
G be the upper half-plane Jz > 0.
The relative boundary C of G is
the real axis deleted in E. Sup-
pose that G ¢ SOyg and u(z) e
HB In G, =0 on C and =% 0. By
the principle of reflection u(z)
and its conjugate tunction v(z)
can be harmonically ccntinued
across C to functions defined
and single-valued in F, so that
f(z) = exp. (u(z) + iv(z)) is a
non-constant bounded analytic
function in F., Conversely, 1if
f(z) is non-constant, bounded and
analytic in F, decompose f(z) into

ena e

f(z) = f£4(2) + 11,(2),
r|(z) = (f(z) + f(-z.))/zi
fa(2) = (£(2) = £(Z))/21.

Then, &J £, (z) and $r,(z) are of
class HB in G and =0 on C, and
at least one of these two is = 0,
so that G 4 SOyp . A similar
reasoning holds also for the class

HD, and we have: G ¢ SOwg or
€ SOwp if and onlv iIf E e N&

or e N respectively in
Ahifors-BeurTIng's {27 sense
(L.e. F € Opg oOr e Op in

the sense of [1] ). On the other
hand, it is shown in [2] that there
exlst linear point-sets belonging
to Ng but not to Ng . :Hence, the
inclusion SOyg < SOyp 1s pro-
per.




