DIFFERENTIAL EQUATIONS WITH INVARIANT PFAFFIAN FORMS

By Toshlya SAITO

1. Let § be a compact n -
dimensional analytic maniiold
without torsion. We consider a
following system of differential
equations,
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where =%, , are analytic
local coordinates and X, , ...,
X, are one-valued real holomor-
phic functions in £ . General
solutions of this system can be
written down in the following form,

7

ceey An

x, = fl(’/o, ',Ina,f)l L=// -

where
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and f, 's are analytic functions
with respect to their arguments.

If we define a transtormation
S+ by
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the totality ot such transforma-
tions forms a one-parameter group.
Hence cifrerential equations (1)
can be regarded as detlning a
one-parameter stationary tlow St
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We suppose that (1) admits n-t
linearly independent (with respect
to numerical coefficients) inva-
riant Pfaffian forms (in the sense
ol T.Cartan)<
(2) ’wl :KZ Aik (K,IV-.}’X,;) C('»\'vk)

=10 - m-l )

where Aik 's are one-valued real
holomorphic functions in £2
Then we have
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Moreover we assume that W, 's
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are exact, l.e,
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Under these assumptions, we
want to study the behavior ol the
trajectories of (1), Our main
result is the Theorem 3 of § 5
which states the necessary and
sutficlent condition for every
trajectory of (1) to be everywhere
dense In §2 . Then we apply this
result to the tlow in n ~dimen-
slonal torold and establish a
sufficient condition for tne ergo-
dicity of S¢ &

2, Let p Dbe a one-dimensional
Betti number ot $2 , and 17 , [},
ceey 3 be its independent
cycles, We put

Since
find n-y
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's are exact, we can
holomorphic functions
y sesy Uy, such that
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According to the relation (3),

—c{—i‘— = r=10 - i1
at ’ r
Hence U, 's are integrals of (1)

and the trajectory of (1) is gene-
rally given as an intersection of
n- | hypersurtaces

du, = o .- Uy = O,
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U, 's are, in generai, not one-
valued since they are additive
functions with <«,, , ..., wip
as fundamental periods.

We tirst prove the fcllowing

THEOREM 1. If there exist n-!
resl numbers A ,
not simultaneously zero, such

ey A,



